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Abstract. In this paper, a new a posteriori error estimator for nonconforming convection diffu-
sion approximation problem, which relies on the small discrete problems solution in stars, has
been established. It is equivalent to the energy error up to data oscillation without any saturation
assumption nor comparison with residual estimator.
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1. Introduction

The convection diffusion problem is an intersecting elliptic model problem, nonsymmetric and it
is a linearization of some important classes of partial differential equations, like Navier-Stokes
equations or Maxwell equations. Convection diffusion problem have a wide applications in many
mathematical environment studies to model pollutant transport in the atmosphere, groundwater,
surface water and for the analysis and computation of solutions of chemotaxis problem from math-
ematical biology.

A posteriori error estimators provide the basis for adaptive mesh refinement and quantitative
error control [2, 3, 5, 8]. One of the most successful estimators was proposed by Bank and Weiser
and extended by many authors [1, 4], it is based on the solution of local Neumann problems on
elements, which seem to allow for cancellation and thus lead to better results than the residual
estimators. The classical proof of equivalence with the energy error requirsghgation as-
sumption: this says that the solution can be approximated asymptotically better with quadratic
than with linear finite elements. The saturation assumption is shown to be superfluous by Nochetto
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in [7]. However, removing this assumption requires comparison with residual estimators. More
recently, a new a posteriori error estimators on stars was proposed in [6], and the proof of the
equivalence with energy error was applied directly without reference to residual estimators.

In this paper, we extended the results in [6] to the case of nonconforming finite elements and the
convection diffusion case. A new a posteriori error estimator is introduced based on the solution of
a small discrete problem in stars. We prove the reliability and the efficiency of the estimator without
saturation assumption nor comparison with residual estimator. We consider the simpler case of
nonconforming approximations for convection diffusion problem, and we introduce a technique
which allowed us to define a new a posteriori error estimator which is equivalent to the energy
error.

2. Setting of the problem

In this paper we consider the following convection-diffusion problem:

—cAu+ pBNu= f in Q,
(P0) { u= 0 on I' =09.

In the following we assume that < ¢ << 1, 8 € (W'=(Q))4, such that-1div3 > 0 and

f € L*Q). GivenQ2 € R? a simply connected polygon domai < 2 or 3). Let 7, be a family

of conforming shape-regular triangulation(@f we denoted by, the set of interior edges and by
E; the set of all edges includedin Let V), be the lowest order non-conforming Crouzeix-Raviart
finite element space defined by:

Up, EdaanndVEEE , vpdo = 0}.
f

Vi, = {Uh < L2<Q),VT € 7;1, Un|T € P1<T),VE € E[, /
E

E

Where[.]z denoted the jump of the function acraSs

2.1. Discretization of the problem

For eachl’ € 7, we denote by’ (T") the polynomial space of degree less than or equéal feor
eachT € 7, andE € Er an internal edge df" with vertices(Q1, .., Qq4) ((Qo, Q1, .., Qq) are the
vertices ofT"), we introduce the d-simpleXy with vertices(P, @)1, .., ;) Where P is the point
with barycentric coordinates:

1-9
Mo(P) =gz and Xo(P) = dE’T,
for i = 1,..,d where{)\;} are the standard barycentric coordinates associated to the vertices
1 :
{Qi}L, anddgr = min{ﬁ, %}. For eachT € 7, and all E € Ej, we introduce the
T

unique functiorbz € C°(T') defined by:
ber € Pi(Tg), ber =0 on T/Tg, bgr(ap)=1.
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We denoted by z; };cn the set of all nodes of the triangulatidp. For eachi € N, ¢; denoted
the canonical continuous piecewise linear basis function corresponding fthe starw; is the
interior relative tof2 of the support ofy;, such thad ., ¢; = 1, andh; is the maximal size of the
elements formingy;. Finally, I'; will denote the union of the sides touchingthat are contained
in ©, andT; will denote the union of the sides touchimgthat are contained if?.

For each staw;, 7 € N we introduce the space definedsifis an interior node by:

Vi) = {0 € Hiylwr) s [ vdo = 0),

and
Wi(w;) ={ve H. (w;):v=0 ondw;NT} otherwise

We define a finite dimensional local spad@¥w;) andP2(w;) by:

Definition 1. Fori € N;, let P?(w;) denote the space of piecewise quadratic functions on the star
w; that vanish orjw;. The space®;(w;) and Pj(w;) are defined aPg(w;) = P*(w;) N W (w;)
andPg(wi) = PQ(wi) N V(wz)

In the following we consider the energy notfai|? , = ¢ ||VU||§M + ||“||§,wi- Letwv, € V}, be

fixed and we denoted by v, the vector belonging t6L%(2))¢ defined by VT € 7,; Vv, =
Vv, onT.

2.2. A posteriori error estimator

Letu;, be a solution of the following stabilized discrete problem:

Vvh ev,nN Hé(Q),
(Pr) { Z / [eVuy. Vo, +6.Vuhvh]dx+% Z B.nfup)vpdo = /vahd%

TeT), T TeT, oT—

For eachi € NV, we consider the local problems:

Findn; € P2(w;) such thatvy, € P2(w;),
/ (eVn;. V) pide = / (eVpup. V) eidx +/ (B.Vyupp;)pidx

Wi Wi

s Z / Bnfup)picido — / Suiduds,

TeT or-

(1)

and
Find a; € PZ(w;) such that/u; € P2 (w;),
(P»)

/ (eVa;. V) pdr = / eVpuy. Curl (p;¢;)dx
Using Lax-Milgram theorem,we prove that the discrete problems have unique solution. Finally we
set:Vi e N, Ejf(up) = / e|Vni|*¢idz and Vi e N, Ej (up) z/ e(Vay)?¢;dr. We have

Wi

the following global uppe?ibond an local lower bound of the error:
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Theorem 2. Letu;, € Vj, such that(P,) holds. There is a positives constaris; C, and Cs
depending only on the minimum angleZfsuch that

lu—unllea < Cr | O (BT (un) + E3,(un)? + 18ll10chi(d_ By ) (un))? (2.1)
iEN 1EN
+ > hi > Nunlllzzery + (1Bllose + 118l v hillunllow, + ose(f) |
iGN TCwi

whereosc(f) is the data oscillation defined byosc(f) = (Z s (f — fi)¢i%||07wi)%, where

ieN
fw. f¢id$ h
fi= W andalphar = min(1, £). For anyi € A, we have:
- Qax
By i(up) < Co(14[Bl1,00he) [t — unl |z, (2.2)
and
Esi(up) < Csllu — up) e, - (2.3)

Proof. Remark that using Helmholtz-decomposition, we have

Vyu, — Vu=Vw+ Curl C, (24)

withw € H}(Q), ¢ € H'(Q) and/ Vw. Curl {dx = 0. Let us remark also that the orthogonality
Q
implies the following error decomposition:

eIV — Vullq = e[ Vuldg + || Curl¢lRg, (2.5)

and the following equalities:
elVw||3 = / e(Vhuy, — Vu).Vuwdz, (2.6)
Q

and
ell Curl (|3 = / e(Vyup, — Vu). Curl {dz. (2.7)
Q

The estimates of the expressions in (2.5) will be established in the Lemmas 6 and 7. As a main
tool we use the following technical Lemmas:

Lemma 3. For each node € A there exists an operatdfl; : W (w;) — PZ(w;), such that for
anyv € W(w;) the following conditions hold:

1. For alledgeFE C I}, /

(v —ILv)gido =0, and/ (v —ILv)g;dx = 0.
E

Wi
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2. g(/_ VTLo[26,)% + (/. Mf26:)% < C F(/. Vo260 + / W@)%],

K3 K3

where the constartt’ depends only on the minimum angle¥pf

Lemma 4. For each node € A there exists an operatdi; : W (w;) — 733(%»), such that for
anyv € W(w;) the following conditions hold:

1. For all edgeE C T}, /

(v — ILw)¢ido = 0, and/ (v — ILw)¢;dz = 0.
E

Wi

2. ([ (WaPoyt+ ([ Mboot <o e[ [wokont+ [ luPayt].
where the constant’ depends only on the minimum anglespf

Lemma 5. For each node € N, functionsv € W (w;) , ¢ € V(w;) andu, € V},. We have

/svhuh.V((Hiv)qﬁi)dx:/ eVpu, V(ve;)dx,

wj
and

/avhuh. Curl ((ﬂif)gbi)dx:/ eVipup.V(Cp;)dx.

Lemma 6. There exist a positive consta@t, depending only on the minimum angleZfsuch
that
ez|| CurlCllon < C(Y B (un))?.
1EN
And

Lemma 7. There exists positive constafit, depending only on the minimum angleZfsuch
that:

* 1 1
lwlea < CIO B (un)? + [1Bll00hi(Y By (un))?
ieN ieN
+ O 1Blrechillunllog + hall[unlllz2or) + hill lun) | z2or-) + |divg|hillunllow, + osc(f)].
iEN
(2.8)

3. Conclusion
In this work we analyzed an a posteriori error estimator for nonconforming convection diffusion

problem, with the Helmholtz-Decomposition technics. These estimators are efficient and robust
with respect to the physical parameters of the problem.
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