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Abstract. In this paper we are interested in a mathematical model of migration of grass eels
in an estuary. We first revisit a previous model proposed by O. Arino and based on a degenerate
convection-diffusion equation of parabolic-hyperbolic type with time-varying subdomains. Then,
we propose an adapted mathematical framework for this model, we prove a result of existence
of a weak solution and we propose some numerical simulations.
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1. Introduction

The European eel is a Catadromous-Diadromous fish, that is to say that it spends most of its life in fresh
water and migrates to the sea to breed. Spawning occurs in the Sargasso Sea. Eels feed and are born
primarily by the Gulf Stream which irrigates the eel colonization area ranging from Mauritania to the
Barents Sea. Near the continental shelf, where they come at the end of the summer, eels metamorphosed
into glass eels. At this stage the muscle fibres of glass eels are poorly developed limiting their ability to
swim in the estuary, where they are caught.

When they enter in the estuary, the glass eels are not able to fight against the current speed (cf.
Bolliet [9] and De Casamajor et al. [14]). Thus, their behavior is mainly passive and is constrained by
the flow of water u. Moreover, since they are used to salt water, throughout their motion in the saltwater
- freshwater stratification, they need to migrate at the bottom. Indeed, in estuaries, there is a sharp
boundary created between the water masses, with fresh water floating on top and a wedge of saltwater
on the bottom. Then, arriving in brackish water, glass eels are able to fight against a maximum current
speed given in the sequel by û, else they move in the vertical water column to burrow in the bottom.
This is the place where we consider our study, from the mouth of the Adour river to the “Bec du gave”
in the map: Figure 1.

A last rule needed to model the behavior of glass eels indicates that they are afraid of light (cf.
Bardonnet et al. [5]). Then, depending on the daylight, the full moon, the new moon and the turbidity,
they dive towards the bottom, or they go towards the surface.
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Bayonne

Figure 1. Map of the Adour estuary and locations of the two main glass eels fisheries
(source [28]).

Fishing glass eels in the region of Bayonne (cf. map in Figure 1) is a part of the heritage of this region.
Some GaveÕs fisheries are present since the eleventh century in the cartularies of some monasteries. Glass
eels are also an attractive product to fishermen. Today, about 70 % of annual turnover of fishermen of
the Adour comes from the glass eel fishing. Now the future of this fish is uncertain. The number of glass
eels has fallen sharply. This decrease is due to several factors: oceanic factors, low swimming ability of
larvae, estuarine environments, É The elaboration of a robust model, aside from its scientific interest, is
of direct use to the conservation of eel stocks and to improve the way that eel fisheries and habitats are
managed.

In this paper we are interested in the evolution of the density of glass eels in a part of an estuary (in
our case, the Adour river in the South-West of France). The initial model, proposed by O. Arino (cf.
[26]) and extended by P. Prouzet et al. in the “supporting information” of paper [28], has been recently
revisited by P. Prouzet et al. [27] and M. Odunlami [25] in the EELIAD project (European Eels in the
Atlantic : Assessment of their Decline). To our knowledge, [26] is the only mathematical study of this
type of model. In this reference, the authors propose to prove the existence of a weak solution assuming
that the different sub-domains are stationary domains and they give qualitative information assuming
the existence of a regular solution. Here, by the way of an extended fixed space domain and a global
degenerate convection-diffusion equation with discontinuous coefficients and suitable conditions at the
boundary, we obtain the good description of migration of the glass eels when coming back to the domain
of evolution. By a vanishing viscosity method, we prove the existence of a weak solution and the same
qualitative properties for this weak solution at the limit.
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The model is based on the semi-linear degenerate parabolic-hyperbolic problem (2.1) where D is a
diagonal matrix and V a vector given in (2.2). Indeed, the problem is of parabolic type when D is
positive-definite, it is of hyperbolic type when D = 0; and this may occur in given time-dependant non-
negligible open sets. This corresponds to a coupling of a parabolic problem with a first order hyperbolic
one, via the surfaces separating the two sets. In the case of two linear hyperbolic problems and fixed sets,
there exist many papers in the literature concerning for example domain decomposition for transport
equations (cf. F. Gastaldi et al. [19]). On the other hand, the nonlinear case is more delicate, see in
the one dimensional case Adimurthi et al. [1], B. Andreianov et al. [4], or J. Jimenez et al. [21] for a
bounded d-dimensional one.

Concerning the coupling of a second-order operator with a first order one, still for fixed domain, let
us cite the paper of F. Gastaldi et al. [18] in the linear case for heat transfer studies and the paper of
G. Aguilar et al. [2] for infiltration processes in an heterogeneous porous media. To our knowledge, the
case of time-varying subsets has not been studied.

Realistic boundary conditions and discontinuous time-space dependence of the coefficients are the main
difficulties in our study. We proposed in this paper a result of existence of a solution, but the question of
the uniqueness of the solution is open. Although the main operator of the problem is linear, may be an
additional condition of “entropy” type to the definition of a weak solution is needed. This is the usual
condition when one proves the existence of a solution via a method of vanishing viscosity. Then, one
has to consider a fully nonlinear formulation (cf. S. N. Kruvzkov [22]) and the lack of compactness and
of L∞ a priori estimate yield to think of generalized formulations like kinetic (cf. G.-Q. Chen and B.
Perthame [12]) or Young measures (cf. G. Vallet and P. Wittbold [30]) formulations, and of a generalized
boundary formulation like J. Carrillo [10]. Let us also mention an other type of degenerate parabolic
problems that models convection-diffusion motions in nature: M. Bendahmane et al. [7], R. Bürger [8]
for Neumann conditions or G. Q. Chen et al. [11]. They are nonlinear models and, unlike our problem,
they degenerate in a free set given by some values of the unknown variable.

After this brief presentation of the behavior of the animal, we expose in a second section the mathe-
matical model. In the third section we propose the mathematical framework for this model, the definition
of a solution and the result of existence of a solution. Then, in Section 4 we prove this result. The last
section provides some numerical simulations of this model.

2. The population dynamic model

Let us, in this section, present the mathematical model for the dynamic of glass eels when they are
moving in the transversal profile of the river Adour, from downstream to upstream.

The transversal profile of the river is denoted, at each time t, by Ω̃(t).

If one denotes by ]L,R[ the base of this profile, the domain Ω̃(t) is described by

Ω̃(t) = {(x, z), x ∈]L,R[, zb(x) < z < ζ(t, x)} ,

where zb(x) denotes the vertical position of the bottom at abscissa x in ]L,R[ and ζ(t, x) − zb(x) the
water depth as a time evolution function, because of the tide for example.

Let us denote by C the glass eel density.

The model is based on the following reaction-convection-diffusion equation:

∂tC − div(x,z)[D∇C] + div(x,z)(V C) = −µ(., C)C, (2.1)

where :

1. the vector V and the matrix D are respectively given by

V (t, x, z) =

(
a(t, x, z)
−b(t, x, z)

)
D(t, x, z) =

(
e(t, x, z) 0

0 d(t, x, z)

)
; (2.2)
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2. Glass eel mortality is given by term µ(t, x, z, C) = µn(t, x, z) + µp(t, x, z, C), where µn ≥ 0 is the
coefficient of natural mortality or those becoming sedentary and µp ≥ 0 the coefficient of mortality
due to fishery.

In order to make precise the different functions involved in the above equation, let us introduce some
notations :

1. u denotes the current speed. It is assumed to be a function of (t, x), positive from downstream to
upstream.

2. û denotes the maximum current speed allowing glass eel migration (û < 0).
3. zb, the bottom of the river, is a regular function of x, bounded from below by zmin. ζ, the top of the

river, is a regular function of (t, x), bounded from above by zmax.
4. hmin denotes the depth of presence of the eels in the water column: i.e. eels mainly live in

]zb(x), ζ(t, x) − hmin(t, x)[ . It depends on the light in the water, as a function of (t, x). It is a
regular function, lower bounded by a positive constant h̄ (that means that glass eels never reach the
surface).

Thus, zmin ≤ zb(x) ≤ ζ(t, x)− hmin(t, x) ≤ ζ(t, x)− h̄ < ζ(t, x) ≤ zmax.

This behavior in the presence of light is explained by Bardonnet et al. in [5] and can be summarized,
from experimental measurements in the Adour river, as indicated:

(a) During the day, eels stay at the bottom and hmin(t, x) = ζ(t, x)− zb(x).
(b) Else, it depends on the turbidity T in NTU1:

i. if T > 40 NTU,
A. at dusk beginning, hmin(t, x) = 3 m,
B. at dusk, hmin(t, x) = 2.4 m,
C. at night, hmin(t, x) = 1.20 m.

ii. if 8 < T < 40 NTU,
A. at black moon with a cloudy sky, hmin(t, x) = 1.5 m;
B. at black moon with a clear sky, hmin(t, x) = 1.76 m;
C. at crescent moon with a cloudy sky, hmin(t, x) = 2.02 m;
D. at crescent moon with a clear sky, hmin(t, x) = 2.28 m;
E. at full moon with a cloudy sky, hmin(t, x) = 2.54;
F. at full moon with a clear sky, 2.80;

iii. if T < 8 NTU,
A. at night, hmin(t, x) = 2.70 m,
B. else hmin(t, x) = ζ(t, x)− zb(x).

5. H denotes the function of Heaviside with H(0) = 1 to fix ideas.
6. VC denotes the own speed of glass eels. It will be a constant and we assume in the sequel that
∂tζ > −VC (i.e. the own speed of glass eels is greater that the one of the tide).

7. kh > 0 denotes the horizontal diffusion coefficient (mainly related to current).
8. kv > 0 denotes the vertical diffusion coefficient (mainly related to glass eel behavior).

9. fz(t, x, z) = min
[
1,

[z − zb(x)]+

ζ(t, x)− zb(x)

]
denotes a coefficient inferring that glass eels close to the bottom

of the river will move towards the bottom less quickly than the one close to the surface.
Note that, by extension, fz(t, x, z) = 1 if z ≥ ζ(t, x).

10. f0(t, x, z) = 1−H
[
u(t, x)− û

]
H
[
ζ(t, x)− hmin(t, x)− z

]
.

This function decides the vertical transport of eels towards the bottom:

(a) f0 = 1 if the light is too important or if the current speed does not allow glass eel migration; and
by extension if z ≥ ζ(t, x). It makes them dive towards the bottom.

1NTU : nephelometric turbidity unit

171



“mmnp˙Odunlami” — 2012/5/23 — 9:53 — page 172 — #5i
i

i
i

i
i

i
i

M. Odunlami, G. Vallet Mathematical analysis of the glass eel migration

(b) f0 = 0 otherwise and glass eels may move towards the surface.

11. µp(t, x, z, C) = µ̂(C)(1− f0(t, x, z))H
[
z−

(
ζ(t, x)−ω

)]
where µ̂ is a bounded continuous function and

[ζ − ω, ζ] is the fishing zone.
Note that, by extension, µp(t, x, z, C) = 0 if z ≥ ζ(t, x).

Then, the model states that:

1. a(t, x, z) = u+(t, x) if z < ζ(t, x) and 0 else.
a denotes the horizontal transport of glass eels. It has to be from downstream to upstream. Since the
horizontal dynamic of eels is passive, it is possible only when the current is positive.

2. b(t, x, z) = VC .fz(t, x, z)
α.f0(t, x, z) − VC .[1 − fz(t, x, z)]α.[1 − f0(t, x, z)] = bdown(t, x, z) − bup(t, x, z)

where α ≥ 1 is a given value by the experimentation. In practice and in the sequel, α = 1 is assumed.
Then, b = VC .[fz + f0 − 1].
b denotes the vertical transport of glass eels. If the current or the light are not favorable, or z ≥ ζ(t, x),
glass eels dive to the bottom (b = bdown). Else, they are able to go towards the surface (b = −bup).

3. d(t, x, z) = H
[
u(t, x)− û

]
.H
[
ζ(t, x)− hmin(t, x)− z

]
.kv.

d denotes the vertical diffusion of glass eels. When the glass eels are able to fight against the current
(i.e. u ≥ û), and depending on the brightness, they are able to diffuse in the water column.

4. e(t, x) = H
[
u(t, x)− û

]
kh if z < ζ(t, x) and 0 else.

e denotes the horizontal diffusion of glass eels. This diffusion is possible as soon as they are able to
fight against the current.

Lastly, for any s ∈ [0, T ], let us denote by :

Q = {(t, x, z), t ∈]0, T [, x ∈]L,R[, z ∈]zb(x), zmax[}
Q̃ = {(t, x, z), t ∈]0, T [, x ∈]L,R[, z ∈]zb(x), ζ(t, x)[}˜̃
Q = {(t, x, z), t ∈]0, T [, x ∈]L,R[, z ∈]zb(x), ζ(t, x)− hmin(t, x)[} ,

Q+ = {(t, x, z) ∈ Q, u(t, x) > û} , Q̃+ = Q+ ∩ Q̃, ˜̃Q+

= Q+ ∩ ˜̃Q.
Ω = {(x, z), x ∈]L,R[, z ∈]zb(x), zmax[} ,

Ω̃(s) = {(x, z) ∈ Ω, z < ζ(s, x)} , ˜̃Ω(s) = {(x, z) ∈ Ω, z < ζ(s, x)− hmin(s, x)} ,

Ω+(s) = {(x, z) ∈ Ω, u(s, x) > û} , Ω̃+(s) = Ω+(s) ∩ Ω̃(s),
˜̃
Ω

+

(s) = Ω+(s) ∩ ˜̃Ω(s).

We assume that they are all open Lipschitz sets and the corresponding boundaries are: I =]L,R[,

Γl = {(x, zb(x)) , x ∈ I} , Γ l(s) = {(x, ζ(s, x)), x ∈ I} , Γmax = {(x, zmax), x ∈ I} .
Σl = ]0, T [×Γl, Σl = {(t, x, ζ(t, x)), t ∈]0, T [, x ∈]L,R[} , Σmax =]0, T [×Γmax.

ΓL = {L}×]zb(L), zmax[, Γ̃L(s) = {L}×]zb(L), ζ(s, L)[,˜̃
ΓL(s) = {L}×]zb(L), ζ(s, L)− h(s, L)[,

˜̃
Γ

+

L(s) =
˜̃
ΓL(s) ∩ {u(s, L) > û} ,

Γ+
L (s) = ΓL ∩ {u(s, L) > û} , Γ̃+

L (s) = Γ̃L(s) ∩ {u(s, L) > û} ,
ΓR = {R}×]zb(R), zmax[, Γ̃R(s) = {R}×]zb(R), ζ(s,R)[,˜̃

ΓR(s) = {R}×]zb(R), ζ(s,R)− h(s,R)[,
˜̃
Γ

+

R(s) =
˜̃
ΓR(s) ∩ {u(s,R) > û} ,

Γ+
R (s) = ΓR ∩ {u(s,R) > û} , Γ̃+

R (s) = Γ̃R(s) ∩ {u(s,R) > û} ,
ΣR = ]0, T [×ΓR, Σ̃R = ∪t∈]0,T [Γ̃R(t), Σ̃+

R = ∪t∈]0,T [Γ̃
+
R (t).
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Since the natural spatial domain is the river, this domain is a priori Ω̃(t). Thus, it evolves over time

and one has to consider the initial/boundary conditions for the domain Q̃.
Then, the conditions of mixed type are formally the following:

1. the initial condition corresponds to a Dirichlet condition on the boundary Ω̃(0). Assume that no eels
are present in the river at time t = 0, that is C(t = 0) = 0.

2. no eels are able to go out (or in) the domain at the bottom of the river (i.e., z = zb) and at the surface
(i.e., z = ζ). Thus, C∂tη + [V C −D∇C].η(x,z) = 0 on Σl and Σl (2).

Note that at the bottom of the river (i.e., Σl), η =
(0,z′b,−1)√

1+z
′2
b

and the condition is

[V C −D∇C].η(x,z) = 0 i.e. (aC − e∂xC)z′b + (bC + d∂zC) = 0;

at the surface (i.e., Σl), η = (−∂tζ,−∂xζ,1)√
1+∂tζ2+∂xζ2

and the condition is

−C∂tζ − (aC − e∂xC)∂xζ − (bC + d∂zC) = 0 i.e. − C∂tζ − (aC − e∂xC)∂xζ − VCC = 0.

3. One assumes that the diffusion term cancels on ∪t∈]0,T [Γ̃R(t). Moreover, when the current is favorable a
free outflow convection is possible, else, it cancels. Since V .η = a(t, R, z) = 0 when u ≤ 0, one gets that
[V C−D∇C].η = V .η C. And, in our case, this Fourier-Robin condition becomes [V C−D∇C].η = aC.

4. On ∪t∈]0,T [Γ̃L(t), one assumes that a known density f(t, z) of eels enter the domain. As mentioned in
the introduction, when they enter in the domain, glass eels are used to salt water. So, because of the
salt wedge, they need to enter in the domain by the lowest part of Γ̃L(t) and, in practice, f = 0 unless
in a part ]zb(L), zb(L) + κ[ for a small positive value κ. Moreover, they enter only when the current
allows this entrance. Therefore, the diffusion term cancels and the continuity of the inflow convection
gives V .ηC = V .ηf . Since V .η = −a, one gets that [V C −D∇C].η = −af .

3. A mathematical formulation

In this section, we propose a mathematical framework for the study of the model, the definition of a
solution and the result of existence.

Although it will not be the best strategy for a numerical approach of this model, it will be more
convenient to work in the fixed domain Ω and not the time-dependent one Ω̃(t) for the mathematical
analysis. Then, we propose to extend the equation to Domain Q =]0, T [×Ω by

∂tC + div(x,z)[V C −D∇C] = −µ(., C)C in ]0, T [×Ω,

for conditions

C(t = 0) = 0 on Ω, [V C −D∇C].η = 0 on Σl, C = 0 on Σmax,

[V C −D∇C].η = aC on ]0, T [×ΓR, [V C −D∇C].η = −af on ]0, T [×ΓL.

If one denotes by Q̃c = Q\cl(Q̃), the definitions of V , D and µ in this part of the domain yield that
C has to satisfy in Q̃c the linear transport equation with constant coefficients

∂tC − VC∂zC = 0 i.e. div(t,x,z) CU = 0 where U = (1, 0,−VC)T .

Then, it is well known that there exists a unique (weak) solution as soon as boundary conditions are
imposed on the part of the boundary corresponding to U .η < 0 (cf. C. Bardos [6]).

On the one hand, note that U .η = −1 at t = 0 and U .η = 1 at t = T ; U .η = 0 at x = L or x = R;
U .η = −VC at z = zmax and U .η = ∂tζ + VC at z = ζ.

2η = (∂tη, η(x,z)) denotes the outward unit normal to Q̃, ∂tη is the time component, and η(x,z) the spatial one.
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Since on the other hand ∂tζ > −VC , the above extension asserts that C = 0 in Q̃c and the compatibility
condition in Q across the hyper-surface z = ζ corresponds to the boundary condition introduced in the
model.

Note that this model is of degenerate type. Indeed:

in
˜̃
Q

+

, the equation is of parabolic type with regular coefficients:

∂tC − kh∂2xxC − kv∂2zzC + ∂x(u+C) + ∂z(bupC) = −µnC − µp(., C)C;

in Q̃+\ ˜̃Q+

, it is of degenerate parabolic type, still with regular coefficients, since the second order differ-
entiation exists only for the horizontal direction:

∂tC − kh∂2xxC + ∂x(u+C)− ∂z(bdownC) = −µnC;

in the complementary of Q̃+, it is of hyperbolic type with regular coefficients:

∂tC − ∂z(bdownC) = −µnC.

Let us set U := (C,V C −D∇C) then the equation writes:

div(t,x,z) U = −µ(., C)C in the sense of distributions in Q.

Since one can expect µ(., C)C to belong to L2(Q), the vector U will belong to the set

H(div(t,x,z), Q) :=
{
w ∈ L2(Q), div(t,x,z) w ∈ L2(Q)

}
,

endowed with the norm w 7→ [||w||2L2(Q) + ||div(t,x,z) w||2L2(Q)]
1
2 .

Then, by definition of parameters e and d, one can expect C to satisfy∫ T

0

∫ R

L

1{u>û}

(∫ ζ(t,x)

zb(x)

|∂xC|2dz +

∫ ζ(t,x)−hmin(t,x)

zb(x)

|∂zC|2dz

)
dxdt < +∞.

Thus, we will assume that C belongs to the spaceW(0, T ) =
{
v ∈ L2(Q), with |v|W(0,T )

< +∞
}

where,

for any v ∈ W(0, T ), |v|2W(0,T ) :=

∫ T

0

(∫
Ω̃+(t)

|∂xv|2dxdz +

∫
˜̃
Ω

+

(t)

|∂zv|2dxdz

)
dt. In the sequel,W(0, T )

will be endowed with the norm ||v||W(0,T ) = [||v||2L2(Q) + |v|2W(0,T )]
1
2 .

Moreover, thanks to the equation, it will be proved that if V =
{
v ∈ H1(Ω), v = 0 on Γmax

}
, then

∂tC belongs to L2(0, T,V ′).
Therefore, one will have that C ∈ C([0, T ],V ′) (cf. J. L. Lions [13] Vol.7 p.577 sqq.).

Since a classical result for such type of conservation problem leads to C ∈ L∞(0, T, L2(Ω)), combined
with the above continuity, we can consider that C ∈ Cw([0, T ], L2(Ω))3.

Since U ∈ H(div(t,x,z), Q), it is well known (cf. J. E. Roberts et al. [29]) that the trace of U .η(t,x,z)
exists in H−

1
2 (∂Q) where η(t,x,z) denotes the outward unit normal to ∂Q. Moreover, for any v in H1(Q),

one has the following Green formula:∫
Q

(div(t,x,z) U) v dxdzdt+

∫
Q

U .(∂tv,∇v) dxdzdt =< U .η(t,x,z), v >H−
1
2 (∂Q),H

1
2 (∂Q)

.

3The continuous functions from [0, T ] to L2(Ω) endowed with the weak topology (cf. J. L. Lions et al.) [24].
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Then, the formal boundary conditions imply that U .η is a function such that

U .η(t,x,z) = (C,CV −D∇C).η(t,x,z) =


−C(t = 0) = 0 in Ω
0 on z = zb or z = zmax

aC on x = R
−af on x = L

Thanks to this remark, one can expect looking for (C,V C −D∇C) in the set

H(div(t,x,z), Q) :=
{
w ∈ H(div(t,x,z), Q), w.η(t,x,z) ∈ L2(∂Q)

}
,

endowed with the norm w 7→ [||w||2H(div(t,x,z),Q) + ||w.η(t,x,z)||2L2(∂Q)]
1
2 .

For that, we need to precise the sense given to the trace of aC on ΓR.
Since a = 0 if u ≤ û, the support of a(t, .) on ΓR is contained in Γ̃R(t) which is a part of the vertical

boundary of Ω̃+(t). Then, C has a trace in L2(Σ̃+
R ) with the estimation∫ T

0

∫ ζ(t,R)

zb(R)

1{u(t,R)>û}|C(t, R, z)|2dzdt ≤ c
∫ T

0

∫ R

L

∫ ζ(t,x)

zb(x)

1{u(t,x)>û}[|C|2 + |∂xC|2]dzdxdt

where c is a constant depending on R− L, the horizontal size of the domain.
Seeing a as a weight, one gives a sense to aC in L2(ΣR) with a control of its norm by the one of C in

W(0, T ).

For a reason of convenience in the proofs, denote by λ > λ1 a constant where λ1 is defined in Lemma
4.2 4. Then, if one denotes by S = e−λtC,

∂tS + λS − div(x,z)[D∇S] + div(x,z)(V S) = −µ(., eλtS)S = −µ̄(., S)S.

Thus, denoting by f̄ = e−λtf , the result we will be interested in is

Theorem 3.1. There exists nonnegative S in W(0, T ) ∩ Cw(0, T, L2(Ω)) such that ∂tS ∈ L2(0, T,V ′)
and S(t = 0) = 0, solution for a.e. t ∈]0, T [, to the variational problem: for any v in V,

< ∂tS, v > +

∫
Ω

[(∇S)T .D.∇v − S V .∇v + λSv + µ̄(., S)Sv]dxdz +

∫
ΓR

aSvdσ =

∫
ΓL

af̄vdσ.

Then, C is given by the relation: C = eλtS.

4. Existence of a solution

In this section, we prove the above theorem by using a method of vanishing diffusion.
The control of the norms of the approximate solution, for the a priori estimates, comes from the remark

that the lack of information in the hyperbolic part will concentrate, thanks to a by part-integration, on a

part of the boundary {z = ζ − hmin}. Then, since it will be a part of the boundary of
˜̃
Q

+

, the parabolic
part of the problem, one will use it as a trace term.

For the nonlinear term, µ̄, we will use the compactness information coming from the same parabolic
part of the problem.

For any positive ε and any Sε, v ∈ V, denote by

Aε : (Sε, v) 7→
∫
Ω

[(∇Sε)T .D.∇v + ε∇Sε.∇v − Sε V .∇v + λSεv] dxdz +

∫
ΓR

aSεv dσ.

4It will be useful in the sequel to obtain a priori estimates.
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Lemma 4.1. If u ∈ H1(A) for a regular domain A, for any Borel-function g : R → R with |g(x)| ≤
β|x| + γ for nonnegative β and γ, then g(u)∂xiu = ∂xi

∫ u
0
g(s)ds and u∂xig(u) = ∂xi

∫ u
0
sg′(s)ds if g is

Lipschitz-continuous.

Proof. On the one hand, thanks to the theorem of Lebesgue and the chain rule in the Sobolev spaces,
denoting by gM (s) = max[−M,min(M, g(s))], one has, in L1(A), that

g(u)∂xiu = lim
M
gM (u)∂xiu = lim

M
∂xi

∫ u

0

gM (s)ds

On the other hand, when M goes to infinity, for any real x,

|
∫ x

0

gM (s)ds−
∫ x

0

g(s)ds| ≤
∫ |x|
−|x|
|gM (s)− g(s)|ds ≤

∫ |x|
−|x|

(|g(s)| −M)+ds→ 0;

and

|
∫ u

0

gM (s)ds| ≤
∫ |u|
−|u|
|gM (s)|ds ≤

∫ |u|
−|u|
|g(s)|ds ≤

∫ |u|
−|u|

β|s|+ γds ≤ βu2 + 2γ|u|.

Thus, thanks to the dominated convergence theorem,
∫ u
0
gM (s)ds converges to

∫ u
0
g(s)ds in L1(A) and

∂xi
∫ u
0
gM (s)ds converges to ∂xi

∫ u
0
g(s)ds in the sense of distributions in A and the first result holds.

The second part is a corollary of the first one since u∂xig(u) = g′(u)u∂xiu where x 7→ g′(x)x satisfies
the assumption of the first part when g is a Lipschitz-continuous function. �

Lemma 4.2. Assume that λ ≥ λ1 =
‖u‖2∞
kh

+3
V 2
C

kv
+2[VC + VC

h
]+1, then, for any nondecreasing Lipschitz-

continuous function ψ with ψ(0) = 0,

Aε(Sε, ψ(Sε)) ≥
∫
Ω

ψ′(Sε)

[
(
e

4
+ ε)|∂xSε|2 + (

d

4
+ ε)|∂zSε|2)

]
dxdz (4.1)

+

∫
Ω

[λSεψ(Sε)−
λ− 1

2
(ψ′(Sε)S

2
ε + |G(Sε)|)] dxdz +

∫
ΓR

aSεψ(Sε) dσ

where G(x) =
∫ x
0
ψ′(t)tdt.

Proof. Thanks to the chain rule in the Sobolev spaces, v = ψ(Sε) ∈ V and

Aε(Sε, ψ(Sε)) =

∫
Ω

[ψ′(Sε)(∇Sε)T .D.∇Sε − ψ′(Sε)Sε V .∇Sε + λSεψ(Sε)] dxdz

+ε

∫
Ω

ψ′(Sε)|∇Sε|2 dxdz +

∫
ΓR

aSεψ(Sε) dσ.

I.e., one gets that

Aε(Sε, ψ(Sε)) =

∫
Ω

[ψ′(Sε)(e|∂xSε|2 + d|∂zSε|2)− ψ′(Sε)Sε(a∂xSε − b∂zSε)] dxdz

+

∫
Ω

[εψ′(Sε)|∇Sε|2 + λSεψ(Sε)] dxdz +

∫
ΓR

aSεψ(Sε) dσ.

Note that,
If e = 0 then a = 0, otherwise e = kh and a = u+.
If d = 0 then bup = 0, otherwise d = kv and bup = VC .[1− fz(t, x, z)] ≤ VC .
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Thus, for positive β and γ, Young’s inequality yields

e|∂xSε|2 + d|∂zSε|2 − Sε(a∂xSε − b∂zSε)

≥ (e− βa2)|∂xSε|2 + (d− γb2up)|∂zSε|2 − S2
ε (

1

4β
+

1

4γ
) + bdownSε∂zSε

≥ (1− β ‖u‖
2
∞

kh
)e|∂xSε|2 + (1− γ V

2
C

kv
)d|∂zSε|2 − S2

ε (
1

4β
+

1

4γ
) + bdownSε∂zSε

≥ e

2
|∂xSε|2 +

d

2
|∂zSε|2 − S2

ε (
‖u‖2∞
2kh

+
V 2
C

2kv
) + bdownSε∂zSε,

if β = kh
2‖u‖2∞

and γ = kv
2V 2
C

. Then, thanks to Lemma 4.1,

Aε(Sε, ψ(Sε)) ≥
∫
Ω

[
λSεψ(Sε)− ψ′(Sε)

S2
ε

2
(
‖u‖2∞
kh

+
V 2
C

kv
)

]
dxdz +

∫
ΓR

aSεψ(Sε) dσ (4.2)

+

∫
Ω

[
εψ′(Sε)|∇Sε|2 +

ψ′(Sε)

2
(e|∂xSε|2 + d|∂zSε|2) + bdown∂z

∫ Sε

0

ψ′(τ)τdτ

]
dxdz.

But, ∫
Ω

bdown∂z

∫ Sε

0

[ψ′(τ)τ ]dτ dxdz

=

∫ R

L

1{u(t,x)≥û}

∫ zmax

ζ(t,x)−hmin(t,x)

VC min

[
1,

(z − zb(x))+

ζ(t, x)− zb(x)

]
∂z

∫ Sε

0

[ψ′(τ)τ ]dτ dzdx

+

∫ R

L

1{u(t,x)<û}

∫ zmax

Zb

VC min

[
1,

(z − zb(x))+

ζ(t, x)− zb(x)

]
∂z

∫ Sε

0

[ψ′(τ)τ ]dτ dzdx

=

∫ R

L

1{u(t,x)≥û}VC

∫ Sε(t,x,zmax)

0

[ψ′(τ)τ ]dτ dx (= 0 since Sε(t, x, zmax) = 0)

+

∫ R

L

1{u(t,x)<û}VC

∫ Sε(t,x,zmax)

0

[ψ′(τ)τ ]dτ dx (= 0 since Sε(t, x, zmax) = 0)

−
∫ R

L

1{u(t,x)≥û}VC

[
ζ(t, x)− hmin(t, x)− zb(x)

ζ(t, x)− zb(x)

] ∫ Sε(t,x,ζ(t,x)−hmin(t,x))

0

[ψ′(τ)τ ]dτ dx

−
∫ R

L

1{u(t,x)≥û}

∫ ζ(t,x)

ζ(t,x)−hmin(t,x)

[
VC

ζ(t, x)− zb(x)

] ∫ Sε

0

[ψ′(τ)τ ]dτ dzdx

−
∫ R

L

1{u(t,x)<û}

∫ ζ(t,x)

Zb(x)

[
VC

ζ(t, x)− zb(x)

] ∫ Sε

0

[ψ′(τ)τ ]dτ dzdx.

Then,∫
Ω

bdown∂z

∫ Sε

0

[ψ′(τ)τ ]dτ dxdz ≥ −
∫ R

L

1{u(t,x)≥û}VC

∣∣∣∣∣
∫ Sε(t,x,ζ(t,x)−hmin(t,x))

0

[ψ′(τ)τ ]dτ

∣∣∣∣∣ dx
−
∫
Ω

[
VC

ζ(t, x)− zb(x)

] ∣∣∣∣∣
∫ Sε

0

[ψ′(τ)τ ]dτ

∣∣∣∣∣ dxdz
≥ −

∫ R

L

1{u(t,x)≥û}VCG[Sε(t, x, ζ(t, x)− hmin(t, x))] dx

−
∫
Ω

[
VC

ζ(t, x)− zb(x)

]
G(Sε) dxdz.
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For any z ∈]zb(x), ζ(t, x)− hmin(t, x)[,

|G[Sε(t, x, ζ(t, x)− hmin(t, x))]|

≤ |G[Sε(t, x, z)]|+ |
∫ ζ(t,x)−hmin(t,x)

zb(x)

∂zG[Sε(t, x, σ)] dσ|

≤ |G[Sε(t, x, z)]|+ |
∫ ζ(t,x)−hmin(t,x)

zb(x)

ψ′(Sε(t, x, σ))Sε(t, x, σ)∂zSε(t, x, σ) dσ|

≤ |G[Sε(t, x, z)]|+ α

∫ ζ(t,x)−hmin(t,x)

zb(x)

ψ′(Sε(t, x, σ))|∂zSε(t, x, σ)|2 dσ

+
1

4α

∫ ζ(t,x)−hmin(t,x)

zb(x)

ψ′(Sε(t, x, σ))|Sε(t, x, σ)|2 dσ

and, ∫ R

L

1{u(t,x)≥û}VCG[Sε(t, x, ζ(t, x)− hmin(t, x))] dx

≤ VC

∫ R

L

1{u(t,x)≥û}|G[Sε(t, x, z)]| dx

+VCα

∫ R

L

1{u(t,x)≥û}

∫ ζ(t,x)−hmin(t,x)

zb(x)

ψ′(Sε(t, x, σ))|∂zSε(t, x, σ)|2 dσ dx

+
VC
4α

∫ R

L

1{u(t,x)≥û}

∫ ζ(t,x)−hmin(t,x)

zb(x)

ψ′(Sε(t, x, σ))|Sε(t, x, σ)|2 dσ dx

From (4.2), if α = kv
4VC

,

Aε(Sε, ψ(Sε))

≥
∫
Ω

[
εψ′(Sε)|∇Sε|2 +

ψ′(Sε)

4
(e|∂xSε|2 + d|∂zSε|2)

]
dxdz +

∫
ΓR

aSεψ(Sε) dσ (4.3)

+

∫
Ω

[
λSεψ(Sε)− ψ′(Sε)

S2
ε

2
(
‖u‖2∞
kh

+ 3
V 2
C

kv
)− [VC +

VC

h
]|G(Sε)|

]
dxdz

and the result holds by assumption on λ.
�

Proposition 4.3. Assume that λ > λ1 and that ε > 0. Then, there exists an element Sε in L2(0, T,V)
such that ∂tSε ∈ L2(0, T,V ′) and Sε(t = 0) = 0, solution, t ∈]0, T [ a.e., to the variational problem: for
any v in V,

< ∂tSε, v > +

∫
Ω

[
ε∇Sε.∇v + (∇Sε)T .D.∇v − Sε V .∇v + λSεv + µ̄(., Sε)Sε v

]
dxdz

+

∫
ΓR

aSεv dσ =

∫
ΓL

af̄v dσ.

Proof. The bilinear form Aε is continuous and coercive on V ×V thanks to Lemma 4.2 when considering
ψ = Id. Indeed,

Aε(Sε, Sε) ≥
∫
Ω

[
(
e

4
+ ε)|∂xSε|2 + (

d

4
+ ε)|∂zSε|2 + S2

ε

]
dxdz +

∫
ΓR

aS2
ε dσdt. (4.4)

Then, since µ̄ is a nonnegative, bounded continuous function, the result comes from classical result
on linear parabolic equations and a standard application of the fixed-point theorem of Schauder (cf. A.
Ambrosetti et al. [3] p.43 or G. Gagneux et al. [17] p.29 sqq. for exemple). �
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Proposition 4.4. Sε is a nonnegative function such that, independently of ε, Sε is bounded in W(0, T )
and in L∞(0, T, L2(Ω)) and

√
εSε is bounded in L2(0;T,H1(Ω)).

Proof. Consider Lemma 4.2 with ψ(x) = −x− = −(−x)+. Then, the time integration yields∫
Ω

(S−ε )2(T ) dxdz +

∫
Q

1

4
(e|∂xS−ε |2 + d|∂zS−ε |2) + (S−ε )2 dxdzdt+

∫ T

0

∫
ΓR

a(S−ε )2 dσdt ≤ 0.

Thus, S−ε = 0 and Sε ≥ 0.
We propose a second proof of the same result, in the idea of D. Gilbarg et al. [20] p.192 sqq. or J.

Droniou [16]. The interest of this second one is that it can be adapted to more general situations (with the
only L∞ information on V ). For any positive δ, consider ψ(x) = −x+δx 1{x<−δ} and Ψ(x) =

∫ x
0
ψ(s)ds,

to get: ∫
Q

[∂tΨ(Sε) + εψ′(Sε)|∇Sε|2 − ψ′(Sε)Sε V .∇Sε] dxdzdt ≤ 0,

i.e.∫
Ω

Ψ(Sε(T ))dxdz + εδ

∫
Q∩{Sε<−δ}

|∇Sε|2

S2
ε

dtdxdz ≤ δmax(VC , ‖u‖∞)

∫
Q∩{Sε<−δ}

|∇Sε|
|Sε|

dxdzdt,

and

∫
Q∩{Sε<−δ}

|∇Sε|2

S2
ε

dtdxdz ≤ Cte < +∞.

If one denotes Fδ(x) = ln[1 + (−x−δ)+
δ ], this yields,∫
Q

|∇Fδ(Sε)|2dtdxdz ≤ Cte < +∞,

and, thanks to the inequality of Poincaré in V,∫
Q

| ln[1 +
(−Sε − δ)+

δ
]|2dtdxdz ≤ Cte < +∞.

Then, passing to the limit over δ to 0+, Beppo Levi theorem ensures Sε ≥ 0.

Concerning the a priori estimates, thanks to Inequality (4.4), one has, for any positive α and any t,
that

1

2
‖Sε(t)‖2L2(Ω) +

∫ t

0

∫
Ω

[
(
e

4
+ ε)|∂xSε|2 + (

d

4
+ ε)|∂zSε|2 + S2

ε

]
dxdzds+

∫ t

0

∫
ΓR

aS2
ε dσds

≤ 1

4α

∫ t

0

∫
ΓL

af2dσds+ α

∫ t

0

∫
ΓL

aS2
ε dσds ≤

C(f)

α
+ α

∫ t

0

∫
Γ̃+
L (s)

aS2
ε dσds.

Since Γ̃+
L (s) is a part of the vertical boundary of Ω̃+(s), there exists a positive constant c, depending

on R− L, such that

1

2
‖Sε(t)‖2L2(Ω)+

1

4
‖Sε‖2W(0,t)+ ε

∫ t

0

∫
Ω

|∇Sε|2dxdzds+

∫ t

0

∫
ΓR

aS2
ε dσds ≤

C(f)

α
+ cα‖Sε‖2W(0,t).

Then the proposition is proved if α = 1
8c . �

Remark 4.5. Since we are in a bounded domain, the boundedness in L2 implies the control of the L1

norm, i.e. the total mass of the population since Sε ≥ 0.
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Note that this control could also be obtained by using ψ(x) = max(−1,min(nx, 1)) in Lemma 4.2. Then,
passing to the limit when n goes to ∞ ensures∫

Ω

|Sε|(T ) dxdz + λ

∫
Q

|Sε| dxdzdt+

∫ T

0

∫
ΓR

a|Sε| dσdt ≤
∫ T

0

∫
ΓL

a|f̄ | dσdt.

On the other hand, a control of the L∞-norm seems out of range. Indeed, when the migration is not
possible, the model yields an aggregation of the population at the bottom of the domain.
Let us mention that, similarly, one has that Sε : u0 7→ Sε is a semigroup of contraction in L1.

As a consequence of the previous proposition, one has that

Corollary 4.6. Independently of ε, ∂tSε is bounded in L2(0, T,V ′).

Then, a first consequence of these results is that

Lemma 4.7. There exist a nonnegative χ ∈ L2(Q) and S in W(0, T )∩Cw(0, T, L2(Ω)) such that ∂tS ∈
L2(0, T,V ′) and S(t = 0) = 0, solution for a.e. t ∈]0, T [, to the variational problem: for any v in V,

< ∂tS, v > +

∫
Ω

[
(∇S)T .D.∇v − S V .∇v + λSv + χ v

]
dxdz +

∫
ΓR

aSvdσ =

∫
ΓL

af̄vdσ.

Proof. This result is a consequence of the a priori estimates and since µ̄(., Sε)Sε is bounded in L2(Q).
�

To complete the result of existence, a compactness argument is needed to identify χ.
Consider 0 ≤ t0 < t1 ≤ T , A ⊂ Ω a regular nonempty domain such that
]t0, t1[×A ⊂ {(t, x, z) ∈ Q, u(t, x) > 0, zb(x) < z < ζ(t, x)− hmin(t, x)} and ϕ be a nonnegative fixed
function in D(Q) such that suppϕ ⊂ [t0, t1]×A.

On the one hand, since Sε ∈ L2(t0, t1, H
1(A)), one gets that Sεϕ ∈ L2(t0, t1, H

1
0 (A)), and the norm is

bounded independently of ε thanks to the a priori estimates.
For any v ∈ H1(A), one has that ϕv ∈ H1

0 (A). It is a test function and one gets

< ∂tSε, ϕv >

+

∫
Ω

(∇Sε)T .D.∇[ϕv]− SεV .∇[ϕv] + λSεϕv + µ̄(., Sε)Sε ϕv + ε∇Sε.∇ϕvdxdz = 0,

i.e.

| < ∂tSε, ϕv > | ≤
[
c(D,ϕ)‖∇Sε‖L2(A) + c(V , ϕ, λ, µ)‖Sε‖L2(A) + εc(ϕ)‖∇Sε‖L2(A)

]
‖v‖H1(A)

and since ϕ is a fixed function in D(Q),

| < ∂t(ϕSε), v > | ≤ | < ∂tSε, ϕv > |+ |
∫
A

Sε∂tϕvdxdz| ≤ c‖Sε‖V‖v‖H1(A).

Therefore, ∂t(ϕSε) is bounded in L2(t0, t1, H
−1(A)) and, up to a subsequence, ϕSε converges a.e. in

]t0, t1[×A.

Since
˜̃
Q is a countable reunion of sets of form ]t0, t1[×A5, by a diagonal extraction, it is possible to

consider that Sε converges a.e. to S in
˜̃
Q. Then, since µ̄ = 0 outside

˜̃
Q, one is able to conclude that

µ̄(., Sε)Sε converges a.e. to µ̄(., S)S and that χ = µ̄(., S)S (cf. J. L. Lions [23] Lemma 1.3 p.12). Then,
the result of existence of a solution holds.

5Note that if O ⊂ Rn is open (for us, O =
˜̃
Q, n = d+ 1) and OQ = O ∩Qn then O = ∪a∈OQB(a, d(a,Oc)) where Oc is

the complementary on O. Indeed, if b ∈ O, there is γ > 0 with B(b, γ) ⊂ O and there is a ∈ OQ with d(a, b) < γ/2. Then,
B(a, γ/2) ⊂ B(b, γ) ⊂ O and γ/2 ≤ d(b,Oc). Thus b ∈ B(a, d(a,Oc)).
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5. Numerical simulations

The simulations have been obtained by the way of a classical control volume finite element method
(CVFE) in order to conserve the mass of glass eel in the discretization. But, in our case the shape of the
mesh changes over time in the z direction since the position of the river surface is time-dependent. A
first idea could be, as in the mathematical analysis, to work in a stationary domain by the introduction
of a fictive complementary domain, but the size of the domain will increase the number of meshes. To
take into account this vertical variation, the vector V is corrected by V = (a(t, x),−b(t, x, z)− ṽ), where
ṽ is related to the deformation speed of the mesh according to the Arbitrary Lagrangian-Eulerian (ALE)
method (cf. [15]). This strategy allows a total conservation of the glass eel mass; this was not achieved
in the numerical models described in [28].

The following simulations have been obtained with real condition data observed during the fishing
season November 1999 to March 2000.

A one-dimensional hydrodynamic module calculates the current speeds and the heights of water in
the river. It is based on the Saint-Venant equation and uses concrete downstream and upstream flows
measured by Ifremer during this period. The turbidity, the days, the nights and the different type
of moons are also given. The horizontal domain is from the Adour mouth to after “Bec des Gaves”,
corresponding to 35 km; the vertical part is in meters6. The results of the simulation are compared to the
one obtained in the fishery-zones. They give a better behavior than the one of paper [28] and illustrate
the improvements taken into account in the revision of the model.

Figure 2. Daylight, u > 0

6This scale difference explains the surprising variations of the river bottom.
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Figure 3. Daylight, u < 0
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Figure 4. Night, u > 0

In Figure 2, the current is favorable to the migration. A cloud of glass eels has just came into the
domain by the boundary ΓL. But it is 14 oÕclock, the light scares the elvers and they will remain at the
bottom. It is the same, one day after in Figure 3. It is 12 oÕclock and the current is negative.

In Figure 4, the current is favorable to the migration and it is night (2 oÕclock). The glass eels come
back up towards the surface and diffuse in the river. In Figure 5, it is night (21 oÕclock) and the currents
is negative. If u < û, they remain at the bottom, else they can still diffuse horizontally while diving to
the bottom.
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Figure 5. Night, u < 0
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l’étude du comportement migratoire des civelles dans l’estuaire de l’Adour. PhD thesis, Université de Pau, 2002.
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