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Abstract. We propose a mixed formulation for non-isothermal Oldroyd—Stokes problem where
the both extra stress and the heat flux’s vector are considered. Based on such a formulation, a
dual mixed finite element is constructed and analyzed. This finite element method enables us to
obtain precise approximations of the dual variable which are, for the non-isothermal fluid flow
problems, the viscous and polymeric components of the extra-stress tensor, as well as the heat
flux. Furthermore, it has properties analogous to the finite volume methods, namely, the local
conservation of the momentum and the mass.
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1. Introduction

We consider a viscoelastic fluid flow in a bounded open domain 2 in R? with Lipschitz boundary
I' = TpUTly such that I'p N Ty = () and meas(I'p) > 0. Let u be the velocity vector, p the
pressure, Vu the gradient velocity tensor, d(u) = (1/2)(Vu + Vu') the rate of strain tensor,
w(u) = (1/2)(Vu — Vu') the vorticity tensor and f the body force.

Assuming the stationary and creeping flow hypotheses, the basic set of momentum and incom-
pressibility equations is given by (see, e.g., [2])
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—diwo+Vp=Ff in(), (1.1)
divu =0 in . (1.2)

o is the extra—stress tensor which is often splited into a Newtonian part oy = 2a d(u) and a
polymeric part o p. For the Oldroyd-B model, o p is given by

op+W.(u-V)op+W,g,(0p,Vu) —2apd(u) =0, (1.3)

where W, > 0 is the Weissenberg number, 0 < ap < 1 and 0 < ay < 1 are respectively the
polymeric and solvent (Newtonian) part of viscosity. g,(., .) is a bilinear mapping defined by

go(op,Vu) =opw(u) —w(u)op — a(d(’u,) op+op d(u)); —-1<a<1,

The various terms appearing in the right hand side of the mapping g,(-,) are products between
matrices.

It is well known that a numerical method for a viscoelastic fluid must be able to handle the case
W, = 0. In that case we obtain the so—called Oldroyd—Stokes’s problem

op—2apd(u) =0 in Q,

—div(op +2cayd(u))+Vp=f inQ, (1.4)
divu =0 in 0, '
u=20 onl'.

A small real parameter ¢ > 0 is introduced to make the solvent viscosity much smaller than the
polymeric part.

Although most of the research on the viscoelastic fluid flows concerns isothermal cases, many
flows of practical interest in polymeric melt processing are non-isothermal. The combination of
high viscosities of polymeric melts and high deformation rates results in the transformation of
large amounts of mechanical energy into heat, and therefore in a temperature rise of the material.
This phenomenon is, for instance, used in extruders where viscous dissipation is used to enhance
melting of the material [15].

Let T' be the temperature, the non—isothermal problem associated with (1.4) is

\

((op —2ap(T)d(u) =0 in Q,
—div(op +2cay(T)d(u)) + Vp=f inQ,
divu =0 in Q,
—div(kVT)+u-VT =Q in Q, (1.5)
u =0 on [,
T=0 onI'p,
kVT -n =0 on [y,

where « is the thermal diffusivity coefficient, and () the heat source. The dependence of polymer
and solvent viscosity upon temperature is given by the following Arrhenius equations:
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b b
ap(T) = ay exp(%), an(T) = ay exp(%), by € R". (1.6)

The coefficients ay, b;, a, and b, are so that
O0<an(T)<land0 < ap(T) < 1. (1.7)
‘We shall also assume the existence of maximum and minimum values for both viscosities,
AN min < an(T) < anmazs Pmin < ap(T) < apmas- (1.8)

In the framework of classical finite element approximation, the numerical analysis of problem
(1.5) is presented in [6]. The main purpose of this paper is to study a mixed formulation of problem
(1.5) where the Newtonian part oy of the extra stress tensor and the heat flux vector are introduced
as new unknowns. This means that problem (1.5) is reformulated as

([ oy = 2ean(T)d(u) in Q,
op=2ap(T)d(u) in Q,
divioy+op—pl)+ f=0 inQ,
divu = 0, in §2,
E=rkVT —-Tu in Q, (1.9)
divE+Q =0 in Q,
u=0 on [,
T=0 onl'p,
[ KE-n=0 onI'y,

where [ is the identity tensor. Based on such a formulation and the PEERS element (see Arnold
et al. [1]), we will construct a mixed finite element for problem (1.9). We will analyze this mixed
finite element method and prove optimal error estimates.

We close this introduction by pointing out that this work is a first step towards the treatment of
non-isothermal viscoelastic fluid flows by a mixed finite element method similar to the one devel-
oped here. Naturally, in this case, some upwinding is needed for the convection of the polymeric
component of the extra-stress tensor.

An outline of the paper is as follows. In the next section, we present a mixed formulation
of problem (1.9). In Section 3, we introduce our finite element approximation and establish the
existence of a solution for the discrete problem. The error estimates for all variables are derived in
Section 4. In Section 5 we present conclusions.

2. Mixed formulation

In order to derive the mixed formulation of problem (1.9), we define the following spaces:
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2= {1 = (rw.7r0) € LAQ)P x [HQF x L3(Q): div(ry +7p — al) € (LX)},

M= {'g = (v,0) € [LYQ)]? x L2(Q)}, X = {n € H(div;Q); mnp, = o}, Y = LY(Q),
where [L?(2)]?*2 denotes the space of symmetric tensors and
L2(Q) = {q e L2(Q); / gdz = o}.
Q

The spaces X and Y are equipped with the classical norms of H (div; 2) and L*(12), respectively.
> and M are equipped with the following norms:

’ 1/2
Izlls = (Imul®+ el + llall® + ldiv(ry + 7p = al)|?)
Hvll = llvlloa+ 161l
where || - ||o.4 denotes the norm on [L*(€2)]? and || - || denotes the norm on [L%(Q)]?, d = 1,2, 4.

When d = 4, this norm is associated to the inner product on [L?(£2)]**%:

2

(0'77'):/0':de with UZT:ZUijTij-
Q

ij=1

We suppose that f € [L?(Q2)]? and Q € L?*(£2). We also use the following notations:

o | - |spand | - ||s, denote, respectively, the usual semi-norm and norm on the Sobolev space
(Ws’p(Q))d, s €[0,00,p€[l,o0land d = 1,2,4.
e as(T) = 791 — 712, for any tensor T = (Tij)ijzl 5
Now, from the equalities o = 2can(T)d(u), op = 2ap(T) d(u) and divu = 0, we get,
for (7, Tp,q) any element of 33 ,

1 1
(QaaN(T)o'NvTN> + (—QQP(T)UP77P>

du), 7N +7Tp)

dlu), Ty +7p —ql)
Vu—wyx, 7y +7p —ql)

= —(div(try+7p—ql),u) — (as(Tn),w)

(
(
(

0 —1].
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Thus, for (T, Tp, q) any element of ¥ and (v, #) any element of M, we have

(div(ion + op —pl),v) + (as(oy),0) + (f,v) =0,

<—2mij(T)0'N7 TN) + (—QQ;(T)O'P, TP) + (diU(TN +71p—ql), U) + (as(Tn),w) = 0.

On the other hand, from the equalities £ = kVT — Tu and div€ + Q = 0, one gets, for any
element 1 of X and ¢ any element of Y,

(&) + (divn, T) + - (Tu,m) =0,
(div€,0) + (Q.¥) =0,

Thus, the mixed formulation of problem (1.9) reads as follows:
Find 0 = (on,0p,p) € ¥, u = (u,w) € M,§ € X andT € Y such that VT =

(TN, TP, q) €EX,Vv=(v,0) e M,Yne XandVy €,

;

(—QMJIV(T)UN,TN> + (—2aPl(T)ap,Tp> + (dz’v(TN +7p—ql),u)+ (as(‘rN),w) =0,
(div(ion 4+ op —pl),v) + (as(oy),0) + (f,v) =0,

L(&,m) + (divn,T) + L(Tu,n) = 0,

[ ([divg,¥) +(Q,¢) = 0.
2.1)

It is clear that if (u,p, o p,T) is a solution of problem (1.5) (see [6]), then
1
((on,0p,p); (u,w); &;T), with oy = 2can(T)d(u), w = §curlu and § = kVT — T,

is a solution of problem (2.1).

Remark 1. Concerning the existence of solutions to the continuous problem (1.5), to our knowl-
edge, there is only one paper mentioning this fact (see Damak Besbes and Guillopé, [7]). In that
work, the authors obtained the existence and local regular solutions for a general non—isothermal
three—dimensional viscoelastic fluid flow problem (We # 0).

Remark 2. From the second equation of (2.1), we have (as(ax),0) = 0,Y0 € L*(Q). This is
nothing else than the relaxation of the symmetry of o n by a Lagrange multiplier.

Remark 3. The term (Tu

,m) has a meaning since u € [L*(Q)]%, T € L*(Q) and
n € H(div; Q) C [L*(Q)

J*.
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3. Analysis of the discrete mixed formulation

From now on, we suppose that {2 is a plane domain with polygonal boundary. More precisely, it
is assumed that € is a simply connected domain and that its boundary I" is the union of a finite
number of linear segments fj, 1 <7 < n. (I is assumed to be an open segment). We further fix a
partition of {1, ..., n.} into two subsets I and Iy. The union of the I'; with 5 € Ip is denoted by
I'p and similarly the union of the I'; with j € Iy is denoted by I'y. For j = 1, ..., n., we denote
by w; the angle at the vertex S; between I'j; and I'; (I',,, 11 = I'1). We assume that 2 is convex

T ) ..
and that w; < 5 forall j =1, ..., n, such that mixed boundary conditions for 7" occur near ;.

Our aim now is to consider the discretization of problem (2.1). Let 7,,h > 0, be a regular
family of triangulations of (2 into closed triangles (in the sense of Ciarlet [4]). Let P.(K) be the
space of polynomials of degree less than or equal to k on K € 7;,. We set

R(K) = RTH(K) @ Recurl b,

where RTy(K) is the Raviart-Thomas element of the lowest degree (see [14], [16], [17]), bk

the “bubble function” defined by b (z) = A;(x)Aa(z)A3(x), with A\;, A2 and A3 the barycentric
b b

coordinates in K, and curl by = (a—;:, —a—;l{)

Let us consider the following finite-dimensional spaces:

Xp = {(TN,TP;Q) €X; ¢k € P(K), Tplx € [PO(K)]2X27 TN|K € [R(K)]Za VK € 72}7

M,

{(v,0) € M; vl € [R(K)P, 0 € C°R), bl € P(K), YK € T},
X, = {n € H(div,Q): 0|k € RTy(K), n-n|. =0, Ve C 0K NTy, VK € E}

Y, = {1/} €Y; Ylx € Po(K), VK € Th}

where e denotes an edge of the triangulation.

The finite element approximation of problem (2.1) is defined as follows:
find o}, = (UNh,O'ph,ph) € X, up = (uh,wh) e M, Eh € X, and T}, € Y}, such that

VT =(Tn,TP,q) € Ep, Vv = (v,0) € M),Vn € X}, and Vo) € Y,

135



M. Farhloul and A. Zine A dual mixed formulation for non-isothermal Oldroyd

(—QsaNl(Th)UNhaTN) + (—2aP1(Th)0'ph,‘TP> + (div(TN +Tp— q]),uh) + (as(‘rN),wh) =0,
(diU(O'Nh +opr — Pn ]), ’U) + ((lS(O’Nh), 0) + (f, ’U) = 0,
L(&,m) + (divn, Ty) + £ (Thun,m) = 0,

(div &y, ¥) +(Q,9) = 0.
(3.1)

Note that the difference between the approximations of o p and o comes from the fact that o pj,
is a symmetric tensor.

Remark 4. Let us mention that the finite-dimensional spaces Y., and M;, are similar to the ones
introduced in [1] for the construction of a mixed finite element for the elasticity problem (PEERS
element).

In view of a decoupled approach of the previous non-linear problem, we first consider a mixed
formulation of the convection—diffusion problem. This is given by the two last equations of (3.1).
More precisely, for a given u;, = (up,wy) € M, verifying

3C > 0 independent of h : ||uy|[r~ < C, (3.2)

we consider the following problem: find (&, 7)) € X}, X Y}, such that
1 , 1
—(&,m) + (divn, T) + —(Thun,m) =0 V1 € Xy,
K K
(3.3)
(dlvghaw)+(Q>w) =0 vw S Yh'

To show the existence and uniqueness of (§,,,7),) € X}, x Y}, solution of (3.3), one needs the
following lemma:

Lemma 5. Let f € [LZ(Q)f, g€ L*(N),uce [LOO(Q)}Z, &, € Xy and z, €Y}, such that

1 1
—(&n,m) + (divn, zp) + —(zpu,m) = (f,n) Vn € X,
“ K (3.4)

(d“j Eh’l/}) = (9,1/1) \V/¢ €y.

Then, for h small enough, there exists C' > 0, independent on h and u such that

lzall < Ch (lgall + 1 divgnl) + ¢ (11 + lgl)).
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Proof. First, let ¢ € L?(2). It is well known (see, e.g., [8]) that the boundary value problem

—div(kVO) —u-VO =¢p inQ,
=0 onl'p,
kVO-n =0 on 'y,

admits a unique solution. Furthermore, the assumptions on € yield (cf. [13]) 0 € H?(Q) satisfying
the stability condition: ||0||2.0 < C/||¢||.

On the other hand, let (£, z,) € X, x Y}, satisfying (3.4). We denote by RT,(kV0) € X}, the
Raviart-Thomas interpolation of kKV 6 (see, e.g., [3, section II1.3.3]). Then, by the first equation of
(3.4), we have

(zh @) = —(z1,div(kV0)) — (z,u - V)
= —(zp,div(RTy(kVO)) — (zp,u - VO)

(&, RTo(kVO)) + %(zhu, RTy(kV0)) — (f, RTo(kVO)) — (2, u - V0).

S

Finally,
(@) = (€ RTY(xV6) — 5V6) + (s, RTY(xV6) — 5V6)
+ (&, VO) = (f, RTy(kV0)).
Let p} be the L>—projection operator on ITxc7, Po(K ). From the second equation of (3.4), we get

(n, VO) = —(div &, 0) = —(div €, 0 — p0) — (div €, py0) = —(div €y, 0 — phf) — (9. o),

and then,

(zn, ) = %(gh, RTy(kV8) — we) v %(zhu, RTy(kV0) — nve)
— (div&,, 0 — ppt) — (f, RTo(kV0)) — (g, pp0).

Using the following inequalities:

M) (f, RTo(xV0)) = (f, RTo(kV0) — kVO) + £(f,V0) < Ch|f[[[VOia+ wllF] VO]

IN

ClLFION 2.0,

(i) (g, 0h0) < llgll leh0 1 < llgll o1,

we get,

(zn, ) < Ch|[&,][ VOl + ChllullL<l2n]l [VO]10

+ Chldiv&,|[0lra + ClFIOl20 + Cllglllle]

< [on(gnl + 1div gyl + Chlfuli= ]l + C(L£1+ lgh)] gl

137



M. Farhloul and A. Zine A dual mixed formulation for non-isothermal Oldroyd

And consequently,

Izl < Chllullellznll + Ch (€4l + 1 div &,ll) + C UL+ Nlgll),

(1= Chllullz=)llzall < Ch (€N + [ divE,ll) +C I+ llgll)-

Hence, for i small enough, we get the result:

lznll < Ch ([I€nll + 1| div &, 1) + C(

£l -+ llgll)-
O

Lemma 6. For h small enough, problem (3.3) has a unique solution (§;,,T),) € X X Y},. Moreover,
there exists C' > ( independent of h, such that:

1€ullx + IT0]l < CllQII-

Proof. To show the existence and uniqueness of the solution of problem (3.3), it suffices to show
that if (§,,, 7)) € X}, x Y}, is the solution of the homogeneous problem

L(&,.m) + (divn, T,) + 2 (Thup,m) =0, Vn e Xy,
3.5
(d“j €h7¢) = 07 v¢ € Yh7

then (§,,7}) = (0,0).
First, from the second equation of (3.5), we get

And then, by Lemma 5, for 4 small enough,
ITull < Ch(IEll + 1 div &, ll) = CR 1€,

Choosing n = §,,, in the first equation of (3.5), we get

1 ) 1

EH&hHQ + (div &y, Th) + E(Thuha &) =0,
which gives

€017 = —(Thun, &) < llunllz=[ITullIE],

and then
1€l < 1Thllllwnllze < [JunllzeCh||&,]]-

As, by (3.2), ||up||r~ < C with C' a positive constant independent of h, for & small enough, one
gets &, = 0 and consequently 7}, = 0.
Let us now show the stability condition. From the second equation of (3.3), we obtain

(divg,,, ¢) = —(Q,¥), VY €Yy = [[divg,[| < Q]|
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Following lemma 5, we have (for h small enough)

1Tl < Ch(lgnl + 1 divesll) +ClQl

and then
ITall < C(RlIEL] + QL)
Choosing n = &, and ) = T}, in (3.3), we get

—||€h||2 (Thuhafh) (Q,Th).

And then
1&:117 = K(Q,Th) — (Thun, &)

< (AIQN+ lunlle= gl ) 1T
< (1@l + lunlz=lignl)) (rlgil +1Q1).

It follows, due to Young inequality,

(1= Chllunll=) Il < CRIQNIEL + CIQIP + Cllunll 1€, IR

1
< cn(al&l +5-lQlP)
+ 0||@||2+cuuhum(e2||shu2+—u@u)
Le.,
u
(1= Ol — Ches = Cafunll= )l < €1+ 1+ =) gy
€1
Let L then
€2 = —— >
27 20 Jup | 1
1 2 h C“uhHLoo 2
R - < 4 ZHTRAL®
(5~ Ol + ))&l < C(14 55+ )lQl*

Hence, for i small enough, we get the desired inequalities:

1€x1l < ClIQI and | T3] < T Q-

The second inequality, comes from ||7},|| < C(hH&'hH + ||QH>
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3.1. Existence

Let us now come back to the discrete formulation of the non—isothermal Oldroyd—Stokes problem.
In the next theorem we will show the existence of a solution to the system (3.1).

Theorem 7. There exists a solution (o p, up, €, 7)) € X X My, x X}, X Y}, of the discrete problem
(3.1) satisfying the stability condition
lonlls + [ wn | + 1€l x + 1Tall < CCIFI+1QI)- (3.6)

The proof of the theorem is made in several steps.
First, let (&€, 7},) be the solution to the convection—diffusion problem (3.3). Define the mapping

u, —— F(uh) = Th.
The Problem (3.1) may be reduced to finding oy, = (0 Np, Tph, Pr) € Zh, up = (up,wp) € M,
such that
( 1 1
(zzanrrm onn ™) + (zapmay rm Tr)+

(dZU(TN +Tp— QI),U}L) + (a‘S<TN)7wh) = 07 \V/I = (TN,TP,Q) € Z:h7

(3.7)
(div(onn +opn —pn 1), v) + (as(ons),0) + (f,v) =0, Vv = (v,6) € M,.
\
Now define the mapping
DIEhXMh—>EhXMh,

implicitly by D(r, w) = (o}, u;,) if and only if

(QsaN(}(’lNU)) ONw TN) + (2ap(}(w)) opn, Tp)+

(div(Tn +7p —ql),up) + (as(Ty),wn) =0, VTh= (TN, TP, q) € Xy, (3.8)

(divienn +opn —prl),v) + (as(onn),0) + (f,v) =0, Vv = (v,0) € M,,.

\

Hence, (o, un) € X X M, is a solution of problem (3.7) if (o), uy) is a fixed point of the
mapping D.

To show the existence of a fixed point of the mapping D, one uses Schaefer’s Fixed Point
Theorem (see [9], Theorem 4, p. 504). More precisely, the mapping D must satisty the following
two assumptions:

(H1) D is continuous and compact,
(H2) the set {(r,w) € £, x My; (r,w) = AD(r,w) forall X € [0, 1]} is bounded.

We will show (H1) and (H2) to prove D has a fixed point.

140



M. Farhloul and A. Zine A dual mixed formulation for non-isothermal Oldroyd

3.1.1. Proof of (H1)

Let (r', w'), (o",u") € ) x My, i = 1,2 such that

D(r,w') = (o', u"), i = 1,2.

~ ~

Assume that ||w’ |~ < C, i = 1, 2. We will show there exists a constant C'(h) such that
I(e® u*) = (g wD)llsn < CO(E* w?) = (' 0" s (3.9)

where M = [L*(Q))? x L*(Q).
To prove (3.9), we begin by estimating ||o® — o'|x. By definition, VT € %,,Vv € M, and

i1 =1,2, we have
(as(ry), ) =0, .
(div(oy + o — ' D), 0) + (as(@l). 6) + (£, v) = 0.

Then, VT € 3, and Vv € M), we have

( 1 o2, — 1 ol T + 1 o2 — 1 ol T~ +
2ean (F(W?) "N 7~ 2ean(FwhH)) N> I N 2ap(F(W%)“ P 2ap(FwT)° P " P

<dz’v(‘rN +7p—ql),u® — u1> + (as(ty),w* —w') =0,

\ (div (6% + 0% —p*I)— (o +op — D' ])],v) + (as(a? — o), 0) = 0.

(3.11)
The system (3.11) may be written as:
<25aN(I~1“(’l~1)2)) (o} — U}V)’TN) + <2aP(F1(gJ2)) (0% - U}D)’TP>+
div(ty +7p —ql),u* — ul) + (as(tTy),w? —w') =
1 1 1 1 3.12
(2eaN(F(g)1)) o 2€aN(F(’ly2))>U}V’TN> + <<2ap(F(1y1)) - 2(XP(F(w2)))U}D’TP>7 ( )
(div (6% + 0% —p*]) — (o +op — D' I)],v) + (as(e% —ok),0) = 0.

\

Now, choosing 7 = 62 — o', v = u* — u' in (3.12), and using (1.8), we get the following

141



M. Farhloul and A. Zine A dual mixed formulation for non-isothermal Oldroyd

estimates: ) ) - . o
(S oy — oyl + apmas lop —opll
1 1 1 1 2 1
< %HQN(F(wl)) N an (F(W?)) HHUNHL‘X’HUN - O-NH (313)
"_%H ap(ptwl)) - ap(F%'wQ)) HHU}?”L"OHU?D - U}DH-
L Y U
m and j() are Lipschitz continuous functions as they are absolutely bounded exponential
functions, then ) .
— <C|1rt - 17
e ~ amg < OIT =70,
1 1
I <l —17.

Iar@™ ~ an(r®

On the other hand, we have the inverse inequalities, obtained if the family of triangulations is
supposed to be uniformly regular:

loyllz= < ChHoyll,

loplliz~ < Ch™H|op].

Using these inequalities and (3.13), we obtain

(3.14)
< ChY|F(w?) ~ F(wl)ﬂ(ua}vnna%v — ol +loblller - ohl).
Now, let (EL, TZ) € X, x Yy, 1 =1,2, be the solution of
1(? n) + (divny Ti)+l(Tiwin):O Vne X,
K ’ K ’ ’ (3.15)
(dwﬁ )+ (Q,¢v) =0 Vi) € Y.
Let us recall that F(w") = T, i = 1,2. From (3.15), we have
N N 1, - .
- . T2 . Tl - T2 2 Tl 1 — X
(S €.+ (divn, )+~ (Thw w'n)=0 ¥YneX, (3.16)

(dw({ —S,@D)—O Yy €Y},

The second equation of (3.16) leads to

<2 %1

div(€ —&)=0.
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The first equation of (3.16) writes, V1 € X,

1,2 - - ~ 1, - - 1, -
SE & )+ (divn, T2 =T + = (T2 = THw',n) = —(T*(w' —w?),n). G.17)
K K K
Using Lemma 5, we get the following estimation
|72 = 7' < ChllE" &l + CIIT>(w' - w?)]. (3.18)

Choosing, in (3.17), n = éz - El, and using the fact that div(%’2 - El) = 0, we have

1€ = &+ (72 = Tw' & — &) = (T2(w' - w?) &~ &)

and then

%2 %1 ~ ~ ~
1€7 = &1 < w2177 = TV + | 7% (w" — w?)]

By this last estimate and (3.18), we get
<2 =1 <2 =1 -
1€" =& || < Chllw'[|1=]1€" = & | + (Cllw! [z~ + 1) I T*(w" — w?)|.
Hence, for h small enough,
~2 ~1 ~
1€" =€ || < (Cllw'|lz~ + 1) | T*(w' —w?)|,
which gives, using the fact that ||w'||z~ < C,
~9 ~1 ~
I€" =€ || < OIT*(w' — w?)]. (3.19)
Hence, from (3.18), (3.19) and div(é” — ') = 0,
~2 ~1 ~ ~ ~
1€" =& l|x + 7% =T < CIT*(w" — w?).

On the other hand, using Lemma 6 and the inverse inequality, we get

IT*(w' —w?)| < 7%z ]|lw" — w?|
< ChHT?|[[lw' — w?||
< ChY@llw" — w?|.
Consequently,
|F(w) = Fw?)]| < ChQw' — w?]. (3.20)

Replacing, in (3.10), (T,v) by (', u'), we get

(et o) * Gy 7 o) = ()
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and then

lopl* < (£l I (3.21)

12
o +
2504N,max ” NH 204P,maa:

Now, due to the discrete vn f—sup condition (see Farhloul and Fortin [11]), we get

(div (TN +Tp — q]),u1> + (as(TN),wl)

B*lu'| < sup
Tew, |7 [Is

and thanks to (3.10), we obtain

(e ™) ~ G ™)

Bl < sup
TeED, 7 lls

Finally, we have

. L 1
Fllul < o——llonl +

1
o
- 26CVN,mm 2Q‘Pmu’nH PH7

which implies
[u'l < C(loyll + o).

and from (3.21), we get
lonll + llopll < ClIf]-

Thus, from (3.14) and (3.20), there exists a constant C' depending on A such that
o — oI+ llo% — bl < C)lw? —w!| ok — okl + ok — b)),

Then,
1/2
(o = oh 2+ llod = obl?) < Ch)w? — ') (3.22)

Now, let V}, be the following discrete kernel:

~

Vi = {1- € Xy (div(ry +7p —ql),v) + (as(Tn),0) =0, Vv = (v,0) € Mh}-
Following the second equation of (3.11), we have (6> — ') € V},. Then (see Farhloul-Fortin [10]),

Ip* = p'll < C(llo = okl + o3 — o). (3.23)

On the other hand, following the second equation of (3.11) again, we obtain
2
(div [(o% +op—p*I) = (o +op —1' I)L’U) =0, Vv e (HKeThPO(K)> ;
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and then
div[(e% +0p —p°I)— (oy+0op—p'I)] =0.
Consequently, by (3.22) and (3.23), we get

lo? — oty < C(h)]jw? — w'|. (3.24)

It remains to estimate |[u® — u'||. To this end, we use, once again, the discrete in f—sup

condition. From the first equation of (3.12), we obtain

(dz’v (tn+7p—ql),u? - u1> + (as(Tn),w? — w')

Ple-wll < o Il
1 1 1 -
< 2 e\ (e Eaew) )
1 1 )
* (Gapreem ™z 7 77)
1 ) )
- <W(UN_‘7N)7TN>

~

+ (m(a}) — a‘?;),rp)},

and then . . )
N2 — ylll < — o N
g Hy’ U ” = 25‘|O€N(F('Iyl)) &N(F(ng))HHUNHL
1 1 1 1
* e a1
1 1
+ —2aaN,mmHa?V —onll+3 - lob — ol
Thus,

Fllu? = wll < (B (lo | + lobl) 1 Fw?) - Fa)| + ok — okl + b — oh])
and, by (3.20) and (3.24), we get
lu? — ull| < C(h)|w?* — w'. (3.25)

Finally, from (3.24) and (3.25), we get (3.9).

It is clear that (3.9) implies the continuity of D. On the other hand, by (3.9) and the fact that
Y, X My, 1s a finite-dimensional space, D is a compact mapping.
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3.1.2. Proof of (H2)
Now we prove that there exists a constant C' > 0 such that, for all A € [0, 1] and (r, w) € X}, x M,
if (r,w) = AD(r, w) then (7, w) satisfies [|(r, w)||s, 5y < C, where M = [L*(Q)]* x L*(Q).
Let A € [0,1] and (r,w) = ((rn,7p,t), (w,s)) € Ej, X My such that \D(r, w) = (r, w).

o If A = 0, then AD(r,w) = (0,0) = (r,w) which means that 7 = 0 and w = 0.

e Suppose now A €0, 1|. Then

11
ND(r,w) = (1. w) = Dir.w) = ($r.5w ).
Hence, VT = (Tn,Tp,q) € Xpand Vv = (v,0) € M),
’( ! TN7->+( ! rPT)—i—(d'(T +T N, )+
2ean(Fw)) A" " 2ap(Flw)) A" NI

S

(as(TN), X) =0,

(% div(ry +rp — tI),'v) + (ias(r]v),@) + (f,v) =0,

\

and then
( 1 1 ‘
(2€OéN(F<1£}))TN’TN) + (WTP,TP) + (dZU(TN +Tp — q[),'w)—|—
(as(TN),s) =0, (3.26)
L (diU(T'N +7rp— t]),v) + (as(rN),H) +A(f,v)=0.

Choosing 7 = 7 and v = w in (3.26), we get

1 1

(eantran™ ™)+ (i) =20

and then

eI + lrel* < X £lw].

2€aN,mam 2aP,maz

which gives
lrvll* + Irpl* < ClLENw]). (3.27)

On the other hand, using the discrete in f—sup condition and the first equation of (3.26), we get
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Sl < (div(TN+Tp—qI),w>+(as(7’N),s)
w| < sup

Tes, |7 lls
1 1
_<25aN(F(1y))TN’TN> N <2ap(F(g;))rP’TP>
T e T
< el + el
- 2€OéN7mm 2aP,min

Thus,
lw | < C([lrnll +[lrell)-

Therefore, we get, from (3.27) and (3.28)
1/2
(Il + lIrpl?) ' < ClL £
Following (3.28) and (3.29), we obtain also

lw] < ClF-

On the other hand, from (3.26), we get

(div (rn+7p— t]),v) = -\f,v), Vv € (HKeThPO<K)>27

and,
| div (rn +rp =) || < ALl

It remains to estimate ||¢||. From (3.26), we have
(dw (ry+7p— tl),v> YA, 0) =0, Yo e (HKeThPO(K)>2,
and then )
(dw (ry+7p— t]),'v) FANPYF,v) =0, Yo € (HthPO(K)) ,
where P stands for the L?—projection operator on (H ret, Po(K )) 2.

Let 7%, such that

(

r e {7 e [Hdiv; )" 7 € (RT)(K))’, VK € T,}.

divrt* = P f,

[ 7" @iy < CIPLFN < ClEIL
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Then, following (3.32), we get

2
(dw (ry +7p+ AT" — t[),v) —0, Ywe (HKeThPO(K)> .
Therefore, following Farhloul-Fortin [10], we get
[t < llvw +rp+ A7 < C([rwll +lrell + A7),

and, from (3.29) and (3.33),
1t < ClFll- (3.34)

Then, from (3.29), (3.30), (3.31) and (3.34), we obtain the desired result:

(7, w)lls i < ClFII-

Finally, the hypotheses of Schaefer’s Fixed Point Theorem are satisfied. Problem (3.7) has at
least one solution. Then the discrete problem (3.1) has also at least one solution.

4. Error estimates

To get the error estimates, we first need the following result:

Proposition 8. Let r > 2, then there exists an operator

2><2 2><2

m, : N ([U(Q)] x [L"(Q)] )> -

T=(TN,TP,q) ’—>Hh(TN77'P,Q) Th = (TN, TPhy Gh)

~

such that, Vv = (v,0) € M,

(dz’v [(TN +7p—ql)— (Tnh+TPn— @ [)],v) + (as(TN —Tnn),0) =0. 4.1)

Moreover, there exists a constant C' independent of h, such that, for all Ty € [H 1(Q)] 2X2, Tp €
[H' ()] and g € H'(Q) N L(9),

175, TP q) = (TN, Tr, q)|| < Ch (x| + ITrlie + ldhe). 4.2)

Proof. The proof of this proposition is similar to proposition 3.3 in Farhloul-Zine [12]. In the
present case (see Farhloul-Fortin [11]), one uses the stability of the Mini-element P;"—P; for the
Stokes problem.

[
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We are now in a position to establish optimal error estimates for problem (3.1). In the following
(o, u,&,T) denotes a solution of problem (2.1) and (o, up, &), T) denotes a solution of problem

(3.1).
We shall use the following notations:

1/2 1/2
lo llme = (loxllhe +lloplia + 1Pl7e) " and [v]lne = (070 + 1007.0)

2x2

Theorem 9. Suppose that ¢ € [H'(Q) N LOO(Q)}2X2 x [H'(Q) N L>(Q)]
[H'()]” x HY(Q), € € [H'()]* and T € H'(Q) N L>(R) such that

x HY(Q), u €

~

max { || 10 1| l0: €10, 1Tl 0, o, llopllos, [Tl } < B,

with R small enough. Then, there exists a positive constant C' independent of h such that

lo—oull < Ch, |u—w,| <Ch ||~ &ll <Ch and |IT - T4 < Ch.

Proof. Following (2.1) and (3.1), we have

1 1 1 1
(2504N(T) N 2€aN(Th)aNh’TN) + <2ap(T) ar = 204p(Th)UPh’TP>+ 43)
(dz’v(‘rN +7p—ql),u— uh) + (as(TN),w — wh) =0, VT e X,
(div [(UN—f—ap—pI) —(onn+0opp _ph]>]7v>+
4.4)
(CLS(G‘N - a'Nh),Q) =0, V’g = (’0,9) e My,
1 1
E(ﬁ - Ehvn) + (d’LUTLT - Th) + E(T’u' - Thuhan) - 07 V77 S Xha (45)
(div(€ —&,),9) =0, Vo € Y. (4.6)

Let

(] o,;h* = (a}h,afgh,p;;) = Hh(o-Nu O-P7p)7
o u,* = (uj,w;) = (P,?u,[cw) the interpolate of (u,w) in M,

e & = RTy(€), the Raviart-Thomas interpolate,

o Ty = p)T, the interpolate of 7' in Y},
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where I; denotes the Clément interpolation operator (cf. [5]).
Now from (4.1) and (4.4), we get

<dz’v [((onn+op, —p3) — (ONn+ op —phI)LU)‘f'

4.7
(as(oy, —onn),0) =0, Vo = (v,0) € M,
Choosing 7 = 0," — o, in (4.3), and using both (4.7) and the fact that
(div(TN +7p—ql),u— UZ) =0, VT € Xy,
we get
( 1 1 . >+
oN — ONLON), — O
QECXN(T) N 2€OéN(Th) Nhs ENh Nh
4.8)
—————O0p— ———Opp,0p, — O as(oy;, — o w—wy)=0.

This is may be written as

1

) 1 ) ) * * )
(2504]\] (Th) (G-Nh B G-Nh); T Nh O-Nh> + (QQP(Th) (o-Ph aPh)a Opp 0'Ph> -

1 1
2€OéN(Th> B 2<€CYN(T>

1 * * *
(m(UNh—UN),UNh—UNh)Jr([ }UN#TNh—UNh)

+(2ap(Th)(UPh_UP)’UPh Uph>+<[2ap(Th) 2ap(T)]UP’UPh "Ph>

\ +(a8(aNh - o'}k\]h)aw - w;;),

and then

(L ot —omlP + Erm—
2505N,max N 2 Pmazx Fh o
L ot — oot — onall e — —llo%en — o anlllow o
2505N,mm Nh N Nh Nh 2e OéN<Th) OéN(T) Nh Nh NIL
e ot — opllllobs — ol - 2 L o — omlllopli
2aP,min 2 aP(Th> Oép(T)

| Hlas(onn — o)lllw — will
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Now, using both (4.2) and the fact that
lw = will < C'h|wl1e,
we get

,
ok, = ownll? + lobn = opull? < Ch (lonlia + whe ) oy — oxall +

Op(1,Q||Opy, — OPh — 1|l N, — ONR||||ON|| L=
Chlophallo} |+ CIT = Thll|lo [lonlze +

L CIIT = Tulllop), — opnllllop| e

and then
* 2 * 2 1/2
(llon = ol + i — opnll?) < CR (h+ T = Ti).
As
1T =Tl < |7 =T || + 1T = Tull < Ty — Thll + Ch [T,
we finally get
loin = onnll + 05y, = opnll < C R(h+ (T = Thll). (4.9)
Now, as

(div(§ — &), ) =0, Yy €Y},
we get, from (4.6),
div(€;, — &) = 0.
On the other hand, from (4.5), we have

%(5_5?‘”"7) + %(52 —&m) + (divn, Ty — Th)+

1 1 1
E((T,f — Th)un,m) + E(T(u—uh),n) + E((T—T,f)uh,n) =0, VneX,

and then

1 . y 1, .
E(EZ —&,,m) + (divn, Ty — Ty) + E((Th —Th)up,m) =
(4.10)

1, .. 1 L
E(ﬁh - 6777) + E(T(uh - u)?") + E((Th - T)“”“m")? V"? € Xh-
Therefore, using both Lemma 5 and the fact that div(&; — &) = 0, we have

IT; = Tl < Chligh — &l + CI1€: — €1+ IT (wn = w)l + (T = Dhwall). @11
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On the other hand, choosing n = &}, — &, in (4.10), and the fact that div(&;, — &) = 0, we have

{ €5 — &nll* + (T = Th)wn, & — &) = (& — &€ — &) + (T(un —u).& — &)+
(T = T)un, &, — &)

Note that, since (&), — &), € (RTO(K))Z,VK € Ty, and div(&;, — &) = 0, we have
. 2
(& — &) € (P(K))", VK €T,
On the other hand, as uy,,. € (PO(K))Z, VK € T, we get
(T = T)un, &, — &,) = (T — T,un - (&, — &) =0,
and then
1€, — €117 = (T — Ti)un, &, — &) + (& — &, &, — &) + (T(up —w), & — &),

which gives the following estimate

1€ — &nll < llwnllLe Ty = Tull + 1€ — &l + 17 (wr, — w)]]. (4.12)
Following (4.11) and (4.12), we have

Ty = Toll < Chlfuallze T = Toll + € (165~ €0+ 1T (= )| + (T = Tyual ),

and then, for 4 small enough, using (3.6):

Ty = Tull < C (€5, — €]+ T un = )] + (T = Ty ). @.13)
Now, we have using (3.6):

1(Th = Tl < ||l ]|T5 = T|| < Ch[T|10,

and

1T (e, — )| 1T (1o (I, — wnll + llag, — )

<
< TNz (s, — wall + Chluliq).
Using these estimates, the fact that ||£), — &|| < Ch|€|1 o, and (4.13), we get
1T = Tl < C(R(€la+ [Tha) + BTl el + 1Tz i, — wall).

This implies
75 =Tl < CR(h + llu;, — wi] ). (4.14)
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and, by (4.12), we get
&, — €l < CR(n+ luj — wi] ). (4.15)

Now, following the discrete in f—sup condition and (4.3), we obtain

* * * dlU(TN+TP—q1)7’U,* — uy + azs(TN),w* —wy,
B (Huh — up|| + [lwy, — wh||) < sup ( h ) ( h )
Texn |7 [ls

( 1 1 3\
(280&N(Th) TNk 2€CYN(T) e TN) +

1
— 1 1
= sup o ot
T 1T s <2ap(Th)UPh 2aP<T>aP’TP)+

Since,

280‘N(Th)o-Nh N 2ean(T) N = <2504N(Th) a 2504N(T)>UN + m(tﬁvh B UN)

and
1 1 ( 1 1 ) n 1 ( )
5 o \OPh T 5 OP= — o opp— O
2ap(T3)" 7" 2ap(T) 2ap(T)  20p(T)) "7 " 2ap(T) VTS
one gets
oty — wnll + i —nll < Ol ol + | I+
u, —u - - o o0 ONL — O
Iz~ mn Mol + e —opl+ i —wl }
< {lonlielT = T) + low, — onll+
lo = Th =Tl + llopn = opll + llor I },
<

A (lowlis + llopllz=) (1T = Tull + 1T = 71 )+
lonn = ol + llopn — opull + loy, — o+

lobn = el + i — wI}.
Then, using (4.2) together with

1Ty =Tl < Ch|Th. and |w, — w]| < Chlwlo
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one gets
i, = wnl + i = wll < CR(h+ 1T = Tall) + Clown = oill + lorn = opll). 4.16)
From (4.14) and (4.16), we have, for R small enough,
IT; = Tl < CRIT; = Tl + CR(h+ s = oall + lren — o)

and then,
1T = Tl < CR(h+ llown = ool + llopn = o).
Then, using (4.9), we obtain
Ty — Ty|| < CRh+ CR||T; — Tyl

Thus, for R small enough, we get the following estimate

1Ty, — Tn|l < Ch. (4.17)
Now, from (4.9) and (4.17), we have
lonn = onull + lopn = opy ]| < Ch. (4.18)
By (4.16), (4.17) and (4.18), we obtain
[y, — unl| + [|wh, —w|| < Ch (4.19)
and from (4.15), (4.19), we get
1€, = &nll < Ch. (4.20)

Now, from (4.7), we get o, —o;," in the discrete kernel and then

Ipi. = pull < C(lown = il + llopn — ol )

which implies (owing to (4.18))
Ipr, — pull < Ch. (4.21)

Finally, the error estimates given in the theorem are direct consequences of (4.17)—(4.21), the
triangle inequality, together with (4.2) and classical interpolation errors. ]

5. Conclusion

We presented, in this work, a dual mixed formulation of Non-isothermal Oldroyd-Stokes problem.
In comparison with the standard finite elements formulations, this approach makes it possible
to obtain fine approximations of the dual variables (Newtonian and elastic components of the
extra—stress tensor as well as the heat flux). The obtained formulation has local conservation
properties. Moreover, after linearization, one can use the hybridization technique (cf., e.g., [12]).
This procedure enables us to reduce the algebraic systems sizes.
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