
Math. Model. Nat. Phenom.
Vol. 5, No. 7, 2010, pp. 67-72

DOI: 10.1051/mmnp/20105711

A Posteriori Error Estimates on Stars
for Convection Diffusion Problem

B. Achchab1 ∗, A. Agouzal 2 and K. Bouihat1

1 LM2CE, ESTB and FSJES, Hassan1st University, B.P. 218, Berrechid, Morocco
2 University Lyon1, Institute Camille Jordan, UMR 5208, 69100 Villeurbanne, France

Abstract. In this paper, a new a posteriori error estimator for nonconforming convection diffu-
sion approximation problem, which relies on the small discrete problems solution in stars, has
been established. It is equivalent to the energy error up to data oscillation without any saturation
assumption nor comparison with residual estimator.
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1. Introduction

The convection diffusion problem is an intersecting elliptic model problem, nonsymmetric and it
is a linearization of some important classes of partial differential equations, like Navier-Stokes
equations or Maxwell equations. Convection diffusion problem have a wide applications in many
mathematical environment studies to model pollutant transport in the atmosphere, groundwater,
surface water and for the analysis and computation of solutions of chemotaxis problem from math-
ematical biology.

A posteriori error estimators provide the basis for adaptive mesh refinement and quantitative
error control [2, 3, 5, 8]. One of the most successful estimators was proposed by Bank and Weiser
and extended by many authors [1, 4], it is based on the solution of local Neumann problems on
elements, which seem to allow for cancellation and thus lead to better results than the residual
estimators. The classical proof of equivalence with the energy error require thesaturation as-
sumption: this says that the solution can be approximated asymptotically better with quadratic
than with linear finite elements. The saturation assumption is shown to be superfluous by Nochetto
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in [7]. However, removing this assumption requires comparison with residual estimators. More
recently, a new a posteriori error estimators on stars was proposed in [6], and the proof of the
equivalence with energy error was applied directly without reference to residual estimators.

In this paper, we extended the results in [6] to the case of nonconforming finite elements and the
convection diffusion case. A new a posteriori error estimator is introduced based on the solution of
a small discrete problem in stars. We prove the reliability and the efficiency of the estimator without
saturation assumption nor comparison with residual estimator. We consider the simpler case of
nonconforming approximations for convection diffusion problem, and we introduce a technique
which allowed us to define a new a posteriori error estimator which is equivalent to the energy
error.

2. Setting of the problem

In this paper we consider the following convection-diffusion problem:

(Pb)

{ −ε∆u + β.∇u = f in Ω,
u = 0 on Γ = ∂Ω.

In the following we assume that0 < ε << 1 , β ∈ (W 1,∞(Ω))d, such that−1
2
divβ ≥ 0 and

f ∈ L2(Ω). GivenΩ ∈ Rd a simply connected polygon domain (d = 2 or 3). Let Th be a family
of conforming shape-regular triangulation ofΩ, we denoted byEI the set of interior edges and by
Ef the set of all edges included inΓ. LetVh be the lowest order non-conforming Crouzeix-Raviart
finite element space defined by:

Vh = {vh ∈ L2(Ω); ∀T ∈ Th, vh|T ∈ P1(T ),∀E ∈ EI ,

∫

E

[vh]Edσ = 0 and∀E ∈ Ef ,

∫

E

vhdσ = 0}.

Where[.]E denoted the jump of the function acrossE.

2.1. Discretization of the problem

For eachT ∈ Th, we denote byPk(T ) the polynomial space of degree less than or equal tok. For
eachT ∈ Th andE ∈ ET an internal edge ofT with vertices(Q1, .., Qd) ((Q0, Q1, .., Qd) are the
vertices ofT ), we introduce the d-simplexTE with vertices(P, Q1, .., Qd) whereP is the point
with barycentric coordinates:

λ0(P ) = δE,T and λ0(P ) =
1− δE,T

d
,

for i = 1, .., d where{λi} are the standard barycentric coordinates associated to the vertices

{Qi}d
i=0 and δE,T = min{ 1

d + 1
,

√
ε

hT

}. For eachT ∈ Th and all E ∈ ET , we introduce the

unique functionbE,T ∈ C0(T ) defined by:

bE,T ∈ Pd(TE), bE,T = 0 on T/TE, bE,T (aE) = 1.
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We denoted by{xi}i∈N the set of all nodes of the triangulationTh. For eachi ∈ N , φi denoted
the canonical continuous piecewise linear basis function corresponding toxi. The starωi is the
interior relative toΩ of the support ofφi, such that

∑
i∈N φi = 1, andhi is the maximal size of the

elements formingωi. Finally, Γi will denote the union of the sides touchingxi that are contained
in Ω, andΓi will denote the union of the sides touchingxi that are contained inΩ.
For each starωi, i ∈ N we introduce the space defined ifxi is an interior node by:

V (ωi) = {v ∈ H1
loc(ωi) :

∫

ωi

vφidx = 0},

and
W (ωi) = {v ∈ H1

loc(ωi) : v = 0 on∂ωi ∩ Γ} otherwise.

We define a finite dimensional local spacesP2
0 (ωi) andP̂2

0 (ωi) by:

Definition 1. For i ∈ Ni, letP2(ωi) denote the space of piecewise quadratic functions on the star
ωi that vanish on∂ωi. The spacesP2

0 (ωi) and P̂2
0 (ωi) are defined asP2

0 (ωi) = P2(ωi) ∩W (ωi)
andP̂2

0 (ωi) = P2(ωi) ∩ V (ωi).

In the following we consider the energy norm:||u||2ε,ωi
= ε ‖∇u‖2

0,ωi
+ ‖u‖2

0,ωi
. Let vh ∈ Vh be

fixed and we denoted by∇hvh the vector belonging to(L2(Ω))d defined by:∀T ∈ Th; ∇hvh =
∇vh onT.

2.2. A posteriori error estimator

Let uh be a solution of the following stabilized discrete problem:

(Ph)




∀vh ∈ Vh ∩H1

0 (Ω),∑
T∈Th

∫

T

[ε∇uh.∇vh + β.∇uhvh]dx +
1

2

∑
T∈Th

∫

∂T−
β.n[uh]vhdσ =

∫

Ω

fvhdx.

For eachi ∈ N , we consider the local problems:

(P1)





Findηi ∈ P̂2
0 (ωi) such that∀µi ∈ P̂2

0 (ωi),∫

ωi

(ε∇ηi.∇µi)φidx =

∫

ωi

(ε∇huh.∇µi)φidx +

∫

ωi

(β.∇huhµi)φidx

+
1

2

∑
T∈Th

∫

∂T−
β.n[uh]µiφidσ −

∫

ωi

fµiφidx,

and

(P2)





Findαi ∈ P2
0 (ωi) such that∀µi ∈ P2

0 (ωi),∫

ωi

(ε∇αi.∇µi)φidx =

∫

ωi

ε∇huh. Curl (µiφi)dx.

Using Lax-Milgram theorem,we prove that the discrete problems have unique solution. Finally we

set:∀i ∈ N , E2
1,i(uh) =

∫

ωi

ε|∇ηi|2φidx and ∀i ∈ N , E2
2,i(uh) =

∫

ωi

ε(∇αi)
2φidx. We have

the following global upper bond an local lower bound of the error:
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Theorem 2. Let uh ∈ Vh such that(Ph) holds. There is a positives constantsC1; C2 and C3

depending only on the minimum angle ofTh such that

‖u− uh‖ε,Ω ≤ C1

[
(
∑
i∈N

(E2
1,i(uh) + E2

2,i(uh)))
1
2 + ‖β‖1,∞hi(

∑
i∈N

E2
(2,i)(uh))

1
2 (2.1)

+
∑
i∈N

hi

∑
T⊂ωi

‖[uh]‖L2(∂T ) + (‖β‖0,∞ + ‖β‖H(div,ωi))hi‖uh‖0,ωi
+ osc(f)

]
,

whereosc(f) is the data oscillation defined by:osc(f) = (
∑
i∈N

α2
T‖(f − fi)φ

1
2
i ‖0,ωi

)
1
2 , where

fi =

∫
ωi

fφidx∫
ωi

φidx
andalphaT = min(1, hT√

ε
). For anyi ∈ N , we have:

E1,i(uh) ≤ C2(1 + ‖β‖1,∞hi)||u− uh||ε,wi
, (2.2)

and
E2,i(uh) ≤ C3||u− uh||ε,wi

. (2.3)

Proof. Remark that using Helmholtz-decomposition, we have

∇huh −∇u = ∇w + Curl ζ, (2.4)

with w ∈ H1
0 (Ω), ζ ∈ H1(Ω) and

∫

Ω

∇w. Curl ζdx = 0. Let us remark also that the orthogonality

implies the following error decomposition:

ε‖∇huh −∇u‖2
0,Ω = ε‖∇w‖2

0,Ω + ε‖ Curl ζ‖2
0,Ω, (2.5)

and the following equalities:

ε‖∇w‖2
Ω =

∫

Ω

ε(∇huh −∇u).∇wdx, (2.6)

and

ε‖ Curl ζ‖2
0,Ω =

∫

Ω

ε(∇huh −∇u). Curl ζdx. (2.7)

The estimates of the expressions in (2.5) will be established in the Lemmas 6 and 7. As a main
tool we use the following technical Lemmas:

Lemma 3. For each nodei ∈ N there exists an operatorΠi : W (ωi) −→ P2
0 (ωi), such that for

anyv ∈ W (ωi) the following conditions hold:

1. For all edgeE ⊂ Γi,
∫

E

(v − Πiv)φidσ = 0, and
∫

ωi

(v − Πiv)φidx = 0.
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2. ε(

∫

ωi

|∇Πiv|2φi)
1
2 + (

∫

ωi

|Πiv|2φi)
1
2 ≤ C

[
ε(

∫

ωi

|∇v|2φi)
1
2 +

∫

ωi

|v|2φi)
1
2

]
,

where the constantC depends only on the minimum angles ofTh.

Lemma 4. For each nodei ∈ N there exists an operator̂Πi : W (ωi) −→ P̂2
0 (ωi), such that for

anyv ∈ W (ωi) the following conditions hold:

1. For all edgeE ⊂ Γi,
∫

E

(v − Π̂iv)φidσ = 0, and
∫

ωi

(v − Π̂iv)φidx = 0.

2. ε(

∫

ωi

|∇Π̂iv|2φi)
1
2 + (

∫

ωi

|Π̂iv|2φi)
1
2 ≤ C

[
ε(

∫

ωi

|∇v|2φi)
1
2 +

∫

ωi

|v|2φi)
1
2

]
,

where the constantC depends only on the minimum angles ofTh.

Lemma 5. For each nodei ∈ N , functionsv ∈ W (ωi) , ζ ∈ V (ωi) anduh ∈ Vh. We have
∫

ωi

ε∇huh.∇((Πiv)φi)dx =

∫

ωi

ε∇huh.∇(vφi)dx,

and ∫

ωi

ε∇huh. Curl ((Π̂iζ)φi)dx =

∫

ωi

ε∇huh.∇(ζφi)dx.

Lemma 6. There exist a positive constantC, depending only on the minimum angle ofTh such
that

ε
1
2‖ Curl ζ‖0,Ω ≤ C(

∑
i∈N

E2
(2,i)(uh))

1
2 .

And

Lemma 7. There exists positive constantC∗, depending only on the minimum angle ofTh such
that:

‖w‖ε,Ω ≤ C∗[(
∑
i∈N

E2
1,i(uh))

1
2 + ‖β‖1,∞hi(

∑
i∈N

E2
(2,i)(uh))

1
2

+ (
∑
i∈N

‖β‖1,∞hi‖uh‖0,Ω + hi‖[uh]‖L2(∂T ) + hi‖[uh]‖L2(∂T−) + |divβ|hi‖uh‖0,ωi
+ osc(f)].

(2.8)

3. Conclusion

In this work we analyzed an a posteriori error estimator for nonconforming convection diffusion
problem, with the Helmholtz-Decomposition technics. These estimators are efficient and robust
with respect to the physical parameters of the problem.
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