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Abstract. Tuberculosis (TB) remains a major global health problem. A possible risk factor
for TB is diabetes (DM), which is predicted to increase dramatically over the next two decades,
particularly in low and middle income countries, where TB is widespread. This study aimed to
assess the strength of the association between TB and DM. We present a deterministic model
for TB in a community in order to determine the impact of DM in the spread of the disease. The
important mathematical features of the TB model are thoroughly investigated. The epidemic
threshold known as the basic reproduction number and equilibria for the model are determined
and stabilities analyzed. The model is numerically analyzed to assess the impact of DM on the
transmission dynamics of TB. We perform sensitivity analysis on the key parameters that drive
the disease dynamics in order to determine their relative importance to disease transmission
and prevalence. Numerical simulations suggest that DM enhances the TB transmission and
progression to active TB in a community. The results suggest that there is a need for increased
attention to intervention strategies such as the chemoprophylaxis of TB latent individuals and
treatment of active TB in people with DM, which may include testing for suspected diabetes,
improved glucose control, and increased clinical and therapeutic monitoring in order to reduce
the burden of the disease.
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1. Introduction

Despite the availability of effective therapy, tuberculosis (TB) continues to infect an estimated one-
third of the world’s population, to cause disease in 8.8 million people per year, and to kill 2 million
of those afflicted [1]. Current TB control measures focus on the prompt detection and treatment of
those with infectious forms of the disease to prevent further transmission of the organism. Despite the
enormous success of this strategy in TB control, the persistence of TB in many parts of the world suggests
the need to expand control efforts to identify and address the individual and social determinants of the
disease. It is estimated that between the years 2000 and 2020, about one billion people will be newly
infected, 200 million will become sick, and 35 million people will die from TB worldwide if TB control is
not further strengthened [1]. Nearly 80% of both incident cases and deaths will be in 22 “high-burden”
countries, mostly located in sub-Saharan Africa and Southeast of Asia, where the problem is exacerbated
by high rates of co-infection with HIV [1]. Most individuals infected with TB develop an asymptomatic
latent infection. Over the course of a lifetime, approximately 5-10% of latent infections progress to
active TB in otherwise healthy individuals, either by endogenous reactivation of the existing infection or
exogenous re-infection with a new strain. The probability to progress to active TB is markedly higher for
people who are infected by HIV (up to 10% per year). Although most countries with a high burden of
TB have adopted and widely implemented the World Health Organization’s Stop TB Strategy, the rate
of decline in case numbers has been slower than expected [1,2]. Possible explanations include patient
and health system delays in diagnosis and treatment, and the rise of risk factors including co-infections
(notably with human immunodeficiency virus, HIV), air pollution, alcohol abuse, crowding, diabetes,
malnutrition, tobacco smoking and urbanization [3].

Diabetes is one of the major causes of premature illness and death worldwide. Non-communicable
diseases including diabetes account for 60% of all deaths worldwide. Diabetes is a chronic disease that
occurs either when the pancreas does not produce enough insulin or when the body cannot effectively
use the insulin it produces. Insulin is a hormone that regulates blood sugar. Hyperglycaemia, or raised
blood sugar, is a common effect of uncontrolled diabetes and over time leads to serious damage to many
of the body’s systems, especially the nerves and blood vessels. There exists two types of diabetes [4].
Type 1 diabetes (previously known as insulin-dependent, juvenile or childhood-onset) is characterized by
a deficient insulin production and requires daily administration of insulin. The cause of type 1 diabetes
is not known and it is not preventable with current knowledge. Symptoms include excessive excretion
of urine (polyuria), thirst (polydipsia), constant hunger, weight loss, vision changes and fatigue. These
symptoms may occur suddenly. Type 2 diabetes (formerly called non-insulin-dependent or adult-onset)
results from the body’s ineffective use of insulin. Type 2 diabetes comprises 90% of people with diabetes
around the world, and is largely the result of excess body weight and physical inactivity. Symptoms may
be similar to those of type 1 diabetes, but are often less marked. As a result, the disease may be diagnosed
several years after onset, once complications have already arisen. WHO predicts that developing countries
will bear the brunt of this epidemic in the 21st century. Currently, more than 70% of people with diabetes
live in low and middle income countries. An estimated 285 million people, corresponding to 6.4% of the
world’s adult population, have lived with diabetes in 2010 [4]. The number is expected to grow to 438
million by 2030, corresponding to 7.8% of the adult population. While the global prevalence of diabetes
is 6.4%, the prevalence varies from 10.2% in the Western Pacific to 3.8% in the African region. However,
the African region is expected to experience the highest increase.

More recently, multiple rigorous epidemiological studies have demonstrated that DM is positively
associated with TB. It has been evident for decades that there is a strong association between DM use
and risk of TB. The current diabetes epidemic may lead to a resurgence of TB in endemic regions,
especially in urban areas. This potentially carries a risk of global spread with serious implications for TB
control and the achievement of the United Nations Millennium Development Goals. The World Health
Organization suspects that TB control is being undermined by the growing number of patients with DM
in the world [7,8]. Prior to the 1950’s reports of an association between diabetes (primarily Type 1) and
TB were frequent in the literature, but they waned as insulin and drugs against TB became available
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[9,10]. This association (now with type 2 diabetes) was recognized again in the 1990’s [11-14] and is
currently supported by a growing body of literature [7-16]. According to a recent meta-analysis, diabetes
patients have three times the risk of contracting TB as non-diabetics [16] and studies report the fraction
of TB cases attributable to diabetes to be between 15% and 25%. Studies suggest that diabetes depresses
the immune response, which in turn facilitates infection with Mycobacterium tuberculosis (MTB) and/or
progression to symptomatic disease. This is corroborated by the fact that DM is generally diagnosed
before TB develops [16]. A probable cause of increased incidence of pulmonary tuberculosis in diabetics
could be the defect in host defenses and immune cell functions [17,18]. The immune derangements
predominantly involve the cell-mediated arm of the immune system. Also, the degree of hyperglycemia
has been found to have a distinct influence on the microbicidal function of macrophages, with even brief
exposures to blood sugar level of 200 mg significantly depressing the respiratory burst of these cells
[23,24]. This is borne out by the observation that in poorly controlled diabetics, with high levels of
glycated haemoglobin, TB follows a more destructive course and is associated with higher mortality.
Multiple pulmonary physiologic abnormalities have also been documented in diabetics that contribute to
delayed clearance of and spread of infection in the host [17]. Infection with tubercle bacilli leads to further
alterations in cytokines, monocyte-macrophages and CD4/CD8 T cell populations [19,20]. The balance
of the T lymphocyte subsets CD4 and CD8 plays a central role in the modulation of host defenses against
mycobacteria and has a profound influence on the rate of regression of active pulmonary tuberculosis
[21,22].

However, in reviewing and summarising the published work on the complex relation between tuberculo-
sis and DM and their respective treatments, we have found that many important topics have been poorly
studied or not studied at all. Although tuberculosis is clearly more common in diabetic patients, several
questions remain unanswered that would greatly affect the clinical management of the two diseases and,
thus, merit increased attention: does DM leads to increased susceptibility to initial tuberculosis infec-
tion, or, rather, does DM leads to increased progression from latent TB to active TB? Would screening
for and treatment of latent tuberculosis in diabetic patients be appropriate and cost-effective; if so, in
which populations? Which tuberculosis patients should we screen for DM? Does diabetes substantially
prolong sputum smear and culture positivity; if so, are diabetic patients at higher risk of relapse than
non-diabetic patients, and might this affect appropriate treatment duration? Does aggressive manage-
ment of DM in patients with tuberculosis affect treatment outcomes? If mortality is higher in TB patients
with diabetes, what are the most common preventable causes of death in coaffected individuals? Is there
a relation between low rifampicin concentrations and TB treatment failure or acquisition of resistance in
diabetic patients; if so, what might be the role of therapeutic drug monitoring?

There is a need for a strong qualitative assessment of the population-level implication of the conse-
quences due to the interaction between TB and DM. The main interest is to understand the long and
short term behavior of the effects of DM on the dynamics of TB and to predict whether the diseases
will die out or will persist. A brief survey on previous works provides the context of this paper. Using
data from India, Stevenson et al. [23] have illustrated that DM makes a substantial contribution to TB
incidence. They found that the current diabetes epidemic may lead to a resurgence of TB in endemic
regions, especially in urban areas. Murray and Jeon [24] have studied the relationship between DM and
TB. These studies consisted of over 1.7 million participants who had 17,698 cases of TB. The aggregated
data revealed a three-fold increase in risk of active TB for patients with DM. They suggested that TB
controls programs should consider targeting patients with DM for interventions such as active case finding
and the treatment of latent TB and, conversely, that efforts to diagnose, detect, and treat DM may have
a beneficial impact on TB control. Dye et al. [25] have shown quantitatively how five specific, interact-
ing, developmental factors: population growth, aging, body mass index, diabetes and urbanization, are
working for and against contemporary TB control programmes in two contrasting Asian countries. In
their paper, Dooley and Chaisson [26] have reviewed the epidemiology of TB and DM epidemics, and
provide a synopsis of the evidence for the role of DM in susceptibility to, clinical presentation of, and
response to treatment for TB. On the other hand, the global and national response to the HIV-associated
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TB epidemic was slow and uncoordinated. The first reports of the association between HIV/AIDS and
TB were published in the late 1980s, and warnings were clearly articulated in the early 1990s about the
impending scale of the forthcoming dual epidemic. Little action was taken, and HIV and TB programmes
barely interacted at global, national or district levels. It was not until 2004, with the release of the WHO
interim policy, that collaborative HIV and TB activities got under way and progress was made in the
fight against the two diseases. So, it would be useful to not make the same mistake with DM and TB. In
fact, if we are forewarned and prepared we stand a better chance of reducing the dual burden of disease
of DM and TB than was the case with HIV and TB.

Various theoretical studies have been carried out on the mathematical modelling of TB transmission
focusing on a number of different issues [27-32]. None of these studies has considered the effect of DM on
the transmission dynamics of TB. Since mathematical models on the effect of DM in the spread of TB
are lacking, it is therefore the intention of this study to investigate the impact of DM on the transmission
dynamics of TB in the community. The model incorporates some key epidemiological features of TB
such as exogenous reinfections, chemoprophylaxis and treatment. The main objective in this study is to
forecast future trends in the incidence of TB and also to quantify the association between DM and TB
in the community.

2. The model

2.1. Details and explanation of the model

The proposed model classifies the human population based on their diabetic status and TB. We assume
that a non-diabetic person becomes a potential diabetic. As a first step, we assume random mixing of the
population, even though diabetics and non-diabetics may well have different mixing patterns. The model
sub-divides the human population into the following classes: susceptible individuals who are potential
diabetics (S1), latently infected individuals who are potential diabetics (E1), infectious who are potential
diabetics (I1), recovered individuals who are potential diabetics (R;), diabetics susceptible (S3), diabetics
latently infected individuals (E»), diabetics infectious (I3), and diabetics recovered (Rz). Thus, the total
human population at time ¢ is

N(t) = S1(t) + So(t) + E1(t) + Eo(t) + I1(t) + I2(t) + R1(t) + Ra(t). (2.1)

As a first step, we assume random mixing of the population, even though individuals with and without
diabetes may well have different mixing patterns. The potential effect of non-random mixing patterns
will be addressed in the near future.

Transmission of MTB occurs due to adequate contacts between susceptible individuals and infectious.
Then, susceptible individuals acquire TB infection from individuals with active TB at rate A, given by

Il + 512
A= BT, (2.2)
where [ is the effective contact rate of diabetics and non-diabetics infectious that is sufficient to transmit
infection to diabetics and non-diabetics susceptible individuals. Further, the modification parameter
€ > 1 accounts for the high infectiousness of diabetics infectious individuals (those in the I3 class) in
comparison to non-diabetics infectious individuals (those in the I class).

Non-diabetics susceptible individuals are recruited through birth at rate A. The transition between
these sub-populations proceeds in such a way that a susceptible individual acquires the bacteria through
a contact with an infectious subject with the transmission rate j.

Non-diabetics susceptible individuals are infected with MTB at rate A. A proportion p; of newly
infected individuals who are non-diabetics develops a fast TB (development of an active TB within the
first five years following the infection) and the complementary part (1 — p;) becomes latently infected
and enters the F; class. Once latently infected, an individual can follow a chemoprophylaxis. We assume
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that the chemoprophylaxis of latently infected individuals reduces their reactivation. We denote by r; the
rate of chemoprophylaxis of non-diabetics latently-infected individuals. Thus, 1 F7 is the number of non-
diabetics latently-infected individuals who received chemoprophylaxis. Non-diabetics latently infected
individuals who does not received effective chemoprophylaxis develop an active TB through endogenous
reactivation (most people have tuberculosis which can be activated in situations of DM which turns off
the production of cell-mediated immunity in the lungs, rendering the patient more susceptible to the
development of progressive disease from the latent TB infection, [17,18] and exogenous reinfections at
rates k1(1 — r1) and o1(1 — r1)A, respectively, with o1 € (0,1) since primary infection confers some
degree of immunity (see [33], and the references therein). Secondary tuberculosis may follow reinfection
or endogenous reactivation and knowledge about the relative importance of these mechanisms in specific
communities are important possible drivers of the disease dynamics. Once in the active stage of the
disease and after receiving an effective therapy, a non-diabetics infectious may spontaneously recover
from the disease at rate 1, and move to the recovered class Ry (though there may contain some live
bacilli). As suggested by Styblo [34], recovered individuals may only have partial immunity. Then, some
individuals in the recovered class R; relapse back into the active TB state at rate d;. Also, individuals in
the Ry class who did not relapse are not totally immune to TB infection [34] and can be infected again
and move into the latent class Fq at rate o3(1 — 1)\ where o3 is the factor reducing the risk of infection
as a result of acquiring immunity for recovered individuals. Note that o3 € (0,1) since primary infection
confers some degree of immunity

Non-diabetics individuals acquire DM at rate o when the pancreas does not produce enough insulin
or when the body cannot effectively use the insulin it produces. In other words, individuals in the classes
without DM (those in the classes S7, E7 and R;) may move to the classes with DM (those in the classes
Sa, Fs and Ry) at rate a. Non-diabetics infectious acquire DM at rate 7o where 7 is a modification
parameter which increases the progression of non-diabetics infectious to diabetic infectious because of
their active TB status [21,22].

Diabetics susceptible individuals are infected with MTB at rate O\ with # > 1, since diabetes act
as a carrier of MTB [17]. A proportion ps of newly diabetic infected individuals develops a fast TB
and the remainder (1 — p3) develops a latent TB and move to the Ey class. Let roEs be the number
of diabetics latently infected individuals who have received a chemoprophylaxis where ro is the rate of
chemoprophylaxis. Thus, diabetic latently infected individuals who have not received effective chemo-
prophylaxis progress to an active TB at rate k2(1 — r2) for endogenous reactivation and 20(1 — r3)\ for
exogenous re-infection, respectively. It is worth noting here that ks > k1, since diabetic latently infected
individuals tend to develop an active TB at a faster rate than non-diabetics latently infected individuals
[24]. Diabetics infectious have a reduced rate of recovery if they are put on treatment and move to the
Ry class at rate 7, with v, < 1. Diabetics recovered individuals can only have partial immunity, and
hence, they can undergo a reactivation of the disease at rate d, or be reinfected against with the same
transmission rate 8 at rate 046(1—d2)\ and move into the latent class Es, since primary infection confers
some immunity where o4 € (0,1) is the factor reducing the risk of infection as a result of acquiring
immunity for diabetics recovered individuals.

The natural death rate in each class is assumed to be p > 0, and infectious have additional TB induced
death rates, d; > 0 and dy > 0 for active TB patients who are non-diabetics and diabetics, respectively.
It is important to note here that do > d; as DM experience greater disease induced deaths than their
corresponding non-diabetic counterparts [16].

The structure of the model is shown in Fig. 1.
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FIGURE 1. Structure of the model.

The dynamics of the disease, in a well-mixed population, is then described by the following system of
nonlinear differential equations:

S = A—(p+a+ NSy,
Ei = (1= p1)ASy + 03(1 = 61)ARy — (1 —71) (k1 + 01\ By — (1 + @) By,

I =piAS1+ (L =r)(ky + 1A Er + 61 Ry — (n+dy + 7+ )1,

Ry =l — 03(1 = 01)ARy — (n+ 61 + @) Ry,

| (2.3)
SQ = Ole - (,U + 9)\)52,
E2 = 9(1 - pg))\SQ + 0'40(1 - 52))\R2 + OzEl - (1 - Tz)(kg + O'QG)\)EQ — /,LE27
jg = 0[)2)\52 + (1 - T'Q)(kQ + O’Q@)\)EQ + Taly + 9 Ry — (M +ds + ’72)12,
RQ = ’}/2.[2 - 049(1 — (52)>\R2 + OéRl — (,u + 52)R2.
System (2.3) can be written in the following compact form:
2
() =T+ Az x(t) — XD B {e; | z(t)),
1=1
(2.4)
2 6
y'(t) = A ;’Ci (ei | z(1)) + ;}Bi@ ly()| + Ay y(d),
where z(t) = (z1(t),22(t))" = (S1(t), S2()" € R, y(t) = (1(1),v2(8), 43 (1), ya(t), ys (1), ys ()" =
B
(El(t)vfl(t)vRl(t)vEZ(t)7[2(t)»R2(t))T € Ri» I = (AaO)Tv A= < ]\|7y>7 = (Oaﬂaovovﬂgao)a B =
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(I,O)T BQ = (O,Q)T, Bg = ( 0'1(1 — ’I"1),O'1(1 — Tl), 0,0 O)T, B4 (O 0 0 90’2(1 — 7‘2) Oo 2( —
r2),0)", Bs = (03(1-01),0, —05(1 = 61),0,0,0)", Bs = (0,0,0,004(1 - 02),0, —0c4(1 - 32))", e1 = (1,0),
€2 2(0 1) 3 = (1,0,0,0, 0), 642(000,1,0 0),6 = (0,0,1,0,0,0), 662(0,07070,0,1),/C =
( plaplaovoao 0) s 2 :( 707030(1 )79102’0) ’

Ay 0 O 0 0 0

—kl(l —7’1) A2 —(51 0 0 0

—(M“r ) 0 o 0 —71 A3 0 0 0

Az—{a —ulr ML a0 0 A 0 0|
0 —1a 0 —/{2(1 —7’2) A5 —62
0 0 —a 0 —v2 A

with

Ar=k(1l—-r)+p+a As =p+di+m +71a, As=p+d +a

Ay =ko(1 —12) + i1, As =p+v2+do and Ag = p + 2.

In Eq. (2.4), (a | b) = a® b is the usual inner scalar product. The parameter values used for numerical

simulation are given in Table 1.

Table 1: Numerical values for the parameters of model system (2.3)

Definition Symbols Estimated Source
Recruitment rate A 667685/yr [35]

TB transmission coefficient Jé] [3,13.5] [51]
Natural mortality rate i 1/53.5/yr [35]
Endogenous reactivation rate

of non-diabetics latent individuals k1 0.00013/yr  [38]
Endogenous reactivation rate

of diabetics latent individuals ko 2 x ki/yr Estimated
Chemoprophylaxis rate of non-diabetics latent individuals 71 0/yr [36]
Chemoprophylaxis rate of diabetics latent individuals ro 0/yr [36]
Recovery rate of non-diabetics infectious " 0.7372/yr [36]
Recovery rate of diabetics infectious Y2 0.7372/yr Estimated
Protective factor for non-diabetics latent individuals o1 0.75 % py [37]
Protective factor for diabetics latent individuals D) 0.7 % po Assumed
Protective factor for non-diabetics recovered individuals o3 0.73 % py Assumed
Protective factor for diabetics recovered individuals o4 0.71 % po Assumed
Enhancement factor 0 2 [48]
Enhancement factor € 1.1 Assumed
Enhancement factor T 1.01 Assumed
Rate of acquiring DM ! 9/1000/yr  Assumed
TB induced mortality of non-diabetics infectious dy 0.275/yr [36]

TB induced mortality of diabetics infectious ds 1.25 % dy /yr  Estimated
Rate of developing fast active

TB among non-diabetics susceptible S; D1 0.03 Estimated
Rate of developing fast active TB

among diabetics susceptible S5 P2 0.06 Estimated
Relapse of non-diabetics recovered individuals 5 0.0986/yr [36]
Relapse of diabetics recovered individuals 0o 0.1/yr Assumed

2.2. Basic properties

2.2.1. Positivity and boundedness of solutions

For model system (2.3) to be epidemiologically meaningful, it is important to prove that all its state
In other words, solutions of model system (2.3) with positive

variables are non-negative for all time.
initial data remain positive for all time ¢ > 0. We have the following result.
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Theorem 2.1. Let the initial data be S1(0) > 0, E1(0) > 0, I;(0) > 0, R1(0) > 0, S2(0) > 0, FE»(0) > 0,
I5(0) > 0 and R2(0) > 0. Then, the solutions (S1, E1,I1, R1,S2, E2,I2, Ra) of model system (2.3) are
positive for all t > 0. Furthermore,

A

o

Proof. Tt follows from the first equation of model system (2.3), that
Sy
dt

The above equation can be rewritten as,

% [S’l(t)exp{(u-i-a)t—i—/ot /\(s)dS}] ZAeXp{(qua)tJr/ot)\(S)dS}-

tlggo sup N(t) < (2.5)

=A—(p+a+A)S;.

Hence,

Sy (7) exp {(u+a)t+ /Otk(s)ds} —8(0) > /Ot/lexp {(ma)w /Ou /\(w)dw} du,
so that

$1(0) = $1(0) exp { = ((r+ )i+ Jy A(s)ds ) }

+ exp {f ((,u + )t + fg)\(s)ds) } X fO{AeXp {(p+a)u+ [ AMw)dw} du > 0.

Similarly, it can be shown that Ey(t) > 0, I;(¢t) > 0, R1(t) > 0, Sa(t) > 0, Ea(t) > 0, I2(t) > 0 and
Ro(t) > 0 for all ¢t > 0.
On the other hand, adding all the equations in the differential system (2.3) gives

N/(t) :A—/LN—dlll —dQIQ. (26)
It follows from Eq. (2.6) that

Thus,
A o . A
————— < lim inf N(¢) < lim sup N(¢) < —.
n + dl + d2 t—o00 t—o00 "
so that
. A
lim sup N(t) < —
t—o00 7
This completes the proof. ([l

2.2.2. Invariant region

Model system (2.3) will be analyzed in a suitable region as follows. We first show that model system
(2.3) is dissipative. That is, all solutions are uniformly bounded in a proper subset {2 C Ri . Let
(S1,E1, 11, Ry, S2, Ea, I, Ry) € RY. be any solution with non-negative initial conditions.

Model system (2.3) has a varying population size (N # 0) and therefore a trivial equilibrium is not
feasible. Let p = min(dy, d3), then, from model system (2.3), it follows that

N'(t) = A— uN — dyI) — daIs,
< A= puN(t) = p(Li(t) + (1)), (2.7)

< A—puN().
124



D.P. Moualeu, S. Bowong, J.J. Tewa, Y. Emvudu Analysis of the impact of diabetes on the dynamical transmission of TB

So that (cf. [40])

A A
SN <+ <N(0) - M) e, (2.8)

where N(0) represents the value of N(t) evaluated at the initial values of the respective variables. The
lower limit comes naturally from the fact that the model variables and parameters are non-negative
(t > 0) since they monitor human populations. Thus, as t — oo, 0 < N(¢) < A/p. Therefore, all feasible
solutions of model system (2.3) enter the region:

A
= {(SlaE17117R1752aE2712aR2> € Ri7 N(t) < /L} . (29)

Thus, model system (2.3) is mathematically and epidemiologically well-posed and it is sufficient to con-
sider the dynamics of the flow generated by model system (2.3) in {2.
We have the following result.

Theorem 2.2. For every non-zero, non-negative initial value, solutions of model system (2.8) exist for
all times.

Proof. Local existence of solutions follows from standard arguments since the right-hand side of model
system (2.3) is locally Lipschitz continuous. Global existence follows from a priori bounds. This concludes
the proof. 0

3. Mathematical analysis

3.1. Stability of the disease-free equilibrium (DFE)

3.1.1. The basic reproduction number and its analysts

Model system (2.3) has a disease-free equilibrium, obtained by setting the right-hand sides of equations
in the model to zero, given by

QO = (5?507070’Sg70a050)7 (31)
where 1 A
Y = and  §9=——"_
Bt Bt

The linear stability of Qg can be established using the next generation operator method on model
system (2.3). Using the same notation as in [41], the matrices F' and V, for the new infection terms and
the remaining transfer terms, are, respectively, given by

2
1
F=—)Y K;BS and V=-4,
where Ny = A/, giving

Ro=p(FV™) = o= (B (-4,)7'K) 87, (32)

0 =1
where p represents the spectral radius.
The result below (Lemma 3.1) follows from Theorem 2 of [43].

Lemma 3.1. The disease-free equilibrium Qo of model system (2.3) is locally asymptotically stable when-
ever Ry < 1, and unstable whenever Ry > 1.

125



D.P. Moualeu, S. Bowong, J.J. Tewa, Y. Emvudu Analysis of the impact of diabetes on the dynamical transmission of TB

The threshold quantity R is the basic reproduction number for TB infection in the presence of DM.
It measures the average number of new TB infections generated by a single infectious in a completely
susceptible population. Consequently, the disease-free equilibrium of model system (2.3) is locally asymp-
totically stable (LAS) whenever Ry < 1 and unstable if Ry > 1. This means that TB can be eliminated
from the community (when Ry < 1) if the sizes of the population of model system (2.3) are in the basin
of attraction of the disease-free equilibrium Q.

Now, suppose that there are non diabetics in the community. In this case § = a =0 and Sy = F5 =
I, = Ry = 0. Following van den Driessche and Watmough [43], the basic reproduction number is given
by

RT _ Blp+61) [ka (1 = 71) + ppi] . (3.3)
O (=)l [p(p+ dy ) + 61 (i + d))]
From the above expression, on can easily see that when the treatment rate 7; increasing, the basic
reproduction number RY" decreases. This means that the treatment of active TB patients in a non-
diabetics population would have a positive impact in TB control.

Now, let us analyze the basic reproduction number. The following numerical results demonstrate the
role of 6, 7 and « on the basic reproduction number Rg.

We begin by investigating how the basic reproduction number Ry depends on « and 6 when 5 = 5
using parameter values in Table 1. The illustration in Fig. 2 shows that the increased of the rate to
become diabetic a and the susceptibility of TB du to DM, 6 results in an increase in Rg. This figure also
illustrate that for the chosen parameter values, if the susceptibility to TB due to DM 6 does not exceed
2.7 (6 < 1.3), then TB can be controlled irrespective of the value of a. The infection will equally persist
for 6 > 1.3.
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FIGURE 2. (a) 3-D and (b) contour plot showing effects of § and « on the basic repro-
duction ratio Rg when S = 5. All other parameters are as in Table 1.

We now investigate how the basic reproduction number Ry depends on the modification parameter 7
and the susceptibility to TB due to DM when 8 = 5 (see Fig. 3). This figure is reflecting a large state
number of TB cases. The high 6 and low 7 may increase the spread of TB, while low 6 and high 7 may
reduce the spread of TB in the community.

8.1.2. Sensitivity analysis

Sensitivity analysis is used to determine the relative importance of model parameters to TB trans-
mission and its prevalence. We perform the analysis by calculating the sensitivity indices of the basic
reproduction number, Ry. According to [47], sensitivity analysis is commonly used to determine the
robustness of model predictions to parameter values, since there are usually errors in data collection and
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FIGURE 3. (a) 3-D and (b) contour plot showing effects of # and 7 on the basic repro-
duction ratio Ry when 8 = 5. All other parameters are as in Table 1.

estimated values. We are thus interested in parameters that significantly affect the model reproduction
number since these are the parameters that should be taken into consideration when considering inter-
vention strategies. Sensitivity analysis also permits us to measure the relative change in a state variable
when a parameter changes. The normalized forward sensitivity index of a variable to a parameter is the
ratio of the relative change in the variable to the relative change in the parameter. Since the reproduction
number is a differentiable function of the parameters, the sensitivity index may alternatively be defined
using partial derivatives. For instance, the computation of the sensitivity index of Ry with respect to 8
using the parameter values in the table 2 is given by

ﬁ = ((96720) (750) =1>0. (3.4)

B

This shows that R is an increasing function of 8 and the parameter 3 has a strong influence on the
spread of TB. We tabulate the indices of the remaining parameters in Table 2.

Table 2: Sensitivity indices for the basic reproduction number R
Parameter Index Parameter Index Parameter Index

B 1 g 0.7780 A 0

€ 0.8806  py 0.2089  p2 0.7320

k1 0.0033 ko 0.0047 7 0.00032638
dy -0.0346  da -0.2689 1y 0

T2 0 01 0.0485 42 0.4323

" -0.0731 -0.5032 -0.5935

« 0.1794 g1 0 ()] 0

g3 0 04 0

From Table 2, parameters whose sensitivity indices have negative signs decrease the value of the basic
reproduction number as their values increase, while those with positive signs increase the value of Ry as
they increase. Those with no signs have no effect on the value of the basic reproduction number. The
system is most sensitive to p, followed by 2. It is important to note that increasing (decreasing) u by
10% decreases (increases) Rg by 5.935%. However, increasing (decreasing) the parameters 5 by 10%
increases (decreases) Ro by 10%.

3.1.3. Stability of the disease-free equilibrium (DFE)

Herein, we will show that the disease-free equilibrium may not be globally asymptotically stable in
the case that the basic reproduction number is less than the unity (Rg < 1). To this end, we will used

127



D.P. Moualeu, S. Bowong, J.J. Tewa, Y. Emvudu Analysis of the impact of diabetes on the dynamical transmission of TB

the result of Castillo-Chavez et al. [45] on the global stability of the disease-free equilibrium for a class
of epidemiological model. Remind that from proof in Lemma 3.1, the disease-free equilibrium Qg of
model system (2.3) is locally asymptotically stable for Ry < 1 from Theorem 2 of van den Driesshes and
Watmough [43].

Following Castillo-Chavez et al. [45], we rewrite model system (2.3) as

X'(t) = FX,Y),
(3.5)
Y'(t) = G(X,)Y),  G(X,0) =0,

where X € Ri is the vector whose components are the number of non diabetics and diabetics susceptible

individuals and Y € RY denoting (its components) the number of non diabetics and diabetics infected

individuals including latent, infectious and recovered individuals. The DFE is now denoted by Q¢ =
A Q

Xo,0) where X = (2, 29) with 29 = —— and z) = = .

(Xo,0) 0o = (z7,23) 1 o 2= it a

The conditions (H;) and (Hs) below must be met to guarantee the global asymptotic stability of Q.

Hy: For X'(t) = F(X,0), X is globally asymptotically stable (GAS),
(3.6)

H, : GX,)Y)= AY —G(X,Y), GX,Y)>0 for (X,Y)en,

where A = Dy G(X,0) and {2 is the region where the model makes biological sense.
If model system (2.3) satisfies the conditions in Eq. (3.6), then the following result holds.

Theorem 3.2. The fized point Qo = (Xo,0) is a globally asymptotically stable equilibrium of model
system (2.3) provided that Ro < 1 and the conditions in Eq. (3.6) are satisfied.

From the proof in Lemma 1, one knows that g is locally asymptotically stable for Ry < 1.
Using model system (3.5), one can deduce that

A1 (I-p1)B+y a (1—p1)eB

_ A= (p+a)S A =r)k B — A 0 p1€f
F(X7 0) o |: O[Sl — ,uSQ :| ’ A= [} (1 7p2)0ﬂ 7144 9(1 — pg)é‘ﬁ ’
0 p20B8 +Ta (1 —1ra)ks pabeff — As

where Ay, As, A3 and Ay are defined as in Eq. (2.4) and

S
(1 —pl)N)\ <]. — Z\;) + 01(1 - Tl))\El - 0'3(1 - (51))\R1
plN)\ (1—51) —Ul(l—rl))\El gl(x’y)
0(1 7p2)N)\ <1 - 2) + 90’2(1 - TQ))\EQ - 0'4(1 - 52))\R2 93(x’y)
N g G4(1',y)
9p2N)\ <1 — ]\?) — 902(1 — TQ))\EQ

Note that A is an M-matrix (the off diagonal elements of A are nonnegative) [41,42]. Thus, if Y (0) € (2,
then Y'(¢) € £2. Indeed, there exist s > 0 and C' > 0 such that

—A=sl-C,

which implies that —A is a singular irreducible M-matrix. Thus, following Theorem 4.16, page 156 in
[41], there exists a positive vector Y >> 0 such that

AY = 0.
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From Perron-Froebenius theorem, we deduce that there exist a simple eigenvalue Apax = )\maa : Re (N)
€sp

and an eigenvector w >> 0 such that
Aw = Apaxw.

Now, using the fact that 174 = 0, where 17 = (1,1,1,1,1,1), we have Apax = 0, and thus all other
eigenvalues have a negative real part. Thus, one can deduce that the linearized system Y = AY admits a
unique positive equilibrium 0 which is locally asymptotically stable on the hyperplane orthogonal to 17.
Replacing the vector 0 in the first equation of system (3.5) gives X'(¢t) = F(X,0). Then, one can prove
that Xy is globally asymptotically stable on {2 and condition H; is satisfied.

The sign of @Z—(amy), i=1,2, 3 or4is not obvious, but based on the model parameters, G(z,y) is
neither positive nor equal to zero. Condition (Hs) in (3.6) is therefore violated and as such, @y may
not be a globally asymptotically stable. But, in the absence of exogenous re-infection and endogenous
reactivation and relapse of recovered individuals (i.e., 01 = 02 = 03 = 04 = §; = d3 = 0) Qp is globally
asymptotically stable.

3.2. Endemic equilibria and stability analysis

Model system (2.3) has basically two possible endemic equilibria, that is non diabetic only endemic
equilibrium when there are non-diabetics in the community and the equilibrium point where both non-
diabetics and diabetics co-exist, herein referred to as the interior equilibrium point. It is worth mentioning
that the endemic equilibrium where diabetics only exist is an unrealistic equilibrium point and for that
reason it is not discussed in this paper.

8.2.1. Non-diabetics TB only equilibrium point

This equilibrium in terms of the force of infection A* is given by

Q" = (S, E7,IT,R},0,0,0,0), (3.7)
where
S = L, I = L7 R = nAX 7
DY B+ i [03(1 — 0N + i + 01 (B + i)
B = AN(L = p1)(Bp + did")(o3(L = 0)A + p+ 61) + 03(1 = 3) Ny (u + A")] (3.8)

(1 + X)) (B + diA) o3 (1 — )N + 4+ 01] [+ k1 (1 — 71) + o (1 — 1) A7)
In Eq. (3.8), A* satisfy the following cubic equation:
c3s(A\)? + ca( A )2+ e\ + ¢ =0, (3.9)
where
cs = o3(1 —d)orp(l —r1),
o =011 =r)(n+p+d)+o1(l —r)os(l=01)(=B+p+1)+o3(1 —d1)(n +ki(l—r1) +p+di(l—p1)),
cr = (kL =r)+p)(n + (u+01) +03(1 = 61)(=B+ p+di) + (u+01)(01(1 = r1) (=B + p+ dv)
+ di(1=p1)) + pn(o1(1 —r1) + o3(1 = 01)) + Buos(l —61)(1 — p1),
co = (k1(1=r1) + ) (u(pe + di + 1) + 81 (e +di)) (1 = RY),

where RY is defined as in Eq. (3.3). The cubic equation (3.9) can be analyzed for the possibility of
multiple endemic equilibria. It is worth noting that the coefficient c3 is always positive, and ¢ is positive
(negative) if Ry is less than (greater than) the unity, respectively.
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Solving the cubic equation (3.9) yields

1 1
D s (e K
—c2+ <20 + \/(30103 —c2)® + D(2)> + (20 - \/(30103 — )+ D(2)> ] , (3.10)

where Dy = (276@%—&—203—901 cocs) and the remaining roots are complex roots which are discarded because
we are dealing with a population of individuals and is always positive. We only consider conditions for
ca, ¢1 and ¢y which gives a positive A\* since a negative force of infection is epidemiologically irrelevant.
We claim the following result.

*

1
303

Lemma 3.3. Model system (2.3) without DM could have a unique endemic equilibrium whenever RE > 1.

In order to analyze the stability of the endemic equilibrium point, we make use of the Centre Manifold
theory [45] as described by Theorem 4.1 of Castillo-Chavez and Song [27] to establish the local asymp-
totic stability of the non-diabetics only TB endemic equilibrium. To apply this theory, the following
simplification and change of variables are made first of all. Let z; = S, 20 = F1, 23 = [; and 24 = R
so that N = z; + 23 + 23 + 24. Further, by using the vector notation z = (21, 22, 23, 24)7, the TB model
(2.3) without DM can be written in the form # = f(z), with f = (f1, fa, f3, f4)T, as follows:

2= fi=A—(p+ Nz,
2/2 = fg = (1 7])1))\21 + 0'3(1 — 51)2’4 — (1 — ’I"l)O'lAZQ — 131227

(3.11)
Zé = f3 = p1/\21 + (1 — Tl)(k + 0'1/\)2:2 + 0124 — Bszs,

z) = fo =v123 — 03(1 — 01)\z4 — B3z,

where 5
23
A= , Bi=ki(1—r1)+u, Bo=pu+~v +dy and By = u+ 7.
Attt 1 1( 1)+ 4 2=HTN 1 3=HTO
System (3.11) has a DFE given by Q} = (29,0,0,0) where 2 = A/u. The Jacobian of system (3.11),

at the DFE @}, is given by

— i 0 -8 0

n_| O -B1 B(l-p1) O

J(Qo) = 0 ki(1—=r1) Bp1— B2 6
0 0 M —DBs3

The basic reproduction number of the transformed (linearized) model system (3.11) is the same as that
of the original model without DM given by Eq. (3.3). Therefore, choosing § as a bifurcation parameter
by solving for 8 when Ry = 1, we obtain

[k1(1—71) + p] [n(p + di 4+ 71) + 61 (1 + dy)]

(e + 61) [k (1 = 1) + ppa]

It follows that the Jacobian (J(Q})) of system (3.11) at the DFE Q}, with 3 = 3*, denoted by Jg« has a
simple zero eigenvalue (with all other eigenvalues having negative real parts). Hence, the Centre Manifold
theory [45] can be used to analyze the dynamics of system (3.11). In particular, the theorem in Castillo
and Song [27], reproduced below for convenience, will be used to show that when R > 1, there exists

a unique endemic equilibrium of system (3.11) (as shown in Lemma 3.3) which is locally asymptotically
stable for Ry near 1 under certain conditions.

Theorem 3.4. (Castillo-Chavez & Song [27]) Consider the following general system of ordinary differ-
ential equations with a parameter ¢:

%:(w), fiR"xR-R and feCXR"R), (3.12)

where 0 is an equilibrium point of the system (that is, f(0,¢) =0 for all ¢) and assume

B=8"=
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1. A= D.f(0,0) = @f

with ¢ evaluated at 0. Zero is a simple eigenvalue of A and other eigenvalues of A have negative real
parts;
2. Matriz A has a right eigenvector u and a left eigenvector v (each corresponding to the zero eigenvalue).

Let fi, be the k" component of f and

(0,0)) is the linearization matriz of system (3.12) around the equilibrium 0

n O* f
a = v U,iU‘i 070 5
m%;:l ’ Jaxiaxj( )
n * fx
b= Vpl; 0,0),
o= i g (0 0)

then, the local dynamics of the system around the equilibrium point 0 is totally determined by the signs
of a and b.

1. a>0,b>0. When ¢ < 0 with |¢| < 1, 0 is locally asymptotically stable and there exists a positive
unstable equilibrium; when 0 < ¢ <K 0, 0 is unstable and there exists a negative, locally asymptotically
stable equilibrium;

2.a<0,b<0. When ¢ <0 with |¢| < 1, 0 is unstable; when 0 < ¢ < 1, 0 is locally asymptotically
stable equilibrium, and there exists a positive unstable equilibrium,;

3. a>0,b<0. When ¢ <0 with |¢| < 1, 0 is unstable, and there exists a locally asymptotically stable
negative equilibrium; when 0 < ¢ < 1, 0 s stable, and a positive unstable equilibrium appears;

4. a<0,b>0. When ¢ changes from negative to positive, 0 changes its stability from stable to unstable.
Correspondingly a negative unstable equilibrium becomes positive and locally asymptotically stable.

Particularly, if a > 0 and b > 0, then a backward bifurcation occurs at ¢ = 0.

In order to apply the above theorem, the following computations are necessary (it should be noted
that we are used 8* as the bifurcation parameter, in place of ¢ in Theorem [27]).

Eigenvectors of Jg-: For the case when RI' = 1, it can be shown that the Jacobian of system (3.11)
at B = (B* (denoted by Jz~) has a right eigenvector (corresponding to the zero eigenvalue), given by

_ T
U = (u1, uz, uz, uq)" , where,

B(1 —p1)
By

uz, uz=1uz>0 and u4 = %1@,. (3.13)
3

Uy = ——us, U=

Similarly, the components of the left eigenvectors of Jg- (corresponding to the zero eigenvalue), denoted
by V = (v1,v2,v3,v4)7, are given by,
k(1 —ri)vs 5y

vg =wv3 >0 and vy = —wvs. (3.14)

=0 =
U1 ) U2 Bl ) B3

Computation of b: For the sign of b, it can be shown that the associated non-vanishing partial deriva-
tives of f are

Pf 1 Pfy 1 and fs
0208 0mopr D 02508 TV
Substituting the respective partial derivatives into the expression
4 3
> f > f3
b= i iR
”2;“ D “’3;“ 02"

gives

k(1 —

p= Pt mm)luss (3.15)

By
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Computation of a: For system (3.11), the associated non-zero partial derivatives of f (at the DFE Q{)
are given by

f, _ prulo(l—r)+ 1 —p1)) f, _ BA—p)p

025029 A ’ 022 A ’
82f2 _ B u(o3(l—61) — (1 —p1)) 82f3 _ Brp (o (1 —r1) —p1)
823824 A ’ 323322 A ’
fs _ Bpp 0%fs _  B'pm and %fs _ Bruos(l—d1)
023 A7 024075 A 024023 A '
Then, it follows that
0% fy d*f3 0% f4
a—vguzlu uja 0z, + vy ]Zluluj8 0z + vy ]Zlumjaziazj’
St k(1 = Bl (1= p) + B) + 2B
26*“3”3“5* k(1 By) Bsoy (1 1
+ 27— B (k1(1 = 71) + B1) Bsou (1 = 71)(1 — p1)
13
ﬂ*u%vgy *
— 2W’Ylﬂ (kl(l — Tl)Bg —+ 51B1) B103(1 — 51)
13

so that the bifurcation coefficient a > 0 if and only if

- [p1p+ k1 (1 —71)][Bs(8*(1 — p1) + B1) + 2y B1] + 271 8" (k1(1 — r1) B3 + 61.81) Bios(1 — 51)
2B* (kl(l — Tl) + Bl) Bg(l — 1"1)(1 7]?1)

(3.16)
Thus, b > 0 and a > 0 or a < 0 depending on whether inequality (3.16) is satisfied. This sign of b may
be expected in general for epidemic models because, in essence, using S as a bifurcation parameter often
ensures b > 0. Using Theorem 3 items (i) and (iv), we establish the following result.

Theorem 3.5. If condition (3.16) is satisfied, a > 0, then, model system (2.3) without DM undergoes
a backward bifurcation at REY = 1, otherwise a < 0 and a unique endemic equilibrium Q* guaranteed by
Lemma 3.3 is locally asymptotically stable for RY > 1, but close to 1.

The phenomenon of backward bifurcation in disease models, where a stable endemic equilibrium co-
exists with a stable disease-free equilibrium when the associated reproduction number is less than the
unity, has important implications for disease control [46]. In such a scenario, the classical requirement
of the basic reproduction number being less than the unity becomes only a necessary, but not sufficient
condition for disease elimination. For a < 0, the model exhibits a forward bifurcation. The bifurcations
which occur for different signs of a are shown in Fig. 4.

3.2.2. Co-existence of non-diabetics and diabetics endemic equilibrium

System (2.4) can be rewritten in the following compact form:
' (t) =T + Az x(t) — XH12(¢),
y'(t) = AMHa2(t) + Hay(t)] + Ay y(t),

where z(t) € R2, y(t) € RS, I', A\, B, A, and A, are defined as in Eq. (2.4). In Eq. (3.17), the matrices
H1, Ho and Hgz are defined as

(3.17)
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FIGURE 4. Bifurcation diagram for model system (2.3) without DM. (a) o3 = 0.1 (so
that a > 0) and (b) o7 = 0.70%p; (so that a < 0). The notation EEP stands for endemic
equilibrium point. All other parameter as in Table 1.

17[)1 O
D1 0
10 0 0
Hl_(oe)’ =10 1-p
0 D2
0 0
and
—0’1(1—T1)0 0'3(1—(51) 0 0 0
0'1(1—7"1) 0 0 0 0 0
Yo = 0 0 —0'3(]. - 51) 0 0 0
57 0 0 0 —005(1 —71) 0 foyu(1 — d2)
0 0 0 00’2(1—7"1) 0 0
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The basic reproduction number of model system (3.17) is now given by

2
1

Ro=—» SHB|(-4;" 3.18

o= 5y 2 SUB | (A, ), (3.18)
where Ny = A/ p.

Let Q** = (z**,y™*) be the positive endemic equilibrium of model system (3.17). This positive endemic
equilibrium (steady state with y(¢) > 0) is obtained by setting the right hand side of model system (3.17)
to zero, giving:

'+ (A, — \*Hy)a™ =0,
(3.19)
AN Hox™ + (Ay + N Ha)y™ =0,
where (B |y
* % y
_ .2

is the force of infection at the endemic equilibrium.
The following result have been established in Appendix.

Lemma 3.6. The TB model (2.3)
(1) could have a unique endemic equilibrium whenever Ry > 1.
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(ii) could have more than one endemic equilibrium whenever Ro > 1.
(iit) could have a unique endemic equilibrium whenever Ry < 1.
(iv) could have one or more endemic equilibria whenever Ry < 1.

The backward bifurcation phenomenon is illustrated by simulating model system (2.3) with the pa-
rameter values of Table 1. A time series of the model system (2.3) when 8 = 7 (so that Ry = 0.8597) is
shown in Fig. 5. This figure shows the convergence to both the disease-free equilibrium and the endemic
equilibrium for model system (2.3) when Ry < 1. This illustrates that the profiles can converge to ei-
ther the disease free equilibrium or an endemic equilibrium point, depending on the initial sizes of the
population of the model (owing to the phenomenon of backward bifurcation).

4. Numerical studies

Numerical simulations using a set of reasonable parameter values in Table 1 are carried out for illus-
trative purpose and to support the analytical results. In all simulations, the model was simulated with
the following initial conditions which have been chosen arbitrarily: S;(0) = 8741400, S2(0) = 200000,
E;(0) = 557800, E5(0) = 4500, I;(0) = 20000, I5(0) = 1800, R;(0) = 8000 and R2(0) = 200. In all
simulations, the transmission rate 8 has been chosen such that Ro > 1 (so that case (i) of Lemma 3 is
satisfied).

4.1. General dynamics

Numerical simulations of model system (2.3) showing the time series plots of non-diabetics and diabetics
infective populations when 8 = 10 (so that Ry = 1.7194) are shown in Fig. 6. The results obtained using
parameter values in Table 1 indicate that more diabetics (Es, I5) are infected than non-diabetics (Eq, I7).
The result is in agreement with various studies which suggested that DM increases the number of infected
TB individuals in the community [11-16]. This result suggests that DM can cause serious problems for
someone with TB. Thus, consideration of how lessons learned from management of TB as a chronic illness
could be applied to DM management in resource-poor settings is worthy of greater exploration, aiming to
improve diabetes chronic disease management and consequently outcomes of both diseases. It is therefore
imperative to screen diabetics for TB and TB patients for DM.

4.2. Effects of increased the susceptibility to TB du to DM

Effects of increased the susceptibility to TB as a result of DM are explored in Fig. 7 by varying the
parameter @ when 8 = 9 (so that Rg > 1). The numerical results in Fig. 7(a)-(d) illustrate that an
increases of the susceptibility to TB due to DM will generally result in an increases of the fraction of
TB infected individuals (both diabetics and non diabetics) with a significant effect on the diabetics (as
shown by Figs. 7(b)-(c)). The figure shows that the changes in 6 do not significantly affect the long term
progression of the disease, but significant changes are observed in the initial phases of the epidemic, with
more changes being observed in the diabetics infective individuals.

4.3. Effects of increased some parameters

Simulation results in Fig. 8 illustrate the variation of the rate of being diabetics @ on the dynamics
of model system (2.3) when 8 = 8 (so that Ry > 1). This figures suggests that an increases of the
recruitment of diabetics in the community will increase the prevalence of TB cases. This suggests that
whenever more individuals in the community become hyperglycaemia, this may influence the spread of
TB in the community, but if the reverse is true, with the basic reproduction number greater than the
unity, then a number of factors may play a crucial role on the spread of TB. This result suggests that
the problem of DM should be addressed in communities affected with TB in order to reduce the burden
of the disease.
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Numerical results in Fig. 9 shows the role of 7 on the dynamics of TB when 5 = 8 (so that Ry > 1).
From this figure, it clearly evident that the modification parameter 7 does not have a significantly negative
impact on the dynamical transmission of TB in a community.

4.4. Effects of varying the percentage of heavy alcohol drinkers in the population

Herein, we now demonstrate the effects of increasing the percentage of diabetics in the population.
Figure 10 is a graphical representation of the total number of TB infected individuals who are non-
diabetics and diabetics in the absence and presence of treatment using various initial conditions when
the percentage of diabetics inside the population vary and g =5 (so that R > 1).

Figures 10(a) and (b) show what happens in a population with no treatment of infectious (i.e., v3 =
~v2 = 0), while Figs. 10(c) and (d) show what happens in a population with treatment (i.e., y; = 0.7372
and 5 = 0.7372) as the percentage of diabetics is varied.

This figure shows that as the percentage of diabetics in the population increases, the total number
of TB infected individuals who are non-diabetics at the endemic equilibrium decreases (see Figs. 10(a)
and (c¢)), while the total number of TB infected individuals who are diabetics at the endemic equilibrium
incresases (see Figs. 10(b) and (d)). Also, from this figure, it cleary appears that the total number of
TB infected individuals who are non-diabetics and diabetics at the endemic equilibrium in the presence
of TB treatment is less than the total number of TB infected individuals who are non-diabetics and
diabetics at the endemic equilibrium in the absence of TB treatment. Thus, TB treatment is able to
effectively control the epidemic. However, it is worth noting that the rate of decreases is higher among
TB patients who are non-diabetics than among the patients who are diabetics. This tends to suggest that
DM negatively affects TB. A mere look at Fig. 10(d) shows that decreasing the percentage of diabetics
to less than 50% in a country where there is effective TB treatment will have a positive impact on TB
control as noted by a rapid depletion of TB infected individuals. However, when the percentage is 100%
(the whole population is diabetics) as noted in Figs. 10(b) and (d), even if effective treatment is available
TB cannot be managed. This means that DM can complicate the management of TB. This suggests
that DM positively enhances TB infection and disease progression while negatively affecting treatment,
implying it should be or has to be discouraged at all levels within the population if TB is to be eradicated.

5. Discussions and concluding remarks

The link between DM and TB has been recognized for centuries. In recent decades, tuberculosis
incidence has declined in high-income countries, but incidence remains high in countries that have high
rates of infection with HIV, high prevalence of malnutrition and crowded living conditions, or poor TB
control infrastructure. At the same time, diabetes prevalence is soaring globally, fueled by obesity. There
is growing evidence that DM is an important risk factor for TB and might affect disease propagation and
treatment response. Furthermore, TB might induce glucose intolerance and worsen glycaemia control
in people with diabetes. DM patients with poorer glycaemic control appear to be at higher risk for
TB, demonstrating a dose-response relationship between the degree and duration of hyperglycaemia and
vulnerability to TB, rather similar to that observed with HIV and TB.

A mathematical model for studies the dynamics of TB transmission in a community, taking into account
the fact that some people in the population are diabetics is presented as a system of ordinary differential
equations. The effect of DM on the actual TB dynamics is twofold: it increases the transmissibility from
diabetics infected individuals, and it also increases the progression from a latent stage of TB to an active
TB in the population of diabetics. We have argued that there is an important interaction between DM
and TB, the effects of which may be similar to those observed between HIV and TB. Although at the
individual level the risk of developing TB is considerably lower in persons with DM than in HIV patients,
the much larger, and rapidly growing, pool of DM patients makes the global and population attributable
fraction of TB due to DM very similar to that seen with HIV.
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A qualitative analysis of the model has been presented. The epidemic threshold parameter which
determines the outcome of the disease is computed and used to assess the dynamics of the disease in the
community. Results show that increasing effective contact rate to become diabetics and susceptibility to
TB due to DM increases the basic reproduction number R, which agrees with experimental results that
DM is associated with specific negative health outcomes [48,49] and promotes the development of TB
[50]. The disease-free and endemic equilibria are obtained and their stabilities are investigated depending
on the system parameters. Due to the presence of backward bifurcation, in some parameter regimes the
system exhibits a bi-stability between a disease free and endemic steady states. The Centre Manifold
theory was used to determine the local asymptotic stability of the endemic equilibrium.

Numerical results are performed to illustrate various dynamical regimes. Graphical representations
clearly show that an increase of the susceptibility to TB due to DM will generally result in an increases
in the number of TB infected individuals with more effect on latently infected individuals and infectious
who are diabetics. Thus, DM increases disease transmission, and the prevalence of disease increases with
increased the rate of becoming diabetics. Furthermore, in the presence of treatment, TB control is more
effective in communities with non-diabetics than in the communities with diabetics. Thus, DM may
reduce the effectiveness of TB treatment and enhances TB transmission and disease progression. Hence,
DM negatively affects TB control and as long as this control is taken as a biomedical intervention only,
chemoprophylaxis and treatment alone may not be successful in populations where DM is common. Care
for TB patients involves more than just giving the anti-TB treatment, and if additional support (from
detection or diagnosis) of disease to compliance and completion of the appropriate treatment regime)
is not provided, an 88% cure rate as promote by DOTS program would not likely be reached. In the
event, when we have more individuals becoming diabetics, there is urgent need for intervention strategies
such as counseling and educational campaigns in order to curtail the TB spread. Indeed, with a global
DM epidemic that is escalating rapidly, the prevention and control of DM is likely to be an equally im-
portant intervention in controlling the DM-TB epidemic. Primary prevention of DM through attention
to unhealthy diets, sedentary lifestyles and childhood and adult obesity must be included in broad pre-
vention strategies for non-communicable diseases such as TB. Better integration of communicable and
non-communicable disease prevention and care strategies that are focused on the patient rather than the
disease is required. As with TB-HIV, one can adapt and apply similar methods of preventing, screening
and treating the two diseases together, and ensure that we have secure pipelines for drugs, that we develop
mechanisms of working together, that we undertake relevant operational and other kinds of research, and
that we adopt the philosophy of ‘learning by doing’. We may then stand a good chance of winning this
war.

Appendix: Co-existence of non-diabetics and diabetics endemic equilibrium of model system (3.17)

Let Q** = (**, y**) be the positive endemic equilibrium of model system (3.17). This positive endemic
equilibrium (steady state with y(¢) > 0) is obtained by setting the right hand side of model system (3.17)
to zero, giving:

'+ (A, — X*Kqy)a** =0,

(A1)
N o™ + (Ay + XM KC3)y™™ =0,
where (B |y
* 3k y

=" 7 / A2
N** ? ( )

is the force of infection at the endemic equilibrium. Using the first equation of (A.1), one has

A ad

S = —m——— d Sy = . A3
e R i rEY O e Ty (4-3)

Since y** > 0, (A, + \**K3) is a Metzler matrix [41,42] and one can deduce that —(A, + A**/C3)~! > 0.
With this in mind, multiplying the second equation of Eq. (A.1) by —(A, + A**K;)~! yields

Y= A (= (Ay 4 ATKs)) T Kyt (A.4)
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From Eq. (A.4), one has

where

E** = ST*A** (a’3 + a‘4)‘**) [ —
b (V)2 b A + by b

SEEN* [as + ag\** + a7(/\**)2]
bg()\**)Q + b A** + by ’

_72STAN (as + agh)

R** —
1 b2(>\**)2+b1)\**+b07
e aSik*/\**[alo +a11)\** +a12(>\**)2 +a13()\**)3 +a14()\**)4 +015()\**)5}
2 (1 + OX) [ag(A**)2 4 ag \** 4 ag] [b2(A**)2 + by A** 4 by )
e aSi‘*/\**[aw—l—an(/\**)—|—a18()\**)2—|—a19(>\**)3—|—a20(>\**)4+a21()\**)5]
5 =

(/i + 9)\**) [a2(>\**)2 + al)\** + aO} [bZ()\**)2 + bl)\** + bO] ’

R O[)\**Sik*[agg + a23)\** + a24()\**)2 + azs()\**)?) + a26()\**)4}
! (1 + OX*) [ag(A**)2 + ag A** + ag] [b2(A**)2 + by A + bg]

ap = A1(A2A3 —7161), a1 = 01(1 —r1)(A243 — 7101) + 03(A1 42 — 11k (1 —71)),
az = o1(1 —r1)os(1 = 61) (A2 —m1), by =0%02(1 — ra)ou(1l — 62)(As — 72),

by = 0(04(1 — 62)(AaAs — y2k2(1 — 1r2)) + 02(A546 — 7202)), bo = (AsAg — 7202) Aa,
a3 = (AsAs — 7202)(1 — p1),

ag = 0o4(1 — 62)(y2p1 + As(1 — p1)),

as = Ag(Aap1 + k2(1 —72)(1 —p1)),

ag = 0o4(1 — 62)(Aap1 + ka(1 — r2)(1 — p1)) + Oo2(1 — 12) A,

a7 = 0o4(1 — §3)002(1 — 13),

ag = Agp1 + ka(1 —r2)(1 — p1),

ag = Ooa(1 — 1),

arg = peoo(l — p1) + (AsAs — v161)bo(1 — p2),
a1 = ppicio + (Bcoo + peor)(1 — p1) + y0o3bopa + ((A2As — v101)b1 + 03A2b0) (1 — p2),
a1z = p1(fcro + perr) + (1 — p1)(Ocor + pcoz) + y103(1 — 61)bipa + ((A2As — 7101)bs

+ o3(1 — 01)A2b1)(1 — p2),

a1z = p1(Oci1 + peiz) + (Ocoa + peos) (1 — p1) + y103(1 — 61)bapa + 03(1 — 61) Agba (1 — p2),
arg = (Ociz + pers)pr + Ocos(1 — p1),

a5 = Opicis,

aie = pprdio + pdoo(1 — p1) 4+ A1 Azbops + Azboki(1 —7r1)(1 — p2),

a7 = p1(0dio + pdir) + (1 = p1)(0doo + pdor) + p2(o1(1 —r1)Asbg 4 03 A1bg + Ay Asby)

+ (1 —pg)(dl(l — Tl)Agbo + )\O‘3b0k‘1(1 — 7“1) + Agblk’l(l — 7“1)),
137



D.P. Moualeu, S. Bowong, J.J. Tewa, Y. Emvudu Analysis of the impact of diabetes on the dynamical transmission of TB

arg = p1(0di1 + pdiz) + p2(o1(1 —r1)os(1 — 61)bo + o1 (1 — 1) Azby + 03A1b1 + A1 Azbs)
+ (1= p2)(o1(1 —71)o3(l — 61)bg + 01 A3by + o3(1 — §1)b1k1(1 — r1) + Aszboki (1 —71))
+ (1 — p1)(0dpy + pdoz),
arg = p1(0diz + pdyz) + (1 = p1)(0doz + pdoz) + (1 — p2)(o3(1 — 61)b2k1 (1 —71) + 01 (1 —71) A3bs)
+ pa(o1(1 — r1)oz(1 — 01)b1 + 01(1 — 71)o3(1 — 61)by + 01 Agba + 03(1 — §1) Arbs),
azo = p1(0diz + pdia) + (1 — p1)(pdos + 0doz) + o1 (1 —r1)o3(1 = 61)bapa + 01 (1 — r1)oz(1 — 01)b2(1 — p2)
az = Oprdis + 0dos(1 — p1),
ase = peiopr + peoo(1 — p1) + v141bope + Y1boki (1 —71)(1 — pa2),
a3 = p1(fero + peir) + (1 — p1)(Beoo + peor) + p2(or (1 —71)v1bo + Ay1A1b1)
+ (1 =p2)(o1(1 = 7r1)y1bo +y1bikr (1 —71)),
asa = p1(ferr + pers) + (1 — p1)(peos + eor) + pa(o1(1 — ri)yiby + 41 A1b)
+ (1 =p2)(o1(1 = r1)71b1 + 71b2k1 (1 — 11)),
azs = (ferz + pers)pr + (Peoz + peos) (1 — p1) + o1(1 — r1)yibapa + o1 (1 — r1)y1b2(1 — p2),
azs = feizpr + Oegz(1 — p1),

with

coo = (AsAg — 7202)(A2A3 — 7101),
cor = 03(1 — 01)Az(y2k2(1 —12) — 62A2) + 03A6(Ty1k2(1 — 1r2) + A2 As) + (A2 A3 — 7101)As004(1 — d2),
co2 = 0oa(1 —19)os(l — §1)As(y2 + As) + 07v103(1 — 01)(02(1 — 12) Ag + 05(1 — d1)ko (1 — 13)),
co3 = 027oo(1 — 19)y103(1 — 61)o4(1 — &),
doo = (AsAg — 7¥202)Ask1 (1 — r1) + A1ka(1 — 1r2) (7201 + TA346),
dor = 01(1 — 11)7y2(81k2(1 — 72) — 62 A43) + 0372k1 (1 — r1) (k2(1 — 72) — 62)
+ v (1= 1) A Ag(As + Tha(1 — 12)) + o5(1 — 61) Ag(Asks (1 — 1) + 7 Arks(1 — 72))
+ 009 A1 (7201 + TA3A6) + 004 A3(Ask (1 — 1) + TA1ko (1 — 13)),

doy = 01(1 —71)o3(1 — 81) (=202 + AsAg + (72 + TAg)ka(1 — 19)) + 0270904 (1 — 62) A1 Az
+ 01(1 —7r1)oa(1 — 72)0(201 + TA346) + 02(1 — r23)o3(1 — 61)0(2k1 (1 — 1)
+ T7A1Ag) + 001(1 — r1)o4(1 — 82) (A3 As + TAzka(1 — 72))
+ 0o3(1 — 81)04(1 — 82)(Ask1 (1 — 1) + TA1k2(1 — 13))
doz = 92704(1 —2)oa(l —r3)(01(1 —1r1)As + 0341)
+ 0701(1 —r1)os(1 — 01)(02(1 — r2)Ag + Toska(l — 72))
+ 0o1(1 —11)o3(1 — 61)(02(1 — ro)y2 + 0445),

dos = 0*101(1 — 71)02(1 — r9)oz(1 — 61)oa(1 — &)

eoo = Arka(1 —12) (242 + 7y1k2(1 — 7r2)) + Y1k1(1 — 1) (A5 46 — 7202)

eo1 = 01(1 —r1)71(AsAg — ¥202) + 01ka(1 — 72) (72 A2 + 771 46) + 0 A102 (12 A2 + 771 As)
+ 0v104(Ask1 (1 — 1) + TALk2(1 — 12)),

eo2 = 0o1(1 —11)o2(1 —1r2)(y2A2 + 711 46) + 001 (1 — r1)04(1 — 62)v1(As + Tka(1 — 12))
+ 0%702(1 — ro)m104(1 — 62) Ay,
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eos = 02701 (1 — r1)oa(1 — ro)y104(1 — 62)
c10 = 03(1 — 81)y2As Ay + 07204 Az As + Ty103(1 — §1)AgAg — 0711720104(1 — 02),
c11 = 0oa(1 —r9)os(l — §1)y2As 4+ 0o37204(1 — 62) Ag + O702(1 — 13) 10346
+ 07v103(1 — 61)04(1 — 02) Ay,
c1a = 0°709(1 — 12)y103(1 — 61)04(1 — 62), dig = A1 As(7261 + TA3A),

dyy = (01(1 =) Ay + 0oa(1 — 1r2) A1) (7201 + TA3A6) + 03(1 — 61) Ag(y2k1 (1 — 1) + TA1 Ag)
+ Ooy(1 — 823)Az(yeky (1 — 1) + TA1 Ay),

dig = 01(1 —11)o3(1 — 61)(y2 Ay + TALAg) + 0o1(1 — r1)oa(1 — ro) (7201 + TA34s)
+ Oo104(1 — 02)As(ve + TA4) + o2 (1 — ra)os(y2k1 (1 — 1) + T A1 Ag)
+ Oo3(1 — 61)oa(1 — 62)(y2k1 (1 — ) + TA1A4) + 6’2702(1 —1g)o4(l — d3) A1 As,

diz = 001(1 —r1)o2(l —r9)os(l — 81)(y2 + 7Ag) + 001(1 — r1)o3(1 — 51)o4(1 — 52) (2 + TA4)
+ 0*102(1 — r9)aa(1 — 63) (01 (1 — 1) Az + To34;1),

dis = *101(1 —11)oa(1 — r9)o3(1 — 61)o4(1 — 02), erg = Ay Au(y2 Az + 7y 4¢),

e11 = 0y104(1 — 02)(y2k1(1 — 1) + TALAg) + 00a(1 — r2) Ay (2 A2 + 771 Ag)

+ o1(1 = 71)As(T7146 + 12 42),
e12 = 0o1(1 —r1)v2(y104(1 — 02) + 02A2) + 0701 (1 — r1) 71 (02(1 — r2) Ag

+ 104 A4) + 92702(1 —19)y104(1 — 02) A1, €13 = 92701(1 —11)o2(l = r9)y104(1 — 62),
co0 = 03(1 = 01)A4(A2As + 77102) 4 Oo4(1 — 62) A5 (A2 Az — 7101),
co1 = 0oa(1 —19)o3(l — §1)(AgAs + 7v102) + o3 (1 — 61)04(1 — 62)(A2As + Ty1k2(1 — 12)),
Cog = 027'02(1 —19)y103(1 — 61)04(1 — 02), dap = A1 A4(61 A5 + TI2A3),

dor = 01(1 —11)A4(01A5 + T2 A3) + 03 A4 (Ask1(1 — r1) + T2 A1) + Ooa(1 — 12) A1 (61 A5 + T2 As3)
+ 004(1 — §3)A3(Ask1 (1 — r1) + TAzka (1 — 12)),

dag = 01(1 —r1)o3(1 — 1) As(As + 72) + 001 (1 — 11)02(1 — 12) (61 A5 + T02A3)
+ 0o1(1 —71)0a(1 — 82)A3(As + Tha(1 — 72)) + Ooa(1 — r2)o3(1 — 61)(Ask1 (1 — 1) + T6241)
+ 003(1 — 01)oa(Aski (1 —1r1) + TA1ko(1 —72)) + 0%702(1 — r3)o4 A1 A,

das = 001(1 —r1)oa(l —ra)os3(1 — 61)(As + 72) + 001 (1 — r1)o5(1 — §1)oa(1 — 52) (A5
+ Tha(1 = 19)) 4+ 0202(1 — r9)04(1 — 62)7 (01 (1 — 1) Az + 03(1 — §1)Ay),

doy = 02701 (1 — 71)0o(1 — 79)o3(1 — 61)o4(1 — &), eap = (A As + Ty102) AL Ay,

eo1 = 01(1 — 1) Ag(A2As + 77102) + Ov104(1 — 82) (Ask1 (1 — r1) + TA1k2 (1 — 13))
+ 0o2(1 — 19)A1 (A A5 + 77102),

eo = 001(1 — r1)v104(1 — 02)(As + Tho(1 — r2)) + 001 (1 — 11)o2(1 — 12) (A2 As + T7y102)
+ 02709(1 — ro)y1oa(1 — 82) Ay,  ea3 = 02701 (1 — r1)oa(1 — r2)y104(1 — 63),

From Eq. (A.4), one can deduce that

O BSTXTIRN) AT SO O A+ ]
- (,LL + 0}\**) [(12()\**)2 + a1>\** + aO] [bg()\**)Q + bl)\** + bO} ’
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where

fo = aeasg + paoas,

f1 = agayr + Oagas + pagag + paas,

fo = acaig + Bagas + Oaras + pagar + paias + pazas,

f3 = agaig + Oagar + Oayae + Basas + paiar + pasag,

fa = agag + Oaray + Oazae + pazar, fs5 = acas + Oazar.
Combining Eqgs. (A.2) and (A.6) yields
~BST () A+ SN+ f3(N)P 4 f2(0)? + LA + fo]

N* — A7
(,U, + 6)\**) [GQ()\**)2 + CL1>\** + aO] [bZ()\**)2 + bl)\** + bO] ( )
Now, using Eq. (2.8) at the steady state, one has
N** — 4 (1 - dyvs (ag + A" ag) A™ >
W (bg[)\**)Q + by A** +b0}(/.t+04+/\**)
(A.8)
B é )\**[d2a(a22 + a23)\** + a24(>\**)2 + a25(>\**)3 + a26()\**)4)]
(g4 OX) [aa(N*)2 + a1 A + ag] [ba(N*)2 + by A + bo] (1 + o+ A**)

Equaling Egs. (A.7) and (A.8), and using Eqs. (A.3), it can be shown that the non-zero equilibria of
model system (3.17) satisfy the following sixth equation in A**:

96(A)° + g5(A™)° + ga(A™)" + g3(A™)% + g2 (A™)* + 1 A" + go = 0, (A.9)
where

g0 = Bufo + p(p + a)agbo,
g1 = Bufi + pagbo + 0(p + a)agbo + p(p + o) (aghy 4 arby) — adaage — py2apdias,
g2 = Bufa + Oagbo + p(aobr + arbo) + 0(p + o) (a1 (bo + b1) + ao(by + b2) + azbo)

— Ovadiag(aoas + p(agag + aras)) — adzass,
93 = Bufs + 0(apby + arbo) + p(agbs + a1by + asbg) + 0(1 + a)(agbs + a1by + asbyp),

+ pu(p+ a)(arbs + azby) — 0yadi(apay + aras) — adsass — pryadi (arag + azas),
ga = Bufs + 0(agbs + arby + azbo) + p(aiby + azbr) + 0(p + a)(ar1bs + azby)

+ p(p + a)agbs — 0v2dy (arag + azag) — pyzasdiag — adaass,
95 = Bufs + 0(arbs + azb1) + pasbs + 0(p + a)asbs — 0y2a2d1a9 — adzasg,

g6 = Basbs.

The positive endemic equilibria Q** are obtained by solving for \** from the sixth equation (A.9) and
substituting the result (positive values of A**) into the expressions of the state variables of model system
(3.17) at the steady state defined as in Eqs. (A.3) and (A.5). Clearly, it can be shown that the coefficient
go of (A.9) is positive or negative whenever R is greater or less than unity, respectively. Thus, the
number of possible real roots of the polynomial (A.9) can have depends on the signs of the coefficients
96, 95, 94, 93, g2, g1 and gg. This can be analyzed using the Descartes Rule of Signs on the polynomial
h(/\**) — QG(A**)G +g5()\**)5 +g4(>\**)4 +g3(>\**)3 +92()\**)2 +91>\** +go

Using the Descarte Rule of Signs, one can conclude that the TB model (2.3) or (3.17)
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could have a unique endemic equilibrium whenever Ry > 1;
could have more than one endemic equilibrium whenever Ry > 1;
could have a unique endemic equilibrium whenever Ry < 1;
could have one or more endemic equilibria whenever Ry < 1.
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FIGURE 5. Simulation of model system (2.3) using various initial conditions when § =
7 and o1 = 0.05 (so that Rg = 0.8597). Time series of (a) Susceptible population
Sy, (b) Susceptible population Sy, (¢) Latently infected population E;, (d) Latently
infected population Fs, (e) Infectious pop&l%%ion I, (f) Infectious population I and (g)
Recovered population Ry, (h) Recovered population Ry . All other parameters are as in
Table 1.
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FIGURE 10. Simulations of model system (2.3) showing the effects of varying the percent-
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of treatment. Parameter values used are in Table 1.

146



