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Abstract. The paper presents theoretical and numerical results on the identifiability, i.e. the
unique identification for the one-dimensional sine-Gordon equation. The identifiability for non-
linear sine-Gordon equation remains an open question. In this paper we establish the identifi-
ability for a linearized sine-Gordon problem. Our method consists of a careful analysis of the
Laplace and Fourier transforms of the observation of the system, conducted at a single point.
Numerical results based on the best fit to data method confirm that the identification is unique
for a wide choice of initial approximations for the sought test parameters. Numerical results
compare the identification for the nonlinear and the linearized problems.
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1. Introduction

Let ¢ = (a,8,7) € P C R3 be a triple of parameters. The corresponding damped one-dimensional
sine-Gordon problem is
Yt + 2ayt - ﬂyzm + 'ysiny = f(tvx)a (tax) € Q = (03T) X (Oa 7T),
y(t,0) = y(t, ) =0, te (0,7), (1.1)
y(O,x) = g(ZC), yt(OaT) = h(.f), UAES (Oaﬂ-)'
Equation (1.1) describes the dynamics of a Josephson junction driven by a current source taking into
account the damping effect [1]. This model has attracted an additional interest since it is known to
exhibit chaotic behavior for certain values of the governing parameters «, 5 and . For details we refer
to [10] and [19].
We study the case of f(t,2) =0 in Q. Then the corresponding linearized sine-Gordon problem is
ytt+2ayt _Bywz"i_’yy:()? (t,.’L‘) € Q: (OvT) X (Oaﬂ.)v
y(t,0) = y(t, ) =0, t€(0,7), (1.2)
y(0,z) = g(x), y:(0,z) = h(z), x € (0,m).
The linearized equation is important in physics and electronics. In fact, equation (1.2) is a linear Klein-
Gordon equation describing the effect of the shed dispersive radiation on the evolving soliton [17]. In

*Corresponding author. E-mail: sgutman@ou.edu

© EDP Sciences, 2013

Article published by and available at pfip7/www.mmnp-journal.orq or pffp:/7dx.dor.org/10. 105 /mmnp/Z0138107



http://publications.edpsciences.org/
http://www.mmnp-journal.org
http://dx.doi.org/10.1051/mmnp/20138107

J. Ha, S. Gutman Linearized sine-Gordon equation

signal analysis of transmission and propagation of electrical signals equation (1.2) is referred to as a
telegraph equation with constant coefficients, [12]. Necessary conditions for the coefficients o and ~ that
imply periodic or bounded solutions of (1.1)-(1.2) are discussed in [14].

The parameter identification problem for (1.1) was discussed in [7]. The authors have established the
existence of an optimal parameter triple ¢* = (a*, 8*,7*) € P satisfying

*\ o _ 2
J(¢") = inf J(q) = mf[ly(q) — 2all72(q), (1.3)

where y(q) is the solution of (1.1), z4 € L?(Q) is the targeted behavior, and a closed and convex set
P C R? is an admissible set. Furthermore, it was shown in [7] that such an optimal set of parameters ¢*
can be characterized by a bang-bang type of optimality condition. In [6] this problem was studied from
a computational perspective.

In this paper our goal is to present theoretical and numerical results on the identifiability, i.e. the
unique identification for the one-dimensional linearized sine-Gordon problem. In general, there are many
optimal parameters ¢* in the admissible set P. The identifiability problem is to determine under what
conditions on the admissible set P and the observations of the system (1.2) one can conclude that there
is a unique optimal parameter set ¢*. For various identifiability results see [4,5,8,13,15] and [9]. The
identifiability for the nonlinear sine-Gordon problem (1.1) is still an open question.

Our results show that under some mild conditions on the initial data in (1.2) the parameters «, 3,
are identifiable from an observation of the solution y(¢,x;q),t > 0 at a single point p € (0,7). The
problem setup is given in section 2. Our main identifiability result Theorem 4.3 is presented in section
4. Computational algorithms are discussed in section 5. In section 6 we give numerical examples of the
identifiability for (1.1) and (1.2) using a one-point observation data.

2. Problem setup

Let Hilbert space H = L(0, ) have the norm | - | and the inner product (-,-). Let V = H}(0,7) have

the norm || - || and the inner product ((-,-)). Denote by V' the dual space of V. We consider the standard

triple V-.C H C V', where the inner product (-,-) extends to the duality mapping between V and V”.
The parameters «, 3, are required to be in the admissible set

P={(a,8,7) + @20, 8> Bin >0, v >0} (2.1)
Within this framework problem (1.2) is restated as an abstract differential equation
y' +2ay +Ay=0, y(0)=geV, y(0)=heH, (2.2)

where the operator A is defined by the relation (Ay, v) = B(yz,ve) +7(y,v) for v € V. According to [3],
[11], problem (2.2) has a unique weak solution y € C'([0,T]; V).
We need a more detailed information about the solution y(t, z). First, we introduce some notation.

Definition 2.1. Let ¢ = («, 8,7) € P. Define the following subsets of N = {1,2,...}

(i)
I ={keN: k*B+v—a*<0},

Iy ={keN : K*B+v—a*=0},

I, ={keN : k¥*B+v—a*>0}.

Note that IT_ is at most finite, Il contains at most one element, and I7; always contains infinitely many
elements. Depending on the triple (o, 8,7) € P it may happen that IT_ and Il are empty.
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Theorem 2.2. Let D = [0,00) x [0, 7], and wy(z) = \/gsin kx, k=1,2,... Then

(i) The weak solution y(t,z) of (2.2) on D is given by

y(t,z) =e Z (Ape™' + Bre™ “"wy(x)
kel

+ e (A + tBp)wp (z) + e Z (A cos apt + By sin apt)wi(x), (2.3)
kel

where oy, Ay, By are given as follows:

If ke II_, then ay, = \/a2 — k2 —~,

1 « 1
Ap=-(1+2 — (h
k 2< +ak>(g’wk)+2ak( , W),

1 « 1
By = 3 (1 - %) (9,wr) — g(hawk)'

k
If Iy = {m}, m € N, then A, = (9, wm), and By, = Ay, + (hywy,).

If k € Il , then a = /Bk? +~v — a2,
1
A = (g,wr), Br = —[aAr+ (h,wg)].

&9

(ii) The series
v(t,r) = Y (Agcosaxt + By sin axt)wy(z) (2.4)
kell .

converges uniformly on D. Function v(t,x) is a continuous and bounded function on D.
(i1i) The series in (2.3) converges uniformly on D. The solution y(t,x) is a continuous and bounded
function on D.

Proof. Since functions {wy}72 ; form an orthonormal basis in H, we can define Galerkin approximations
yN (¢, ) to the solution y(t,z) of (2.2) to be functions of the form

N
yN(tx) = be(t)wy(z) (2.5)
k=1

satisfying conditions

& N d n N
2y +2aay + Ay™ wy ) =0,

000 = ). (50w ) = (o)

for k=1,2,...,N. Therefore
by, + 204[);c + ﬂkak + b, = 0, (2.6)

and we conclude that y” (t,x) is given by the partial sum of the series (2.3) with k& < N. Furthermore,
the coefficients Ay, and By, k =1,2..., N are defined as in (i) of the Theorem.
Multiply both sides in (2.6) by b},. Then this equation can be rewritten as

1d
5 g7 IOk + (8K +)Ib[*] + 2010 [* = 0. (2.7)
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Therefore .
[b%[? + (BE* + )[bel* + 4o [ [b(s)[Pds = [(h,wi)[* + (BE* + )| (g, wi) . (2.8)
0
Since
N 5 2 N
N2 _ 2 _ 272
ly™ 1 = Zbk(t)k\/;COS(kx) =D Ik, (2.9)
k=1 H k=1
and -
lgll* =" kI(g, ww)l?, (2.10)
k=1
equation (2.8) implies
dy™ 2 EldyN (s ?
Wl B2 P+t [ s < 4 Blgl + 4l (211)
0

Now the convergence of the Galerkin approximations y» to the solution y defined in (2.3) can be
established using energy estimate (2.11) as in [11] or [19]. Passing to the limit in (2.11), and accounting

for (2.8) gives
2

dy
ds = |h|* + Bllg||* +~]g|*- (2.12)

dt

Equation (2.12) implies the uniqueness of the solution y.

To prove assertion (ii) of the Theorem we need a more detailed information about the coefficients
A, By, k€ 11, .

Since Ay = (g, wy) for k € IT, we have

DA <lgl and D RHARP < g]*. (2.13)
keIl kelly

2 t
dy(s
+ Byl +2lyP +da [ 242
0 S

The coefficients By, are defined by By = (%k[OZAk + (h,wy)], k € I Therefore, according to (2.4)

METERED SATNREAIEATED Sl CENLERHEARY

k€H+ kEH+
< L > (k2|Ak|2+1) L > <ai|Bk|2+1> (2.14)
= 5- 2 oy 2 |- :
2 kell k 2 kel X

The first series in (2.14) is convergent because of (2.13). For the second series we have

Yo ailBi = Y [adr + (hwo)? < 207 Y AP +2 Y |(hw)? < 20°(g + 2%, (2.15)

kel kel kel kel

and

1 1
— = s < 0. 2.16
kezﬂ+ a% kezlh Bk2 +y— a2 ( )
Estimates (2.14)-(2.16) show that the series defining v(¢, ) in (2.4) converges uniformly on D according
to Weierstrass M-test. Thus v(¢, z) is a bounded continuous function on D as claimed in the Theorem.

To establish (iii) of the Theorem we argue as follows. If a = 0, then IT_ = [Ty = (. So y(t,z) = v(t, x)
in this case. If a > 0, let N = max{k € IT_UIIy}. Then, by (2.3), the approximation y™ (¢,-) : [0,00) —
V is a continuous and bounded function on [0,00). The Iy part of the solution is e~*'v(t,x), so the
result follows from part (ii) of the Theorem. O
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3. Laplace and Fourier transforms of the observation z,(t)

Let p € (0,7). Then the observation of the solution y(¢,z), ¢ > 0 of the system (1.2) at the point p is
given by

2(tq) = y(t,p;q) = e " Y (Ape™' + Bre " )uwy(p)
kell

+ e (Ap + B )wm(p) + € Y (Ag cosaxt + By sinagt)we(p), (3.1)
kell

where the coefficients Ay and By are defined in (i) of Theorem 2.2. By Theorem 2.2(iii) the observation
zp(t; ) is a bounded continuous function for ¢ > 0.

The main tools in our arguments are the Laplace and the Fourier transforms of the observation z,(t) =
zp(t;q). While these transforms are related through a complex argument, it is more convenient for us to
separate them.

The Laplace transform Lf of a piecewise continuous function f(t) satisfying |f(t)| < Me®, t > 0 for
some M, a € R is defined for any real s > a by

Li(s) = /0 T et dt.

The Fourier transform Ff of a function f € L*(R) is defined by

Ff(w) = \/% /]R F()e ™tdt, w e R.

It can be extended to tempered distributions T' € S'(R) as described in [18], for which we refer for
relevant definitions and results. In particular, we need the Fourier transform of the Heaviside function
H(t) defined by H(t) =1 for t > 0, and H(t) = 0 for t < 0. The Sokhatsky-Weierstrass theorem states

that
O} = < (1) +/35 52)

where the distribution for 1/w is defined by the principal value integral
1 o $(w)
<p’U <’LU) 7¢(w)> - Ell)rgl+ | >e waa ¢ € S(R)a
see [18], section 3.4.

Lemma 3.1. Letp € (0,7), v(t,z) be defined by (2.4), and z,(t;q) = y(t,p; q) be defined in (3.1). Then
(i) The Laplace transform of v is given by

V(s) = £{o(t,p)}(s) = Z( Aws _Be >wk<p>. (3:3)

2 2 2 2
S (6% S (0%
W\ +af +a?

Function V (s) is continuous and bounded for s > 0.
(ii) The Laplace transform of z, is given by

Z(s)c{zp(t;q»(s)Z( A, B >wk<p>

S a— S « (0%
velr. + k + o+ oy

A, B,,

where m € Ily. If [I_ # 0, then function Z(s) is defined for s > —a+ay. Otherwise Z(s) is defined
for s > —a.
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(iti) The Fourier transform of v is given by

Fo(w) = — Qx/ﬂ Z {Aki{pv <w—104k)+pv <“H}0”“>

kell

+ \/Z(S(w—ak) + \/Zé(uH-ak)} +Bk[p” (w_lak> oY <w—iak)
n \/Z(s(w —ay) — \/Z(S(w + a/e)]wk(p)}7 (3.5)

where the principal value integrals are taken around the singularities.
(iv) Forn > 0 define

_JeMoltp), 20,
un(t) = {0, t<0. (3:6)
Then
Ak 77 +iw) + Brag
Fuy(w) )3 wk(p). (3.7)
T Vor T el + (n+iw)?
Function Fuy,(w) is bounded for w € R.
(v) We have

lim Fu, = Fv (3.8)

n—0+

as distributions.

Proof. The partial sums for V(s) are obtained by taking the Laplace transform of the partial sums of
v(t,p) in (2.4). By Theorem 2.2 the series in (2.4) converges uniformly for ¢ > 0, therefore expression
(3.3) follows.

Let & > 0. The maximum of the function s — s/(s> + ¢2) on s € [0,00) is attained at s = ¢, and the
maximum value is 1/2¢. Using estimates (2.13)-(2.16) we get

Vel < Y (5 + G )l IERYED SN ERNEDS Bl < o (39

kell kell kell

Weierstrass M-test implies that V(s) is bounded and continuous on (0, c0). Expression (3.4) follows from
formula (3.1) for z,(¢;¢), and (3.3).

By a direct computation
1 1

V2 +iw’

Fle™"H(t)Hw) = (3.10)
Using F{e" f(t)} = Ff(w — a),

F{e " H(t) cos ayt}(w) =

11 1 1

1 1 1 1
\/%Z <7I+i(wak) a 77+i(w+ak)> ’ (3.12)

By Theorem 2.2 the series defining v(t, ) in (2.4) converges uniformly on D. Therefore the series

and
Fle "™ H(t)sin ayt}(w) =

up(t) = Z (Ape T H (t) cos axt + Bre " H(t) sin ayt) (3.13)
kell
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defining wu,,(t) for t € R converges uniformly on R. Since the Fourier transform is a continuous operator
in the space of tempered distributions S'(R), we can apply it to this series termwise, and obtain (3.7).

By Theorem 2.2 function v(¢,p) is bounded for 0 < ¢ < co. Therefore u,, € L'(R). This implies that
its Fourier transform Fu,(w) is a continuous and bounded function for w € R.

Since lim,_,04 u,(t) = v(t,p) uniformly on bounded intervals in R, and the Fourier transform is
continuous in §'(R), we get (3.8). Accordingly, representation (3.5) can be obtained by passing to the
limit in (3.7) as 7 — 0+. However, this limit cannot be obtained by simply letting 7 = 0 in (3.7). Indeed,
letting n = 0in (3.10) gets an incorrect formula F{H (t)}(w) = 1/(v/2mwiw), because the function w — 1/w
is not locally integrable in R. The correct result for F{H (t)}(w) known as the Sokhatsky—Weierstrass
theorem is stated in (3.2).

Therefore

F{H (t) cos at}(w) = \/%%[pv (w _1%) +pv (wja])

+ \/zé(w —ai) + \/zé(w ta)], (314

]?{H(t)sinakt}(w)—ll{pv< : )pv< : >

Vor2 w— Qg w~+ oy
+ /gé(w —ag) — 4 /ga(w n ak)} . (3.15)
where the principal value integrals are taken around the singularities. Expression (3.5) follows. g

Definition 3.2. Function f : R — R is called almost-periodic, if for any e > 0 there exists T'=T'(¢) > 0
such that any interval (¢,¢ + T') contains at least one number 7 such that |f(y + 7) — f(y)| < € for any
y e R.

The main result in the theory of almost-periodic functions is that such functions are exactly the uniform
limits of trigonometric polynomials > ", cxe’®**, for complex ¢y and real oy, see [2,20].
Let v(t, z) be defined by (2.4). Then we have

Lemma 3.3. Eztend function v(t,p) to any t € R by letting t € R in (2.4). Then v(t,p) is an almost-
periodic function on R.

Proof. By Theorem 2.2(ii) function v(¢, ) is a uniform limit of trigonometric polynomials. a

Lemma 3.4. Suppose that p > 0, and v(t,p) # 0 for t > 0. Then function e*v(t,p) is unbounded on
[0, 00).

Proof. Extend v(t,p) to all t € R by formula (2.4). Since v(t, p) is continuous and assumed to be nonzero,
there exists y > 0 such that v(y,p) # 0. Let € = |v(y,p)|/2. By Lemma 3.3 function v(t, p) is almost
periodic on R. Let T = T'(e) > 0 be the corresponding number 7' from the definition 3.2. Then there
exists a sequence of numbers 7, € R, n € N such that 7, € ((n—1)T,nT), and |v(y+ 7, p) —v(y,p)| < €.
We conclude that 7,, — oo as n — 0o, and [v(y + 7,,,p)| > €/2 > 0. Therefore e*W+™)|v(y +7,, p)| — o0,
as n — 00, which means that function e**v(¢,p) is unbounded on [0, c0). O

4. Identifiability for linearized sine-Gordon problem

The parameter identifiability for the system (1.2) in P means that the assumption ¢1,¢q2 € P and
zp(t;q1) = 2p(t;qe) for all ¢ > 0 implies ¢1 = g2. We establish it by showing that the observation
zp(t;q), t > 0 uniquely defines its generating triple of the parameters ¢ = (o, 3,7) € P.
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In some cases, such as trivial initial data ¢ = h = 0, the observation z,(t) = 0 for any ¢ € P, and
there is no hope to recover ¢ uniquely. Thus, we have to make some assumptions on the initial data. We
choose either

p 7é 57 (g7w1> > 07 (hﬂwl) > 0, (g7w2) 7é 07 (h7w2) 7& 07 (4'1)
or

p# gv (gawl) #03 (gaw2) #07 h = 0. (42)

We will always assume (without loss of generality) that (g,w;) > 0. The assumption p # /2, is used to
assure that ws(p) # 0. Since wq(z) > 0 on (0,7), conditions (g,w;) > 0, (h,w1) > 0 can be achieved
by taking g(z) > 0 and h(z) > 0 for € (0,7). Conditions (g, w2) # 0 and (h,ws) # 0 are satisfied if
functions g and h are not symmetric with respect to = 7/2.

Recall that given ¢ € P, the corresponding subsets IT_, Ily, and IT; were defined in Definition 2.1.

Lemma 4.1. Suppose that conditions (4.1) or (4.2) are satisfied. Let ¢ € P, zp(t;q) = y(t,p;q) for
t>0, and Z(s) = L{z,(t;9)}(s).

(i) If II_ #0, then 1 € II_,

a>0, ag=+va2-p—7v, 0<a;<a, A; >0, B;<O0.

The Laplace transform Z(s) is unbounded on interval (—a + aq,00).
(i) If II— =0, but IIy # 0, then Iy = {1}, I+ ={2,3,4,...},

a>0, A; >0, B;>0,

zp(t;q) = e~ (Ay + tBr)wi(p) + e u(t, p).
The Laplace transform Z(s) is unbounded on interval (—c, 00).
(1i1) If II_ = Il = 0, then I, ={1,2,3,...},

a>0, ar=+B+yv—a?2>0, A; >0, B;>0.

zp(t;q) = e ot p).

The Laplace transform Z(s) is bounded on interval (—o, 00).

Proof. Since > 0 and vy > 0, sets II_ and IIy can be nonempty only if o > 0.

(i) If IT_ # 0, then B+~ —a? < 0. That is, 1 € I1_. By Theorem 2.2(i), a; = /a2 — 3 — . Thus
0 < a1 < . By assumption (g, w;) > 0, and (h,w;) > 0. Therefore

1

el 1
A= (14 2 (o) + 5w 0

and

1 « 1
Bi=-|1-—— ——(h 0.
=5 (17 2 ) g - g <
By Lemma 3.1(ii), the Laplace transform Z(s) is defined on (—a + aq,00). Its expression is given
by (3.4). Lemma 3.1(i) shows that V(s + «) is bounded for s € (—a + ay,00). All the other terms
of Z(s) are also bounded on (—a + ay,00), except for the very first term A;/(s + o — ay). Since
Ay # 0, this term is unbounded on (—a + aq, 00).
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(ii) Suppose that I[7_ = (), but Iy # (). Then 1y = {1}. Therefore IT; = {2,3,4,...}. Since IIy # 0,
we must have o > 0. From Theorem 2.2(i) we get the sought expression for z,(t¢; ¢), and

Al :(g7w1) >O7 B =OéA1+(h,w1) > 0.
The Laplace transform Z(s), given in Lemma 3.1)(ii), takes the form

A1 B,
20 = (A + o ) w4 Vs + ) (4.3

It is defined for s > —a. By Lemma 3.1(i), function V(s+«) is bounded on (—a, 00). The remaining
term is unbounded on (—«, c0), since Ay, By > 0.
(iii) If [T = IIo = 0, then k € II, for k =1,2,3,... In particular, 8+~ — a? > 0. By Theorem 2.2(i),

a1 =+/B+v—a?>0,and

1
Ar=(g,w1) >0, Bi= OT[CVAl + (h,w1)] > 0.
1

The Laplace transform Z(s) takes the form Z(s) = V(s + «). It is bounded on (—«, c0) by Lemma
3.1(i).

O

Lemma 4.2. Suppose that conditions (4.1) or (4.2) are satisfied. Given z,(t) = y(t,p;q) # 0, there
ezists € < 0 such that ||e"zy(t)|lo < 00 forn > &, and |le”"z,(t)|0o = 00 forn < & If II_ # 0, then
E=oa1—a. If II_ =0, then £ = —a.

Proof. By Theorem 2.2(iii), y(t,2;¢q) is a bounded and continuous function on D = [0,00) x [0, 7].
Therefore £ < 0. Also, by Theorem 2.2(ii), ||v(¢,p)]|c < 00

(i) If I1_ # (, then, by Lemma 4.1(i), « > 0, 0 < a1 < a, and A; > 0. Therefore, using expression
(3.1) for the observation z,(t), we can write

e Mzy(t) = e (Ayw (p) + o(t)),

where o(t) — 0, as t — oo, with A; # 0 and wy(p) # 0.
Ifn>a; —a,then —np—a+a; <0, and |[e "2z, (t)]|oc < 00. If n < @1 — @, then —p — a+a; > 0,
and we have |[e™"z,(t)||cc = c0. Thus we conclude that in this case { = a1 — a.

(ii) Suppose that II_ =0, but IIy # (). By Lemma 4.1(ii), Iy = {1}, B; > 0, and o > 0. Then

e M2, (t) = te "1 Brw, (p) + oft)),

where o(t) — 0, as t — oo, with By # 0 and wy(p) # 0.
If n > —a, then —n —a < 0, and [le™ "z, ()]| 0o < 00. If n < —a, then ||e”"2,(t)|« = co. Thus, in
this case £ = —a.

(iii) Suppose that I1_ = Iy = (). By Lemma 4.1(iii),

e Mz, (t) = 71N y(t, p).

Since z,(t) # 0, we have v(t,p) Z 0. If n > —a, then [[e"z,(t)|~ < oo, since v(t,p) is bounded on
[0,00). If n < —a, then ||€"z,(t)||cc = 00 by Lemma 3.4. Thus, in this case { = —a.

O
Our main result is the next Theorem.
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Theorem 4.3. Suppose that conditions (4.1) or (4.2) are satisfied. Given an observation z,(t;q) =
y(t,p;q) Z0 fort >0, the parameters ¢ = («, 8,7) of the system (1.2) can be uniquely identified.

Proof. Let
E=inf{n eR : [le”"2,(t)||o < 0} (4.4)

By Lemma 4.2 such ¢ is finite, and |[e "2, (¢)||sc < oo for any n > ¢. This implies that the Laplace
transform Z(s) = L{z,(t;¢)}(s) exists for any s > £. Let

b= lim Z(s)(s —&)% (4.5)
s—E+

Let us examine the boundedness of Z(s) on (£, 00), and whether b = 0, depending on the structure of the
sets IT_, Ily, and I1,.

If [T_ = Iy = 0, then £ = —a by Lemma 4.2. By Lemma 4.1(iii), the Laplace transform Z(s) is
bounded on (§, 00).

If [1_ =0, but IIy # 0, then £ = — by Lemma 4.2. By Lemma 4.1(ii), the Laplace transform Z(s)
is unbounded on (§,00), and By > 0. The expression for Z(s) in this case is given by (4.3). Recall that
function V(s + ) is bounded on (—«, c0) by Lemma 3.1(i). Therefore

b= s_l)i{r(lwr(s +a)? [(Sﬁla + s fla)2> wi(p)+ V(s + a)} = Bywi(p) > 0. (4.6)

If IT_ # (), then £ = a1 —a by Lemma 4.2. By Lemma 4.1(i), the Laplace transform Z(s) is unbounded
on (§,00), and A; > 0. The expression for Z(s) is given by (3.4). Therefore

b= lim (s—f—a—al)Q[Z( A B )wk(p)

s—ap—a+ STo— STOoT Q@
1 vell + k + a4+ ag

=0. (47)

oAy Bn
sta  (s+ «a)?

) W (p) + V(s + )

Thus, the boundedness of Z(s) on (£,00), and the value of b give us the following three distinct
possibilities.

(i) Z(s) is bounded on (£, c0). This can happen only if IT_ = 1y = (). Therefore, in this case o = —¢.
By Lemma 4.1(iii), A1 > 0, and z,(t) = e~ **v(t,p). To determine the other two parameters 3, and
7, consider the Fourier transform of v(t,p) = €**z,(t). It is given by formula (3.5).
We have A; > 0, and Ay = (g,wz) # 0 by the assumption. Therefore the first two positive
singularities of the distribution Fv are at w = a3 = v/ +v — a2 and at w = as = /48 + 7 — 2.

Thus the unique identification for the parameters is given by

1
a=—¢, 625(055—0@), ’yzaf—ﬁ—koﬁ.

The conclusion is that if Z(s) is bounded on (§, 00), then the parameter ¢ € P in z,(t) = y(¢,p;q)
is identifiable.

(ii) Z(s) is unbounded on (£,00), and b # 0. As shown above, this can happen only if IT_ = ), but
IIy # (. By Lemma 4.2, £ = —a. By Lemma 4.1(ii), Il = {1}, Ay > 0, By > 0. Therefore
B4~ = a?. Since a = —£ is already found, it gives the first equation for the sum 3 + ~.

By (4.6), b = Byw;(p). Then the expression for the Laplace transform (4.3) can be used to find

. b
a= Si1g+(s +a) (Z(s) “Gror

> = Ajwi(p) # 0.
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(iii)

Therefore, by Lemma 4.1(ii)
v(t,p) = e 2,(t) — (a + bt).

The first positive singularity of the Fourier transform Fv occurs at
ag = /4B +v — a?. Thus 48 + v = a. Together with the previously found equation 8 + v = o?
this gives the unique identification

1
a=-E f= 5(045—042), v=a®-p.

The last case to consider is when Z(s) is unbounded on (§,00), and b, defined in (4.5), satisfies
b = 0. This implies IT_ # (. By Lemma 4.1(i), 1 € IT_, 0 < a1 < o, A; > 0, By < 0. By Lemma
4.2, £ = a3 — . Now we can find a, and «; as follows.
Define

a1 = lim  Z(s)(s — a1 + ). (4.8)

s— (a1 —a)+

From (3.4) we conclude that a; = Ajw;(p). Since wy(p) > 0, and a; is found, it gives us the value
of A;. On the other hand, by Theorem 2.2

1 a 1
A1 = 5 (1 + al) (g,w1) + E(h,wl)

Since (g, w1) > 0, (h,w1) > 0, and 0 < o1 < a, we conclude that A; > (g, w;). Substitute o = a3 —¢&
into the equation for A;, and find

(h’ wl) _ f(gawl).

1
= -
! 2 Al_(gawl)

Thus a; and o = a; — £ are found.
Now we eliminate the leading exponent from the expression (3.1) for z,(¢). For ¢t > 0 let

r(t) = e(afo‘l)tzp(t) —aj.
By (3.1)

r(t) = Bie ?*'w; (p) + e Z (Are®*" + Bre™**"wy(p)
keIl \{1}

+ e MY (A, +tBy)wn(p) + e Mot p).  (4.9)

The analysis of r(t) is done in the same manner as the one for Z(s) considered above. Specifically,
first we prove the existence of £ € R such that ||e”"r ()]s < oo for any n > &, and |[e ™" 7(t) | 00 =
oo for any 7 < &. Then the Laplace transform R(s) of r(t) is defined for s > &. Our goal is to
determine whether 2 € IT_, 2 € Iy, or 2 € I, depending on the behavior of R(s).

If 2 € IT,, then Iy = (), and

r(t) = Ble_mltwl(p) + e y(t, p). (4.10)

Therefore £, = —ay, and R(s) is bounded on (&7, 00).
If 2 € Iy, then

r(t) = Bie ***'w (p) + e (A + tBo)wa(p) + e o(t, p).

By Theorem 2.2, As = (g,w2). By the assumptions (4.1) or (4.2), A # 0. Therefore, irrespective
of By, the term e~ **( Ay + tBs)wa(p) is nontrivial. Thus we have & = —a;, and function R(s) is
unbounded on (&7, 00).
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If 2 € IT_, then & = —a; + g, and R(s) is unbounded on (£;,00). Note that 0 < as < aq, since

ap = /a2 — k% — v for k € IT_. In this case & > —a;.

This investigation leads to the following three sub-cases of (iii).

(iii-1). R(s) is bounded on (£1,00). Then the implication is that IT_ = {1}, IIp = (), 2 € I, and
& = —ay. Equation (4.10) gives v(t,p) = e®'r(t) — Bye~ 1wy (p). The first positive singularity of
the Fourier transform of v(¢,p) is at ag = /48 + v — «?. At this point we know a1 — o = &, and
a; = —&1. We have a? = a? — B — v, and a3 = 43 + v — a?. Therefore

1
o ==&, a=-G-& f=glai+a)), y=a’-ai-4

(iii-2). R(s) is unbounded on (&1,00), and & = —ag. Then II_ = {1}, and Il = {2}. Thus
48+~ —a? = 0. In this case we have a; —a =&, a1 = —&;1, o> ——v =a, and 48+~ —a? = 0.
Thus the parameters are uniquely identified by

1
alz_gla 042—51—5, Bzga%a 7:042_04?_/3

(iii-3). R(s) is unbounded on (&,00), and & # —a;. Then 1 € II_, and 2 € II_. Parameters «

and «y have already been determined above. In this case g = & + 1. Since a% =a?—f—7,and

a2 = a? — 43 — ~, this system can be solved to obtain

1
ﬂ:§(a§—a§)7 Wzaz—a%—ﬁ.

Thus the parameters («, 3,7) are uniquely identifiable from z,(¢) in all cases.

5. Computational algorithms

A numerical implementation of the theoretical method described in Theorem 4.3 does not produce satis-
factory identification results. Therefore, we choose to approach the parameter identification as the best
fit to data problem

®\ s _ 2
J(¢") = inf J(q) = nf[ly(q) - zall72 () (5.1)
described in the Introduction.
Direct minimization (DM)
Let N > 0. Given q = («, 8,7) € P define the objective function
In(@) = za(t) = yn(t, ;D)1 720.1)- (5.2)

For the linearized sine-Gordon problem (1.2) the approximate solution yx(t,p;q) is computed as
in Theorem 2.2. For the nonlinear sine-Gordon problem (1.1) the approximate solution yn(t,p;q) is
computed numerically, see [6].

The identifiability analysis of the previous sections did not depend on the boundedness of the admissible
set P. However, for a minimization problem it is natural to assume that the admissible set P is bounded.
To avoid an introduction of an additional notation we just redefine P as a bounded box in R?

P={(a,f,7) €R’ : 0<a < amaz, Brin < B < Brmaz, 0 <Y < Ymaz)- (5.3)
The sought minimizer ¢* is found from

ay = (an, BN, vN) = argmin Jn(a, B,7), (o, B,7) € P. (5.4)
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The continuity of the solution map yy : P — L?(0,T; H) for the sine-Gordon problem is established
in [7]. The continuity proof remains valid for the linearized sine-Gordon problem. Therefore the mini-
mization problem (5.4) has at least one solution. We can show that if ¢* is a limit point of the sequence
gn, N=1,2,... then J(¢*) = mingep J(g), [6].

The nonlinear minimization is carried out by a modification of Powell’s minimization method, [16]. The
advantage of the Powell’s method is that it does not require the knowledge of the derivatives (gradients)
to minimize functions of several variables, but it still achieves a quadratic convergence near the points of
minima.

The method iteratively minimizes a function of several variables. Here ¢ = (o, 3,7), so the minimiza-
tion is carried out in a three-dimensional space. Steps 1-7 describe one iteration of the method.

Powell’s minimization method

1. Initialize the set of directions u; € R3 to the standard basis vectors e; in R3
U; = €4, Z:1,2,3

Save your starting position as gy € R3.

For ¢ = 1,2,3 move from ¢gg along the direction u; and find the point of minimum p;.

Re-index the directions u;, so that (for the new indices) Jy(p1) < Jn(p2) < In(p3) < In(qo)-

Move from gy along the new direction u; and find the point of minimum r;. Move from r; along the
direction uy and find the point of minimum 5. Move from 75 along the direction w3 and find the point
of minimum r3.

Set v =13 — qqo.

Move from ¢ along the direction v and find the minimum. Call it go. It replaces o from step 2.

8. Repeat the above steps until a stopping criterion is satisfied.

CU W N

N

The minimization is further restricted to the admissible set P C R?, satisfying (5.3).

6. Numerical results

Let T > 0. Choose M € N. Define the time grid ¢t; = jM/T, j = 0,1,2,..., M. The admissible set of
parameters ¢ = («, 3,7) is taken to be

P =10,1] x [0.2,1] x [0,1].

We consider three numerical examples for the identifiability and the identification problems. Exam-
ple 6.1 is for a linearized sine-Gordon equation. Two other examples are for a non-linear sine-Gordon
equation.

The values T'=8, M = 128, N = 20, and the test parameters

Qrest = (0.512,0.934,0.230) € P

are common in all the examples. The observation points are defined by p; = jn/16 : j =1,2,--- 15.
Given p € (0,7) the simulated data z4(t) = yao(t,D; Grest) is generated by solving the appropriate lin-
earized, or non-linearized sine-Gordon problem.

In every example the identification was obtained by the Direct minimization utilizing Powell’s mini-
mization method as described in section 5. The initial approximation ¢y € P was chosen to be

qo = (0.5000, 0.6000, 0.5000).

Example 6.1. The governing system is the linearized sine-Gordon problem (2.2) with g(z) = 2%(7 — z)
and h(z) = z(r — z).
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Table 1 shows the identified parameters g3 and the corresponding values of the objective function
Jn using different observations z,, (t) with various observation points p;. The table shows that almost
precise identification was achieved by utilizing 12 iterations of the Powell’s minimization method. The
run time for the code execution was less than 1 second for each identification.

TABLE 1. Identification results for linearized sine-Gordon equation

0.000007986

p  Tterations N In(qy)
p1 12 (0.5120,0.9340,0.2300)  0.000021882
P3 12 (0.5120,0.9340,0.2300)  0.000016025
s 12 (0.5120,0.9340,0.2300)  0.000011622
pr 12 (0.5120,0.9340,0.2300)  0.000008510
P9 12 (0.5120, 0.9340,0.2300)  0.000007003
P1o 12 (0.5120,0.9340,0.2300)  0.000010157
P12 12 (0.5120,0.9339,0.2301)  0.000009177

( )

P14 12 0.5120, 0.9339, 0.2301

Example 6.2. Homogeneous damped sine-Gordon system

Ytt =+ 20[yt - ﬂy;cx + PYSiny = 07 (tvx) € Q = (Oa 8) X (Oaﬂ-)7
y(t,0) =y(t,m) =0, te(0,8), (6.1)
y(0,2) = 2*(7m — z), 4:(0,2) = 2(7 —x), =z € (0,7).

This type of problems was considered by us in [6]. The test parameters g5+ and the corresponding
target behavior z4(t) are the same as in example 6.1. The nonlinear minimization is carried out by the
Powell’s minimization method. The stopping criterion for this iterative process was chosen to be

|In (gm) — IN(gm—1)]
|~ (qo)]

Let g5 = ¢m be the set of parameters attained when the Powell’s minimization method was terminated
according to the stopping criterion (6.2). The identification results are shown in Table 2. It shows that
the identification is successful for observations taken at various observation points p;. The execution time
for the sine-Gordon problem is about 22 seconds.

<107°. (6.2)

TABLE 2. Identification results for damped sine-Gordon equation (6.1)

p  Iterations qN JIn(gn)
P1 6 (0.51200, 0.93340, 0.23026)  0.000043
P3 10 (0.51201, 0.93402,0.23108)  0.000033
Ps 4 (0.51200, 0.93400, 0.22998)  0.000000
pr 5 (0.51200, 0.93400, 0.23081)  0.000000
P9 7 (0.51204, 0.93400, 0.23078)  0.000000
P10 7 (0.51202, 0.93400, 0.23042)  0.000000
P12 6 (0.51199, 0.93400, 0.23063)  0.000000
P14 6 (0.51199, 0.93400, 0.23074)  0.000000

Example 6.3. Non-homogeneous sine-Gordon equation (6.1) with a forcing term f = 1. Other assump-
tions are the same as in Example 6.2.
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This example is similar to examples considered in [6]. The identification results are shown in Table
3. It shows that the identification is successful for such more general equations. The execution time was

about 22 seconds. A discussion of the performance of the method applied to noisy data can be found in
[6].

TABLE 3. Identification results for damped sine-Gordon equation (6.1) with a forcing term

p  Iterations qnN JIn(gn)
p1 8 (0.51200, 0.93399,0.23017)  0.000035
P3 6 (0.51208,0.93403,0.23182)  0.000117
ps 5 (0.51200, 0.93400, 0.23010)  0.000000
pr 5 (0.51198, 0.93400, 0.23054)  0.000000
J2) 4 (0.51200, 0.93400, 0.22992)  0.000000
P10 4 (0.51200, 0.93400, 0.23001)  0.000000
P12 4 (0.51201, 0.93400, 0.23005)  0.000000
P14 4 (0.51199, 0.93390, 0.23018)  0.000000

7. Conclusions

The identifiability problem for nonlinear damped sine-Gordon equation is an open problem. In this paper
we have established the identifiability for linearized damped sine-Gordon problem. The results are also
applicable to linearized Klein-Gordon equation since it has the same form.

Our method consists of a careful analysis of the Laplace and Fourier transforms of the observation
zp(t), t > 0 of the system, conducted at a single point p € (0, 7). Clearly, the results are also valid on
any other interval I C R. In this work the analysis is carried out for equations with constant coefficients,
zero boundary conditions, and with no forcing term. The question whether the system parameters can
be identified from the observation z,(t), when the observation interval for ¢ is bounded, remains open.

Numerical results based on the best fit to data method confirm that the identification is unique for a
wide choice of initial approximation gy for the sought parameters ges:.

We have also compared the obtained numerical results with experiments conducted in [6], where the
identification was carried out for nonlinear sine-Gordon system. The numerical results show that the
identification for such system is qualitatively the same as for the linearized one. That is, the numerical
computation identifies the unique set of parameters ¢* which is practically identical to the test set gest.
Therefore, from the numerical evidence we can conclude that the nonlinear sine-Gordon problem may be
identifiable under the same conditions as for the corresponding linearized problem.

Acknowledgements. The authors would like to thank the reviewer for valuable suggestions.
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