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Abstract. In this paper we give a survey on modeling efforts concerning the CVRS. The
material we discuss is organized in accordance with modeling goals and stresses control and
transport issues. We also address basic modeling approaches and discuss some of the challenges
for mathematical modeling methodologies in the context of parameter estimation and model
validation.
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1. Introduction
In the following we give a survey on modeling issues concerning different aspects of the CVRS. We start
in Section 2 with a short description of the tasks which have to be accomplished by this system and
continue in Section 3 with a discussion of the primary goals pursued in modeling processes in the context
of the CVRS. In particular we will discuss goals concerning control processes. In Section 4 we present
some basic modeling principles used for the CVRS, stressing modeling by lumped parameter models.
Finally, in Section 5 we emphasize some of the challenges for mathematical methodologies caused by the
fact that on the one hand models of increasing complexity have to be developed in order to meet the
requirements posed by clinical applications and on the other hand we are confronted with a shortage of
data for model validation. An additional factor is the necessity to develop patient specific models for
clinical applications. We want to point out that also this survey is a modeling process. Consequently,
whatever is said in the following is a more or less simplified version of the real situation. For the basics
in physiology of the cardiovascular and respiratory systems we refer to [34, 39, 49, 52, 54, 86, 99].
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2. Tasks of the CVRS
The cardiovascular system (CVS) is the central transport system in the human body responsible, in
cooperation with the respiratory system (RS), for supplying tissues and organs with O2 and substrates
required for metabolism and, at the same time, removing CO2 and other end-products of metabolism. In
addition, the CVS is responsible for the distribution of hormones and other substances in the body. As
examples we mention the distribution of insulin which is secreted by the β-cells in the Langerhans-islets
of the pancreas and is distributed to the cells in the liver, muscle, and fat tissue to take up glucose from
the blood and storing it as glycogen. In case of need the stored sugar is used as an energy source through
glycogenolysis, which breaks down the stored glycogen into glucose ([40, pp. 961 – 978]). In order to
accomplish these tasks the CVS needs to be connected with the outside world. This is provided by a
number of other systems and organs, as for instance the digestive systems, the kidneys and the RS which
governs the exchange of the blood gases O2 and CO2 , i.e., O2 is entering into blood for distribution
by the CVS and CO2 collected by the CVS is eliminated from the body. Since a proper functioning of
the exchange of the blood gases needs a tight coordination between blood flow and ventilation in the
lungs, where this exchange takes place, the RS and the CVS are intimately connected also concerning
the control actions. Therefore, frequently it is necessary to consider the combined CVRS as one system
[15] (compare also Subsection 3.1).

2.1. The CVS
The transport of substances which have to be distributed to different parts of the body is accomplished
by blood flow through the vessels of the two circuits of the CVS, the systemic and the pulmonary circuit
(compare [11, 12]). Blood is the transport medium for the CVS where the substances which have to be
transported are dissolved in plasma as for instance a major part of CO2 or bound to carrier molecules as
for instance O2 which is bound to the hemoglobin of the red blood cells [48, Chapter 16]. The necessary
blood flow is generated by the heart which can be considered as a serial arrangement of two pulsatile
pumps. The systemic circuit is that part of the CVS which actually distributes the substances in the
body, whereas the pulmonary circuit together with the lungs primarily is responsible for the exchange of
the blood gases O2 and CO2 . The first vessel of the systemic circuit is the aorta which receives blood from
the left ventricle. Then the blood stream is distributed by the systemic arteries branching from larger
to smaller arteries till the arterioles, the smallest arteries before the capillaries. Leaving the capillary
region blood is collected by the venules and reaches through progressively larger veins the right heart.
Microcirculation refers to blood flow in the micro-vessels, the arterioles, the capillaries and the venules
[90]. An important function of the arterioles is to adjust blood flow to tissues and organs according to
metabolic needs. This is accomplished by dilation respectively constriction of these vessels which very
efficiently changes flow resistance in these vessels and consequently leads to a redistribution of blood flow.
The venous part of the systemic circuit because of the high compliance of its vessels is also a reservoir
for blood which can be mobilized when needed. The capillaries play a key role for the exchange between
blood and interstitium. In the pulmonary circuit the right heart is pumping blood into the pulmonary
arteries which branch repeatedly till the capillaries reach the alveoli in the lungs where the exchange of
blood gases between blood and inhaled air takes place (CO2 leaves and O2 enters blood). Then blood is
collected by the pulmonary veins and enters the left heart.

2.2. The RS
The RS provides the link of the CVS with the surrounding air. It consists of the air passages (nose,
mouth, pharynx, larynx) and the broncheal trees through which inhaled air finally reaches the alveoli,
which are terminal sacs surrounded by capillaries. The airflow is either into the alveoli (inhaling) or
out of the alveoli (exhaling) and is referred to as ventilation. The walls of the alveoli is made up of the
respiratory membrane which is made up of a dense network of capillaries. This provides a large area
of contact between air and blood which enables the exchange of the blood gases by diffusion (see [48,
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Chapter 17], [13], [43, Chapter 6]). The ventilation is governed by the respiratory muscles. As already
mentioned at the end of the introduction to Section 2 the ventilation and the blood flow have to be
adjusted precisely in order to guarantee an optimal gas exchange.

3. Modeling goals
As in any modeling process, also when modeling in the context of the CVRS it is absolutely necessary to
have a clear picture of the goals to be achieved eventually. This in general is a non-trivial requirement
which needs intensive consideration by the team involved in the modeling process and is in particular
important, because the type of the mathematical model to be developed depends to a large degree on the
modeling goals. One could term this the principle of priority of the practical problem. Of course, most
of the goals listed in the following have also implications for model based diagnostic procedures. In this
context we want to draw attention to [85], [55].

3.1. Control issues
Because of the multitude of tasks the CVRS has to accomplish and the fact that, despite frequently
occurring perturbations, a number of variables has to be kept within narrow limits , it is clear that a
large number of hierarchically organized and intertwined control loops is necessary for the proper working
of this system (see for instance [44], [43, Chapter 5]).
The following, certainly incomplete list demonstrates the wide range of control issues considered in the
literature and gives an idea how complex regulation of the CVRS is:
– Reaction of the CVS/CVRS to an ergometric workload (for a comprehensive discussion see [83]).
In this case the main aspect is to satisfy the metabolic needs for delivering a workload imposed on
the system. In [46, 47], [15, Section 1.4] the fact that in case of a constant modest workload the
CVS reaches a new equilibrium situation (which can be obtained from measurements) was used to
formulate an optimal control problem which provides the stabilizing feedback control. Instead of the
linear-quadratic regulator problem considered in [47] also nonlinear feedback laws can be obtained (see
[15, Appendix B]). A promising approach is to use receding horizon controls which may be less sensitive
to perturbations and non-modeled dynamics [57]. In case of a non-constant ergometric workload these
approaches are not applicable. The question arises if there are quantities associated with the CVS
which are controlled to nominal values in wide range of different situations. The state variables used
in models for the CVS are certainly not candidates for such a quantity. However, in the CVRS the
partial pressure Pa,CO2 of CO2 and the pH-value in blood are such candidates, the nominal values
being ∼40 mmHg for Pa,CO2 and ∼7.35 – 7.45 for the pH value. Using a combined model for the
CVRS (as presented in [15, Chapter 3]) an optimal control was obtained for nonconstant ergometric
workloads in [41] by using the Euler-Lagrange formulation of the optimal control problem. In addition,
the metabolic need for O2 and the metabolic production of CO2 had to be matched to some extend
with O2 - and CO2 -transport by blood. This supports the approach by G. Fink (see [32]) that the
metabolic demands of organs and tissues control the circulation and blood pressure, for instance, is an
emergent quantity determined by the goal to satisfy the metabolic demands.
– Reaction of the CVS/CVRS to orthostatic stress. This refers to the impact of gravity or other forces
leading to a redistribution of blood volume in the different parts of the CVS. For instance, a postural
change from supine to standing upright causes a volume shift of about 0.5 – 0.7 liters from the central
part of the body to the lower part. As a consequence, filling of the ventricles and consequently cardiac
output as well as blood flow to the brain are reduced, which may lead to syncope. Counter measures of
the CVRS aim at an increase of cardiac output (increased heart frequency, increased contractility and
mobilization of unstressed volume in order to increase the filling pressure for the ventricles). Standard
tests to assess the reaction of the CVS/CVRS to orthostatic stress are the sit-to-stand test, the headup-tilt test (HUT) and the lower-body-negative-pressure test (LBNP) (see [14, 42, 45, 64, 65]). A very
interesting mechanism concerns mental activity and its influence on the reaction of the CVS-controls
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to orthostatic stress [37]. For instance, the “mental activity” considered in [37] was to conduct simple
arithmetic calculations during the orthostatic stress situation. Intimately connected with the problem
of orthostatic stress are the strong autoregulatory mechanisms of cerebral blood flow which have been
investigated in [60, 61, 63], for instance.
– Reaction of the CVS/CVRS to a loss of blood volume in the CVS. This control issue is related to the
previous one. The difference is that also the loss of blood volume has to be compensated. We mention
two special cases:
– Hemorrhage. The consequences of a loss of blood depend crucially on the volume of blood which
has been lost. Small amounts can be compensated by capillary refill. If the volume of blood lost is
not too large then a restitution of volume by saline solution or the like can be sufficient. However,
if too much blood was lost then the oxygen carrying capacity of blood has to be restored in order
to avoid irreparable damage of organs (compare [10, 59]). A modeling goal could be to provide help
to assess the status of a patient who has suffered hemorrhage of unknown degree.
– Volume changes during dialysis. For patients with end stage renal disease undergoing hemodialysis
treatment at each dialysis session excess fluid has to be removed. This is done by choosing a proper
ultrafiltration rate in the dialyzer. This involves assessment of the fluid status of the patient during
the session and control of blood volume in order to avoid hypovolemia, but also to achieve a proper
fluid status at the end of the session (see [15], [11, Section 4.6] and [19–23, 95, 96]).
– Model based defibrillation. In this case the models are usually 3D-models of cardiac tissue involving
the so-called bidomain equation describing the electrical properties of heart tissue. The problem is to
interfere with an electric countershock with sufficient intensity at the right phase (compare [17,58,89]).

3.2. Transport issues
The central function of the CVS for distribution of all kinds of substances requires an understanding of
the relevant aspects of blood flow in the system of vessels of the CVS. Besides the geometric complexity
of cardiovascular system we have to deal with blood which is not a Newtonian fluid but a suspension of
blood cells (erythrocytes, leukocytes, platelets) in plasma (see [15, Subsection 4.5.7]). There is a large
number of efforts to model blood flow in large parts of the CVS as well as for specific details. Blood
flow in the arterial tree is considered in [62], for instance. In order to deal with flow problems in vessels
with moving boundaries compliance of vessels which result in moving boundaries C. S. Peskin developed
the so-called immersed boundary method in [73]. Moving boundaries are a consequence of compliant
vessel walls or flexible respectively moving structures embedded in the blood flow (heart valve leaflets
or artificial heart valves) (see also [74–78] and [56]). Interaction of viscous fluid flow and elastic vessel
walls was considered in [24]. Patient specific modeling in this context in particular means that one also
has to include the individual geometry of vessels and other components into the model. This involves
mesh generation on the basis of information obtained from MRI (see for instance [87], [97]). Considerable
efforts have been invested into blood flow problems in coronary arteries in order to provide assistance for
bypass surgery (compare [1, 71]).
Dependent on the modeling goals one may have to model the component of the CVS which is of central
interest (for instance the left ventricle) in its full 3-D geometry and must also include a model for the blood
flow in adjacent components (for instance in the aorta), because of important flow interactions in the two
components. However, it may be sufficient to consider a 1-D model for these adjacent components. This
raises the problem of dealing with geometric multi-scale models (see for instance [25, 35, 69]).
A complex problem which involves both, transport issues but also control issues is drug delivery in
the human body. It is clear that in this context transport phenomena are very important. In particular
the microcirculation (see Subsection 2.1) plays an important role, because in case of a subcutaneous
administration the drug enters the systems via microcirculation and in the majority of cases it is also
delivered via microcirculation to the organ or tissue which is targeted. The problem is that blood flow
in the larger vessels is rather different from that in the microcirculation, the reason being that in larger
vessels blood can be considered as viscous Newtonian fluid. However, this is definitely not possible in
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very small vessels, because blood is a suspension of blood cells in plasma and consequently a two-phase
flow develops in small vessels where the cells move faster along the center line of the vessel than plasma
skimming along the vessel walls [15, Subsection 4.5.7]. This results in a much lower apparent viscosity of
blood in the small capillaries compared to that in larger vessels. This the Fahraeus-Lindquist effect [30].
For a geometric multi-scale approach coupling microcirculation with flow in larger arteries see [51]. For
coupling a 1-D model of arteries with a 0-D model for the microcirculation see [2]. Control issues become
very important in connection with closed loop drug delivery systems (intravenous infusion of vasodilators
or anesthetics, for instance, see [88]).
The pulsatile nature of blood flow which is particularly pronounced in the arterial parts of the systemic
and the pulmonary circuit is frequently approximated by a non-pulsatile flow in global compartment
models for the CVS (see [5] for a comparison of pulsatile and non-pulsatile flow). Likewise the ventilation
in compartment models for the RS and the CVRS is frequently replaced by a continuous unidirectional
flow of air. Of course, there is a number of phenomena where these simplifications in the models are
not permitted. Compare for instance [92–94] where the connection between pulsatility of blood flow and
baroreceptor action is considered.
Another class of modeling problems is related to plaque development at vessel walls. High-density and
low-density lipoproteins (HDL and LDL) in blood transport cholesterol to locations where it is needed.
LDL can move through vessel walls leaving the cholesterol they carry there. It is clear that besides this
mechanism also the local blood flow situation plays an important role for plaque development (compare
[80,82] and [72]). A somewhat similar situation concerns the deposition of platelets and fibrin at damaged
vessel walls, for instance near stents (see [3, 53]).

4. Modeling of the CVRS
In this section we want to discuss some of the basic approaches towards modeling components of the
CVRS respectively the whole system. In doing this we concentrate on lumped parameter models or
compartment models which are well represented in the literature (see, for instance, [15, 18, 67, 68, 98]).
The CVRS is a 3-D system of high complexity. However, 3-D models are appropriate only if the
phenomena which are the modeling goals can only be characterized in a 3-D setting as, for instance,
flow problems associated with certain components of the CVRS (compare the problems discussed in
Subsection 3.2). Control issues as presented in Subsection 3.1 are usually investigated using compartment
models where the functionally different parts of the system are lumped to a compartment. In doing
this the basic assumption is that the parameters associated with the components which are included
in the compartment can be replaced by parameters for the compartment so that the dynamics of the
compartment in the model is representing the overall dynamics of the components which are merged into
the compartment with sufficient accuracy.
A global compartment model for the CVS would distinguish the compartments according to Figure 1.
The arterial systemic compartment, for instance, lumps together all the arteries of the systemic circuit.
Since the vessels of the CVS have elastic walls the arterial systemic, the venous systemic and the two
pulmonary compartments are so-called compliant vessels which are characterized by the volume V and
the (transmural) pressure P in the vessel which are related by
V = f (P ).
The function f is the capacitance of the vessel. The volume Vu = f (0) which is the volume in the vessel
corresponding to transmural pressure 0 is called the unstressed volume of the vessel. Mobilization of
unstressed volume is an important component in the reaction of the CVS to orthostatic stress (compare
[45]). In many models the pressure-volume relation is simplified to V = cP + Vu respectively to V = cP ,
where the constant c is called the compliance of the vessel. Referring to the introduction of this section
we remark that, for instance, the compliance cas of the arterial systemic compartment is a replacement
of the compliances for the arteries included in this compartment which are very different. Therefore the
parameter cas cannot be measured directly but has to be identified on the basis of available data.
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Figure 1. Block-diagram of a compartment model for the CVS.
In Figure 1 we see also the systemic and pulmonary peripheral regions which are characterized by the
resistance R against blood flow across the region. The systemic peripheral region comprises the arterioles
connecting it with the systemic arteries, the capillary regions embedded in the organs and tissues and the
venules connecting with the veins of the venous systemic compartment. The pulmonary peripheral region
is built essentially by the capillaries surrounding the alveoli of the lungs. These two compartments are
examples of a resistance vessel where the blood flow F across the region is usually expressed by Ohm’s
law,
1
F = (P1 − P2 ),
R
where P1 and P2 are the pressures in the adjacent compartments. In case of the systemic peripheral
region the resistance Rs is controlled by local autoregulatory mechanisms in order to adjust the blood
flow to the metabolic needs of organs and tissues. In such a case Rs is not a parameter of the system but
a state variable.
In order to get a dynamic model for the global CVS one has to describe the change of volume respectively of pressure in the compartments of the system. For the compliance vessels it is clear that
the total change of volume is the difference between inflow and outflow which for the arterial systemic
compartment gives
d
1
Pas − Pvs ).
Vas = Qℓ − Fs , Fs =
dt
Rs
Using the simplified pressure volume relation we obtain
cas

d
Pas = Qℓ − Fs .
dt
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In a analogous fashion we get differential equation for the other three compliance vessels:
d
Pas
dt
d
cvs Pvs
dt
d
cap Pap
dt
d
cvp Pvp
dt
cas

= Q ℓ − Fs ,
= Fs − Q r ,
= Q r − Fp ,
= Fp − Q ℓ .

(4.1)

It remains to derive expressions for the cardiac outputs Qℓ and Qr . This was done by considering the
ventricles as compliance vessel for the filling process and using Frank-Starling’s law of the heart for the
ejection process. For this we refer to [15, Chapter 1], [46,47] where the reaction of the CVS to a constant
ergometric workload was considered. In this context the important control loop is the baroreceptor loop.
In [47] this was modeled as
Ḣ = u(t),
where u(t) was determined as a feedback control using the linear-quadratic regulator problem.
The model (4.1) is usually called Grodin’s model of the mechanical part of the CVS. Adding the
equations (4.1) we get

d
cas Pas + cvs Pvs + cap Pap + cvp Pvp ≡ 0,
dt
i.e., the total blood volume V0 = cas Pas + cvs Pvs + cap Pap + cvp Pvp is constant. In order to model
hemorrhage we have to include a flow term −Fhemorrhage in the equation describing the compartment
where the loss of blood occurs [10]. If one wants to model the reaction of the CVS to orthostatic stress
(HUT, LBNP) then one has to be able to distinguish between supine and upright position. This can be
done by introducing upper and lower arterial systemic as well as venous systemic compartments [14,64,65].
It should be observed that the modeling efforts described above considered non-pulsatile blood flow.
Pulsatility can be obtained by considering the ventricles as compliance vessels with time varying compliance (in this context one usually considers the elastance of the ventricle which is the reciprocal of
the compliance) and inflow and outflow valves (see [27–29]. For interaction of pulsatility and baroceptor
dynamics see [92–94] and [26, 66].

5. Challenges
Modeling of the CVRS (and other physiological systems) pose a number of challenges for the mathematical components of the modeling process which became even more challenging because of the developments
during recent past. These developments are characterized by increasing demands on accuracy of simulations which requires more comprehensive models. This leads to models with large numbers of parameters
which makes validation of such models considerably more difficult. This situation usually is dramatically
aggravated by a scarcity of data available for the specific area which is topic of the modeling process. An
additional difficulty arises if at least some of the parameters have to be identified rather precisely, as is discussed in Subsection 5.1. In order to meet these requirements progress in areas like experimental design,
parameter estimation etc. is needed. We discuss some recent progress in these areas in Subsection 5.2
and list some areas for future research in Subsection 5.3.

5.1. Patient specific models
When it comes to applications of mathematical models in a clinical context it is absolutely necessary to
adapt the model to individual patients. In case of models which consider the 3-dimensional extension of
components of the CVRS the patient specific geometry of this component has to be included in the model
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(see also the statements at the end of the first paragraph in Subsection 3.2). Concerning the parameters
of a model it is in general hopeless to identify all parameters for an individual patient. Instead we have to
determine those parameters which on the basis of available data can be identified with sufficient accuracy
and which allow to distinguish between individual patients, possibly for patients in a subgroup of the
total patient population. The remaining parameters should be less influential on the dynamics of the
considered system and have to be determined with much less accuracy (which may be difficult enough).
What we need are systematic methodologies which allow to determine those parameters which with the
given data can be identified with a given accuracy. The questions concerned with patient specific models
are getting more and more attention (see [50]).

5.2. Model validation and parameter estimation
Basis for the methodologies discussed in this subsection is a so-called output model corresponding to the
given mathematical model, which is of the form
y(t) = f (t, θ),

0 ≤ t ≤ T, θ ∈ A ⊂ Rp ,

(5.1)

where y(t) ∈ Rk is the vector of measurable outputs of the system, A is the set of admissible parameters
and T is the length of the observation interval. For simplicity of presentation we assume that k = 1,
i.e., we have just one measurable scalar output. Associated with the output model is a statistical model
N
which describes the available measurements. For sampling times 0 ≤ tN
1 < · · · < tN ≤ T it is assumed
N
that we have measurements ξj , j = 1, . . . , N , such that
N
N
ξ(tN
j ) = f (tj , θ0 ) + ǫ(tj ),

j = 1, . . . , N.

(5.2)

Here θ0 ∈ A is the so-called nominal or true parameter and ǫ(t), 0 ≤ t ≤ T , is the measurement error
associated with a measurement at time t, which is assumed to be a representation of a random variable
E(t). The stochastic process E(·) is called the measurement noise on [0, T ]. Then equation (5.2) shows
N
that also ξ(tN
j ) is a representation of a random variable Ξ(tj ). The process Ξ(·) is the observation
process. Instead of (5.2) we can also take
N
N
Ξ(tN
j ) = f (tj , θ0 ) + E(tj ),

j = 1, . . . , N,

(5.3)

as the statistical model. The standard assumptions on the noise process are that the random variables
E(t), 0 ≤ t ≤ T , are i.i.d. with expected value 0 and variance Var E(t) = σ(t)2 (compare [36, 84]). The
assumption that the E(tN
j ) are independent may be not satisfied, for instance, in cases where the sampling
times are close to each other. In such a case one has to consider correlated measurements (see [91]).

N T
In order to simplify notation we introduce the vectors X = ξ(tN
1 ), . . . , ξ(tN ) , F (θ) =
T
N
f (tN
1 , θ), . . . , f (tN , θ) . Given the statistical model (5.2) a very common approach to the parameter estimation problem is to obtain the parameter estimate θ̂ as the minimizer of a quadratic (in the
residuals) cost functional
θ̂ = argmin J(X, F (θ)),

where

θ∈A

J(X, F (θ)) =

N
X
j=1

2
1
N
ξ(tN
j ) − f (tj , θ) ,
N
2
σ(tj )

θ ∈ A.

(5.4)

It is important to note that θ̂ is a representation of a random vector Θ̂ which is called the least squares
estimator of our parameter estimation problem. For other approaches to the parameter estimation
problem see [36, 84]. A very interesting approach to parameter estimation is to use Kalman filtering
which allows also time-dependent parameters (see [4]). Of course, the statistical properties of Θ̂ are
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important. Using asymptotic theory (asymptotic in the sense of large numbers of measurements) and
linearization of the output model around θ0 we obtain (see [84, Chapter 12], for instance)
E(Θ̂) ≈ θ0 ,

Cov(Θ̂) ≈ F(θ0 )−1 .

(5.5)

Here E(·) denotes the expected value and F(θ) is the Fisher information matrix corresponding to our
parameter estimation problem, which is given as
F(θ) =

 ∂F
∂θ

(θ)

T

D

∂F
(θ) ∈ Rp×p ,
∂θ


2
N
where D = diag 1/σ(tN
1 ) , . . . , 1/σ(tN ) . The N × p-matrix S(θ) = ∂F/∂θ (θ) is called the sensitivity
matrix for the output model (5.1). It should be noted that the matrices F(θ) and S(θ) not only depend on
N
θ ∈ A but also on the sampling mesh tN
1 , . . . , tN . The Fisher information matrix is of central importance
in parameter estimation problems. For instance, it is very important to assess the quality of a parameter
1/2
.
estimate θ̂. A measure for this are the standard errors of the components of θ̂i , SE(θ̂i ) = Var(θ̂i )
Under certain assumptions (see [84, Chapter 12]) we have the asymptotic formula

2

SE(θ̂i ) ≈

q

F(θ0 )−1



i,i

,

i = 1, . . . , p.

(5.6)

Optimal experimental design refers to choose the data acquisition procedure (observation interval,
number of measurements and location of sampling times, for instance) according to minimizing a design
criterion [70]. The design criteria are continuous functions of the Fisher information matrix F(θ0 ), as for
instance 1/ det F(θ0 ) (D-optimal design) or λmax F −1 (θ0 ) (E-optimal design) (compare [16,31,81]). In [7]
the design criterion
p
X

2
(1/θ0,i
) F(θ0 )−1 i,i
(5.7)
i=1

was introduced in order to define SE-optimal designs in the context of very general sampling strategies
characterized by probability measures on the sampling interval. See [8] for a comparison of D-optimal,
E-optimal and SE-optimal designs and [9] for a Monte Carlo based analysis.
The problems discussed in Subsection 5.1 require to select those parameters of a model for which the
parameter estimation problem is well-posed. The methodologies in this context are termed parameter
subset selection methods. Presently there are two approaches available in the literature. One is based on
a quadratic approximation of the cost functional J(X, F (θ)) given by
J(X, F (θ)) = J(X, F (θ0 ) + X − F (θ0 )

T

1
DS(θ0 )δθ + δθT F(θ0 )δθ,
2

δθ = θ − θ0 ,

in a neighborhood of θ0 which is obtained by neglecting the second order derivatives in the Hessian of
J (as is done when a Newton procedure is reduced to Gauss-Newton). The minimizer of this quadratic
approximation is a solution of the following equation (first order condition):

F(θ0 )δθ = −S(θ0 )T D X − F (θ0 ) .
The idea is to choose those components of the parameter vector (respectively those rows and columns
of F(θ0 )) such that the reduced system is well-posed. This is accomplished by using a rank-revealing
QR-factorization (see [33, 38, 79]).
Another approach is using the criterion (5.7) which amounts to a combinatorial search of the best k
parameters among the given p parameters (see [6]).
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5.3. Future developments
All the results presented in this section are local in the sense that the choice of the nominal parameter
vector θ0 is of crucial importance. This is also true for most results concerning sensitivity analysis available
in the literature. Future research will have to consider results on sensitivity analysis, experimental design
and parameter subset selection being valid not for a specific nominal parameter vector but for a sufficiently
large subdomain of A, the domain of admissible parameters.
Another important topic for future research is to link methods of time series analysis (which have not
been discussed in this survey) and physiology based modeling.
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