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Abstract. A computer-aided method for accurately carrying out the Chapman-Enskog expansion
of the Boltzmann equation, including its inelastic variant, is presented and employed to derive
a hydrodynamic description of a dilute binary mixture of smooth inelastic spheres. Constitutive
relations, formally valid for all physical values of the coefficients of restitution, are calculated
by carrying out the pertinent Chapman-Enskog expansion to sufficient high orders in the Sonine
polynomials to ensure numerical convergence. The resulting hydrodynamic description is applied
to the analysis of a vertically vibrated binary mixture of particles (under gravity) differing only in
their respective coefficients of restitution. It is shown that even with this “minor” difference the
mixture partly segregates, its steady state exhibiting a sandwich-like configuration.

Key words: kinetic theory, granular gases, mixtures, segregation, Chapman-Enskog expansion,
hydrodynamics
AMS subject classification: 76P05, 82B40, 82C40, 82C70

1. Introduction
Granular materials, i.e. collections of macroscopic solid grains, are ubiquitous in Nature and of
central importance in industry. They exhibit a fascinating and often counter-intuitive range of
phenomena, behaving at times like solids (when at rest), liquids, or gases [17, 22]. The diversity of
behavior they exhibit can be attributed in part to the fact that the grain interactions are dissipative
[17]. The typical polydispersity of grains in Nature and industry is yet another source for the
rich range of phenomena exhibited by these materials. Indeed, granular mixtures exhibit a host of
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effects that are specific to them, one of the most fascinating (and important) undoubtedly being
their tendency to spontaneously segregate under external forcing [33, 46, 29]. They may segregate
even as a result of small differences in the properties of their constituents, such as mass, shape,
frictional properties [28, 48] or coefficients of restitution [43, 6]. Segregation may appear as a
result of a phase transition [37], or be driven by time-dependent external means, such as ratcheting
[12, 36]; in some case the segregated states are the only ones “allowed”, e.g., in shear flows or
vibrated systems.

An intriguing and famous example of (size) segregation in vertically vibrated systems is the
‘Brazil nut’ (BN) effect, whereby a relatively large particle in a vibrated granular system tends to
climb to the ‘top’ of the system, against gravity [38], almost irrespective of its mass. An opposite
phenomenon, the “Reverse Brazil Nut” effect (RBN), has been recently observed and discussed
[20] as well. Several explanations of these phenomena (or more generally, granular segregation in
vertically vibrated systems) have been proposed [26, 45, 47, 2, 31], invoking a variety of mech-
anisms whose relevance varies with the nature of the system and the type of forcing it is subject
to [39]. For weak excitations (i.e. relatively low energy input), void filling [38, 29] seems to be
among the prominent mechanisms of size separation. This is basically a geometrical effect: during
the compaction phase of a shaking cycle a small particle is more likely to find a void in the layer
below it than a larger particle, resulting in the accumulation of larger particles at the top of the
system. Another important mechanism of size segregation is provided by the action of convection
rolls [27, 26, 35] in vertically shaken systems; these are triggered by the friction between the grains
and the container walls but their dynamics parallels that of the rolls in Rayleigh-Bénard convec-
tion. Consider a system of aspect ratio between 1 and 2: the velocity field associated with the rolls
points upward in the center of the system and downward at the sidewalls of the container; larger
particles, lifted by the central upstream, may be trapped at the top of the system when their sizes
prevent them from joining the downward flow near the walls [38, 29, 26, 27, 9]. When these wall
layers are sufficiently wide the large particles can move inside them; in this case convection gives
rise to mixing [45, 7, 39].

When a granular system is vigorously shaken it becomes a “granular gas” in which the grain
interaction mechanism is binary near-instantaneous collisions. In this case, kinetic theory, properly
modified to account for the inelasticity of the collisions, is expected to provide a reliable description
of the kinetics and hydrodynamics of the system, and in particular account for segregation in
mixtures. This is indeed the case.

Since the Brazil nut effect and segregation in granular mixtures in general occur even in the ab-
sence of convection and when the mechanism of void filling is irrelevant, one may wonder as to the
origin of this phenomenon. It turns out that the Soret phenomenon or its single-particle manifes-
tation, thermophoresis, is always active in vertically vibrated granular systems. Since the system
is dissipative and energy is pumped into it at the (vibrating) floor, the kinetic energy of the grains
(or granular temperature) decays away from the source of energy, i.e. as a function of the distance
from the floor. This gives rise to a granular temperature gradient. Thermophoresis forces large or
massive particles to move down temperature gradients [18, 19] and thus segregate. We reiterate
that the conditions for thermophoresis are created by the inelasticity of the grains, i.e. segregation,
in particular the Brazil nut effect, is an indirect result of inelasticity [21]. Experimental evidence
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for the latter mechanism in the BN effect for highly agitated systems has recently been reported
[39]. Arnarson and Willits [1] considered the thermal diffusion factor to study size segregation in
the presence or the absence of gravity. However, their theory, which improves upon the results of
Jenkins and Mancini [23] differs from the elastic theory of [25] only in the fact that it includes a
sink term in the equation for the temperature (representing the energy loss due to collisions), and
therefore no other inelastic effects (e.g., on the transport coefficients) are accounted for in their
theory of thermal diffusion. Recently, a theory for granular mixtures [13, 14] has been worked
out to study the transition between the BN and RBN effects (it also treats finite concentrations of
intruders). Slightly different approaches, still based on kinetic theory, have been invoked to obtain
a segregation criterion [24, 51, 47]. These approaches consider the temperature gradient as input,
and therefore only partly address the case of a vibrated system; they may capture though some of
its qualitative segregation properties for known temperature profiles.

The above description of the temperature profile for a vertically vibrated granular system is
somewhat inaccurate. Theoretical studies, most of which focus on the monodisperse case, as well
as numerical simulations, reveal that after the initial decrease in the value of the granular temper-
ature as a function of height above the floor, the temperature profile possesses a minimum above
which the temperature increases as a function of height [3, 49, 43]. Therefore thermophoresis
would push large or massive intruders to this minimum rather than the top of the system. If the
system is sufficiently small the minimum may not be reached or be close to the top (note: the top
of a vibrated dilute granular system is diffuse, i.e. rather ill defined; in practice the top is taken to
be the maximal height were one can still collect statistics, i.e. the volume fraction is larger than say
0.001) in which case intruders will move to the top. The problem of a single intruder in a vibrated
granular gas was treated in [4], and a comparison between theory, experiments and simulations
for slightly inelastic binary mixtures was given in [50]. Recently, it was shown [43] that a dilute
vertically vibrated binary mixture of particles of the same size with different masses arranges itself
in a sandwich-like configuration in which a layer of heavy particles is trapped between two layer
of light particles. This is a result of the competition between buoyancy and thermal diffusion: the
former pushes the light particles to the top and the latter pushes the heavy particles to the region of
minimal temperature, leaving room for the light particles (also) at the bottom of the system. While
in most of these studies the segregation mechanisms involved are directly or indirectly related to
the inelastic nature of the granular constituents, few studies have concentrated on the direct influ-
ence of inelasticity alone on segregation, which would be the purest manifestation of the effect of
inelasticity. In reference [43] it was shown that for near-elastic collisions particles with identical
mass and size may segregate on the basis of differences in their inelastic properties alone, when
subject to a temperature gradient. This was corroborated in molecular dynamic (MD) simulations
of vertically vibrated granular gas mixtures [43, 6]. Here the analysis of [43] is extended to finite
degrees of inelasticity and the problem of vertically vibrated mixtures of particles differing only in
their respective coefficients of normal restitution is addressed.

The structure of this paper is as follows. Section 2. provides a description of the system studied
below, basic definitions, general continuum mechanical results and a formulation of the considered
problem. Section 3. provides the kinetic formulation of the problem, describes the novel computer-
aided method we employ for the analysis of the kinetic problem and presents the form of the
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constitutive relations. Section 4. presents an application of the results to the problem of inelasticity
induced segregation. Finally, Section 5. provides concluding comments. Some technical details
are relegated to a series of Appendices.

2. Definition of the system and its description
We consider a binary mixture of smooth hard spheres, comprising species A and B, of masses mA

and mB, and diameters σA and σB, respectively. The coefficient of normal restitution (assumed to
be fixed) for a collision of a particle of species α ∈ {A,B} with a particle of species β ∈ {A,B}
is denoted by eαβ (hence, there are three possibilities: eAA, eAB and eBB). Tangential (frictional)
restitution is not considered here. The transformation of velocities due to a collision of a sphere of
species α with a sphere of species β is given by [43]:

v1 = v′1 − (1 + eαβ) Mβα
(
v′12 · k̂

)
k̂ (2.1)

v2 = v′2 + (1 + eαβ) Mαβ
(
v′12 · k̂

)
k̂ (2.2)

where {v′1,v′2} denote the precollisional velocities of the spheres (the index ‘1’ refers here to
species α) and {v1,v2} the corresponding postcollisional velocities; k̂ is a unit vector pointing
from the center of sphere α to that of sphere β, Mαβ ≡ mα

mα+mβ
, and v12 ≡ v1 − v2 (a similar

definition holding for the primed velocities). Obvious kinematic constraints require that v12·k̂ ≥ 0.
It is convenient to define the degrees of inelasticity, corresponding to the coefficients of restitution,
as: εαβ ≡ 1 − e2

αβ . In the realm of molecular (or elastically colliding) gases, the hydrodynamic
fields are the densities of the conserved fields. In the case of a binary mixtures, these consist
of the two number densities, nA and nB (or the corresponding mass densities ρA = nAmA and
ρB = nBmB), the mixture’s velocity field, V (or momentum density), which is defined as a
mass average of the species’ mean velocities, and the temperature field, T , defined as the mean
fluctuating kinetic energy of a fluid particle). Although energy is not a conserved entity for inelastic
(granular) gases, it is still included in the set of the hydrodynamic fields, as it characterizes the
(important) particle velocity fluctuations.

2.1. Continuum mechanical equations of motion
The form of the equations of motion for the hydrodynamic fields follows from the conservation
laws, Galilean invariance and standard tensorial considerations, and as such they are very general
(e.g., not limited to dilute gases). They also follow from the Boltzmann equation directly (using
the standard procedure of multiplying the Boltzmann equation by products of the particle velocity
components, followed by integration over the velocities; see more below).

The equation of motion for the number density, nα, with α ∈ {A,B}, is:

Dnα

Dt
= −divJα − nα divV (2.3)
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where D
Dt

= ∂
∂t

+ V · ∇ is the material derivative and

Jα = nα (Vα −V) (2.4)

is the particle flux density of species α. As Vα, the velocity field of species α, or equivalently, the
flux, Jα, is not a hydrodynamic field, it must be given by an appropriate constitutive relation. To
Navier-Stokes order (linear in the gradients of the hydrodynamic fields) one can write this entity
as:

Jα =

√
6

6

1

σ2
AB

nα

n

√
T

mα

(
κT

α∇ ln T + κn
α∇ ln n + κc

α∇ ln c

)
, (2.5)

where n ≡ nA + nB is the total number density of the mixture, c ≡ nA

n
is the concentration of

A particles, and the transport coefficients κT
α , κn

α and κc
α depend on the parameters characterizing

the particles (masses, diameters and coefficients of restitution) and the concentration field, c. The
prefactor assures that the transport coefficients are dimensionless and the numbers appearing in
it are there for technical convenience, the same comment holding for the expression for the heat
flux given below (see below concerning the expansions of these transport coefficients). As the
Boltzmann equation produces an equation of state which is the same as that for an ideal gas, the
pressure is given (with the normalization of the temperature defined below) by: p = nT

3
. For other

forms of the constitutive relation for Jα, see e.g., [30, 10, 15]; they are all trivially related to each
other.

The equation of motion obeyed by the velocity field can be written in the following standard
form:

ρ
DVi

Dt
= −∂Pij

∂xj

− ρg (2.6)

where gravity is accounted for (g being the gravitational acceleration), and Pij is the stress tensor,
whose Navier-Stokes order assumes the form:

Pij = pδij − µ Dij − ηB divV, (2.7)

where

Dij =
1

2

(
∂Vi

∂xj

+
∂Vj

∂xi

)
− 2

3
δij divV (2.8)

is the symmetrized traceless rate of strain tensor, µ, the shear viscosity, and ηB, the bulk viscosity
(the latter vanishes in the dilute limit). Notice that g is formally a Euler order term ( i.e. of the order
of magnitude of a first order gradient); in other words the Navier-Stokes transport coefficients are
independent of g [8].

The granular temperature field obeys the equation of motion:

n
DT

Dt
= T div J− div Q− 2Pij

∂Vi

∂xj

− Γ, (2.9)

where J ≡ JA + JB is the total particle flux, Q is the heat flux given by:

Q =
5
√

6

18

1

σ2
AB

T 3/2

√
m0

(
λT∇ ln T + λn∇ ln n + λc∇ ln c

)
, (2.10)
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where σAB ≡ σA+σB

2
, m0 ≡ mA + mB, and Γ is the energy sink term, which accounts for the rate

of loss of energy due to the inelasticity of the collisions (and therefore vanishes in the elastic limit).
It is given by:

Γ = ΓA + ΓB + ΓAB (2.11)

where ΓA is the contribution of AA collisions, ΓB is the contribution of BB collisions, and ΓAB

corresponds to AB collisions; see explicit expressions for these entities below. Other forms of the
same expression can be found in the above cited literature.

The preceding set of hydrodynamic equations, together with the expressions for the different
fluxes and the source term, Γ, constitute a closed system of equations. It follows that a full hydro-
dynamic description is obtained by finding expressions for the transport coefficients (κn

α, κc
α, κT

α ,
λn, λc, λT , µ, ηB, and of the sink term Γ), in terms of the fields and parameters of the problem.
Note that [40] only Γ has a nonvanishing contribution to zeroth order in the gradients of the fields
(inelasticity acts in homogeneous systems as well) with corrections due to gradients, whereas the
other fluxes vanish when the gradients do.

2.2. Kinetic theoretical description
Let fα(v) denote the single particle distribution function (the spatial and temporal dependence of f
are suppressed for notational simplicity) of species α. Following the standard definitions of kinetic
theory, the number density for species α is given by:

nα =

∫
fα(v) dv (2.12)

the corresponding mass density being ρα = mαnα; recall that the overall number density is n =
nA + nB, and the overall mass density is ρ ≡ ρA + ρB. The velocity field of species α is given by:

Vα =
1

nα

∫
fα(v) v dv (2.13)

We reiterate that Vα is not a hydrodynamic field and it needs to be expressed as a functional of the
hydrodynamic fields. The mixture’s velocity field is:

V =
1

ρ
(ρAVA + ρBVB) . (2.14)

The granular temperature of species α is defined by:

Tα =
1

nα

∫
fα(v) mα (v −V)2 dv (2.15)

Note that Tα is not a hydrodynamic field. Notice that the velocity fluctuations of each species
are measured with respect to the (hydrodynamic) mixture’s velocity field, not the species’ velocity
field. The mixture’s granular temperature (average fluctuating kinetic energy multiplied by 2) is
defined by:

T ≡ 1

n
(nATA + nBTB) . (2.16)
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The kinetic expression for the stress tensor (which excludes the collisional contribution; the latter
comprises a finite density correction) is obtained by standard means, cf. e.g., [8]), the result being:

Pij = mA

∫
fA (v) uiuj dv + mB

∫
fB (v) uiuj dv, (2.17)

where ui ≡ vi −V is the peculiar (fluctuating) velocity of particle i (irrespective of its species).
Similarly, the heat flux has two contributions, for obvious reasons:

Q =

∫
fA (v) mAu2udv +

∫
fB (v) mBu2udv (2.18)

The energy sink term is given by Eq. (2.11), the contributions to which are:

Γα ≡ (1− e2
αα) mα

8
πσ2

α

∫ ∫
fα (v1) fα (v2) |v12|3 dv1dv2, (2.19)

and

ΓAB ≡ εAB
mABπσ2

AB

2

∫ ∫
fA (v1) fB (v2) |v12|3 dv1dv2. (2.20)

where mAB ≡ mAmB

mA+mB
is the reduced mass and σAB = σA+σB

2
, as defined before. This completes

the definitions of the entities one needs to calculate in order to obtain the constitutive relations.

2.2.1. The Boltzmann Equation for a Granular Mixture

As only dilute mixtures are considered here, the basic kinetic description is afforded by the Boltz-
mann equation. Actually, the description of a binary granular mixture requires two Boltzmann
equations, one for each species. The derivation of these equations is a straightforward extension of
that for the monodisperse case, and will not be presented here; see also [15].

The Boltzmann equations (for {α, β} ∈ {A,B}) read:

Dfα ≡ ∂fα

∂t
+ v1.∇fα = Bαα(fα, fα, eαα) + Bαβ(fα, fβ, eαβ), (2.21)

where α 6= β, fα (v) is the single distribution function for the particles of species α, and the α-β
species Boltzmann collision operator defined by:

Bαβ(fα, fβ, eαβ) = σ2
αβ

∫ ∫

v12·k>0

[
fα(v′1)fβ(v′2)

e2
αβ

− fα(v1)fβ(v2)

](
v12 · k

)
dv2 dk, (2.22)

where σαβ =
σα+σβ

2
. Here v1 and v′1 pertain to species α, and v2 and v′2 pertain to β. Notice

that Bαβ(fα, fβ, eαβ) depends on the coefficients of normal restitution both explicitly, as shown
in Eq. (2.22), and implicitly through the velocity transformations between the precollisional and
postcollisional velocities.
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3. Computing the transport coefficients: the generating func-
tion method

3.1. The Chapman-Enskog (CE) expansion
The Chapman-Enskog expansion is a perturbative method for solving the Boltzmann equation. It
consists of a gradient expansion of the distribution function around a reference state corresponding
to a homogeneous solution of the Boltzmann equation (the Maxwellian equilibrium distribution
function for elastic systems, or the distribution function corresponding to the Homogeneous Cool-
ing State in the present case, see more below). One key assumption of the CE method is that the
dependence of the distribution function on space and time is implicit through its functional de-
pendence on the fields and that there is no additional space or time dependence (this amounts to
assuming scale separation between the microscales and hydrodynamic scales, see also [17] con-
cerning the range of validity of this assumption in the realm of granular gases). In the case at hand
the pertinent hydrodynamic fields are nA, nB, V, and T . This assumption allows one to expand the
time derivative of the distribution function (left hand side of Eq. (2.21)) in powers of the gradients,
by making use of the hydrodynamic equations, (2.3), (2.6), (2.9).

3.1.1. The Homogeneous Cooling State (HCS)

The homogeneous cooling state (HCS) of a binary granular gas mixture (much like the HCS for a
monodisperse system) is defined as a state of vanishing velocity and homogeneous density fields,
in which the distribution functions are rendered ‘time independent’ (recall that the energy decays
because of inelasticity) by scaling the velocities by the thermal speed of the species comprising
the mixture, thus defining a “scaling solution”. This is also the ‘asymptotic’ state (in time) of
a granular gas (ignoring instabilities). Since all gradients vanish in this state, the corresponding
distribution function can be taken to serve as the zeroth order in the CE expansion. Using Eqs.
(2.3), (2.6) and (2.9) one obtains for the HCS distributions, fHCS

α :

∂f
(HCS)
α

∂t
=

∂f
(HCS)
α

∂T

∂T

∂t
= −Γ

n

∂f
(HCS)
α

∂T
(3.1)

where recall that Γ = ΓA + ΓB + ΓAB, and Γα and ΓAB are given by Eqs. (2.19) and (2.20),
respectively. The two coupled Boltzmann equations (2.21) reduce in this case to:

−Γ

n

∂f
(HCS)
A

∂T
= BAA

(
f

(HCS)
A , f

(HCS)
A , eAA

)
+ BAB

(
f

(HCS)
A , f

(HCS)
B , eAB

)
, (3.2)

−Γ

n

∂f
(HCS)
B

∂T
= BBB

(
f

(HCS)
B , f

(HCS)
B , eBB

)
+ BBA

(
f

(HCS)
B , f

(HCS)
A , eAB

)
, (3.3)
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where the Boltzmann operator Bαβ is defined in Eq. (2.22). These equations need to be solved
subject to the ‘constraints’

∫
fAdu = nA (3.4)

∫
fBdu = nB (3.5)

∫
fAmAu2du+

∫
fBmBu2du = nT (3.6)

the first two of which impose the respective number densities of the species and the last being an
expression of the ‘given’ value of the temperature (the logic being that for ‘given fields’ at time, t,
one finds their respective time derivatives).

3.1.2. First order correction

In order to compute the transport coefficients to Navier-Stokes order, we carry out the Chapman-
Enskog expansion to first order in the gradients of the hydrodynamic fields, with the homogeneous
cooling state distribution function serving as a zeroth order solution. The distribution function,
fα, is thus written as: fα = f

(HCS)
α + fK

α , where fK
α is the first order perturbation in the gradi-

ent expansion, written for convenience as fK
A = fM,η2

α φK
α , where fM,η

α = nα

(
γα

π

) 3
2 e−γαηu2 is a

modified Maxwellian, introduced for reasons explained below, γα ≡ 3mα

2T
, and η > 0, η2 > 0 are

constants (see more below). To first order in the gradients of the hydrodynamic fields, the two
coupled Boltzmann equations for the corrections, φK

α , read:

DKfA =
(
L

(1)
AA + L

(2)
AA + L

(1)
AB

)
φK

A + L
(2)
ABφK

B (3.7)

DKfB = L
(2)
BAφK

A +
(
L

(1)
BB + L

(2)
BB + L

(1)
BA

)
φK

B (3.8)

where

L
(1)
αβφK

α ≡ Bαβ

(
fM,η2

α φK
α , f

(HCS)
β , eαβ

)

L
(2)
αβφK

β ≡ Bαβ

(
f (HCS)

α , fM,η2

β φK
β , eαβ

)

are linearized Boltzmann operators, and DKfα denotes the first order term in the expansion of
Dfα, where recall that D ≡ ∂

∂t
+ v · ∇. Following the CE approach:

Dfα = fM,η
α

[
φαD ln nα + 2γαui (ηφα − φ′α)DVi +

(
γαu2 (ηφα − φ′α)− 3

2
φα

)
D ln T

+ c
∂φα

∂c
D ln c

]
+ fM,η2

α DΦK
α + ΦK

α fM,η2
α

[
D ln nα + 2γαuiη2DVi +

(
γαu2η2 − 3

2

)
D ln T

]
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Straightforward tensorial considerations can be used to determine the general form of the functions,
φK

α :

φK
α = ΦK,T

α

(
γαu2

)√
γαu · ∇ ln T + ΦK,n

α

(
γαu2

)√
γαu · ∇ ln n + ΦK,c

α

(
γαu2

)√
γαu · ∇ ln c

+ ΦK,V
α

(
γαu2

)
γ

3
2
αuu:∇V + Φ0

αdivV, (3.9)

where the functions ΦK,T
α , ΦK,c

α , ΦK,n
α , ΦK,V

α and Φ0
α are isotropic functions of the rescaled peculiar

velocity γαu2. It turns out that the Φ0
α vanishes; this becomes evident in the process of carrying

out the CE expansion (since it has no ‘source’ on the right hand side of the pertinent equations).
Note the definition of and notation for the traceless symmetric part of any second rank tensor, A:
Aij ≡ 1

2

(
Aij + Aji − 2

3
δijAkk

)
. DKfα is given, using Eqs. (2.3), (2.6) and (2.9), by:

DKfA =
Γ

nT
fM,η2

A

[ (
γAu2

(
ΦK,c

A

)′
− (

γAu2η2 − 2
)
ΦK,c

A − c
∂ ln Γ̃

∂c
ΦK,T

A

)
√

γAuj
∂ ln c

∂xj

+

(
γAu2

(
ΦK,n

A

)′
− (

γAu2η2 − 2
)
ΦK,n

A − ΦK,T
A

)√
γAuj

∂ ln n

∂xj

+

(
γAu2

(
ΦK,T

A

)′
− (

γAu2η2 − 2
)
ΦK,T

A − 1

2
ΦK,T

A

)√
γAuj

∂ ln T

∂xj

+

(
γAu2

(
ΦK,V

A

)′
− (

γAu2η2 − 3
)
ΦK,V

A

)
γ

3
2
Auiuj

∂Vi

∂xj

]

+fM,η
A

[
2γA (ηφA − φ′A) uiuj

∂Vi

∂xj

+

(
φA − nmA

ρ
(ηφA − φ′A)

)
ui

∂ ln n

∂xi

+

((
γAu2 − nmA

ρ

)
(ηφA − φ′A)− 3

2
φA

)
ui

∂ ln T

∂xi

+

(
φA + c

∂φA

∂c

)
uj

∂ ln c

∂xj

]
(3.10)

DKfB =
Γ

nT
fM,η2

B

[ (
γBu2

(
ΦK,c

B

)′
− (

γBu2η2 − 2
)
ΦK,c

B − c
∂ ln Γ̃

∂c
ΦK,T

B

)
√

γBuj
∂ ln c

∂xj

+

(
γBu2

(
ΦK,n

B

)′
− (

γBu2η2 − 2
)
ΦK,n

B − ΦK,T
B

)√
γBuj

∂ ln n

∂xj

+

(
γBu2

(
ΦK,T

B

)′
− (

γBu2η2 − 2
)
ΦK,T

B − 1

2
ΦK,T

B

)√
γBuj

∂ ln T

∂xj

+

(
γBu2

(
ΦK,V

B

)′
− (

γBu2η2 − 3
)
ΦK,V

B

)
γ

3
2
Buiuj

∂Vi

∂xj

]
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+fM,η
B

[
2γB (ηφB − φ′B) uiuj

∂Vi

∂xj

+

(
φB − nmA

ρ
(ηφB − φ′B)

)
ui

∂ ln n

∂xi

+

((
γBu2 − nmB

ρ

)
(ηφB − φ′B)− 3

2
φB

)
ui

∂ ln T

∂xi

+

(
− c

1− c
φB + c

∂φB

∂c

)
uj

∂ ln c

∂xj

]
(3.11)

where primes denote derivatives with respect to the squared non dimensional peculiar velocity,
γαu2. From Eqs. (3.7,3.8) and Eqs. (3.10,3.11), it follows that the functions ΦK,c

α ,ΦK,n
α , ΦK,T

α and
ΦK,V

α obey the following set of coupled equations:
(

L(1)
αα + L(2)

αα + L
(1)
αβ

)
{ΦK,X

α

(
γαu2

)√
γαu}+ L

(2)
αβ{ΦK,X

β

(
γβu2

)√
γβu}

−
√

6π

9

nσ2
αβ√
m0

Γ̃
√

TfM,η2
α

((H {
ΦK,X

α

}
+ ξXX

)
ΦK,X

α

(
γαu2

)√
γαu + ξXT ΦK,T

α

(
γαu2

)√
γαu

)

=RX
α

(3.12)

for X ∈ {T, n, c}, and
(

L(1)
αα + L(2)

αα + L
(1)
αβ

)
{ΦK,V

α

(
γαu2

)
γ

3
2
αuu}+ L

(2)
αβ{ΦK,V

β

(
γβu2

)
γ

3
2
β uu}

−
√

6π

9

nσ2
αβ√
m0

Γ̃
√

TfM,η2
α

((H {
ΦK,V

α

}
+ 3

)
ΦK,V

α

(
γαu2

)
γ

3
2
αuu

)
= RX

α

(3.13)

where the operator H is defined by

H{Φ} ≡ γαu2
(
(ln Φ)′ − η2

)
,

and the coefficients ξXX and ξXT are given by: ξnn = ξcc = 2, ξTT = 3
4
, ξcT = −∂ ln Γ̃

∂c
, ξnT = −1.

The tensors RX
α are given by:

Rc
A = fM,η

A

(
φA + c

∂φA

∂c

)
u

Rc
B = fM,η

B

(
− c

1− c
φB + c

∂φB

∂c

)
u

RT
α = fM,η

α

((
γαu2 − nmα

ρ

)
(ηφα − φ′α)− 3

2
φα

)
u

Rn
α = fM,η

α

(
φα − nmα

ρ
(ηφα − φ′α)

)
u

RV
α = fM,η

α 2γα (ηφα − φ′α)uu
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3.2. Sonine polynomial expansion and the generating function method

In order to solve Eqs. (3.2, 3.3, 3.12, 3.13), the distribution functions f
(HCS)
A , fK

A , f
(HCS)
B , and fK

B

are approximated by truncated series in Sonine polynomials multiplying (modified, as explained
below) Maxwellians (for f

(HCS)
A and f

(HCS)
B ), a similar expansion, in which the Maxwellians are

multiplied by appropriate (contracted) tensors in the peculiar velocity being used for fK
A , and

fK
B ). For extreme values of the parameters, such as very low values of the coefficients of restitu-

tion or large mass ratios, the use of high order truncations of Sonine polynomial series is crucial,
but forbiddingly tedious to carry out. To this end we employ a computer-aided method [32, 44]
which exploits the fact that the Sonine polynomials can be derived from their respective generat-

ing functions, Gm (x; s) ≡ (1− s)−m−1 e−
s

1−s
x =

∞∑
p=0

spSp
m (x): Defining, for any set of variables

{x1, .., xk} and integers {p1, .., pk}, ∂̃x
p1
1 ,..,x

pk
k

:

∂̃x
p1
1 ,..,x

pk
k
≡ lim

x1,..,xk→0

1

p1!...pk!

∂p1+..+pk

∂xp1

1 ..∂xpk

k

, (3.14)

one has:
Sp

m = ∂̃spGm (x; s) (3.15)

A generating function for the action of a linear operator (such as the integrals required in the reso-
lution the Chapman-Enskog expansion equations, see more details below) on a Sonine polynomial
can therefore be easily calculated by evaluating its action on Gm. In addition, it turns out that most
of the generating functions that are computed in the sequel can be obtained in terms of successive
derivatives of a ”super-generating” function J

(0)
αβ , see Appendix B, Eq. (B1). Increasing the order

of the truncated series therefore amounts to computing higher order derivatives of known analytical
functions, which can be achieved rather straightforwardly by a symbolic manipulator. The method
is first applied below to the evaluation of the distribution function for the homogeneous cooling
state, then to the computation of the transport coefficients.

The common way of finding approximate solutions of Eqs. (3.2,3.3) is to represent the func-
tions, fα, by truncated Sonine polynomial series times Maxwellians in the respective (peculiar)
velocities (often non-dimensionalization is invoked for sake of convenience). However, as numer-
ically demonstrated in [5], this expansion does not converge, a feature that can be traced back [32]
to the well known exponential tails of the HCS distribution function [11, 34]. To overcome this
difficulty, the following modified expansion [32] is employed:

fα = nα

(γα

π

) 3
2
e−ηγαu2

φα (3.16)

where φα ≡
∑∞

p=0 hp
αSp

1
2

(γαu2) =
∑∞

p=0 hp
α∂̃spG 1

2
(γαu2; s), and η > 0 is a constant, i.e. fα is

represented by a truncated Sonine polynomial series times a Maxwellian in which the temperature
is replaced by a ”wrong” temperature T

η
. This method produces convergent series when η < 0.5

[32]. The standard (divergent, as it turns out) series, which corresponds to the choice η = 1) is not
useless, since (due to its asymptotic nature) it can be employed to obtain low order moments of the
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distribution functions, and it can also be employed for the derivation of constitutive relations for
not-too-inelastic granular gases. It is however not suitable for the calculation of the distributions
functions themselves. Upon substituting the form (3.16) in Eq. (3.2) and projecting on the Nth
order Sonine polynomial SN

1
2

(γαu2
1) = ∂̃sN G (γαu2

1, s) one obtains:

√
π

3
Γ̃

∞∑
p=0

hp
A∂̃spwN R̂(s, w) =

M3
A

π3

σ2
A

σ2
AB

nA

n

∞∑
p,q=0

∂̃sptqwN B̂AA(w, s, t)hp
Ahq

A

+
M

3
2
BM

3
2
A

π3

nB

n

∞∑
p,q=0

∂̃sptqwN B̂AB(w, s, t)hp
Ahq

B (3.17)

√
π

3
Γ̃

∞∑
p=0

hp
B∂̃spwN R̂(s, w) =

M3
B

π3

σ2
B

σ2
AB

nB

n

∞∑
p,q=0

∂̃sptqwN B̂BB(w, s, t)hp
Bhq

B

+
M

3
2
AM

3
2
B

π3

nA

n

∞∑
p,q=0

∂̃sptqwN B̂BA(w, s, t)hp
Bhq

A (3.18)

where Γ̃ ≡ 9√
6π

√
m0

n2σ2
ABT

3
2
Γ. The generating function, R̂(s, w), which corresponds to the left hand

side of Eqs. (3.2,3.3) is:

R̂(s, w) ≡ 1

π
3
2

∫
e−ηu2

G 1
2

(
u2, w

) [
3

2
G 1

2

(
u2, s

)− u2

(
ηG 1

2

(
u2, s

)− ∂

∂u2
G 1

2

(
u2, s

))]
du

=
3

2

(1− s) w

(1− ws + (η − 1) (1− w) (1− s))
5
2

(3.19)

and the generating function B̂αβ (w, s, t), which corresponds to the Boltzmann operator, can be
expressed in terms of the super-generating function defined in Eq. (B1):

B̂αβ (w, s, t) ≡
∫

GN
1
2

(
Mαu2

1, w
) ∫ ∫

u12·k>0

[
1

e2
αβ

e−ηMαu′21 −ηMβu′22 G 1
2

(
Mαu′21 , s

)
G 1

2

(
Mβu′22 , t

)

− e−ηMαu2
1−ηMβu2

2G 1
2

(
Mαu2

1, s
)
G 1

2

(
Mβu2

2, t
) ]

(u12·k) du1du2dk (3.20)

=
1

(1− s)
3
2 (1− t)

3
2 (1− w)

3
2

×
[

1

e2
αβ

J
(0)
αβ

(
Mαw

1− w
, 0,

(
s

1− s
+ η

)
Mα,

(
t

1− t
+ η

)
Mβ, 0, 0, 0

)

− J
(0)
αβ

(
Mα

(
η +

w

1− w
+

s

1− s

)
,

(
t

1− t
+ η

)
Mβ, 0, 0, 0

)]
(3.21)

The following relation between the non-dimensionalized sink term and the coefficients {hA, hB}
completes the system (3.17,3.18), and is obtained by using the expression (3.16) in Eqs. (2.19) and
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(2.20):

Γ̃ =εAA
n2

A

n2

σ2
A

σ2
AB

M4
A

∞∑
p,q=0

∂̃sptqĜ
Γ
AA (s, t) hp

Ahq
A + 4εAB

nAnB

n2
M

5
2
AM

5
2
B

∞∑
p,q=0

∂̃sptqĜ
Γ
AB (s, t) hp

Ahq
B

+εBB
n2

B

n2

σ2
B

σ2
AB

M4
B

∞∑
p,q=0

∂̃sptqĜ
Γ
BB (s, t) hp

Bhq
B

(3.22)

where the generating function ĜΓ
αβ (s, t) is given by:

ĜΓ
αβ (s, t) ≡

∫ ∫
e−ηMαu2

1e−ηMβu2
2G 1

2

(
Mαu2

1, s
)
G 1

2

(
Mβu2

2, t
) |u12|3 du1du2

=

(
(1−t)Mα

(t+η(1−t))
+

(1−s)Mβ

(s+η(1−s))

) 3
2

(s + η (1− s))
3
2 (t + (1− t) η)

3
2 M3

αM3
β

(3.23)

The system of equations (3.17,3.18,3.22) for the coefficients {hA, hB, Γ̃} is to be solved with the
requirements (3.4), (3.5) and (3.6) that read, using (3.16):

∞∑
p=0

∂̃sp

(
hp

A

(s + (1− s) η)
3
2

)
= 1

∞∑
p=0

∂̃sp

(
hp

B

(s + (1− s) η)
3
2

)
= 1

∞∑
p=0

∂̃sp

(
(1− s)

(s + (1− s) η)
5
2

)(nA

n
hp

A +
nB

n
hp

B

)
= 1

A truncation of the above equations can be solved for any values of the parameters of the problem,
by using standard solvers. Convergence is tested by checking that an increase in the order of
truncation (we have checked up to the 25th order in the Sonine polynomial expansion in some
cases) does not change the results (i.e., the desired coefficients) within a predetermined allowed
error (1% in most cases). As mentioned, when one does not need the distribution function but
just small finite order moments thereof, one can employ the divergent expansion (i.e. use η = 1).
The above displayed algebraic equations for the HCS have been solved for a selection of values of
the parameters. For near-elastic cases and O(1) mass ratios the results for the low order moments
converge (to within 1%) for N = 4 Sonine polynomials; the strongly inelastic cases and the cases
in which the mass ratio is very large (or small) require up to 25 Sonine polynomials to obtain
convergence. The moments converge even for η = 1, whereas the distribution function only
converges (as predicted by theory) for η < 1

2
(in practice we used η = 0.4).
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Eqs. (3.12) are solved using the same method as for the homogeneous cooling solution. The
isotropic functions ΦK,X

α are expressed as truncated series ( at order N ) of Sonine polynomials:

ΦK,T
α =

N∑
p=0

k
T,(p)
α

nσ2
AB

Sp
3
2

(
γαu2

)
=

N∑
p=0

k
T,(p)
α

nσ2
AB

∂̃tpG 3
2

(
t, γαu2

)
(3.24)

ΦK,n
α =

N∑
p=0

k
n,(p)
α

nσ2
AB

Sp
3
2

(
γαu2

)
=

N∑
p=0

k
n,(p)
α

nσ2
AB

∂̃tpG 3
2

(
t, γαu2

)
(3.25)

ΦK,c
α =

N∑
p=0

k
c,(p)
α

nσ2
AB

Sp
3
2

(
γαu2

)
=

N∑
p=0

k
c,(p)
α

nσ2
AB

∂̃tpG 3
2

(
t, γαu2

)
(3.26)

ΦK,V
α =

N∑
p=0

k
V,(p)
α

nσ2
AB

Sp
5
2

(
γαu2

)
=

N∑
p=0

k
V,(p)
α

nσ2
AB

∂̃tpG 5
2

(
t, γαu2

)
(3.27)

which are substituted in Eqs. (3.12). The resulting set of equations is then projected on

SN
3
2

(
γαu2

)√
γαu = ∂̃wN G 3

2

(
w, γαu2

)√
γαu,

for X ∈ {T, c, n} (i.e. multiplied by the functions, the result being integrated over the velocity),
and

SN
5
2

(
γαu2

)
γ3/2

α uu = ∂̃wN G 5
2

(
w, γαu2

)
γ3/2

α uu,

for X = V , to yield the following linear system of equations for the coefficients k
X,(p)
α :

MKk = RK (3.28)

where k is defined by: k ≡
(

k
T,(0)
A , .., k

T,(N)
A , k

T,(0)
B , .., k

T,(N)
B , k

n,(0)
A , .., k

n,(N)
A , k

n,(0)
B , .., k

n,(N)
B ,

k
c,(0)
A , .., k

c,(N)
A , k

c,(0)
B , .., k

c,(N)
B , k

V,(0)
A , .., k

V,(N)
A , k

V,(0)
B , .., k

V,(N)
B

)t

,

the superscript, t, standing for “transpose”. The matrix elements, MK
ij and RK

j (and their gen-
erating functions), are given in Appendix A. The constraints, for X ∈ {T, n, c} can be written
as:

N∑
p=0

∂̃tp
1

(η2 (1− t) + t)
5
2

×
(nA

n

√
mAk

X,(p)
A +

nB

n

√
mBk

X,(p)
B

)
= 0

3.2.1. Constitutive Relations

The constitutive relation are obtained by using the forms (3.9), (3.24-3.27), together with the solu-
tion {kX,(q)

α }, where 0 ≤ q ≤ N , of the system (3.28), in the definitions of the diffusion velocity,
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heat flux and stress tensor. The resulting transport coefficients (like the coefficients {kX,(q)
α }), are

non-trivial functions of the set of parameters

S ≡
{
{εαβ}, MA ≡ mA

mA + mB

,
σA

σA + σB

, c

}
.

The pressure p is given by:

p =
nT

3
, (3.29)

the bulk viscosity vanishes, ηB = 0, and the shear viscosity is given by:

µ = −
√

6

24

√
Tm0

σ2
AB

N∑
p=0

∂̃sp

1

(η2 (1− s) + s)
7
2

(nA

n

√
MAk

V,(p)
A +

nB

n

√
MBk

V,(p)
B

)
(3.30)

The transport coefficients for the diffusion flux are given by:

κX
A =

N∑
p=0

∂̃tp
k

X,(p)
A

(η2(1− t) + t)
5
2

(3.31)

and the transport coefficients for the heat flux are:

λX =
N∑

p=0

∂̃tp
(1− t)

(η2(1− t) + t)
7
2

(
nA

n
√

MA

k
X,(p)
A +

nB

n
√

MB

k
X,(p)
B

)
(3.32)

The need for high order Sonine polynomial expansions to obtain accurate transport coefficients is
illustrated in Fig. (1), in which results for the coefficient κn

A (normalized by its elastic value) as a
function of the degree of inelasticity are depicted (here, σA = σB, nA = nB, and all coefficients of
restitution are taken to be equal: ε ≡ εAA = εAB = εBB). The most accurate results presented in
this figure are obtained from a seventh order truncation of the Sonine polynomial expansions, cf.
Eqs. (3.24)-(3.27), and depicted by the fat dots in the figure. These results compare well with those
obtained from a sixth order truncation (circles), except for degrees of inelasticity larger than 0.7,
where even higher orders in the expansion are needed. They are different from the results obtained
in ref. [15], which are referred to as the “standard” expansion and those of the modified expansion,
[16]. Note that the “standard” and modified expansions agree with each other for low values of
the coefficient of restitution and they both employ the leading order in the Sonine polynomial
approximation. An additional interesting observation can be made on the basis of the expansion
in powers of ε, referred to in the figure as the ε-expansion. The leading (linear in ε) order in this
expansion should agree with the correct results for low values of ε, and, in particular with the slope
at the origin of the graphs in Fig. (1). It turns out that to obtain a converged result of the linear
order in the ε-expansion it is sufficient to truncate the corresponding Sonine polynomial expansion
at second order. Indeed this result (depicted by the symbol x) agrees with the exact result near
the origin and surprisingly also much beyond it. On the other hand the use of the lowest order
in the Sonine expansion alone in the ε-expansion (dashes) does not agree with the accurate result
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but it does agree with the other results obtained by a truncation at the lowest order in the Sonine
polynomial expansion. It follows that, as mentioned, the order of truncation does matter.

Through formally valid for all values of the parameters characterizing the particles and their
collisions (masses, diameters and coefficients of normal restitution), the validity of above transport
coefficients (or more generally of the constitutive relations (2.5,2.7,2.10)) may be limited due to the
underlying assumptions of the CE expansion, in particular that of time scale separation (expressed
through the fact that the distribution functions depend on time through the hydrodynamic fields
only). For strongly inelastic systems, or extreme values of the mass and diameter ratios, scale
separation can be violated, invalidating the above results for the transport coefficients and possibly
the entire description to Navier-Stokes order [41].
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Figure 1: Comparison between various predictions for the coefficient κn
A (normalized by its elastic

value), plotted as a function of ε ≡ εAA = εAB = εBB, for σA = σB, nA = nB, and a mass
ratio, mA/mB = 2. The thick solid line corresponds to the “modified Sonine expansion” [16]
and the thin solid line depicts the results of the “standard” Sonine expansion [15], both to lowest
order in the Sonine polynomial expansion. Dots and circles correspond to the 7th and 6th order
truncations of the Sonine polynomials expansion, respectively. The dashed line corresponds to
the lowest order in the Sonine polynomial expansion and linear order in the ε expansion, and the
x-symbols correspond to the second order in the Sonine polynomial expansion and linear order in
ε, see [43]. The predictions corresponding to low and high order truncations differ significantly
from each other. Note that convergence is not attained at high inelasticity even at the seventh order
truncation in the Sonine polynomial expansion. More comments can be found in the text.
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4. Inelasticity-induced segregation in vibrated binary granular
mixtures

This section is devoted to a study of the direct influence of inelasticity on the properties of binary
granular gas mixtures, namely the fact that the species may segregate even when they differ only in
their respective coefficients of restitution. A similar result has been predicted in [43] and observed
in molecular dynamic simulations in [6]. Here we employ our computer-aided method to extend
the theory of [43] to all values of the coefficients of restitution. Before considering the problem of
a vibrated vertically vibrated mixtures of particles, we first focus on the influence of the inelasticity
on the mechanisms of segregation in this class of systems. Consider a non-convecting (V = 0)
steady state of a mixture. Clearly, the diffusion flux vanishes in this state. In this case, using Eq.
(3.29), the equation for the momentum density (Eq. (2.6)) reduces to:

∇p = −ρg (4.1)

which can be rewritten, since p = nT
3

, and ρ = (mAc + mB(1− c)) n, as:

∇ ln n = −∇ ln T − 3

T
((mA −mB)c + mB)g. (4.2)

Upon substituting Eq. (4.2) in Eq. (2.5), and using the fact that in a non-convecting state the
diffusive fluxes vanish, i.e. JA = 0, one obtains the following relation between the temperature
and concentration gradients:

∇ ln c =
κn

A − κT
A

κc
A

∇ ln T +
3

T

κn
A

κc
A

((mA −mB)c + mB))g (4.3)

Define the rescaled length: ξ =
∫ z

0
(mA+mB)g

T (z′) dz′. When the temperature and concentration gradi-
ents vary only in the z direction (defined by −g) one obtains from Eq. (4.3):

∂ ln c

∂ξ
= αAB

∂ ln T

∂ξ
+ βAB (4.4)

where

αAB ≡ κn
A − κT

A

κc
A

(4.5)

and
βAB = 3

κn
A

κc
A

((MA −MB)c + MB) (4.6)

Eq. (4.4) indicates that segregation in this case is driven both by the temperature gradient and
gravity. The value of the coefficient αAB determines the degree of segregation induced by the
temperature gradient, while its sign determines the direction of segregation: when αAB > 0 the A
particles tends to concentrate in the hotter regions. Similarly, the effect of gravity is described by
the coefficient βAB: its value indicates the degree of segregation due to the influence of gravity,
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Figure 2: LEFT: Plots of the thermal coefficient, αAB, see Eq. (4.5), as a function of the concen-
tration, c ≡ nA

n
, for different values of the degrees of inelasticity, as detailed in the inset. Here

mA = mB and σA = σB. Note that αAB 6= 0 when the coefficients of restitution are different.
As expected αAB = 0 when the coefficients of restitution are all equal, since the system is then
monodisperse. The positive sign of αAB indicates that the A-particles (whose collisions are more
elastic in this case) move up the temperature gradient and therefore the more inelastically collid-
ing (or B, in this case) particles tends to concentrate in the ‘colder’ regions. RIGHT: Plots of the
thermal coefficient, βAB, see Eq. (4.6), as a function of the concentration, c ≡ nA

n
, for the same

parameters as in LEFT. The sign of βAB indicates that gravity acts to move the more inelastically
colliding particles downward.

while its sign determines the direction of the segregation: when βAB > 0 the particles A tends to
concentrate near the top of the system. Notice that the influence of gravity described by βAB > 0
is different from buoyancy in the dilute limit considered here. In particular, it has been shown
[42] that the sign of βAB possesses a non trivial dependence on the sizes of the particles, which
constitutes a qualitative difference with respect to the elastic (dilute) limit where gravity always
acts to move the lighter particles upward. In contrast, the inelasticity of the collisions introduces
an additional dependence of βAB on the sizes of the particles that acts to move the smaller (not
necessarily lighter) grains upward. Here we consider the case mA = mB and σA = σB. Fig. (2)
presents plots of the coefficients αAB (LEFT) and βAB (RIGHT) as functions of the concentration,
c, of the A particles, for different values of the degrees of inelasticity. When the degrees of inelas-
ticity are identical both coefficients vanish as expected, since the system is then monodisperse. In
contrast, when the coefficients of normal restitution are different form each other, temperature gra-
dients and gravity induce concentration gradients. Their influence increases with inelasticity and
is enhanced by the difference in the elastic properties of the particles. The values of αAB presented
in Fig. (2, LEFT) comprise an extension to strong inelasticity of the predictions of [43], where
the analysis is limited to slightly inelastic systems. While quantitative differences are observed,
the qualitative features are similar: the sign of αAB shows that the more inelastic particles tend to
concentrate in the hotter regions. The sign of βAB (Fig. (2, RIGHT)) indicates that gravity drives
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the more inelastic particles downward. This effect is consistent with the behavior observed in MD
simulations [6].

Consider next the consequences of the inelasticity driven segregation mechanism for a verti-
cally vibrated binary mixture of particles differing only in their elastic properties (and subject to
gravity), where energy is supplied at the floor or bottom of the system. As mentioned, such systems
possess a minimum of temperature as a function of height. The induced temperature gradient tends
to drive the more inelastic particles toward the region where the temperature is minimal, therefore
competing with the influence of gravity. The result is a sandwich-like segregated configuration,
which bears similarities to the mass segregation arrangements observed in vibrated systems of par-
ticles of similar size and different masses [43, 42]. In the simple case when there is no convection
and the system is infinite and homogeneous in horizontal planes, the equations of motion reduce
to:

JA = 0 (4.7)
dp

dz
= −ρg (4.8)

and, cf. Eq. (2.9):

−∂Qz

∂z
= Γ. (4.9)

Measuring height in terms of the rescaled local pressure p̂ =
σ2

AB

m0g
p (this is allowed since the

pressure is monotonically decreasing with height), and defining η̂ ≡ −p̂∂ ln
√

T
∂bp , Eqs. (4.7-4.9)

reduce to the following two first order coupled ODE’s [43]:

∂η̂

∂p̂
= F1

η̂2

p̂
− F2

η̂

p̂
+

F3

p̂
− F4p̂ (4.10)

∂c

∂p̂
= −F5

η̂

p̂
− F6

p̂
(4.11)

where F1 ≡ 1 +
F ′7F5

F7
, F2 ≡ −F ′7F6

F7
− F ′8F5

F7
− F8

F7
, F3 ≡ F ′8F6

F7
and F4 ≡ −6

√
π

5
Γ̃

F7((MA−MB) c+MB)
,

F5 ≡ 2
(

κn
A−κT

A

κc
A

)
c, F6 ≡ κn

A

κc
A
c, F7 ≡ 6

(
λT − λn + λcαAB

)
(MAc + MB (1− c)),

F8 ≡ 3
(
λc κn

A

κc
A
− λn

)
(MAc + MB (1− c)), and F ′

i ≡ ∂Fi

∂c
, where recall that Γ =

√
6π
9

n2σ2
AB√

m0
T

3
2 Γ̃,

m0 ≡ mA + mB, MB = 1 − MA (recall that MA ≡ mA

mA+mB
). All {Fi} are functions of the

set of dimensionless parameters, S ≡
{
{εαβ}, MA ≡ mA

mA+mB
, σA

σA+σB
, c

}
. Eqs. (4.10, 4.11)

can be readily numerically solved, for given values of c and η̂ at a given value of p̂ as “initial
conditions” (or equivalently, given the average value of c and the heat flux at the floor). Fig. (3)
presents a solution for the case mA = mB, σA = σB, εAA = 0.01, εAB = 0.3, and εBB = 0.5.
The concentration, c, of the A particles, is plotted as a function of the rescaled pressure p̂ (see
Fig. (3, RIGHT). The profile shows a minimum of the concentration of the A (more elastic)
particles at a finite pressure, i.e. the more inelastic (B) particles concentrate in a layer trapped
between two layers of more elastic ones, in a sandwich-like arrangement. In addition, the maximal
value of the density of the more inelastic particles is situated below (at higher pressure, see Fig.
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Figure 3: LEFT: Plot of the concentration, c, of the A particles, as a function of the rescaled
pressure p̂. Here mA = mB, σA = σB, εAA = 0.01, εAB = 0.3, and εBB = 0.5, i.e. the particles
differ only in their respective coefficients of restitution. The concentration profile shows that the
system arranges in a sandwich-like configuration, the more inelastic particles concentrating in
between two layers of more elastic particles. RIGHT: The number densities, nA, and nB, as a
function of p̂ for the same system.

(3, RIGHT) ) that of the more elastic particles, in qualitative agreement with the the molecular
dynamic simulations of [6]. Note that the maximal pressure depends on the total weight of the
particles in the system and it occurs, of course, at the floor. This determines a range of pressures
(starting at zero at infinite height above the floor) for a given systems. When this range includes
the pressure corresponding to the minimal value of the concentration, c, one obtains a sandwich
configuration, else one doesn’t.

5. Concluding remarks
We have shown how a computer aided method can be exploited for the purpose of carrying out
the tedious calculations involved in the performance of a Chapman-Enskog expansion for a dilute
binary granular gas mixture. The method allows one to obtain numerically converged results for
practically any set of values of the pertinent parameters. We presented an application to a binary
system in which the only difference between the granular species is their collisional properties.
This was shown to suffice to produce segregation in general and a sandwich-like pattern in the case
of a vertically vibrated system. Another, quite surprising result is that even a classical effect such
as buoyancy is affected by inelasticity.
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A Matrix elements
This appendix provides the matrix elements needed to solve the linear system, Eq. (3.28), corre-
sponding to a truncation of the Sonine polynomial expansion at order N. The matrix elements MK

i,j

for 1 ≤ i ≤ 6N + 6, 1 ≤ j ≤ 6N + 6 have been calculated by substituting the expressions
(3.24-3.26) into the left hand side of Eq. (3.12), multiplying by the functions

Si
3
2

(
γαu2

)√
γαu = ∂̃wiG 3

2

(
w, γαu2

)√
γαu,

and integrating over the velocities. The matrix elements MK
i,j for 6N + 7 ≤ i ≤ 8N + 8,

6N +7 ≤ j ≤ 8N +8 have been calculated by substituting the expressions (3.27) into the left hand
side of Eq. (3.13), multiplying by the functions, Si

5
2

(γαu2) γ
3/2
α uu = ∂̃wiG 5

2
(w, γαu2) γ

3/2
α uu, and

integrating over the velocities. The results are expressed below in terms of derivatives of the gen-
erating functions, L̂

(i,j)
αβ (w, s, r), given in Eqs. (A4-A7), and the generating functions, ĤV (w, t),

Ĥ(w, t), and Ẑ(w, t), given in Eqs. (A1-A3). For 1 ≤ i ≤ N + 1, 1 ≤ j ≤ N + 1, the non zero
elements of the (8N + 8)× (8N + 8) matrix MK are:

MK
i,j =

(
nA

n

σ2
A

σ2
AB

M4
A

∑
p

hp
A∂̃wi,sp,rj

(
L̂

(1,1)
AA (w, s, r) + L̂

(1,2)
AA (w, s, r)

)

+
nB

n
M

5
2
AM

3
2
B

∑
p

hp
B∂̃wi,sp,rj L̂

(1,1)
AB (w, s, r)

− π
7
2

3
Γ̃

(
∂̃witjĤ(w, t) +

3

2
∂̃witj Ẑ(w, t)

) )

MK
i,j+(N+1) =

nB

n
M2

AM2
B

∑
p

hp
A∂̃wi,sp,rj L̂

(1,2)
AB (w, s, r)

MK
i+(N+1),j =

nA

n
M2

BM2
A

∑
p

hp
B∂̃wi,sp,rj L̂

(1,2)
BA (w, s, r)
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MK
i+(N+1),j+(N+1) =

nB

n

σ2
B

σ2
AB

M4
B

∑
p

hp
B∂̃wi,sp,rj

(
L̂

(1,1)
BB (w, s, r) + L̂

(1,2)
BB (w, s, r)

)

+
nA

n
M

5
2
BM

3
2
A

∑
p

hp
A∂̃wi,sp,rj L̂

(1,1)
BA (w, s, r)

− π
7
2

3
Γ̃

(
∂̃witjĤ(w, t) +

3

2
∂̃wi,tj Ẑ(w, t)

)

MK
i+(2N+2),j =

π
7
2

3
Γ̃

∑
q

∂̃wi,tj Ẑ(w, t)

MK
i+(2N+2),j+(2N+2) =

(
nA

n

σ2
A

σ2
AB

M4
A

∑
p

hp
A∂̃wi,sp,rj

(
L̂

(1,1)
AA (w, s, r) + L̂

(1,2)
AA (w, s, r)

)

+
nB

n
M

5
2
AM

3
2
B

∑
p

hp
B∂̃wi,sp,rj L̂

(1,1)
AB (w, s, r)

−π
7
2

3
Γ̃

(
∂̃wi,tjĤ(w, t) + 2∂̃witj Ẑ(w, t)

) )

MK
i+(2N+2),j+(3N+3) =

nB

n
M2

AM2
B

∑
p

hp
A∂̃wi,sp,rj L(1,2)

AB (w, s, r)

MK
i+(3N+3),j+(N+1) =

π
7
2

3
Γ̃

∑
q

∂̃witj Ẑ(w, t)

MK
i+(3N+3),j+(2N+2) =

nA

n
M2

BM2
A

∑
p

hp
B∂̃wi,sp,rj L̂

(1,2)
BA (w, s, r)

MK
i+(3N+3),j+(3N+3) =

nB

n

σ2
B

σ2
AB

M4
B

∑
p

hp
B∂̃wi,sp,rj

(
L̂

(1,1)
BB (w, s, r) + L̂

(1,2)
BB (w, s, r)

)

+
nA

n
M

5
2
BM

3
2
A

∑
p

hp
A∂̃wi,sp,rj L̂

(1,1)
BA − π

7
2

3
Γ̃

(
∂̃wi,tjĤ(w, t) + 2∂̃wi,tj Ẑ(w, t)

)

MK
i+(4N+4),j =

π
7
2

3
Γ̃c

∂ ln Γ̃

∂c

∑
q

∂̃wi,tj Ẑ(w, t)
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MK
i+(4N+4),j+(4N+4) =

nA

n

σ2
A

σ2
AB

M4
A

∑
p

hp
A∂̃wi,sp,rj

(
L̂

(1,1)
AA (w, s, r) + L̂

(1,2)
AA (w, s, r)

)

+
nB

n
M

5
2
AM

3
2
B

∑
p

hp
B∂̃wN ,sp,rq L̂

(1,1)
AB (w, s, r)

−π
7
2

3
Γ̃

(
∂̃wi,tjĤ(w, t) + 2∂̃wi,tj Ẑ(w, t)

)

MK
i+(4N+4),j+(5N+5) =

nB

n
M2

AM2
B

∑
p

hp
A∂̃wi,sp,rj L̂

(1,2)
AB (w, s, r)

MK
i+(5N+5),j+(N+1) =

π
7
2

3
Γ̃c

∂ ln Γ̃

∂c

∑
q

∂̃wi,tj Ẑ(w, t)

MK
i+(5N+5),j+(4N+4) =

nA

n
M2

BM2
A

∑
p

hp
B∂̃wi,sp,rj L̂

(1,2)
BA (w, s, r)

MK
i+(5N+5),j+(5N+5) =

nB

n

σ2
B

σ2
AB

M4
B

∑
p

hp
B∂̃wi,sp,rj

(
L̂

(1,1)
BB (w, s, r) + L̂

(1,2)
BB (w, s, r)

)

+
nA

n
M

5
2
BM

3
2
A

∑
p

hp
A∂̃wN ,sp,rq L̂

(1,1)
BA (w, s, r)

− π
7
2

3
Γ̃

(
∂̃wi,tjĤ(w, t) + 2∂̃wi,tj Ẑ(w, t)

)

MK
i+(6N+6),j+(6N+6) =

nA

n

σ2
A

σ2
AB

M5
A

∑
p

hp
A∂̃wi,sp,rj

(
L̂

(2,1)
AA (w, s, r) + L̂

(2,2)
AA (w, s, r)

)

+
nB

n
M

7
2
AM

3
2
B

∑
p

hp
B∂̃wi,sp,rj L̂

(2,1)
AB (w, s, r)− 5π

7
2

6
Γ̃∂̃wi,tjĤ

V (w, t)

MK
i+(6N+6),j+(7N+7) =

nB

n
M2

AM3
B

∑
p

hp
A∂̃wi,sp,rj L̂

(2,2)
AB (w, s, r)

MK
i+(7N+7),j+(6N+6) =

nA

n
M2

BM3
A

∑
p

hp
B∂̃wi,sp,rj L̂

(2,2)
BA (w, s, r)
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MK
i+(7N+7),j+(7N+7) =

nB

n

σ2
B

σ2
AB

M5
B

∑
p

hp
B∂̃wN ,sp,rq

(
L̂

(2,1)
BB (w, s, r) + L̂

(2,2)
BB (w, s, r)

)

+
nA

n
M

7
2
BM

3
2
A

∑
p

hp
A∂̃wN ,sp,rq L̂

(2,2)
BA (w, s, r)− 5π

7
2

6
Γ̃∂̃wi,tjĤ

V (w, t),

where the generating functions ĤV , Ĥ , and Ẑ are given by:

ĤV (w; t) =

(
−7

2
(1−w)((η2−1)(1−t)+1)

(1−wt+(η2−1)(1−t)(1−w))
+ 3

)

(1− wt + (η2 − 1) (1− t) (1− w))
7
2

(A1)

Ĥ (w; t) = −15

4

(1− w) (η2 (1− t) + t)

(1− wt + (η2 − 1) (1− t) (1− w))
7
2

(A2)

Ẑ (w; t) =
3

2

1

(1− wt + (η2 − 1) (1− t) (1− w))
5
2

, (A3)

and the generating functions L̂
(i,j)
αβ (w; s, r) can be computed by taking derivatives of the “super-

generating function”, J
(0)
αβ (cf. Eq. (B3) in Appendix B):

L̂
(1,1)
αβ (w; s, r) =

1

(1− w)
5
2 (1− r)

5
2 (1− s)

3
2

×
[

1

e2
αβ

δxJ
(0)
αβ

(
w

1− w
Mα, 0, η2Mα +

r

1− r
Mα, ηMβ +

s

1− s
Mβ, 0, 0, 0

)

− δaJ
(0)
αβ

(
w

1− w
Mα + η2Mα +

r

1− r
Mα, ηMβ +

s

1− s
Mβ, 0, 0, 0, 0, 0

)]
(A4)

L̂
(1,2)
αβ (w; s, r) =

1

(1− w)
5
2 (1− r)

5
2 (1− s)

3
2

×
[

1

e2
αβ

δyJ
(0)
αβ

(
w

1− w
Mα, 0, ηMα +

s

1− s
Mα, η2Mβ +

r

1− r
Mβ, 0, 0, 0

)

− δzJ
(0)
αβ

(
w

1− w
Mα + ηMα +

s

1− s
Mα, η2Mβ +

r

1− r
Mβ, 0, 0, 0, 0, 0

)]
(A5)

L̂
(2,1)
αβ (w; s, r) =

1

(1− w)
5
2 (1− r)

5
2 (1− s)

3
2

×
[

1

e2
αβ

(
δ2x− 1

3
δaδc

)
J

(0)
αβ

(
w

1− w
Mα, 0, η2Mα +

r

1− r
Mα, ηMβ +

s

1− s
Mβ, 0, 0, 0

)

− 2

3
δ2aJ

(0)
αβ

(
w

1− w
Mα + η2Mα +

r

1− r
Mα, ηMβ +

s

1− s
Mβ, 0, 0, 0, 0, 0

)]
(A6)
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L̂
(2,2)
αβ (w; s, r) =

1

(1− w)
5
2 (1− r)

5
2 (1− s)

3
2

×
[

1

e2
αβ

(
δ2y − 1

3
δaδd

)
J

(0)
αβ

(
w

1− w
Mα, 0, ηMα +

s

1− s
Mα, η2Mβ +

r

1− r
Mβ, 0, 0, 0

)

− 2

3

(
δ2z − 1

3
δaδb

)
J

(0)
αβ

(
w

1− w
Mα + ηMα +

s

1− s
Mα, η2Mα +

r

1− r
Mβ, 0, 0, 0, 0, 0

)]

(A7)

where δa ≡ − ∂
∂a

; δb ≡ − ∂
∂b

; δc ≡ − ∂
∂c

; δd ≡ − ∂
∂d

; δx ≡ − ∂
∂x

+ 1
2
δa+ 1

2
δc; δy ≡ − ∂

∂y
+ 1

2
δa+ 1

2
δd;

δz ≡ − ∂
∂z

+ 1
2
δa + 1

2
δb, and it is understood that the derivatives operators δ are applied before

the substitution of the respective arguments. The vector elements, RK
i , for 1 ≤ i ≤ 6N + 6

are calculated by substituting the expressions (3.24-3.26) into the right hand side of Eq. (3.12),
multiplying by the functions Si

3
2

(γαu2)
√

γαu = ∂̃wiG 3
2
(w, γαu2)

√
γαu, and integrating over the

velocities. The vector elements RK
i for 6N + 7 ≤ i ≤ 8N + 8 are calculated by substitut-

ing the expressions (3.27) into the right hand side of Eq. (3.13), multiplying by the functions
Si

5
2

(γαu2) γ
3/2
α uu = ∂̃wiG 5

2
(w, γαu2) γ

3/2
α uu, and integrating over the velocities. The results, for

1 ≤ i ≤ N + 1, are:

RK
i =

π3

√
MA

nA√
γA

∑
p

hp
A∂̃wi,spR̂T

A (w; s)

RK
i+(N+1) =

π3

√
MB

nB√
γB

∑
p

hp
B∂̃wNi,spR̂T

B (w; s)

RK
i+(2N+2) =

π3

√
MA

nA√
γA

∑
p

hp
A∂̃wi,spR̂n

A (w; s)

RK
i+(3N+3) =

π3

√
MB

nB√
γB

∑
p

hp
B∂̃wi,spR̂n

B (w; s)

RK
i+(4N+4) =

π3

√
MA

∑
p

(
hp

A + c
∂hp

A

∂c

)
∂̃wi,spR̂c

A (w; s)

RK
i+(5N+5) =

π3

√
MB

∑
p

(
− c

1− c
hp

B + c
∂hp

B

∂c

)
∂̃wi,spR̂c

B (w; s)

RK
i+(6N+6) =

5π3

√
MA

∑
p

hp
A∂̃wi,spR̂V

A(w, s)

RK
i+(7N+7) =

5π3

√
MB

∑
p

hp
B∂̃wi,spR̂V

B(w, s)
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where the generating functions R̂V
α , R̂T

α , R̂n
α, and R̂c

α are given by:

R̂c
α (w; s) =

3

2

(1− s)

(1− ws + (η − 1) (1− s) (1− w))
5
2

(A8)

R̂n
α (w; s) =

(
1− nm0

ρ
Mα

(
η +

s

1− s

))
R̂c

α (w; s) (A9)

R̂T
α (w; s) = −5

2

(
1−

(
η + s

1−s

)
(

w
1−w

+ s
1−s

+ η
)
)

R̂c
α (w; s) + R̂n

α (w; s) (A10)

R̂V
α (w; s) =

(1− s) (η (1− s) + s)

(1− ws + (η − 1) (1− s) (1− w))
7
2

(A11)

B The super generating function
Most of the generating functions necessary to derive the constitutive relations can be expressed in
terms of derivatives of a “super-generating” function, J

(0)
αβ , defined by:

J
(0)
αβ (a, b, c, d, x, y, z) ≡

∫

u12·k>0

du1du2dk̂ (k · u12) e−F (B1)

where k̂ is a unit vector,

F ≡ au2
1 + bu2

2 + cu′21 + du′22 +
x

2
(u1 + u′1)

2
+

y

2
(u1+u′2)

2
+

z

2
(u1+u2)

2 , (B2)

primed vectors denote precollisional velocities, unprimed vectors denotes postcollisional veloc-
ities, and the collision law relating the two is given in Eq. (2.1). The indices α and β denote
the species’ identities as explained in the text following Eq. (2.1). The integral can be readily
calculated [44] to yield:

J
(0)
αβ =

2π
7
2

λ
3
2

1

µαβ (ναβ + µαβ)
(B3)

where λ = a + b + c + d + 2x + 2y + 2z and:

µαβ = Rαβ −
K2

αβ

λ

ναβ = S2
αβ −

(1 + eαβ)

λeαβ

(
(d+y) Mαβ − (c + x) Mβα

)

×
(

2Kαβ +
(1 + eαβ)

eαβ

(
(d+y) Mαβ − (c + x) Mβα

))
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with

Rαβ = (a + c + 2x)
(
Mβα

)2
+ (b + d)

(
Mαβ

)2

+
1

2

(
Mαβ −Mβα

)2
(y + z)

Sαβ =
1 + eαβ

2eαβ

[(
1 + eαβ

eαβ

− 2

) (
(2c + x)

(
Mβα

)2

+
(
Mαβ

)2
(2d + y)

)
+ 2MαβMβαy − 2

(
Mβα

)2
x

]

Kαβ =
(
Mβα (a + c + 2x + y + z)−Mαβ (b + d + y + z)

)
.
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[5] N. V. Brillantov, T. Pöschel. Breakdown of the Sonine expansion for the velocity distribution
of granular gases. Europhys. Lett., 74 (2006), No. 3, 424–430.

[6] R. Brito, H. Enriquez, S. Godoy, R. Soto. Segregation induced by inelasticity in a vibroflu-
idized granular mixture. Phys. Rev. E, 77 (2008), No. 6, 061301.

[7] D. Brone, F. J. Muzzio. Size segregation in vibrated granular systems: A reversible process.
Phys. Rev. E, 56 (1997), No. 1, 1059–1063.

[8] S. Chapman and T. G. Cowling. The mathematical Theory of Nonuniform Gases. Cambridge
Univ. Press, London, 1970.

[9] W. Cooke, S. Warr, J. M. Huntley, R. C. Ball. Particle size segregation in a two-dimensional
bed undergoing vertical vibration. Phys. Rev. E, 53 (1996), No. 3, 2812–2822.

[10] S. R. de Groot and P. Mazur. Non-Equilibrium Thermodynamics. North-Holland, Amster-
dam, 1969.
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