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Abstract. We analyze the problem of shear-induced electrokinetic lift on a particle freely
suspended near a solid wall, subject to a homogeneous (simple) shear. To this end, we apply
the large-Péclet-number generic scheme recently developed by Yariv et al. (J. Fluid Mech.,
Vol. 685, 2011, p. 306). For a force- and torque-free particle, the driving flow comprises
three components, respectively describing (i) a particle translating parallel to the wall; (ii)
a particle rotating with an angular velocity vector normal to the plane of shear; and (iiii) a
stationary particle in a shear flow. Symmetry arguments reveal that the electro-viscous lift,
normal to the wall, is contributed by Maxwell stresses accompanying the induced electric field,
while electro-viscous drag and torque corrections, parallel to the wall, are contributed by the
Newtonian stresses accompanying the induced flow. We focus upon the near-contact limit,
where all electro-viscous contributions are dominated by the intense electric field in the narrow
gap between the particle and the wall. This field is determined by the gap-region pressure
distributions associated with the translational and rotational components of the driving Stokes
flow, with the shear-component contribution directly affecting only higher-order terms. Owing
to the similarity of the corresponding pressure distributions, the induced electric field for equal
particle-wall zeta potentials is proportional to the sum of translation and rotation speeds. The
electro-viscous loads result in induced particle velocities, normal and tangential to the wall,
inversely proportional to the second power of particle-wall separation.
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1. Introduction

Electrokinetic phenomena associated with the relative motion of electrolyte solutions within electric
double layers adjacent to charged surfaces constitute the enabling platform in many advanced applications
of micro-fluidics and nano-fluidics. An important feature of these phenomena is that the transport
processes taking place within the double layer (whose characteristic scale is the nano Debye length) have
global effects and their resolution is therefore essential. This universal aspect is discussed here in the
context of electrokinetic lift.
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When a colloidal particle is freely suspended near a planar solid wall in the presence of simple shear, it
moves parallel to the wall in the shear-flow direction, with no drift towards or away from the wall. This
is a well-known consequence of the symmetry properties of Stokes flow [1,2]. Nonetheless, particle-wall
repulsion was experimentally observed by Alexander & Prieve [3]. Tt was speculated by Bike & Prieve
that repulsion is due to electro-viscous forces. This hypothesis was confirmed by the refined experiments
of Bike et al. [4], where it was demonstrated that the lift phenomenon is appreciable in glycerol, but not
in water, dismissing the possibility of an inertial mechanism.

Using a lubrication approximation, the lift problem was analyzed by Bike & Prieve [5] for the related
problem of particle translation parallel to the wall. Later, with a generic thin-Debye-layer model available
[6], these authors solved the problem of shear-induced lift using bi-spherical coordinates [7]. This problem
was also addressed by van de Ven and co-workers [8,9].

The persistent orders-of-magnitude discrepancy between the predictions of the above models and ex-
perimental results have led Cox [10] to revisit the generic problem of streaming potential using systematic
matched asymptotic expansions. Assuming that the dimensionless Debye thickness § is small while the
Hartmann and Péclet numbers are O(1), Cox obtained O(§°) Maxwell stresses, while the viscous stresses
associated with the flow perturbation, neglected in the generic model of Bike & Prive [6], were found
O(6%). The analysis of electrokinetic lift using Cox’s scheme was carried out by Tabatabaei et al. [11].

Yariv, Schnitzer & Frankel [12], hereafter referred to as YSF, identified an oversight in Cox [10].
Specifically, YSF showed that in the thin-Debye-layer limit the product of the Hartmann and Péclet
numbers scales as 62, with the proportionality coefficient being O(1). Assuming moderate Hartmann
numbers, as in Cox [10], the Péclet number is accordingly O(6=2). In this limit the underlying physical
mechanism giving rise to electrokinetic phenomena is the nonuniform charge convection through the
Debye layer. This nonuniformity necessitates charge compensation via Ohmic currents from the electro-
neutral bulk, sustained by bulk electric fields (see (2.8)). The dominant convection associated with large
Péclet numbers leads to a dramatic simplification of Cox’s scheme. Moreover, the electro-viscous forces
now turn out O(§?), and are contributed by both the electric field (through Maxwell stresses) and the
velocity perturbation. The YSF scheme was recently applied to the prototype problem of particle-pair
sedimentation [13].

Following the new scaling identified by YSF, and given the inconsistency of Cox’s scheme, we here
revisit the problem of shear-induced lift. When considering typical figures in the experiments of Alexander
& Prieve [3] it becomes evident that shear-induced lift is characterized by three disparate length-scales.
Thus, the Debye thickness (in glycerol) is about 25 nm, the sphere-wall separations are between 0.2 and
1.2 pm, and particle size is about 10 um. These figures justify the use of the thin-Debye-layer limit, and
also suggest that the near-contact limit is appropriate.

Accordingly, the goal of the present paper is to address the shear-induced lift problem using the generic
scheme of YSF, with a focus on the near-contact limit. Note that our problem formulation differs from
that in the lubrication analysis of Bike & Prieve [5] in two aspects: (i) we do not specify a prescribed
rectilinear velocity parallel to the wall, but rather allow it to be set by the imposed shear; and (ii) we
allow for particle rotation, again with a velocity set by the shear. It turns out that the effect of rotation
is comparable to that of translation.

In allowing for a force- and torque-free particle, we follow the methodology of Bike & Prieve [7]. How-
ever, use of the YSF scheme leads to the prediction of excess drag and torque, in addition to electrokinetic
lift. These electro-viscous corrections are driven by the electrokinetically induced flow, ignored by Bike
& Prieve [7]. In view of the mobility relations of a sphere in proximity to a solid wall, it turns out the all
three electro-viscous loads result in velocities that scale inversely with the second power of particle-wall
separation.

The paper is arranged as follows. In the next section we recapitulate the generic YSF scheme and
formulate the present problem. Symmetry arguments are used in §3 so as to extract some general
properties of the solution. A general discussion of the problem structure in the near-contact limit is
provided in §4. The case of identical particle—wall zeta potentials is analyzed in §5, where we calculate
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the lift, excess drag, and torque. The more general case of different zeta potentials is investigated in §6.
We discuss the results in §7.

2. Recapitulation and problem formulation

2.1. Generic scheme

The generic paradigm of YSF considers an arbitrary zero-Reynolds-number flow of liquid electrolyte (vis-

cosity p*, permittivity €*, equilibrium ionic concentration ¢*) over charged solid boundaries, characterized

by the externally imposed velocity scale v*. Due to a streaming-current mechanism, the underlying Stokes

flow (the ‘driving’ flow) results in an induced electric field which, in turn, perturbs the driving flow.
The most important parameter characterizing electrokinetic effects is the ratio

1
6= 2.1
r*a* ( )
of the Debye width 1/x*, defined by
222 *2 %
2 _ L€ ¢ (2.2)

- exxT* ’
and the characteristic linear dimension a* of the solid boundary. Here, £*T* is the Boltzmann tempera-
ture, e* the elementary charge, and =2 are the (presumed equal) ionic valences.

An asymptotic analysis is carried out in the singular limit of thin double layers

with the Hartmann number 2 T g
A\ = # (2.4)
¥

assumed O(1). Using matched asymptotic expansions, the asymptotic scheme provides a macroscale de-
scription in the approximately electro-neutral ‘outer’ region outside the ‘inner’ Debye layer. This descrip-
tion consists of both differential equations and effective boundary conditions resulting from asymptotic
matching with the Debye-scale fields. It is provided in a dimensionless notation using a*, v*, p*v*/a* and
the thermal voltage p* = k*T*/Ze* as units of length, velocity, stress and electric potential, respectively,
whereby forces and torques are respectively normalized by p*v*a* and ,u*v*a*z.

Once the velocity v, pressure p and potential ¢ are evaluated, the resulting forces may be calculated
using the combination of the Newtonian

N=—pl+(Vv)+ (V) (2.5)

and Maxwell .
M = 62 (V(chp — §V<p -V |) (2.6)

stress tensors. In these expressions | denotes the dyadic idemfactor and the superscript T indicates
transposition.
The pertinent macroscale fields are expanded in the generic form

fe~fot 8P+ (2.7)

The driving flow (vg,po) is governed by the Stokes equations and a no-slip condition on the charged
boundaries. The induced potential ¢ is governed by Laplace’s equation and the inhomogeneous Neumann

condition
dp0 _ ol om
on A On
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FIGURE 1. Schematic.

representing the balance between nonuniform charge convection and Ohmic double-layer charging. The
induced flow (vq,p;) is also governed by the Stokes equations. Unlike the driving flow, it satisfies a

Smoluchowski-type slip condition
vi = A(Vspo (29)

(Vs being the surface-gradient operator) on the charged boundaries.

2.2. Problem formulation

The problem considered in this paper entails the motion of a spherical particle (radius a*) suspended in
an electrolyte solution near a planar wall. Both the particle and the wall are dielectric solids possessing
uniform charge distributions. The electrolyte undergoes simple shear flow characterized by the shear rate
G*. At the instant we consider, the particle-wall separation is ea*. The problem is conveniently handled
using the Cartesian coordinates (a*z,a*y,a*z), with z = 0 coinciding with the wall, the z-axis passing
through the particle center, and the z-axis pointing in the direction of unperturbed shear flow. We also
employ cylindrical coordinates (a*r,8,a*z). The particle-wall configuration and the various coordinates
are described in Figure 1.

Using our dimensionless scheme with v* = o*G*, the driving flow (v, po) satisfies the continuity and
Stokes equations,

V-vg=0, V?vg= Vpy, (2.10)
the no-slip condition on the wall,
vo=0 at z=0, (2.11)
and the far-field condition
vo~G-x as [|x| — oo, (2.12)

where x = (z,y, ) is the position vector and
G=6,8.. (2.13)

Furthermore, the no-slip condition on the particle surface implies that vy corresponds there to a rigid-
body motion (see (3.1)), whose translational and rotational velocities are obtained from the condition
that particle is force- and torque-free

1 1
F():f dAleOZO, Tosz dAle(fl'N0>:O, (214)
67 P> 8 >

where &7 is the particle boundary (a unit sphere) and
No = —pol + (Vvo) + (Vvo)' (2.15)
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is the Newtonian stress associated with the driving flow (cf. (2.5)).
The induced electric potential ¢ satisfies Laplace’s equation

V2o =0, (2.16)

the Neuamnn condition (2.8) on the particle and wall, and a decay condition at large |x|. The induced
flow (v1,p1) satisfies the continuity and Stokes equations

V-vi =0, Vv, =Vp, (2.17)

the slip condition (2.9) on the particle and wall, and a decay condition at large |x]|.
Our interest lies in the leading electro-viscous force and torque (see also §7)

1 1
Flzf dAﬁ(M1+N1), lef dAn X [fl'(Ml—f—Nl)] (218)
61 > 81 P
wherein
1
M; =\ (V@OV% - §V<P0 - Vo |) (2.19)

is the induced Maxwell stress and
Ny = —pil + (Vvy) + (Vvy)f (2.20)

is the induced Newtonian stress.
Note that for identical zeta potentials on the particle and the wall ¢y need not be explicitly calculated
since (2.8) yields [7]
o

Po = —Po; (2.21)

whereby (2.9) becomes
vi = al’Vpo. (2.22)

3. Symmetry arguments

3.1. Driving flow

Since the driving flow problem is linear and homogeneous in the imposed shear G the particle velocities
must be linear in G. The appropriate expressions may thus only be formed via products of first- and
third-order geometry-dependent tensors with G. Since the problem geometry introduces a single constant
vector, &,, the only true third-order tensors one can form are 1&, (and permutations thereof) and &.€,é,.
It follows that the particle center can only translate in the z-direction, say with linear velocity % .
Similarly, the only geometry-dependent third-order pseudo-tensors are the isotropic triadic € and €-&.é,
(and permutations thereof), implying that the particle can only rotate in the y-direction, say with angular
velocity 2.
It follows that the no-slip condition on the particle boundary is

vo=8&% + &, xn on 2. (3.1)
This condition, together with (2.12), suggests the decomposition of the driving flow into three subfields,

Vo = Vo,5 + % Vo, +{2vor, Po=po,s+ %por + 2por, (3.2)
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with (v g, po,g) corresponding to a stationary particle in a shear flow, while (vo 7, po.r) and (vo,r, po,r)
respectively correspond to translation in the z-direction and rotation about the y-direction (in the ab-
sence of shear). Equation (2.15) then provides a similar decomposition for Ny, implying in turn the
decompositions of both Fg and T (see (2.14)); by the preceding symmetry arguments, all sub-forces are
in the z-direction,

Fos=¢@:Flos, For==e&for, For=~&For, (3.3)
while all sub-torques are in the y-direction,
Tos =¢&Tos, Tor==&Tor, Tor==2&Tonr. (3.4)

All three subfields satisfy the homogenous Stokes equations (2.10) and no-slip condition (2.11) on the
wall. On the particle they satisfy (cf. (3.1))

vo,s =0, Vor=28&,, Vor==8&,Xn, (3.5)
while at large distances (cf. (2.12))
vo,s ~€zz, vor—0, vopr—0. (3.6)
The force- and torque-free conditions (2.14) now read
Fos+UFor+Q2For=0, Tos+%Tor+ 2Ty r=0. (3.7)

The symmetry of the driving flow admits the description in cylindrical coordinates of the pressure and
(r,0, z) velocity components

pocos®, {ugcosb,vgsinb, wgcosb}, (3.8)
wherein py, g, 09 and wg are functions of z and r (and €), independent of 6. This description separately

applies to each of the subfields in the decomposition (3.2). Thus, for instance, the pressure and (r, 0, z)
velocity components of the shear subfield (pg s, vo,s) adopt the form

Po,s cosl, {ug,scosh,vy,ssinb, wy g cosb} (3.9)

where po,s, Uo,s, V0,5 and wg s are functions of z and 7.
The continuity and Stokes equations (2.10) governing (v, pp) now appear
dug Ug + Vo Owg

or r 0z

=0 (3.10)

and

Opo _ *ug | 10dug U0t T 0%

or o2 ' ror 72 022"’ (3.112)
Do 927, 1 0vg o+ 09 0°Dy

B A I R (3-11D)
dPo . 621D0 1 Owg wWo 8211}0
9z or? ror 12 022"’ (3.11c)

respectively. Similar equations govern each of the three subfields.
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3.2. Induced fields

Consider now the induced fields. The problem governing g is linear and homogeneous in the driving
flow (and hence in G) through the Neumann condition (2.8). The slip condition (2.9) then implies that
the same linear dependency also holds for the induced flow. Two consequences readily follow: (i) The
quadratic Maxwell stress (2.19) is linear in the fourth-order tensor GG: considering all possible geometrical
third- and fifth-order true tensors, this linear dependence can only result in a force in the z-direction
(lift) and no torque; (ii) With the induced Newtonian stress being linear in G, the symmetry relations
governing the driving flow apply also to the induced one: the force and torque contributions thus act in
the z- and y-directions,respectively.
We therefore decompose the electro-viscous force

F,=6,L1—-¢é&,D (3.12)
with the lift contributed by the induced Maxwell stress
1
Ly =—¢,- dAn - M 3.13
1= 58 ?{9 - My (3.13)
and the excess drag contributed by the induced Newtonian stress
1
Dy =——¢&,- dAt - Nj. 3.14
1= g8 7{9 N, (3.14)
Similarly, the electro-viscous torque
T, =&, 11 (3.15)
is contributed by the induced Newtonian stress
1
8 P»

Useful cylindrical-coordinate representations also apply for the induced fields. Thus, the linear bound-
ary condition (2.8) and the representation (3.8) implies that
wo(z,7,0;€) = go(z,7;5€) cos b, (3.17)
whereby Laplace’s equation (2.16) becomes

Ppo 1990 @0 | 9o

or? r Or r2 022
Similarly, the linear slip condition (2.9) implies that the induced pressure p; and velocity vi possess the
representations (cf. (3.8)),

=0. (3.18)

prcosf, {uy cosh, vy sinb, w; cosh} (3.19)

where p1, %1, v1 and w; are functions of z and r. Since the induced flow satisfies the same differential
equations (2.17) as the driving flow, the fields p;1, @1, v and w; are governed by equations similar to
(3.11):

duy U +v, Oy

— — .2
or r 0z 0, (3.202)
opy . (9%11 10w, Ul + U1 (92@1
or — Or2 t or 2 2 922" (3.200)
pr 0%y 10 i +01 0%y
=2 Ty 22 T (3.20¢c)

opy . 82’II)1 1 0w, w1 82’(IJ1

5_(%24_7'67" r2+822'

(3.20d)
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4. Near-contact configurations: Preliminaries
When the gap between the particle and the wall is narrow,
e 1, (4.1)

it is natural to analyze the problem using inner—outer asymptotic expansions. The inner gap region is
where
z=0(), r=0("?), (4.2)

and is naturally described by the strained coordinates [14]
z=¢Z, r=¢e/?R. (4.3)

In these coordinates, the particle surface is provided by

Z = H(R) (4.4)
wherein H(R) = Ho(R) + O(e), with
Hy =1+ %. (4.5)

In the outer region the sphere appears at leading order to be in contact with the wall.

The translation and rotation subfields appearing in (3.2) were already calculated in that fashion by
O’Neill & Stewartson [15] and Cooley & O’Neill [16], respectively. In both problems the relative motion
is associated with intense O(e~1) velocity gradients in the gap which, through a lubrication mechanism,
lead to an O(e=%/?) pressure there. This pressure results in O(In¢) drag force [17]; the subsequent O(1)
terms are contributed by both the inner and outer domains. Considering logarithmic terms as being O(1)
[18] the leading-order forces are contributed by both asymptotic regions.

In the induced electro-viscous fields, the gap singularity is expected to be more dramatic. In view
of the Neumann condition (2.8), the induced electric field is expected to be O(e~?), whereby the slip
condition (2.9) leads to induced flow of the same magnitude; by a lubrication approximation the pressure
perturbation turns out to scale as e ~7/2. Furthermore, due to the quadratic dependence of Maxwell stress
on electric field, we anticipate it to scale as e~*. With the gap-region area scaling as e, these intense
stresses suggest that the electro-viscous forces are dominated by the inner gap contribution.

Remarkably, the shear subfield, which is the one animating the driving flow, does not contribute to this
singular behavior. Indeed, since the problem of a stationary particle under shear is not directly associated
with intense velocity gradients in the gap, its analysis [19,20] does not require the separation to inner and
outer regions, as the ‘outer’ fields do not become singular near the ‘contact point.” Indeed, inspection of
the resulting fields in [20] as they approach the ‘contact point’ reveals that the corresponding pressure is
regular there.

We therefore need only consider the translation and rotation subfields. In what follows, we next present
some of the key elements in the analyses of O'Neill & Stewartson [15] and Cooley & O’Neill [16].

4.1. Driving flow

In the translation problem the velocity components parallel to wall are O(1) in the gap region (4.2); the
continuity equation (3.10) in conjunction with wall impermeability then implies an O(e'/?) axial velocity
component. These estimates suggest the definition of the rescaled variables

dor = Uor(Z,Rie), Tor =Vor(Z, Rye), wor=e"*Wor(Z, R;e); (4.6a)

furthermore, momentum balance parallel to the wall implies 0(6_3/ 2) large pressure, suggesting the
rescaling

por =€ /?Pyr(Z, R;e). (4.6b)
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Substituting these expansions together with (4.3) into the continuity and Stokes equations (3.10)—(3.11)
yield
6U07T + UO,T + ‘/O,T 6W0,T

=0 4.7
oR R P (47a)
together with
OPyr  9*Uor Por  *Vor 0P 1 *Wo,r 9
> — ) _ L — 2 i — 2 . 4.
or ~ ozz "0 TR T TOE =m0 (4.7)
The boundary conditions are
Uor =Voor =Wor =0 (4.8)
at Z =0 and
Uor=1, VWr=-1, Wor=20 (4.9)
at Z = H.

Each of the functions Uy 7, Vo, 1, Wo,r, and Py 1 possess the generic expansion
F(Z,R;e) ~ FO(Z R) + eFY(Z,R) +--- . (4.10)
The leading-order balance of (4.7b) implies that Péf)T) is independent of Z,
P) = P*(R). (4.11)

The function P* was calculated by O’Neill & Stewartson [15] using the remaining leading-order equations

_ 6R
- 5HZ'

*

(4.12)

The corresponding leading-order axial velocity is

SR — 2R3 3 2R? — 8R
5H 5H?

0
W% = 72, (4.13)

(There is a minor typographical error in the corresponding expression provided by O’Neill & Stewartson
[15].)
The scaling of the rotation-subfield variables is the same as (4.6), namely

ﬂO,R - UO,R(Za R; 6)7 1_)0,R - VO,R(Zv Ra E)a U_}O,R = EI/QWO,R(Z7 R; 6)7 (414)

Po,R = 6_3/2P0)R(Z, R; 6). (415)

The functions Uy g, Vo.r, Wo,r and Py g satisfy the same differential equations (4.7), and wall conditions
(4.8) as their translational counterparts; because of rotation, the particle-surface condition (4.9) is now

replaced by
Upr=-1, Vor=1, Wor=—-R. (4.16)

As in the the translation problem, the leading-order pressure Péf)l)2 is independent of Z. As a matter of
fact, its evaluation yields [16]

Py% = P*(R), (4.17)
with P* given by (4.12); the corresponding axial velocity is however different,
o) 8R — 2R3 73 _ 26R + R?
OR T 5HYE 10H
72

z2. (4.18)
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Intuitively, it may appear that a unit linear velocity in the z-direction and a unit angular velocity in
the y-direction should result in mutually canceling pressure distributions, since the relative tangential
velocities between the particle surface and the wall are in opposing directions in the gap (see Figure 1).
Note however that the rotation problem also introduces a non-zero axial velocity in the boundary condition
(4.16) with the resulting distributions of radial and tangential velocities being different. Inspection of
the analyses of O’Neill & Stewartson [15] and Cooley & O’Neill [16] actually suggests that the identical
pressure in both problems is fortuitous.

In the translation and rotation subfields, the leading-order inner-region contribution to the force and
torque is O(Ilne€). The subsequent O(1) terms are contributed by both the inner and outer regions. In
the shear subfields, the leading O(1) force and torque are obviously contributed by the outer region.
Summarizing the findings of O’Neill & Stewartson [15] and Cooley & O’Neill [16] yields the forces

8 . 2 2
FO,S ~ 17009, FO,T ~ —B In— — 0584617 FO,R ~ —E Ine — 0.25725 (419&)
€
and torques
1. 2 2
Ty,s =~ 0.471996, Tor ~ To In - —0.26227, Ty g~ = Ine — 0.37085. (4.19b)
€

In these approximations, the error is asymptotically smaller than some power of €. The requirement (3.7)

of force- and torque-free particle provide the linear and angular velocities

_ o, rTh,s — Fo,sTo,r ) — TorFo,s — To,sFo,r
To,rFo,r — TorFo,r’ To,rFo,r — TorFo.r’

U (e) (4.20)

associated with the driving flow.

4.2. Electro-viscous fields

Consider next the induced fields in the gap. In view of (2.8), the potential scales as the pressure,
suggesting the rescaling

Go =€ 2Py (Z, Rse), (4.21)

where @ is at leading order generated by the translation and rotation subfields of the driving flow. In
terms of (4.21) and the inner variables (4.3), Laplace’s equation (3.18) adopts the form

0?® oy 100y D
—_ 2 _ ) =0 4.22
922 6(6R2+R6R )"0 (422)
At Z =0, where i = &,, condition (2.8) reads
0Py o 0Py, 0P r
- Ly o0k 42
9z ~ A <% 0z oz ) (4.23)
At Z = H, the surface equations (4.4)—(4.5) yield
N~ —&, +e/28.R+ -, (4.24)

whereby condition (2.8) reads

od, _0d, ,
ﬁ — ER% + O(E )

- 0474 (')PO,T B 8P0,T 8P07R B 8P07R 2
= {%( eR >+Q( 57 eR 3R )}—I—O(e ). (4.25)
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Applying the generic expansion (4.10) to P,

By~ (Z,R) +edV(Z,R) + -+, (4.26)
we find from the leading-order balance of (4.22)
9oy
= 4.2
=0 (4.27)

implying that 84560)/ 0Z is a function of R. Moreover, since the leading-order pressure associated with
the translation and rotation subfields is independent of Z (see (4.11) and (4.17)), conditions (4.23) and
(4.25) read at leading order

02"
=0 Z=0,H,. 4.28
aZ > 410 ( )
We conclude that
o) = o(R). (4.29)

The dependence of 4360) upon R will be addressed later on.

Consider now the induced flow within the gap. The slip condition (2.9) in conjunction with the
electric-field scaling (4.21) implies O(e2) velocities parallel to wall. The continuity equation (3.20a)
then suggests an O(e=%/?) axial velocity,

iy = e 2Uy(Z,Rse), 1 =¢ 2Vi(Z,Rie), 1wy =e *?Wi(Z, R;e); (4.30a)
use of the tangential momentum balance results in O(e~7/?) pressure variations,
pL=¢ 2P (Z, R;e). (4.30D)

Each of fields Uy, Vi, Wy and P; possess the generic expansion (4.10).
Substitution into the continuity and Stokes equations (3.20) respectively yield

oU; Ui +W oWy

—_— = 4. 1
or T r Tz =" (4.31a)
and OP 0*U P 0%V oP
1 1 1 1 1
_ = _—— = —_—= . 4. 1
The slip condition (2.9) at the wall, Z = 0, is
_ 0Py _ o8 o
U1 = Agﬁ’ V] = )\Cf, W] = O, (4323.)
from (4.24) and (4.28), the corresponding conditions on the particle, Z = H, read
6450 @0 89150
— = — —_ = —_— . 4. 2

4.3. Electro-viscous forces

Consider now the electro-viscous forces resulting from the gap-scale fields. The lift (3.13) depends only
upon the Maxwell stress. Substitution into (2.19) of (3.17), (4.21) and (4.26), in conjunction with (4.29),
yields the inner approximation

)\ 2 )\ 2
M1:%|Ae*4 (dflsz ) cos? 0 + <@;z> sin? 6

+ terms O(e~*) that vanish upon multiplication by &, + terms o(e™?).
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In the inner gap region, (4.24) yields at leading order i ~ —&,; subsitition into (3.13) and integration
over the entire inner region (0 < R < o0, 0 < 6, < 27) provides the quadrature

2 2
A < | (doy” o)
Ly =2e3 0 £ . 4.
6L, 26/0 (dR>+<R RAR (4.33)

The calculation of the excess drag and torque requires the induced Newtonian stress N;. Substitution
of (3.19) and (4.30) into (2.20) yields the inner approximation

(0) (0)
. T/2 (0) 3 A A aUl PR BVl .
N, € [P} cosf+ ¢ (ez &r =g, COS 0+ é.ép 57 St 0

+ terms O(e~%) that vanish upon multiplication by &, + terms o(e™3). (4.34)

Here, two asymptotic terms are explicitly retained, since the contribution of the leading O(e~"/ 2) pressure
to the excess drag vanishes. Use of (4.24) yields the traction

ANy = 726.P" cosd

ou© v
—e3 (érRPl(O) cosf + &, 82 cosf + &y 812 sinf | +o(e™®); (4.35)

substitution into (3.14) and integration over the entire inner domain yields here

. ©) ©
6D; = 2 / <RP1(O) L A ) RdR. (4.36)
0 Z=H,

07 0z

Lastly, the torque (3.16) is also calculated using (4.24) and the two-term approximation (4.35), resulting

in the quadrature
~ (ou® ov”
_ -2 19
8T, — ¢ /0 ( L2 RdR, (4.37)
Z=H,

where again the O(¢~7/2) pressure term in (4.34) does not contribute. (Evidently, the torque about the
particle center cannot be affected by the pressure distribution.)

5. Identical zeta potentials

The preceding general analysis is valid for uniform surface-charge distributions on the wall and particle,
which in the macroscale description are represented by uniform zeta potentials. In this section we consider
the detailed calculation of the electro-viscous forces for the relatively simple case of identical particle-
and wall- zeta potentials. In this case, there is no need to calculate the functional dependence of the
leading-order potential (4.29) upon R: it is simply provided by (2.21) with the pressure consisting of the
contributions of the translation and rotation subfields

ag

o) = ~ (% + DF"(R). (5.1)

With the potential known, it remains to calculate the induced flow.

(0]
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5.1. Induced flow

In view of (2.9) and (5.1) it is natural to define

U =% + 20?0, V9 = (U +2)a®V, W =(% + 2)aC*W, (5.2a)
PO = (U + 2)al*P. (5.2b)

The differntial equations governing U, V, W and P are obtained from the leading-order balances of
(4.31),

o U+V oW _

or U P 0%V op
oR =070 R _o0z2 07 " (5:30)
while the boundary conditions are extracted from (4.32),
- apP* - p* ~
U_ﬁ7 V__f, W =0 at Z—O7 (54&)
-~ dP* - p* - ap*
UidR’ V——f, W—RdR at Z = Hy. (5.4b)

From (5.3Db) P is independent of Z. Integration of the the momentum balances and application of the
boundary conditions (5.4) yield the velocity profiles

1dP P 1P
ij—R(Z?—HOZ)JFd— V=-—-"(2°-HyZ) -

U= dR’ 2R

(5.5)

Evaluation of W from the continuity equation (5.3a) and the boundary conditions (5.4) eventually yields
the differential equation

25 3 D 2 p 3 *
R2dP+<R+3R>dPP12[R2dP +<R+R>dp P*}, (5.6)

dR? Hy Ho) dR
which, upon substituting (4.12), becomes

,d?P 3R3\ dP - 12(3R° —42R%)

R dR2+<R Ho) dR—P_ ST . (5.7)
While no boundary condition are specified the solution must be finite at R = 0 and vanish as R — oo
(since in the outer region the pressure is clearly O(1)). For small R a fundamental set of the associated
homogenous equation behave like R and R~!, respectively, and the particular solution of (5.7) is asymp-
totic to —63R3/5. Since the divergent solution must be rejected, P~ MR- 63R3/5 there. At large R
a pair of linearly independent solutions of the associated homogenous equation and a particular solution
of (5.7) behave like R=2%V10 and 384/5R, respectively.

Following O’Neill & Stewartson [15] and Bike & Prieve [5], (5.7) has been numerically integrated twice:
In the first integration, the initial conditions were obtained assuming P ~ —63/5R? at small R; at the
second integration, performed with the right-hand side of (5.7) set to zero, the initial behavior P~R
was assumed. The value of M is selected so that the linear combination of the two solutions decays at
infinity. This is equivalent to rejecting the divergent ~ R~2tV10 golution there.
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5.2. Electro-viscous forces
5.2.1. Lift
In view of (4.33) and (5.1) it is natural to define

2,2
[ =S

~ 1 o0
L==
6 2/0

Substituting (4.12) and integrating yields

(% + 2)%¢3L.

(%) (%)

Then,
RdR.

5.2.2. Fxcess drag
In view of (4.30) and (5.2) we define

Dy = al*(% + 2)e 2D,

6[):/ <R15+3U av) RdR.
0 Z—H,

whereby (4.36) becomes

0z 0z

Upon substitution of (5.5), the integrand becomes

% {di% (RHOﬁ) + R2]3} :

since P is zero at R = 0 and decays faster than R~2 at large R we obrain
S R
6D = = / R*PdR.
2 Jo

Numerical quadrature readily yields .
D = 0.2399.

As expected, the streaming-potential mechanism results in drag enhancement.

5.2.3. Torque

Similarly to (5.11) we define )
T = (% + 2)aC?e*T.

. > (9U oV
8T—/0 (az‘az) RdR.
Z=H,

8T — ;/OOOHOZ% (RP) dR

which we integrate by parts to yield

Use of (4.37) and (5.2) yields

Substituting (5.5) we obtain

0

- 1 [ -
T — _7/ R?PdR.
2 0

This is the same integral as (5.13), thus )
T = —0.1799.

7

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)
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6. Unequal zeta potentials

In the more general case where the particle ((p) and wall (i) zeta potentials differ @60) is not directly
proportional to the leading-order pressure of the driving flow, and needs therefore to be explicitly calcu-
lated. In view of the complications involved, we focus here upon the electro-viscous lift, which is more
amenable to experimental observation than the drag and torque enhancements (see §7).

Since the induced potential @y is governed by the linear equation (4.22) together with the boundary
conditions (4.23) and (4.25) which, in turn, are linear in the zeta potential, it is conveniently represented
as a superposition of two parts: the first corresponding to identical zeta potential (p on both surfaces,
and the second with zero particle zeta potential and wall zeta potential (v — (p.

As the former problem has already been solved, we focus upon the latter. Condition (4.25) implies
that 4580) is linear in (y — (p as well as the driving-flow pressure associated with translation and rotation.
This suggests the representation

By = %(CW — p) (U By + QD). (6.1)

Both @7 and $p possess the generic expansion (4.10). We have established above that the leading
term in each expansion is a function of R alone. Its actual calculation requires the analysis of the next
asymptotic orders. Consider first @r. Here, Laplace’s equation (4.22) reads

R i A L

_ _ T 6.2
92° oRZ R OR | R’ (6:2)
condition (4.23) yields at Z =0
(1)
ovy) 0Py
— = : Z =0; .
97 B at 0; (6.3)
and condition (4.25), with zero zeta potential on the particle, reads
o0y dol)
= = . .4
57 R iR at Z = Hy (6.4)
Note, using (4.7b), that
(:)P(l) a2w(0)
0T 0,7 (6.5)

0z 027
Integration of (6.2) and application of conditions (6.3)—(6.4) in conjunction with (6.5) yields an ordinary
differential equation governing 459) ),

0
R? 0y (re APy’ g0 _ 7Oy (6.6)
dR? Hy) drR T " Hy 07* | '
Similarly,
0
R? i (re & vy o) = 70 Won (6.7)
dR? Hy) dR O Hy 077 | '
Substitution of (4.13) and (4.18) yields
PWeR| 4R —16R  PPWiR|  26R+ R 68)
07> | _. 5HY ° 0z* | bHy '

respectively. The solutions of (6.6)—(6.7) need to remain finite at R = 0 and decay for R — oco. A
fundamental set of solutions of the homogenous equation associated with (6.6)—(6.7) behave like R*! as
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R — 0 and like R™'*V2 as R — co. Particular integrals of (6.6)—(6.7) with the forcing terms as in (6.8)
behave for R — 0 like —2R3/5 and —13R3 /20, respectively, and like —32/5R? and —8/5R3, respectively,
as R — oo. Similarly to (5.7) the required solutions are obtained through numerical integrations of (6.6)—
(6.7) and their associated homogenous equations with initial conditions corresponding to the appropriate
behavior at R — 0. The resulting solutions are then superposed so as to ensure the decay at infinity.

With the functions @é? ) and @Sg) evaluated, we now consider the combined electric potential, provided
by (5.1) (with ¢ = ¢p) and (6.1)

alp

o) = S + QP (R) + 5 (Gw — )@ 0 + 20) (6.9)

Substituting into the lift expression (4.33) yields the generalization of (5.8) and (5.10)

o 2

L= —
LT 12ae3 125

(% + 2%+ (Cw — ()2 (kW ? + k2 $2° + 2k3% Q)

+ 2w = ) + D + k5 Q)| (6.10)

where

2 2 2 2
oo [/ gp® A0 o [ [ 4pl® 0
ky = L L RdR, ko= / —k B RdR
! /0 < iar | T\ R =) ar | T\ R ’

o (0) ;7(0) (0) 5(0) 0o [ prg(0) . 1x(0)
ddy) dd o) P P*® P* dd

kgz/ L R 4 T R L RAR, k4:/ T+d L_ % RdR,
0 dR dR R? 0 R? dR dR

<[P apr el
o= | { D AP0 g

Performing the quadratures yield
k1 =0.0595, ko =0.4214, k3 =0.1435, k4 =0.2030, ks = 0.5649, (6.11)

which completes the lift calculation. Upon setting {2 to zero, we recover the results of Bike & Prieve [5],
see §7

7. Discussion

In this contribution we employ the generic thin-Debye-layer YSF paradigm to the problem of shear-
induced lift. With this paradigm, leading-order O(§?) electro-viscous forces are contributed by both
Maxwell and Newtonian stresses. In addition to electrokinetic lift, these stresses also yield excess drag
and torque. The calculation of these electro-viscous loads was the subject of the present contribution.
For near-contact configurations, the lift scales as ¢ 3, while the drag and torque corrections scale as € 2.

Since we consider at the outset a freely suspended particle, a self-consistent formulation should ap-
parently allow for O(d2) corrections to the particle velocities, e.g. through the boundary condition (2.9).
These corrections would be found by imposing the of force- and torque-free conditions, similarly to the
above analysis of the driving-flow problem. Rather than pursuing this higher-order mobility problem
we have focused upon the more intuitive calculation of the electro-viscous forces. This approach can be
generalized to other situations, involving gravity effects. Indeed, in typical experiments the electrokinetic
lift is measured indirectly through observations of the equilibrium particle position in the presence of
gravity field normal to the wall [4].
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It is nevertheless worthwhile to estimate the induced particle velocities for a full mobility problem.
The induced electro-viscous loads are proportional to either e=3 (lift) or ¢=2 (excess drag and torque).
Symmetry considerations readily show that the lift affects only the velocity normal to the wall, while the
excess drag and torque affect the velocity parallel to the wall (as well as the angular velocity, which is of
less interest). As is evident from the resistance coefficients (4.19), the effects of excess drag and torque
upon lateral motion are comparable; incorporating logarithmic terms at O(1), both excess loads lead
to an O(62/€2) correction in the velocity parallel to the wall. Moreover, since the resistance to particle
motion normal to the wall is O(e~1) [21], electrokinetic lift results in a normal velocity of the same (5/¢)?
scaling. This identical velocity scaling demonstrates the comparable role of all the electro-viscous loads.

That being said, we still consider the prediction of electrokinetic lift to be of greater interest for the
experimentalists. This has to do with absence of particle velocity normal to the wall in the absence
of electro-viscous effects. Clearly, it is much easier to measure a quantity than a perturbation to one.
Moreover, as we already mentioned, a common experimental practice is to measure the lift indirectly
through the action of gravity. The correction to the lateral motion is thus of less interest, and the
angular velocity is probably of no practical interest.

An important feature of the present analysis has to do with the problem formulation where, following
Bike & Prieve [7], we allow for both particle translation and rotation. This particle motion is set by the
imposed shear, with the respective velocities being determined from the conditions of force- and torque-
free particle. In the near-contact limit, we actually find that the flow is determined at leading order by
the particle rigid-body motion, rather than the animating shear. The contributions of translation and
rotation are comparable; for equal zeta potentials, the electro-viscous forces are functions of their sum.
Thus, the present results are strongly related to the near-contact analysis of Bike & Prieve [5], carried
out for the case of particle translation. Indeed, artificially setting 2 = 0 in the lift expression reproduces
the expression of Bike & Prieve [5].

Since the generic scheme employs an asymptotic expansion in ¢, it may appear that the predicted
singular terms may impose certain limitations on the validity of the present results. Note however that
the velocities induced by the electro-viscous loads all scale as e 2. Thus, the original condition § < 1 is
modified to §2¢~2 < 1. However, the latter is automatically satisfied by the geometric requirement

< e (7.1)

which underlies the use of the thin-double-layer macroscale paradigm for near-contact configurations.

The lift-force scaling with §2¢ 2 is the same as in [5]. Since the lift calculated by Bike & Prieve [5]
underestimates experimental data by orders of magnitudes, the same holds for the present results. In
the experiments of Alexander & Prieve [3], with shear rates of about 10 s~!, the Péclet number is about
10. In these experiments, however, § is about 1072, Clearly, the underlying YSF scaling Pe = O(62) is
inappropriate for modeling these experiments. This provides a rational explanation for the experiment—
theory discrepancy. The results of the present model would therefore apply only for different experimental
settings, with lower salt concentration and higher shear rates. Alternatively, a theoretical understanding
of existing experiments requires a different calculation, carried out for O(1) Péclet numbers. In view of
the scaling results of YSF, however, understanding streaming-potential phenomena at Pe = O(1) with
§ < 1 necessitates a new asymptotic analysis allowing for O(6~2) Hartmann numbers. Such asymptotic
model has recently been derived [22]. The application of this model to the problem of shear-induced lift
is currently in progress.
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