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B. Achchab' *, M. El Fatini 2 and A. Souisst

! 'Hassan ¥ University, LM2CE, ESTB and FSJES, B.P. 218, Berrechid, Morocco
2 Hassan Il University -Mohammadia, LAMS, L3A, FSBM, B.P. 7955, Casablanca, Morocco
3 Mohammed V-Agdal University, GAN, LMA, FSR and LERMA, EMI, B.P. 1014, Rabat, Morocco

Abstract. We derive a residual a posteriori error estimates for the subscales stabilization of con-
vection diffusion equation. The estimator yields upper bound on the error which is global and
lower bound that is local.
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1. Introduction

In a water pollution problem, early detection is most important to take swift and appropriate mea-
sures. The prediction of the contamination scale by rapid actions is also important to help prevent
or mitigate related damage at downstream. The accurate method to predict the scale of the pollu-
tion impact is needed. The transport and diffusion of ingredient in a flow field is a basic process in
modelling air/water pollution propagation. This process is governed by the convection-diffusion
equation and subjected to random fluctuations. Numerical methods are important in determining
the concentration of pollutants and understanding the change of pollutant concentration.

In many applications areas involving the mathematical modelling of convection diffusion and
reaction processes, diffusion can be small (compared to the convection and the reaction coeffi-
cients), degenerate, or even identically equal to zero in subregions of the computational domain.
Stabilized finite element methods are particularly interesting for those cases [3-8].

Here we consider such convection-diffusion equation stabilized by subscales method with adaptive
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mesh refinement to solve in a dom&inC R, n = 2, 3, the following concentration equation

div(fu—eVu)+ou = f in Q, (1.1)
u = 0 onos, (1.2)
whereu is the concentratiory, > 0 is the diffusion coefficient3 € (W1 (Q))" is the pore water

velocity, o € L>(9) is the reaction term andl € L?(Q) is the production rate. We suppose that
the pore water velocity is solenoidal in space. We define the operator

L = div(fu — eVu) + ou. (1.3)
The weak form of the problem is to seeke H}(2), such that
a(u,w) = l(w) Yw € Hi(Q), (1.4)

wherea(u, w) = e(Vu, Vw) + (8.Vu + ou,w) andl(w) = (f,w).

2. Subscales finite element stabilization

Let V.o C H;(R2), be a conforming finite element space of piecewise polynomials. The standard
Galerkin approximation of (1.4) is to find, € V},, such that

a(up,wy) = Lwy)  Ywy € Vip. (2.1)
The standard Galerkin method lacks stability for near-hyperbolic problem. The key idea of the
multiscale formulation in [7] is to considéf, = H; () as the direct sum of two spaces
Vo=Vip®V, (22)

whereV}, o is the space of resolved scales ands the space of subgrid scales. We can now split
the problem (2.1):

a(uh + ﬂ, wh) = l(wh) Yw,, € Vhp, (23)
alup +u, W) = l(w) VYaweV. (2.4)
The subscales are modeled analytically using subscales approximationing5t;Ruy,, where

7 is called the relaxation time arfu;, := v — Luy, is the grid scale residual. After integration
by parts on each element, the equation for the grid scales reads

a(up,wy) + > (@ L7wy) = wy)  Vawy, € Vi, (2.5)
TeTy,

whereL* is the adjoint of£. the final equation for the resolved scales includes the usual Galerkin
terms and some additional volume integrals evaluated element by element. Since the subscales
are proportional to the grid scale residual, the method is residual-based and therefore, automatically
consistent
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3. A posteriori error estimates

The purpose is to get local lower and global upper bounds for the error measured in the energy
norm
[o]I* = e Vol + llvllg

Let &, denote the set of all — 1)-faces in7,,. This set can be splitint§, = &£, o U &, p, where
Ena and&,, p refer to interior faces and Dirichlet boundary faces, respectively. Far &l &,
and for all¢ which is piecewise smooth¢|r denotes the jump ob acrossE (the sign of this
quantity is irrelevant in the sequel). For dle 7, U &, letag = min{hgs’%, 1}, wherehg
denotes the diameter ¢t Denote byf;,, 3, ando;, the L?-projection of the datg, 3 ando onto
the space of piecewise constant functions/pnDefine the elementwise residual estimators as

_1
M =apl|Relli+ Y e rag|Rel}, (3.1)
Ec&; ECOT
where
RT = fh + EAuh — 5hVuh — OpUp, (32)

and define also the oscillation term fore 7, by
Dy = (f — fu) + (B = Bn)Vup + (0 — on)up.
Finally, define the elementwise data oscillation estimator as
07 = a7 Drllz.

ForT € Ty, letwr = Upsrrree, T', and se®©®? = > 1ew, O7- We proceed with the same
strategy as in [1, 2, 9] using the estimates of then@nt operator and the techniques of bubble
functions we get the following results

Theorem 1. Letu andu; be the unique solutions of (1.4) and (2.5) respectively. Then,

lu—unl® <> Iz + O7], (3.3)
TeTy
and forallT € 7,
nr < (1+ e 2ar)||u — upllwy + Ouwr- (3.4)

Proof. Owing to the coercivity of(., .), we have

a(u — up, w)

lu—upl| < sup
weHL(Q)\{0} [Jw]
< sup a(u — up, w — Iyw) N sup a(u — up, Ihw)7
weHL (2)\{0} [Jw]] weHL (2)\{0} [Jw]|
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wherel), is the quasi-@ment operator [9]. The first term yields

%
a(u — up,w — w) < { > i+ @%]} J[w]].
TeT),
For the second term, we set, := I, w, then we get
a(u —up, [hw) = — Z (77 Rup, L w)r.
TeTh

A scaling argument, the inverse inequality and the properties of the quasie@t operator yield
forallw € H}(Q) that

||Ith07T S HwHO,T S ”wH‘UT’
HVIth&T < /{,h;lOéTHU)HO,T;
k| ALwlor < whilar||wl|or,

(3.5)

using the fact that; < min{|v| hr, hix~'} we get

1
a(u — up, hw) < {Z o llorllz + ) @%} ol

TeT), TeTy,

and then the upper bound (3.3) follows. Now, we bound locally the residual estimaitoterms
of the approximation error and the data oscillation estimatoriFear7,,, let

wr= J T, (3.6)
@#TQTIES;L,Q

and se®?, = > Trcwr ©2,. The same notation is used for the energy norm. Using the technique
of bubble functions [9], we get the lower bound (3.4) as proved in [9].

4. Numerical studies

Under simplifying assumptions, we solve the problem (1.1ia- [0, 1]> C R? with parameters
B=(1,1)T, e =10"* o = 1 andf = 1. Standard Galerkin finite element produces a globally os-
cillatory solution, while the solution obtained by subscales stabilization method is non-oscillatory.
To capture the remaining interior layers we combine stabilization and mesh refinement. In Figure
1, adaptive meshes and the corresponding solution (totally non-oscillatory) are presented.
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Figure 1: Successive meshes refinement and the corresponding solution totally non-oscillatory.
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