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Segregation of Flowing Blood: Mathematical Description
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Abstract. Blood rheology is completely determined by its major corpuscles which are erythro-
cytes, or red blood cells (RBCs). That is why understanding and correct mathematical description
of RBCs behavior in blood is a critical step in modelling the blood dynamics. Various phenom-
ena provided by RBCs such as aggregation, deformation, shear-induced diffusion and non-uniform
radial distribution affect the passage of blood through the vessels. Hence, they have to be taken
into account while modelling the blood dynamics. Other important blood corpuscles are platelets,
which are crucial for blood clotting. RBCs strongly affect the platelet transport in blood expelling
them to the vessel walls and increasing their dispersion, which has to be considered in models of
clotting. In this article we give a brief review of basic modern approaches in mathematical descrip-
tion of these phenomena, discuss their applicability to real flow conditions and propose further
pathways for developing the theory of blood flow.
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1. Introduction
Blood is a biological fluid circulating in the vascular system. Its main function is to transport oxy-
gen throughout the body. Blood flows from heart through aorta, arteries and arterioles to capillaries
and back to the heart through venules and veins. Interdisciplinary investigations of the processes
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responsible for resistance of the vascular bed (or parts of it) to the blood flow are a challenging
task of utmost theoretical and practical importance.

Blood is rather a complex mixture, a colloid system composed of a carrier phase or plasma
(aqueous solution of salts and proteins) and a dispersed phase or blood cells. These formed el-
ements of blood are erythrocytes (red blood cells, RBCs), leukocytes (white blood cells), and
platelets. Erythrocytes transport oxygen and carbon dioxide between lungs and capillaries; in
this way, oxygen is delivered to body tissues and exchanged for their carbon dioxide. Erythro-
cytes comprise 40-45% of the blood volume whereas the remaining cells (platelets, leukocytes)
account for approximately 1%. For this reason, these are erythrocytes that almost wholly deter-
mine blood rheology [1-7] including its viscosity† and non-Newtonian properties. All rheological
characteristics of blood are attributable to high concentration, marked deformability, and reversible
aggregation of erythrocytes. The non-Newtonian effects are most readily apparent in the so-called
microcirculation bed, i.e. blood vessels up to ∼100 µm in diameter. In the macrocirculatory bed
(i.e. larger vessels) they are less essential. Vessels of the microcirculation system (arterioles, cap-
illaries, venules) are responsible for blood supply to all body tissues, and roughly 80% of the total
blood pressure drop occurs in them. Erythrocytes traveling in the microcirculatory vessels exhibit
a net migration towards the flow axis forming the so-called core of the flow and the cell-free near-
wall region. It accounts for segregation of intravascular blood flow [7, 10-15]. The bulk of the
core is composed of reversibly aggregated erythrocytes and the near-wall layer of plasma contain-
ing solitary erythrocytes, platelets, and other cells. This net displacement of erythrocytes from
walls towards the flow axis causes the effective viscosity of blood to decrease, increases average
cell velocity relative to that of blood, and diminishes hematocrit level in daughter branches com-
pared with that in the parent vessel. These effects become more pronounced as the vessel diameter
decreases. They are referred to as Fåhræus-Lindqvist effect, Fåhræus effect, and plasma skim-
ming respectively [6,8]. In other words, non-uniform distribution of erythrocytes across the blood
flow has a complicated influence on overall resistance of the microvasculature and effectiveness of
its transport function. It accounts for the importance of its adequate description in mathematical
simulations of blood flow.

Another consequence of non-uniform erythrocyte distribution across the bloodstream is the
non-uniform distribution of other formed elements, platelets and leukocytes, that are forced by ery-
throcytes toward the vascular wall [16-18]. This fact is of great importance because both platelets
and leukocytes must interact with the wall. Platelets are the main components of the hemosta-
sis system forming protective plugs at sites of vascular damage, while leukocytes are cells of the
immune system penetrating through the vascular wall to the sites of inflammation.

The present review is organized as follows. In Section 2, we consider the mechanism govern-

†There are several definitions of suspension viscosity [8]: apparent viscosity ηa = τ
γ̇ is determined in a rotational

viscosimeter in which the shear rate γ̇ is constant in space due to the linear velocity distribution; effective viscosity is
measured using a capillary viscosimeter and calculated by the formula ηeff = −πR4

8L
∆P
Q , where ∆P is the pressure

drop between the two ends of the tube of radius R and length L, and Q is the volume flow rate; dynamic viscosity η
enters the Navier-Stokes equations or its analogs as a proportionality factor between the double rate-of-strain tensor
d and the shear stress tensor Σ, see eq. (4.3). In the simplest case of a shear flow, the shear rate is a derivative of
velocity perpendicular to the flow direction. In a general case it is defined by the second invariant of the strain rate
tensor DII =

∑
d2

ij as γ̇ =
√

2DII [9].
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ing initiation of migration of individual particles in the flow. It being directly related to particle
deformability, the rigid and flexible particles are discussed separately. We then turn our attention
to dense suspensions starting from the Lagrangian approach (Section 3) and further on to the Eu-
lerian one (Section 4). In both cases, much attention is given to platelet migration in the presence
of erythrocytes. In Section 5 we propose some new approaches to the erythrocyte lateral migra-
tion theory. In Section 6, we briefly discuss the main aspects of the mathematical analysis of the
equations describing blood motion: the existence and uniqueness of their solution and its stability.
Finally, Section 7 contains conclusions.

2. Lateral migration of individual particles in the flow
Hydrodynamic properties of platelets allow them to be considered as solids in diluted suspensions:
(a) they rotate as solid spheroids and disks [5] and (b) congregate at a distance of 0.6R from
the tube axis [19]. Unlike platelets, erythrocytes are readily deformed and exhibit properties of
both rigid and deformable particles depending on the shear rate (Section 2.2.1). For this reason,
in what follows, we shall consider separately lateral migration of rigid and deformable particles.
Everywhere in the paper rigid walls of the fluid conduit will be assumed although flexible wall
may reinforce lateral migration due to the non-vanishing transversal fluid velocity.

2.1. Single rigid particles and platelets

2.1.1. The behaviour of rigid particles in a flow Observations have demonstrated that single
rigid particles introduced into a flow moving in a long tube tend to an equilibrium position at the
distance R∗ ≈ 0.6R from the axis, where R is the tube radius. It is the so-called ”tubular pinch
effect” of Segré and Silberberg [20-27]. The rate of such lateral migration measured experimentally
can be approximated by the equation [20]

dr

dt
= 0.15ResU

r

R

[
1− r

R∗

]
, (2.1)

where r is the radial coordinate of the particle’s centre, Res is the particle Reynolds number‡, and
U is the mean flow velocity. Results of thorough experiments indicate that the very possibility of
lateral migration of rigid particles, its rate, and equilibrium position depend on many characteristics
and properties of both the particles and the fluid. This phenomenon is observed only when the
particle Reynolds number exceeds a certain threshold value (Res > 10−4 ÷ 10−3) which suggests

‡The tube Reynolds number is defined as Re = 2RU
ν , where ν = η

ρ is a kinematic viscosity. The particle Reynolds
number Res (also frequently denoted as Rep) is defined through the substitution of U by the velocity of the particle
relative to the undisturbed flow at the position of its centre vs = |v − u| (slip velocity) and of the tube radius R by the
particle radius a: Res = 2avs

ν . Because at the flow axis vs = 2
3

(
a
R

)2
Um [20, 28-30] and in the tube Um = 2U , Res

is sometimes found from the formula Res = 8
3a

(
a
R

)2 U
ν . By analogy, the shear and rotational Reynolds numbers are

defined as [26, 31, 32] ReG = 4a2γ̇
ν , ReΩ = 4a2Ω

ν , where γ̇ is the shear rate calculated at the centre of the sphere and
Ω is its angular velocity.
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involvement of inertia in its development [23]. The equilibrium position shifts to the axis when
the size of the particle increases or its rotation is hampered [24, 27] (Res = 1÷ 13). Experiments
with particles of non-zero buoyancy in a vertical flow demonstrated that the relative velocity of the
particles also affects the direction of its lateral movement: a particle moving faster than the flow
migrates toward the wall while a slower moving one migrates to the axis [27]. At extremely high
velocities of the flow (Re = 30 ÷ 2000), the equilibrium position is shifted towards the wall [23,
33]. At such Re as well as in a pulsed flow, a few equilibrium ring zones may arise [25, 33]. In a
circular tube, the equilibrium position has a ring shape while four equilibrium positions in a tube
of rectangular cross section are located on diagonals at equal distances from the centre [34]; in the
Couette flow, the equilibrium position lies in the mid-plane [26].

The foregoing indicates the necessity of thorough consideration of the process of particle-flow
interaction for the understanding of causes behind lateral migration. It is therefore opportune to
discuss forces acting on a solitary particle in a viscous fluid flow depending on its translational and
rotational velocity and on the proximity to the walls.

2.1.2. Lateral migration velocity of rigid particles Drag force acting on a rigid particle of
radius a in a steady state is [31, 35]

F̄D = −6πaηv̄s · (1 +
3

8
Res + o(Res)), (2.2)

where v̄s = v̄− ū is the relative velocity of the particle, ū and v̄ are the fluid and particle velocities,
respectively. Given the non-uniform fluid velocity distribution, the Faxen force proportional to
∇2ū is added to F̄D. Other additional terms are related to fluid acceleration, they are known as
virtual mass term and history term (Basset force) [35].

Lateral forces acting on a rigid particle in a flow arise due to inertia of the fluid and the presence
of the wall. Indeed, the lateral force vanishes upon linearization of the Navier-Stokes equations
(cancellation of inertia terms) and in an infinite Poiseuille flow. However, at finite Re, the lateral
force acting on the particle emerges. Its components are referred to as Magnus and Saffman forces.

Suppose a particle of radius a rotates and has a non-zero speed with respect to the fluid flow.
Then, its rotation will cause the fluid to accelerate on the one side and decelerate on the other. The
pressure difference between the two sides arising in accordance with the Bernoulli law will create
a ”lift” force (Magnus force) directed normally to the particle relative velocity and axis of rotation.
It equals [31, 35, 36]

F̄Mag = πa3ρ · (Ω̄⊗ v̄s

) · (1 + O (Res)) . (2.3)

The velocity of perpendicular movement due to this force can be found dividing by 6πaη (equation
(2.2)). Evidently, the Magnus force is unrelated to Re and fluid viscosity at low velocities; in
other words, it describes interaction of the particle with the fluid layer immediately adjacent to
its surface. Therefore, the Magnus force is essential only in hydro- and aerodynamic applications
where particles and bodies are set in translational and rotational motion with respect to the carrier
phase by some external action.
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If, however, the translational-rotational motion of the particle is caused by the shear movement
of the surrounding viscous liquid, as in diluted suspensions, the situation becomes much more
complicated [37]. In such a case, the particle affects the flow far apart (many diameters) from its
surface, and the lateral force acting on it (Saffman force) results from inertia of the fluid in this
wide region, unlike the Magnus force which has a local effect. In the simplest case (the linear
velocity distribution in an infinite medium), the expression for the Saffman force has the form [31,
35, 38]

FSaff = 3.22aηvs

√
ReG = 6.44a2vs

√
ρηγ̇. (2.4)

This formula is constrained by conditions Res, ReG << 1 and ε =
√

ReG/Res >> 1 (vs <<√
γ̇ν), i.e. by the smallness of inertial effects due to particle slipping (translational motion relative

to the undisturbed fluid) compared with those produced by the shear (i.e., relative rotational mo-
tion). Generalization over the case of small ε gives a factor J1(ε) in equation (2.4) that equals 1
at ε → ∞, rapidly vanishes at ε < 1, and assumes a weakly negative value at ε < 0.22 [39]. It
suggests a gradual decrease and even a change of direction of the lateral force when the particle’s
relative rotation slows down and slipping increases. Such dependence FSaff (ε) for ε = 0.3 . . . 1.5
and Res < 1 was confirmed quantitatively in both theory [32] and experiment [40]. However, the
change of the sign was not confirmed. Thus, on the whole, J1(ε) gives an S-shaped rise in the
Saffman force upon a change of ε from 0 to ∞. The final expression for the lateral force has the
form [32]

FLift = aηvs

(
3.22J1(

√
ReG

Res

) ·
√

ReG − 11π

32
ReG +

π

4
ReΩ

)
. (2.5)

Here, the first term is the generalized force (2.4), the second - its correction of the next order, and
the last one is the Magnus force (2.3). Numerical experiments [32] gave an idea of the relative
contribution of the particle’s rotational and sliding velocities to the lateral force: (1) a rise in the
shear rate, i.e. increased ε, significantly enhances the lateral force, (2) the force is just as well
retained in the absence of rotation (ReΩ = 0) while rotation appreciably amplifies it only at small
ReG, i.e. under conditions of derivation of the Magnus force equation.

The analysis performed by Saffman made it possible to explain many phenomena with the lat-
eral migration of particles in diluted suspensions. The force (2.4) is directed towards the side where
the streamline velocity is opposite to the particle’s relative velocity. For a particle traveling in the
Poiseuille flow, it means that the force is directed towards the axis when the particle lags behind
the flow and toward the wall as it goes ahead of the flow. This situation is quantitatively consistent
with the experimental results for particles with zero buoyancy. However, the Segré-Silberberg ef-
fect could be explained only if both the walls and the non-uniform shear rate gradient were taken
into account. To this end, Cox and Brenner developed a general method for the computation of the
force and the moment acting on a spherical particle placed in an arbitrary flow at a large distance d
from an isolated infinite flat wall or a cylinder wall (Re << a/d << 1); the particle was regarded
as a point source of the force [37]. Application of this method to a particle in the Poiseuille flow
[41] revealed the presence of three equilibrium positions of its lateral migration: two of them lying
0.62 of the half-width from the centre were stable whereas the central one was not. It fairly well
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explained the Segré-Silberberg effect. In the absence of the particle rotation, the stable equilibrium
position proved to lie within 0.48 of the channel half-width from the centre, in agreement with the
experimental observations of Oliver [24].

Cox and Hsu [42] used the same method to derive the expression for the lateral force acting on
a spherical particle located at distance d from the wall [43]:

F̄Lift = aηvs ·Res · I, (2.6)

where

I ≈
(

0.56− Λ
d

a
+ 0.58Λ2

)
π, (2.7)

Λ = ReG/Rep = γ̇a/vs. The value of coefficients in front of Λ2 was found to slightly differ
for a sphere with free and frozen rotation (0.58 compared with 0.57) which suggests the negligible
effect of the particle rotation on the lateral force. The formula (2.7) is inapplicable when the sphere
touches the wall (d → a), and the separate consideration of this case gives I = 9.22. The results
of direct numerical calculations at varied d/a ratio are in agreement with these estimates of I [43].
Their approximation by polynomial in powers of Λ and d/a is used in modern Lagrangian models
of single particle motion, such as designed to simulate platelet and monocyte motion in the blood
flow for calculating the lateral force acting on them [44-45] (see Section 3.3).

2.2. Single deformable particles and erythrocytes

2.2.1. The behaviour of deformable particles in a flow The lateral migration of deformable
particles (liquid droplets in emulsions, flexible rods and disks, RBCs and rouleaux), unlike that of
rigid ones, occurs even at such low values of Res (< 10−6) where inertia of the fluid is negligibly
small and rigid particles fail to migrate [1, 3, 20, 26, 27, 29, 47]. The velocity of this migration
grows with increasing relative size and deformability of the particle, viscosity of the medium, and
shear rate. The ability of a deformable particle to change its shape substantially complicates the
task of determining the force acting on it because the shape of the particle is a part of the solution
of the problem of its interaction with the external flow (as opposed to a rigid particle the shape
of which remains unaltered). The mechanical properties of the particle are very important in the
context of lateral migration because its shape is determined by the resultant of forces deforming
it (external forces) and bringing it back to the equilibrium (surface and internal forces). It will be
shown in this Section that erythrocytes exhibit properties of both rigid and deformable particles. It
is therefore appropriate that their consideration should be preceded by that of a couple of special
cases.

Droplets in emulsions have a spherical equilibrium shape due to surface tension forces. In a
shear flow, their shape changes to an ellipsoid having the main axis directed at an angle to the
flow while the droplet contents rotates around the centre of masses [1, 20, 29, 47, 48]. There are
two origins of the lateral force acting on the droplet: its hydrodynamic interaction with the shear
flow and with the wall [26]. In the absence of inertial effects, these forces vanish when the droplet
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resumes its symmetric shape as soon as it reaches the flow axis. In other words, the droplets
in the Stokes regime of the Poiseuille flow migrate towards its axis as appears from both early
analytical [20, 29, 47] and relatively recent numerical [49] models of droplet migration at equal
phase densities. However, some analytical calculations predict droplet migration to the wall in a
certain range of relative droplet-to-fluid densities (0.5 < λ < 10) [26]. Numerical calculations for
finite Re values predict that droplets should migrate towards the axis only at λ < 1 and small Res;
while at λ > 1 and small Res, and also at Res > 0.01 (Re > 5), the droplets must migrate off the
axis thus exhibiting inertial effect [50].

As flexible rods and disks move in a shear flow they turn over with a periodically changing
angular velocity and bend. Most of the time, their longitudinal axis remains parallel to the flow,
then a rapid turn over the edge occurs. It is this property of flexibility that ensures their lateral
migration towards the flow axis at a small Res whereas rigid particles of the same shape do not
migrate under similar conditions [1, 20, 29, 47].

Vesicles have viscous contents encapsulated by an elastic inextensible membrane. The mem-
brane prevents vesicle’s stretching and imparts its rotation to the internal contents. The important
difference of the behaviour of vesicles and droplets is that above a critical value of shear rate or vis-
cosity ratio the tanktreading vesicle motion undergoes transition to the solid-like tumbling motion
analogous to the rotation of rods and disks [48].

Erythrocytes resemble vesicles but have in addition a submembranous cytoskeleton that mar-
kedly enhances elasticity of the membrane and gives these cells a flattened biconcave shape. Thus,
the erythrocytes’ behaviour in a flow resembles in certain respects that of vesicles, deformable
or rigid particles, depending on the conditions [1, 5, 20, 48]. In a very slow flow where fluid
inertia is negligibly small (γ̇ < 20s−1, Res < 5 · 10−5), erythrocytes behave like rigid disks
tumbling irregularly; their lateral migration is apparent only as movement from the wall, i.e. as
depletion of the near-wall layer as thick as 1-2 erythrocyte diameters. Under these conditions,
aldehyde-fixed (hardened) erythrocytes (HBCs) fail to migrate laterally thus exhibiting properties
of rigid particles. At γ̇ ∼ 100s−1 (Res ∼ 10−4) erythrocytes are oriented with respect to the flow
direction and get somewhat extended under its influence. Their membranes move relative to the
cell contents like tank threads but retain the biconcave shape. Such behaviour makes erythrocytes
similar to vesicles and different from permanently rotating HBCs. In these conditions, the near-
wall region is strongly and the axial zone is slightly depleted of erythrocytes; such situation may
be interpreted as the onset of manifestation of the Segré-Silberberg effect. At γ̇ ∼ (1÷ 5) · 103s−1

(Res > 10−3) erythrocytes behave on the whole as solids; the Segré-Silberberg effect is well
apparent as both near-wall and axial regions are depleted. Hardened erythrocytes migrate toward
the equilibrium position 0.6R from the axis while the equilibrium position of normal (deformable)
erythrocytes is closer to the axis, ∼ 0.45R. The trajectory and the lateral migration velocity of
HBCs are fairly well described by the equation (2.1); the velocity of RBCs lateral migration is 1-2
orders of magnitude higher than that of HBCs [20]. Thus, of the two effects (migration from the
wall and from the axis) the former one is strongly exhibited by normal erythrocytes regardless of
conditions whereas the latter is less apparent and limited to high shear rates. At all shear rates,
deformability of erythrocytes significantly promotes their lateral migration although they always
retain some rigidity which accounts for the qualitative difference of their behaviour from that of
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droplets.
Analytical and numerical models of individual droplet, vesicle, and erythrocyte dynamics in a

tube make it possible to evaluate the role of particle deformation during lateral migration (see, for
instance, [51, 52] and review [6]). Specifically, disturbances of near-axial equilibrium of a vesicle
or an erythrocyte and the description of their interaction with the wall are debatable issues. The
Lagrangian models developed for the description of the behaviour of both single erythrocytes and
their suspension are considered in Section 3.2.

2.2.2. Lateral migration velocity of deformable particles Early theoretical works concerning
the behaviour of droplets and elastic particles in a flow provided explanation for their experimen-
tally observed migrations off the wall in the bounded flow and toward the axis in the Poiseuille
flow [29, 30, 47, 53-55]. The velocity of lateral migration of a liquid droplet far from the wall
estimated in [55] after the substitution of the radial coordinate by R · γ̇/γ̇w (R is the tube radius)
and simple algebraic transformations can be written in the form

V̄drop = C · a2k · n̄, (2.8)

where C = ηaγ̇/σ is the capillary number, k = dγ̇
dy

is the shear rate gradient (assumed to be
constant), and n̄ is the normal to the flow directed toward the axis. The expression for the migration
velocity near the wall has the form [26, 56, 57]

V̄drop = aγ̇ ·
(a

h

)2

D · f (λ) · n̄, (2.9)

where a is the radius of an undistorted droplet, h is the distance between its centre and the wall,
D = L−B

L+B
= C · 19λ+16

16λ+16
is the deformation of the droplet (L and B are the lengths of the principal

axes if the droplet’s shape is approximated by a prolate ellipsoid), C = ηaγ̇/σ is the capillary
number, σ is the interfacial tension, λ = η1/η is the ratio of droplet to carrier phase viscosities,
and the values of function f (λ) for any λ fall within the range from 0.55 to 0.58. These formulas
are valid for the Stokesian regime and small deformations.

Although the formula (2.9) was derived to describe the migration of a single droplet, certain
authors used it in an attempt to explain the concentration profiles in diluted and concentrated sus-
pensions with low viscosity ratio [58, 59]. To this effect, they considered the balance of flux V ·Φ
(with the explicit dependence Vdrop(y) additively taking into account both walls) and shear-induced
diffusion (with diffusion coefficient Deff ∼ γ̇a2Φ), analogous to the equation (4.28). A similar
approach was employed in [60] for an erythrocyte suspension. However, its applicability to a con-
centrated suspension (in contrast to diluted one) appears questionable because it ignores screening
of the droplet-wall interaction by other (surrounding) droplets.

Vesicles like droplets assume a roughly similar ellipsoid shape in the shear flow. The first
estimation of lateral migration velocity of a vesicle was obtained on the assumption that it had an
ellipsoid shape with semi-axes a1,2,3 (a3 being the major semi-axis) of known lengths and that the
membrane velocity linearly depended on coordinates (i.e. the condition of incompressibility and
inextensibility was not fulfilled). It yielded [61]
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Vves = U(λ,
a1,2

a3

) · aγ̇ ·
(a

h

)2

. (2.10)

This formula is analogous to (2.9) at D=const in that it gives V ∼ a3

h2 . The velocity amplitudes
are compatible too because the values of function U(λ,

a1,2

a3
) found numerically by parameter vari-

ation fell within a range of 0÷0.5. However, the formula (2.9) predicts the quadratic dependence
Vdrop(γ̇) since D ∼ C ∼ γ̇ whereas the equation (2.10) can not by itself predict the dependence
Vves(γ̇) because the vesicle shape (a1,2

a3
ratios) is assumed to be already known. Moreover, the de-

pendence of U on the parameters of ellipsoid shape being rather strong [61], it appears necessary
to further develop this theory to be able to evaluate the degree of vesicle and erythrocyte defor-
mation D depending on the shear rate. Then, it will be possible to obtain the explicit dependence
of erythrocyte migration velocity on the shear rate VRBC(γ̇). For the extreme cases of D and U
independence of γ̇ and their linear dependence on it, the dependence V (γ̇) described by these two
formulas is linear and quadratic, respectively. Hence, one may expect a final dependence VRBC(γ̇)
intermediate between γ̇ and γ̇2.

Experimental and numerical data are insufficient to draw the unambiguous conclusion about
the character of dependence VRBC(γ̇). For example, the assumption of its linearity (i.e. constant
erythrocyte deformation) and the choice of U = 0.01 make it possible to quantitatively describe
the degree of thickening of the RBC-free near-wall layer observed in an in vitro experiment during
the blood passage through stenosis [62]. Estimation of the erythrocyte lateral migration velocity
near the wall from the onset of hemolysis during vacuum plasma suction through the porous wall
yielded a strictly quadratic dependence [63]. Unfortunately, it was but a preliminary report (only
two experimental points) and the paper itself is unavailable. Numerical calculations demonstrate
the saturating dependence of vesicle deformation on the local shear stress [64, 65]. This case can
be regarded as an intermediate one because the dependence VRBC(γ̇) must be quadratic at small γ̇
with gradual power reduction parallel to the growth of γ̇.

2.3. Transition from diluted to dense suspensions and blood As shown in the foregoing, the
interaction of a single particle with a shear flow may result in its lateral migration that becomes
markedly enhanced if the particle is deformable. However, as soon as the volume fraction of the
particles amounts to 6%, the mean distance between their surfaces proves to be smaller than the
diameter [35] and particle-particle interaction begins to prevail. Studies of concentrated suspen-
sions of rigid particles (see Sections 3.1 and 4.2) have ultimately shown that particle-to-particle
collisions in themselves may lead to the strongly non-uniform distribution of particles across the
flow. Therefore, we now pass to the consideration of concentrated suspensions, in the first place
blood.

A distinctive feature of erythrocytes, apart from their mechanical properties, is the ability to
aggregate into ”rouleaux”. A single rouleau containing several erythrocytes migrates across the
flow more efficaciously than an isolated erythrocyte [5, 20] by virtue of its high flexibility due to
deformability of erythrocytes and their weak binding to each other. The core of the blood flow
at low shear rates is formed by a continuously rearranging conglomerate of such rouleaux. With
a rise in the shear rate (within a range of 8.8-123 s−1) [5] as a result of rouleaux disruption,
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the core broadens while the RBC-free near-wall layer accordingly becomes thinner. Inhibition of
erythrocyte aggregation has similar effect. As the shear rate increases further (in a range 240-1200
s−1) [19], the opposite effect takes place; that is, the lateral migration of erythrocytes causes the
near-wall layer to broaden. Thus, the aggregation of erythrocytes exerts a strong influence on both
blood rheological properties and the displacement of other blood cells toward the walls.

Unlike erythrocytes, platelets are numerically insignificant, fail to aggregate (in the absence of
stimulation), and appear to be practically rigid; their linear dimension is 3-4 times smaller than that
of erythrocytes. On the other hand, erythrocytes have a very strong effect on the motion of platelets
in the blood forcing them to the periphery of the flow, into the near-wall layer. For this reason,
the description of the platelet motion in the absence of erythrocytes seems to be a simple task
whereas its description in blood requires the erythrocyte-platelet interaction to be somehow taken
into consideration. The inverse effect (that of platelets on erythrocytes and the flow) is practically
non-existent (in the absence of platelet aggregation); in other words, the one-way coupling takes
place. Both Lagrangian and Euler methods are extensively used in theoretical studies of erythrocyte
and platelet dynamics.

3. Description of suspension Segregation by the Lagrangian
methods

Methods of this class are designed to study the dynamics of individual particles in suspensions.
They have been developed relatively recently, after large amounts of the computational power be-
came available, but already brought success in the description of non-uniform particle distribution
across the flow and related rheological effects.

3.1. Suspensions of rigid particles In Stokesian dynamics [66, 67], the acceleration of each
particle is governed by Newton’s second law depending on the sum of forces acting on it from the
neighboring particles and the walls. The numerical calculations fairly well describe steady-state
non-uniform concentration profiles and flattening of velocity profiles observed in experiments.
The resulting particle redistribution rate across the flow is consistent with the theoretically and
experimentally derived dependence D ∼ γ̇a2. The results of such direct calculations are consid-
ered together with the experimental findings and compared with the balance models (see Section
4.2.2). Moreover, they allow for experimentally impracticable assessments, e.g. evaluation of the
influence of particle roughness on their lateral migration [66].

3.2. Erythrocytes In the discrete element (or particle) method (DEM, DPD) matter is taken in the
form of single particles moving freely and interacting with one another according to some definite
rules. The correct choice of these rules ensures the behaviour of the medium in conformity with
the Navier-Stokes equations and the behaviour of deformable particles in agreement with flexibility
laws. In [68], blood plasma and platelets were regarded as separate particles and erythrocytes as
a closed chain of bound particles (in 2D). This model gives the shape of the deformed erythrocyte
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for the case of a single cell traveling in a capillary and results in their net migration toward the axis
for the case of suspension moving in a larger vessel.

The lattice Boltzmann method (LBM) was introduced into hydrodynamics from gas dynam-
ics and suits well to simulate incompressible media [69]. In this method, matter is given as a
lattice, with particles jumping between its nearest-neighbour sites with a certain probability. The
adequate choice of the jumping rules ensures a good agreement of the results obtained by LBM
with the exact solutions of the Navier-Stokes equations. This method is successfully employed
to simulate 2D and 3D blood dynamics and to describe the motion of individual erythrocytes and
their concentrated suspensions as well as the influence of erythrocytes on leukocytes and platelets
[70-72] (see review [34]). The immersed boundary method (IBM) proved highly efficacious for
the simulation of deformable particles, such as erythrocytes [73]. It makes possible simulation of
their pair aggregation [74]. The most efficient is a combination of IBM and LBM [71] that was
used to simulate even the formation of rouleaux in the flow [75]. The aggregation is introduced
phenomenologically through the Morse intermembrane potential. The models with deformable
erythrocytes fairly well describe the depletion of erythrocytes in the near-wall layer, the Fåhræus
and Fåhræus-Lindqvist effects [71, 73, 76]. The in-depth investigation of erythrocyte aggregation
mechanics in the absence of a flow is possible by different methods [77].

3.3. Platelets Classical realization of the Lagrangian method is based on the integration of the
motion equations for each single platelet [44-46, 78, 79]. The platelet velocity may be assumed
to be equal to the medium velocity (solutions of the Navier-Stokes equations (4.2-4.5)) [78, 79]
or computed taking account of the forces (2.2) and (2.5) [44-46]. The discrete element method
(DEM, DPD) mentioned in Section 3.2 provides for an essentially different description of the
fluid. In this method, both platelets and plasma are simulated by single rigid particles [68, 89-
83]. Most of these studies describe platelet aggregation in the absence of erythrocytes, i.e. on
the assumption of the uniform platelet distribution. Studies [80, 82] are the exceptions in that
the platelet migration to the near-wall region under effect of erythrocytes was simulated by the
application of a phenomenologically given external force. The direct method for the simulation
of the non-uniform platelet distribution might consist of taking into account the presence of both
erythrocytes and platelets in blood as described in [68], but such studies were never reported.
None of the above works was designed to reproduce the Segré-Silberberg effect. As mentioned in
Section 3.2, the application of LBM allowed all major platelet-related effects to be described; viz.
platelet displacement from the core by erythrocytes and the Segré-Silberberg effect. The Level
set method also appeared quite applicable to the description of erythrocyte migration towards the
periaxial region with platelet displacement towards the wall [84].

4. Continuous approach to the description of suspension segre-
gation

In methods of this class, as opposed to the preceding ones, suspensions are treated as continuous
media with the locally-averaged properties. In single-phase models, the suspension behaviour is
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given by the equations for 1) the whole suspension and 2) the dispersed phase.
1) The equations for the whole suspension are the continuity equation

∂ρ

∂t
+∇ · (ρū) = 0 (4.1)

and the momentum balance equation

Dū

Dt
=

1

ρ
∇Σ + F̄ . (4.2)

Here, ρ is density, ū - the fluid velocity vector, Σ – the deformation stress tensor (the Cauchy stress
tensor), F̄ - the external volume force (e.g. gravity force), and D

Dt
= ∂

∂t
+ (ū · ∇) is the material

derivative [9, 85, 86]. The constraint equation Σ = Σ(·) known as the rheological equation is
essentially dependent on the properties of the carrier and disperse phases. In the case of a viscous
incompressible medium, the rheological equation is represented by generalized Newton’s law

Σ = −pI + 2ηd, (4.3)

where p is pressure, I – the unit tensor, η - dynamic viscosity, d – the rate-of-strain tensor

d =
1

2

(
∇ū + (∇ū)T

)
. (4.4)

The quantity 2µd is the so-called extra-stress tensor

S = 2ηd = η ·
(
∇ū + (∇ū)T

)
.

Incompressibility of the medium and its constant density account for the following form of the
continuity equation

∇ · ū = 0. (4.5)

The resulting equations (4.2-4.5) are called the Navier-Stokes equations. The boundary conditions
are usually the no-slip conditions (ū = 0) and the constant inflow/outflow velocity or the pressure
given at different parts of the boundary. Normally, various simplifications of these equations are
used as listed below.

First, in the majority of the problems, blood motion under the action of external forces can be
neglected assuming that F̄ = 0. Second, it is possible to confine the consideration to a steady-state
solution. In this case, the momentum balance takes the form

∇Σ = 0. (4.6)

Third, in the case of a flow parallel to the x-axis, this expression reduces to the equation in the
y-direction:

d

dy

(
η(Φ)u′y

)
= p′x, (4.7)
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where p′x is the known pressure gradient.
In the framework of the continuous approach, specific properties of a suspension are deter-

mined by its dynamic viscosity. For a Newtonian medium (water, blood plasma), dynamic viscos-
ity is a constant coinciding with apparent and effective viscosity; therefore, the above equations
are sufficient to describe all macroscopic properties of the fluid. However, the experimentally mea-
sured viscosity of non-Newtonian or rheological media is a complicated function of the shear rate,
its time derivatives, etc. and may depend on the measurement method, e.g. the geometry of the
viscosimeter. In the case of particles suspended in a Newtonian fluid, it may be a consequence of
deformation, aggregation or non-uniform distribution of the particles. These factors jointly affect
the blood (see Section 2.3). While deformation and aggregation of erythrocytes can be described
in the framework of the rheological models (Section 4.1.1), the consideration of their non-uniform
distribution requires the introduction of an additional equation.

2) The equation for particle motion in suspensions can be written in the form

DΦ

Dt
= −∇J̄ , (4.8)

where Φ is the particle volume fraction and J̄ is the flux arising from the difference between the
mean particle and suspension velocities:

J̄ = Φ · (〈ūp〉 − ū) . (4.9)

The form of the equation (4.9) depends on the anticipated mechanism of interaction between the
particles and the carrier phase (Sections 4.1.3, 4.1.4, 4.2.1, 4.2.2, and 4.3). Alternatively, a separate
Navier-Stokes equation for the dispersed phase may be written out (Section 4.1.5).

4.1. Dense suspensions of deformable particles and erythrocytes The unique blood properties
determined by deformability and aggregability of erythrocytes are apparent even in the case of
their uniform distribution. The aggregation leads to a sharp increase of apparent viscosity as the
shear rate decreases below ∼ 50s−1 while deformation causes reduction of viscosity with the
growing shear rate. A variety of empirical dependences of apparent viscosity on the shear rate,
hematocrit, and the degree of erythrocyte aggregation have been proposed to take these effects
into consideration. However, it proved necessary to take account of the non-uniform erythrocyte
distribution across the flow for a non-contradictory explanation of blood anomalies which manifest
themselves during its movement in tubes and blood vessels and increase as their diameter decreases
(Fåhræus, Fåhræus-Lindqvist effects, plasma skimming effects).

4.1.1. Rheological models of blood The most widely known rheological models of blood
(power-law, Carreau, Casson, and Quemada models) [6, 9, 87-89] were developed empirically
to describe the results of measurements of blood apparent viscosity in rotational viscosimeters;
they disregard the non-uniformity of erythrocyte distribution. The apparent viscosity is assumed to
depend on the shear rate according to one or another law whereas the parameters are the functions
of hematocrit. In the power-law model, a rise in viscosity with decreasing shear rate is described
in the simplest way:
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ηa = kγ̇n−1,

where k and n (n < 1) are the parameters.
In the Carreau model [9, 87, 88, 90-93], the range of viscosity variations is restricted by the

limiting values of η0 (viscosity at rest) and η∞ (asymptotic viscosity at γ̇ →∞):

ηa = η∞ + (η0 − η∞) (1 + (λγ̇)a)
n−1

a .

Here, a and λ are the parameters.
The Ree-Eyring model is based on the notion of dense suspension movements as jumps of

its particles between adjoining cells separated by the energy barrier. The shear rate is assumed
to be proportional to the difference between jump frequencies along and counter flow and the
height of the energy barrier in these directions to be dependent on the shear stress [94]. Two kinds
of rearrangement processes are introduced for erythrocytes; namely, the slow aggregation with
the characteristic time t1 and rapid deformation/reorientation with the characteristic time t2 [95].
These two processes determine blood viscosity at low and high shear rates, respectively. Apparent
viscosity turns out to be a shear rate function:

ηa = η∞ + A1
t1γ̇

sinh−1 (t1γ̇)
+ A2

t2γ̇

sinh−1 (t2γ̇)
.

Here A1 and A2 are the amplitudes of viscosity variation under the action of the two processes.
The Casson model suggests the linear dependence of

√
τ on

√
γ̇ observable in experiment at

γ̇ > 2s−1:

√
ηa =

√
η∞ +

√
τ0

γ̇
,

or
√

τ =
√

η∞γ̇ +
√

τ0 (τ ≥ τ0)
γ̇ = 0 (τ < τ0)

,

where τ0 is the yield stress. The physical meaning of τ0 is that the force applied at τ < τ0 is
insufficient to rearrange aggregated particles in a suspension. This model is inadequate at small
γ̇ because the experimental dependence of

√
τ on

√
γ̇ deviates from the straight line and tends

to zero at γ̇ → 0. It is impossible to reliably measure the yield stress by the traditional methods
(in a viscosimeter) due to the depletion of erythrocytes and their sedimentation in the near-wall
layer; the very existence of yield stress is questioned by certain authors. A serious drawback of the
Casson model from the mathematical point of view is the fact that ηa →∞ at γ̇ → 0. It is possible
to correct by introducing the constant

√
Λ into the denominator of the viscosity equation [96, 97]:

√
ηa =

√
η∞ +

√
τ0√

Λ +
√

γ̇
.
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The resulting model is equivalent to the Quemada model considered below at constant hematocrit
and rapid aggregation [97-99].

Quemada’s model is designed to take account of particle aggregation in concentrated suspen-
sions of different nature [89, 100-102]. Its application to blood is based on assigning viscosity, by
analogy with concentrated colloidal suspensions, in the form

ηa

ηP

=

(
1− kΦ

2

)−2

,

where Φ is the erythrocytes volume fraction (hematocrit/100%), k is the phenomenological struc-
ture factor regarded as the effective internal viscosity of the particles, kΦ < 2. The kinetic equation
for k has the form

∂k

∂t
+

(
V̄ · ∇)

k =
1

τA

[
k0 − k −

√
γ̇/γ̇C

(k − k∞)

]
.

In the steady-state conditions it reduces to

k =
k0 + k∞

√
γ̇/γ̇C

1 +
√

γ̇/γ̇C

.

Here, k0 and k∞ are the limiting k-values, γ̇C is the critical shear rate, τA – characteristic aggre-
gation time. The hematocrit dependence of the parameters was evaluated in [89, 96, 98, 103-105].
This model is fairly well verified and, unlike the previous ones, has a good physical basis.

Rate-type viscoelastic Oldroyd models have the “history” terms [87, 167]:

S + λ1

∇
S = 2η0

(
d + λ2

∇
d

)
.

Here, η0 is a zero shear rate viscosity, λ1 and λ2 are relaxation time constants (0 ≤ λ2 < λ1,
∇ stands for the upper-convected derivative:

∇
S = DS

Dt
− S · ∇u − (∇u)T · S. In particular, the

Oldroyd-B model is based on the decomposition of the total extra-stress tensor on non-Newtonian
(polymeric, dispersed phase, ect.) and Newtonian (solvent) parts: S = S1 + S2,

S1 + λ1

∇
S1 = 2η1d

S2 = 2η2d,

where η1 + η2 = η0, η2

η1+η2
λ1 = λ2. This relation under simplifying hypotheses (for instance,

independence of the viscosity and of the strain rate d) leads to the following system of equations:

Dū

Dt
=

1

ρ
(η2∆ū−∇p +∇ · S1) + F̄

∇ · ū = 0
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S1 + λ1

(
DS1

Dt
− S1 · (∇ū)T −∇ū · S1

)
= 2η1d

This system of equations should be equipped with the initial condition for both ū and S. In the
case of the boundary value problem, the Dirichlet type boundary condition is set for ū only. In
[167] the theorems on existence of solution and its stability are formulated for a domain with C3-
smooth boundary. The advantage of the Oldroyd-B model is that it combines the properties of the
parabolic Navier-Stokes equations with the hyperbolic transport-like vector-valued equation. And
one more class of blood rheological models - micropolar fluids - will be referred to in Section 4.1.3
as it gave some progress in accounting for the effect of non-uniform erythrocyte distribution.

4.1.2. The prescribed distribution of erythrocytes When the blood flow is examined under the
near-physiological conditions (in a tube), the effective viscosity being measured proves to depend
on the tube radius (the Fåhræus-Lindqvist effect) [8, 89]. As the diameter diminishes to below
500 µm, the viscosity begins to lower and reaches the minimal value (3 times smaller than the
initial one) when the tube diameter becomes roughly equal to the erythrocyte diameter (∼ 7µm);
as the tube diameter decreases further, the viscosity rises very steeply. These changes are a direct
result of the non-uniform distribution of erythrocytes across the flow. Therefore, the next logical
step in the description of such non-uniform distribution is the assumption of uniform distribution
of erythrocytes in the flow core and their complete absence in the δ-thick near-wall layer. This
layer is considered to be a Newtonian liquid and a number of rheological laws are assigned in the
core, viz. Newton’s [106, 107], Casson’s [108], and Quemada’s [104] laws. Alternatively, the
core is regarded as quasi-solid (with constant velocity) [104]. The thickness of the near-wall layer
in such models is a variable parameter that can be adjusted to describe the velocity profile and
the Fåhræus-Lindqvist effect. Due to high sensitivity to δ, such models are mostly used for the
qualitative explanation of the above effects. An interesting extension of the idea of representing
the core of the flow and its near-wall layer as two immiscible liquids is the dynamic definition of
the boundary by the Level set function method [98, 109]. It allows for the simulation of the blood
flow in a region with complicated geometry. Note, that the resulting thickness of the near-wall
layer is 1-2 erythrocyte diameters, so the models in question are on the verge of applicability of
the Euler approach and even go beyond it; hence, the necessity of the cautious interpretation of the
results obtained with their help.

The real distribution of erythrocytes across the flow is far from stepwise; in contrast, their
concentration grows monotonically from the vessel wall to the axis as shown both in vitro [13, 19]
and in vivo [11- 15]. The direct assignment of this distribution by an analytical formula leads to
the models with spatially distributed coefficients of the rheological equation. Different versions
of such assignment in the analytical form were proposed. The simplest ones are parabolic [14],
piecewise-linear and piecewise-parabolic [110]. A smoother profile is obtained when a high-degree
(n = 20) polynomial is used [96, 111]:

Φ =

{
Φmin λ ≤ r1 ≤ 1

Φc(r1) r1 < λ

296



A. Tokarev et al. Segregation of flowing blood

Φc(r1) = Φmax − (Φmax − Φmin)×
[
n(n− 1)

2

(r1

λ

)n−2

− n(n− 2)
(r1

λ

)n−1

+
(n− 1)(n− 2)

2

(r1

λ

)n
]

(4.10)

Φmax = Φmin + (Φ0 − Φmin)
(n + 1)(n + 2)

(n− 1)(n− 2)λ2
.

Here, λ = 0.5÷ 1 is the core radius and 0 ≤ r1 ≤ 1 is the distance from its axis, both normalized
to the tube radius; Φmin is the volume fraction of erythrocytes in the near-wall layer. Coefficients
of the polynomial are chosen such as to maintain the given average volume fraction Φ0 in the
tube (the integral of Φ · rdr). Because the coincidence between core and tube axes is not required
in this method, it permits not only to calculate the velocity profile but also to study the effect
of asymmetric erythrocyte distribution which is strongly pronounced and versatile in vivo [8, 14,
112]. The distributions of the erythrocyte volume fraction at different hematocrit levels observed
in long tubes under in vitro experimental conditions [19] can be more exactly interpolated in the
form

ΦRBC (r) = Φm ·
[
1− exp(a− bΦm) + exp(a− bΦm · (1− r2

1))
]−1 (4.11)

Φm (ΦD) =
1.45ΦD

0.5 + ΦD

.

Here, Φm is the erythrocyte volume fraction at the flow axis, ΦD – the inflow erythrocyte volume
fraction (discharge hematocrit/100%), r1 is the radial coordinate normalized to the tube radius.
The values of constants a and b are fitted as a = 3.5 and b = 9. Direct assignment of the erythrocyte
distribution leads to the mathematical models of the blood flow consistent with the results of dif-
ferent experiment. However, these are the non-closed models because the solution of the problem
strongly depends on the given erythrocyte distribution. In what follows, we pass to the Eulerian
models in which the erythrocyte distribution is a part of the solution of the complete problem.

4.1.3. Micropolar and micromorphic models The theory of micropolar fluids (MPF) [113-115]
prescribes to each element of the medium a micro-rotational inertia, in addition to its mass. There-
fore, the continuity and momentum balance equations (4.1), (4.2) are supplemented by the related
equations for conservation of the amount of micro-rotation Ḡ. In the steady state the resulting set
of equations for an incompressible fluid with constant density and viscosity has the form

∇ · ū = 0
(η + k)∇2ū + k∇⊗ Ḡ = ∇p
γ∇2Ḡ + k∇⊗ ū− 2kḠ = 0

(4.12)

Here, k is the vortex viscosity coefficient, γ is the spin gradient viscosity coefficient. A more gen-
eral class is represented by micromorphic fluid models (MMF) that take into account microdefor-
mations of fluid particles, besides their microrotation [115, 116]. The resulting system of equations
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for the velocity of movement and rotation constituted the basis of many blood flow models (see
reviews [117, 118]. Because they disregarded the non-uniform distribution of erythrocytes, their
predictions were in conflict with the known facts about the blood flow in the microvessels, such as
the flattened velocity profile, the Fåhræus-Lindqvist effect, etc. [3, 119, 120]. Nevertheless, these
models proved applicable to the study of macrocirculatory vessels [121, 122]. For this reason, in
many subsequent investigations, as well as in most of the aforementioned rheological models, the
blood was considered as two immiscible fluids: the core of the flow with a fixed width being a
micropolar fluid and the near-wall layer being a Newtonian one [123, 124] (see the review in book
[125]).

There are at least two modifications of the micropolar theory predicting the profile of the ery-
throcyte concentration distribution. One of them is based on the assumption that particles are
distributed over the space so that they exert the minimal mutual influence on the viscous energy
dissipation rate in the microvolume surrounding each of them. It leads to the algebraic dependence
of the local particle concentration c on the empirical scalar “measure of rotation” with respect to
the medium R [126]:

c = α1 − α2R
2.

The other modification of the micropolar theory postulates a linear dependence of the gradient of
particles’ chemical potential, Z, on their rotational velocity [127-129]:

−∇Z = J̄/α1 − α2J̄ × B̄ − α3rotω̄ + α4rotω̄ × B̄,

where the symmetric part of tensor ω̄ is the average rate of strain within the particles contained in
an elementary volume of suspension, the skew symmetric parts of tensors ω̄ and B̄ = ω̄ − Ω̄ are
the absolute and relative particle spin velocities, respectively, Ω̄ = 1

2
rotv̄ is the tensor of medium

spin velocities, α1 and α2 are the constants, α3 and α4 – the functions of Φ. In the one-dimensional
case, the system of equations was reduced to 2 coupled equations: for particles’ rotational velocity
and concentration. In both approaches, the choice of parameters permits to describe many specific
features of the blood movement, such as the Segré-Silberberg effect at Φ → 0 (which corresponds
to the platelet behaviour in the absence of erythrocytes), the marked depletion of the near-wall layer
in a concentrated suspension (corresponding to the behaviour of erythrocytes), the Fåhræus and
Fåhræus-Lindqvist effects, etc. Neither approach received any further development [130, 131], in
the first place because of a large number of variables (components of particle and medium rotation
tensors) and unknown constants and because of the difficulty to choose the boundary conditions
for spin velocity [132, 133].

4.1.4. Blood fluctuation temperature One more serious disadvantage of the micropolar mod-
els is the overestimation of the degree of ordering of erythrocyte rotation in the flow. The thor-
ough microscopic studies of rheological properties of concentrated erythrocyte ghost suspensions
demonstrated that their rotation is hampered substantially by continuous collisions between the
cells, their deformation and aggregation [5, 134]. These findings account for the shift of emphasis
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in the concept of particles’ micromovements from rotation to dispersive motion [106, 135] result-
ing from continuous collisions. This motion can be quantitatively characterized by the coefficient
of dispersion calculated, by analogy with the coefficient of thermal diffusion of the molecules, as
the ratio of mean square lateral motion of the particle to double time between observations [4]:

D = (∆r)2/2∆t.

At normal for in vivo circulation shear rates, D is 2-3 orders of magnitude higher than the coeffi-
cients of erythrocyte thermal diffusion derived from the Stokes-Einstein equation

DBr = kT T/6πηa.

where TT is the absolute temperature and k is the Boltzmann constant. By analogy to this formula
the hydrodynamic (fluctuation) temperature of suspension TF can be defined by writing [135]

D = kTF /6πηa.

The value of TF thus computed proves to be on the order of 104 − 105K, i.e. much higher than
TT (∼ 300K). Extending the analogy with molecular diffusion (thermal diffusion), it is possible to
represent the erythrocyte diffusion flux as

J = −D(Φ, TF )∇Φ− ζ∇TF , (4.13)

where ζ > 0. Because collisions between the particles moving in a tube are more frequent at the
periphery of the flow than near its axis, it can be expected that TF is non-uniformly distributed
across the flow showing a maximum close to the walls. For this reason, the above equation can
describe, in principle, erythrocyte depletion of the near-wall layer. Unfortunately, further devel-
opment of this approach resulted in its complication; namely, the equation (4.13) was extended to
include the terms corresponding to erythrocyte aggregation (−D(N)∇N , where N is concentration
of aggregates) and the lift forces acting in a diluted suspension [131]. In the end, the model be-
came extremely complicated and contained a large number of unknown parameters; therefore, this
work remains unfinished. However, the concept of fluctuation temperature was revived later in the
simulation of dense suspensions of rigid particles (see Section 4.2.2).

4.1.5. Multiphase continuous approach Methods of this class are based on the solution of the
Navier-Stokes equations written for each phase (k = plasma, erythrocytes) and coupled to each
other via an exchange terms:

∑
k Φk = 1

∂(ρkΦk)
∂t

+∇ · (ρkΦkūk) = 0
∂(ρkΦkūk)

∂t
+∇ · (ρkΦkūk ⊗ ūk) = −Φk∇p +∇Σk +

∑
l 6=k βkl (ūk − ūl) + F̄k

(4.14)

Here, Φk, ρk, ūk and Σk denote the volume fraction, density, velocity, and the shear stress tensor
of phase k, respectively, βkl is the interphase exchange coefficient, and F̄k stands for other forces,
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such as virtual mass and lift forces. Such representation permits to directly consider the phase
relative motion, segregation, etc. The multiphase approach, unlike the single-phase one, does not
require to empirically assign particle dispersion coefficients, but it implies an adequate choice of
the form of tensors Σk and the values of exchange coefficients. Such models applied to blood are
used to calculate its flow in large vessels with the complicated geometry, such as aorta and coronary
arteries [90-93]. Blood segregation in these vessels appears to be weak because the concentration
profile has no time to develop. Accordingly, in [92, 93], the shear lift force was assumed to be
close to zero, and its value in [91] was low, in agreement with weak segregation obtained. The
inclusion of leukocytes as the third phase in multiphase models [93] makes it possible to describe
the accumulation of these cells in some flow regions even though the validity of treating leukocytes
as a continuous phase is doubtful. The two-phase micropolar model of blood was formulated in
the general case in [136, 137]. The two-phase model of suspension was extended by the addition
of hydrodynamic temperature in [138].

4.2. Dense suspensions of rigid particles Consideration of the behaviour of rigid particle sus-
pensions in a shear flow permits to disregard problems related to deformation and aggregation of
the particles and focus on the role of collisions between them. The collision of two large (non-
Brownian) smooth particles in a flow of viscous fluid is reversible; it means that after the collision
particles return into their respective streamlines retaining the initial lateral position [139, 140]. At
the same time, this symmetry can be broken for several reasons, such as the roughness of the par-
ticles’ surface, the action of interparticle repulsive forces, the influence of the third particle on the
pair of colliding particles, and accumulation of genuine Brownian fluctuations in case of a suffi-
ciently large number of collisions (the effect growing exponentially at Re > 0) [27, 66, 141]. As
to erythrocytes, the main cause of irreversibility of collisions between them is their deformability
[134]. Thus, the collisions between the particles can by themselves contribute to their non-uniform
distribution across the flow irrespective of the particle-flow interaction (see reviews in [66, 142,
143]). The discovery of this phenomenon [140] gave a powerful impetus to rheological studies of
suspensions and provided a basis for models describing the non-uniformity of particle distribution
in them.

4.2.1. Phenomenological Eulerian “diffuse flux” model This approach is based on the notion
of irreversibility of rebounding collisions between rough-surfaced particles [140]. It is assumed
that the particles of radius a moving with a carrier phase velocity along the parallel trajectories
spaced less than the particle diameter undergo rebounding collisions and change lateral positions.
Characteristics of this process are as follows: the displacement of each colliding particle scales as
a, the frequency of pair collisions ν scales as γ̇Φ (where Φ = V1 · c is the volume fraction of the
particles, V1 is the volume of a single particle), the difference between the number of collisions in
a lateral distance of a scales as ∆ν = aγ̇ · ∇Φ [140] or ∆ν = a · ∇(γ̇Φ) [144]. In the latter case,
the lateral flux of particles was assessed as the sum of fluxes towards a lower collision frequency
and smaller effective viscosity of the suspension:
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J̄ = −Kca
2Φ∇ (γ̇Φ)−Kη

a2

η
γ̇Φ2∇η. (4.15)

Here, Kc and Keta are the constants of order 1, η – effective viscosity of the suspension assumed
to monotonically grow to infinity as the particle concentration approaches maximum package of
hard spheres:

η (Φ) = η0 · 1(
1− Φ

Φmax

)1.82 ,

where η0 is a medium viscosity and Φmax = 0.68 . The steady-state concentration distribution is
found by solving the equation J = 0:

γ̇Φ

γ̇wΦw

=

(
η (Φw)

η

)Kη/Kc

. (4.16)

This equation at 1.82(1−Keta/Kc) ≈ −1 reduces to

Φ =
Φmax

1 + αr
,

where α = Φmax/Φw − 1. This model adequately describes the experimental profile of particle
concentration and the rate of its establishment in the Couette flow [144]. However, it predicts a
sharp concentration peak with Φ = Φmax at the flow axis in a tube and a concave shape of the
concentration profile, in conflict with the experimental findings [142, 143, 145]. This theory was
applied to the calculation of the suspension flux in a straight and a stenotic tube [146], with the
particle flux given in the form equivalent to (4.15):

J = −Dc∇Φ−Ds∇γ̇

Dc = a2γ̇
(
KcΦ + KηΦ

2 1
η

dη
dΦ

)

Ds = Kca
2Φ2

(4.17)

The results show the migration of particles towards the tube axis with a sharp peak of Φ on it, as in
[144], and the flattened velocity profile. Thus, the “diffusive flux” model using the simplest, rough
notions of collisions between particles correctly describes both the direction and the rate of their
redistribution, but erroneously predicts the shape of the concentration profile.

4.2.2. Particle pressure approach Subsequent to the phenomenological ”diffusive flux” model
[144], a strict rheological ”suspension balance” model was proposed [66, 67, 85]. In this model, the
particle motion is caused by the shear stress gradient of the particle phase Σp. There are two main
versions of this approach differing in the mode of taking account of the non-local dependence
of this stress on the particle velocity and concentration in the suspension. In the first version,
the particles are assumed to move by virtue of a gradient of positively defined particle pressure
Π = −1

3
Tr(Σp) or isotropic normal stress:
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J̄ ∼ ∇Π
Π ∼ Π0 + η0p̂(Φ)γ̇

(4.18)

where Π0 is constant, p̂(Φ) is the dimensionless monotonically growing function of the volume
fraction. Evidently, the requirement of constant Π across the flow (dΠ

dy
= 0) leads to an equation

analogous to (4.16). The non-locality of the dependence of Π on Φ and γ̇ is achieved by introducing
a new variable, the hydrodynamic temperature T , which is a measure of the particles’ fluctuating
motion with respect to the suspension as a whole:

T =
〈
u′p · u′p

〉
p
, (4.19)

where u′p = up − u, u is the mean local suspension velocity, and < · >p denotes the ensemble
average over particles. The substitution of γ̇ by a−1

√
T in (4.18) gives

Π = Π0 + η0a
−1p(Φ)

√
T , (4.20)

and the condition dΠ
dy

= 0 leads to the equation for Φ:

d

dy

(
p(Φ)T 1/2

)
= 0. (4.21)

The dependence p(Φ) is chosen in the form p(Φ) = Φ
1
2 [(1− Φ

Φm
)−2−1]. For T , the balance equation

of averaged fluctuation energy is written that takes into account the work of body forces, stress,
dissipation of mechanical energy into heat, and fluctuation energy transfer. In the one-dimensional
steady-state case, after normalization of T to (aγ̇)2, this equation reduces to

µp(Φ)

(
du

dy

)2

− α(Φ)T + ε2 d

dy

[
k(Φ)

dT

dy

]
= 0, (4.22)

where µp(Φ) = µa(Φ)−1, µa(Φ) is the relative suspension viscosity, ε = a/H , α(Φ) and k(Φ) are
the phenomenological coefficients. The balance of the moment of momentum in the steady-state
has the form

d

dy

(
µa(Φ)

du

dy

)
= −1. (4.23)

The values of u, T , and Φ are found by solving the equations (4.21) – (4.23) with the boundary
conditions of symmetry u and T on the axis (y = 0) and u = T = 0 on the wall (y = ±1). For
Φ, the integral condition of conservation of the total number of particles is assumed. The solution
of this system describes the accumulation of particles in the near-axis region with Φ < Φm on the
axis. However, it gives an erroneous maximum of Φ close to the wall eliminated by the substitution
of the boundary condition for T by [67]

T(y=±1) =
µp(Φw)

α∗

(
du

dy

)2

(y=±1)

,
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where α∗ ∼ 20α(Φw). The thorough comparison of particle concentration and velocity profiles
predicted by this model with experimental observations and simulations of Stokesian dynamics
demonstrated a fairly good agreement between them [66, 67, 143, 147].

The second version of the ”suspension balance” model is related to the discovery of anisotropy
of Σp and T in curvilinear and tubular flows [85, 148]. The particle flux is assumed to be

J̄ =
2

9
a2f (Φ)

η0

∇Σp, (4.24)

where f(Φ) is the mean particle mobility. The equation for the shear stress tensor of the disperse
phase Σp is written out by analogy with that for the shear stress tensor of the carrier phase:

Σp = ΣNS
p + 2η0 · (µa − 1) · d

Σf = −pI + 2η0 · d (4.25)

(here, η0 is a carrier phase viscosity, µa – relative shear viscosity of suspension, p – pressure) so
that the sum of them gives the shear stress tensor of the suspension:

Σ = Σp + Σf = −pI + 2η0µa · d + ΣNS
p . (4.26)

Note that this expression is different from generalized Newton’s law (4.3) in that its last item is the
normal shear stress tensor of the disperse phase. In this version of the “suspension balance” model,
the concept of hydrodynamic temperature is substituted by the non-local dependence ΣNS

p (γ̇)
introduced by averaging γ̇ over a certain vicinity of a given point. In the simplest case, γ̇ is
supplemented by a small constant γ̇NL proportional to the wall shear rate. It influences the solution
only on the axis, where γ̇=0:

ΣNS
p = −η0µn (Φ) [γ̇(x) + γ̇NL] Q. (4.27)

Here, µn is relative normal stress viscosity, Q is the tensor parameter of anisotropy the directions
of which correspond to velocity, gradient, and vortex respectively:

Q =




1 0 0
0 λ3 0
0 0 λ3




with λ2 ≈ 0.8, λ3 ≈ 0.5. This approach also gave a good description of the migration of parti-
cles towards the flow axis with Φ < Φm on it. Again, the most pronounced deviations from the
experimental concentration profiles occurred in the near-wall region; probably, modification of the
boundary conditions is needed.

4.3. Non-uniform platelet distribution in blood In the overwhelming majority of the works
where the platelet concentration is assumed to be a continuous coordinate function P (x̄) [149-160],
it is found by solving the convection-diffusion equation of the form (4.8), where P is substituted
for Φ and the flux J̄ is given according to Fick’s law:
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J̄ = −D∇P.

Here, D is the effective diffusion coefficient. Evidently, the non-uniform platelet distribution
across the flow cannot be described in this way. The phenomenological description of the non-
uniform platelet concentration profile in the presence of erythrocytes was obtained only after the
introduction of a potential term into this equation (drift-flux model) [161, 162]:

J̄ = −D∇P − P∇Ψ. (4.28)

Here, the entire lateral platelet flux equals to the sum of random and directed motions. The ”rhe-
ological potential” Ψ reflects the overall directional effect of erythrocytes on platelets in a shear
flow: the velocity of their lateral motion (”drift shape function”) equals to Vdrift = −∇Ψ. In a sta-
tionary parallel flow, this function was determined by differentiation of the concentration profiles
P0(y) of platelet-sized latex spheres in blood [163]. At J̄ = 0 one has

Vdrift(y)

D
=

1

P0

dP0

dy
.

In a flow with the non-parallel geometry, the lateral velocity was assumed to be augmented in a
shear rate-dependent manner [105]

Vdrift(r) =
D

P0

dP0

dy
+ aP γ̇,

where aP is the platelet size. The necessity of experimental determination of the drift shape func-
tion is a serious drawback of the present method that precludes a-priori prediction of platelet
distribution.

5. General view of equations of continuum models of blood
flow: Summary

The above models can be generalized as follows. The equation of suspension motion as a whole
(continuity and conservation of momentum) has the form

∇ · ū = 0
Dū
Dt

= 1
ρ
∇Σ

(5.1)

When blood is considered as a generalized Newtonian medium, the rheological equation has the
form (4.3):

Σ = −pI + 2η0µa · d. (5.2)

Here, the relative dynamic viscosity µa is given by one of the models presented in Section 4.1.1
(the Carreau and Quemada models are preferred). The equations of motion for suspended particles
(4.8)
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DΦ

Dt
= −∇J̄ , (5.3)

which is necessary to obtain their non-uniform distribution, requires prescription of an expression
for J̄ . Because no well-founded form of this expression has thus far been proposed, we shall
use analogies with the known models. To begin with, a lateral flux of erythrocytes may be a
consequence of balance between their lateral migration resulting from interactions of individual
cells with the carrier phase (blood plasma) and collisional shear-induced diffusion leveling their
concentration:

J̄ = Φ · V̄lat −D∇Φ. (5.4)

The expression for the diffusion coefficient may be an approximation of the experimental data
[164] or calculated, for instance, by formula (4.17). As follows from the Section 2.2, the expression
for V̄lat should resemble the formula for lateral velocity of particles undergoing deformation in a
diluted suspension (2.8-2.10), probably with the correction for the local erythrocyte concentration.

Another possibility to obtain the expression for J̄ arises from the assumption of collisions
between erythrocytes as the main source of their lateral migration. In this case, (see Section 4.2.2),
the analog of the expression for the flux of particles in concentrated suspensions can be written in
the form

J̄ =
2

9
a2f (Φ)

η0

∇Σp (5.5)

Σp = ΣNS
p + 2η0 · (µa − 1) · d. (5.6)

The simplest form of expression for the pressure of erythrocytes is

ΣNS
p = −η0 · α (Φ) · γ̇ · I. (5.7)

Here, the tensor Q is simplified to the unit tensor I and α(Φ) is the monotonically growing function
of hematocrit. The right hand side of this expression is equal to −Π · I , where Π = η0 · α (Φ) · γ̇.
In this case, (5.2) is replaced by

Σ = −pI + 2η0µa · d + ΣNS
p . (5.8)

The non-local character of the erythrocyte-erythrocyte interaction should be taken into considera-
tion by local (over a region measuring roughly several erythrocyte dimensions) averaging of γ̇ in
(5.7) in accordance with (4.27). However, a more general approach is to write out the equation for
suspension temperature T . Generalizing (4.22) and substituting γ̇ by a−1

√
T in (5.7) yield

µp(Φ)γ̇2 − α(Φ)T + ε2∇ · [k(Φ)∇T ] = 0 (5.9)

ΣNS
p = −η0 · α (Φ) · a−1

√
T · I (5.10)
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It is still uncertain which of the above approaches matches the real situation in blood. Further
studies must be designed to clarify this uncertainty.

6. Well-posedness of flow models
Different models discussed in the present paper are given by a system of partial differential equa-
tions (PDEs) equipped with some boundary conditions and (in time-dependent models) with some
initial conditions. These models may be expressed by the equations

Lu = f, (6.1)

where the right hand side f stands for the set of given right hand sides for the PDE, boundary
and initial conditions, u stands for the vector of unknown functions (for example, the velocity, the
pressure, the concentrations), and L is an operator (often non-linear), relating the data f and the
unknowns u in some appropriate spaces.

The rigorous mathematical approach considers the well-posedness of such models as a ”trinity”
of properties: existence and uniqueness of the solution of equation (6.1) and stability of this equa-
tion. Normally, L is defined as an operator L : B1 → B2 , where B1 and B2 are some Euclidean
spaces equipped with the norms ‖·‖1 and ‖·‖2, respectively. The stability of (6.1) means that for
any couple of data f1 and f2 from B2 (from some ball in B2) the solutions u1 and u2 of problems
Lu1 = f1 and Lu2 = f2 satisfy the estimate

‖u1 − u2‖1 ≤ C ‖f1 − f2‖2 , (6.2)

where C is a constant independent of f1 and f2. This estimate is an important tool for the jus-
tification of approximate methods for solution of equation (6.1): assume that we constructed an
approximate solution ua of (6.1) satisfying it with some discrepancy r, i.e.

Lua = f + r, (6.3)

where r has a small norm in B2. Then from (6.1)-(6.3) we get an estimate for ua:

‖u− ua‖1 ≤ C ‖r‖2 . (6.4)

Unfortunately this well-posedness is not proved for a great number of models (mainly non-linear)
important for applications. So normally, these problems are solved by approximate methods that
are justified for some “model problems” that are often some linearized analogues of the real prob-
lems. As a classical example we could give the linear Stokes equations or the Ozeen equations
that “imitate” essentially more complicated the Navier-Stokes equations (4.2)-(4.5). Of course,
such “imitation” may be very far from the reality. Some results on the existence and uniqueness of
solutions one can find in [165-167].
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7. Conclusion
Generally speaking, the Lagrangian methods especially LBM are currently preferred for the de-
scription of the main effects of erythrocyte and platelet segregation in diluted suspensions and
blood flowing in microvessels. The quantitative agreement with the experimental observations is
achieved at both micro- (non-uniform distribution of concentrations) and macro- (Fåhræus and
Fåhræus-Lindqvist effects) levels. Parallelization of LBM and DEM is relatively easy to perform
and the computational cost linearly depends on the number of particles, in contrast to PDE-based
methods which are difficult to parallelize and have a quadratic dependence of computational cost
on the mesh density. These properties of LBM and DEM make them the promising tools for the
solution of blood dynamics problems. However, their drawbacks, such as the necessity of large
amounts of computation, the stochastic nature of results, and the difficulty of analytical treatment,
strongly require the development of efficient continuous methods.

Traditional rheological models of blood and the majority of Eulerian models derived from them
to simulate bloodflow disregard the non-uniform lateral distribution of erythrocytes. Therefore,
they are applicable only under conditions of weak blood segregation - uniform shear flow in vitro
and macrocirculatory vessels. Blood segregation could be described in terms of the multiphase
models, but their application for this purpose have up to now been confined to the cases of very
weak segregation. The micropolar models provide a fairly good description of blood segregation,
but their physical relevance to the blood flow conditions is questionable because of the highly
chaotic motion and deformation of erythrocytes due to their continuous collisions with each other
and because of weak influence of particle rotation on their lateral migration in a viscous flow.

In this review, we proposed two alternative continuous approaches to the description of lat-
eral migration of erythrocytes based on two different assumptions about the ruling mechanism of
this process. The first approach assumes that the migration of erythrocytes is similar to that of sus-
pended droplets and vesicles, i.e. migration results from their interaction with the surrounding fluid
and deformation. It leads to the equation (5.4) which describes the balance between the directed
migration of individual erythrocytes and their shear-induced dispersion resulting from collisions.
The second approach uses the analogy with the migration of suspended rigid particles and assumes
that the erythrocyte-erythrocyte interactions in the shear flow drive their lateral migration. It leads
to the equations (5.5)-(5.7) wich connect the erythrocyte flux and the shear stress tensor of the dis-
perse phase; on accounting for the non-locality of interactions (using the suspension temperature),
equation (5.7) substitutes for (5.9)-(5.10). At present, the choice between these two approaches
is a challenging problem. The numerous data suggesting the central role of erythrocyte deforma-
bility in their lateral migration and augmentation of migration with increasing deformation argue
in favour of the former approach. In contrast, deformability of erythrocytes must hamper their
lateral migration by the mechanism assumed in the second approach because the fluctuation en-
ergy is spent to deform the cell membrane and contents. At the same time, erythrocytes exhibit
certain properties of rigid particles; for this reason the second approach can not be altogether ne-
glected either. Possibly, the two approaches either separately or in combination should be taken
into consideration in the quantitative description of blood segregation.
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[166] J. Málek, J. Nečas, M. Pokyta, M. Ruzička. Weak and Measure-valued Solutions to Evolu-
tionary DPEs. Chapman and Hall, London, 1996.

[167] G. P. Galdi, R. Rannacher, A. H. Robertson, S. Turek. Hemodynamical Flows Modeling:
Analysis and Simulation. Oberwolfach Seminar, Birkhauser, Basel, Boston, Berlin, 2008.

319


