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1. The Laplacians on the h-Heisenberg Group
If we identify R? with the complex plane C via the obvious identification
R? 3> (2,y) < 2z =2 +iy € C,

then for any positive number h, the set C x R becomes a noncommutative group Hj that we call the
h-Heisenberg group when equipped with the multiplication -, given by

(2,t) p (w,s) = <z+w,t+s+ Z[zgw}) , (z,1), (w,s) € Hy,

where [z, w] is the symplectic form of z and w defined by
[z, w] = 2Tm(zw).

Let b be the Lie algebra of left-invariant vector fields on Hyj,. Then a basis for h is given by X}, Y}, and
Ty, where
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and
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In fact, if we let v; : R — H,, j = 1,2, 3, be curves in Hj such that for all s in R,

Th

71(8) = (s,0,0),

~Y2(s) = (0, s,0)
and

73(5) = (Oa 0,s),

then for all smooth functions f on Hy,
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and J
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for all (z,t) in Hj,.
The sub-Laplacian £;, and the Laplacian A;, on Hj, are defined, respectively, by

Ly =—(X;+Y7)

and
Ap = —(XP+Y2+TH).

Simple computations give

A Lo 000 9 99
Ly, =—-A 4(3: +y)h 8t2+h x(’?y Var ) 5
and o
Ah:‘Ch*@a
where
9?2 0?
o oy

Details on the Heisenberg group Hj,, the sub-Laplacians £, and Ay are the same as those for Hy, £
and A, and can be found in [1,2,5].

We give in this paper a self-contained and detailed construction of the heat kernels K pﬁh and K pAh, p>
0, of the sub-Laplacian £}, and the Laplacian Ay, respectively on the h-Heisenberg group. The new results
are the limits as h — 0 of the heat kernels K fh and K pAh, p > 0. Explicit formulas for the limits are
given and dubbed the semiclassical limits in view of the fact that the number h can be thought of as
Planck’s constant in the h-Heisenberg group.

In Section 2, we show how to transform the Laplacians £, and A, to families of twisted Laplacians
Ly, and Ay, respectively on C parametrized by 7 € R\ {0}. This has the advantage of reducing the
number of independent variables of the Laplacians from three to two and can be seen as a method of
descent. The h7-Fourier—Wigner transforms of Hermite functions are developed in Section 3, which can
then be used in Section 4 to construct the heat kernels of L;, and A, and hence the heat kernels of £;,
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and Ay. It is worth pointing out that if we scale the variable ¢ by ¢t = ht’, then the h-Heisenberg group
is reduced to the usual Heisenberg group with the corresponding reductions of the sub-Laplacian and the
Laplacian. Thus, the results in Section 4 can be obtained by scaling the known results in, for instance,
[1,2]. We conclude the paper with the semiclassical limits of the heat kernels on the h-Heisenberg group.

To put the results of this paper in perspective, we note that the formula for the heat kernel of £;, can
be traced to the independent works of Gaveau [3] and Hulanicki [4]. To recall, for positive time p, the
heat kernel K fh of £j, on Hj, is the kernel of the integral operator e~#** such that

e PEnf = fup, KPL’L (1.1)

for all suitable functions f on Hy,, where

(f *m, Kpﬁh)(z,t) = ; f((z,t) n (w,s)_l)KpLh(w,s) dwds, (z,t) € Hp,

provided that the integral exists.
The heat kernel K pAh, p >0, of Ay on Hj, can be defined similarly.

2. The Twisted Laplacians

Let % and % be linear partial differential operators on R? given by

9_90 .90

0z Ox Zay
and

9_9, .0

0z ox Oy

Let h >0 and 7 € R\ {0}. Then we define the vector fields Z;, and Z, by

0
ZhTZE‘f'ETE, E:I‘_Zy,
and
s—_ 9 _h i
= 52 27’2, z=ux+1y.

The vector fields Zp, and Zj,, and the identity operator I form a basis for a Lie algebra in which the
Lie bracket of two elements is their commutator. In fact, —Zj,, is the formal adjoint of Zj.. Let Ly, be
the linear partial differential operator on R? defined by

1 -
Ly = _§(ZhTZhT + ZhTZhT)'
Then Ly, is an elliptic partial differential operator on R? given by

Ly =—-A+ i(:ﬁ +y?)hPr? — i (:Eaay - y(‘fx) hr.

Thus, Ly, is the ordinary Hermite operator —A + %(wQ + y?)h?7? perturbed by the partial differential
operator —ilNh7, where

9.9
oy Yox
134
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is the rotation operator. As such, L;, can be considered as a twisted Laplacian. If h7 = 1, then we
recover the twisted Laplacian studied in detail in [7].

To see the connection of the twisted Laplacian Ly, with the sub-Laplacian, we define for every function
f in L*(Hy), the function f7 on C by

o0
f7(z) = (271')_1/2/ e f(z,t)dt, z€C,
—o0
provided that the integral exists. f7(z) is in fact the inverse Fourier transform of f(z,t) with respect to

t evaluated at 7. It is to be noted that the Fourier transform F' of a function F in L'(R") is defined by

Pe) = (2m) /2 / e~ F(z) dz, €€ R™.

n

We also need to introduce the twisted convolution f x) g of two measurable functions f and g on C given
by

(f #2 9)(2) = /C f(z — wg(w)eM=ldw, 2 eC,

provided that the integral exists.
The following result, which is the h-analog of Theorem 3.3 in [8], is useful to us.

Theorem 2.1. Let f and g be functions in L'(Hy,). Then for 7 € R\ {0},
(f e, 9)" = ) 2(f" *nrja g7).
Proof. For all z in C,
(f *m, 9)7(2)
=02 [ ([t w9 atw.s) dwds ) ai
n

— 00

— (2m)"1/2 /H UZ ¢t f <z Cwt—s— Z[z,w]) dt} g(w, s) duw ds.

(2.1)
Now, for all z and w in C, and all s in R,
(271)_1/2/ eTf (z—w,t—s— [z,w]) dt
- 4
_ (2ﬂ)71/2/ Gttt 5T £ g 4y dt
— ei(8+%[z7w])TfT(z —w). (2.2)
Then by (2.1) and (2.2), we get for all z in C,
(F s 07 () = [ T 17— g, ) duds
Hp,
_ / </ eiSTg(w,s) dS) fT(Z _ w)eihr[z,w]/4dw
C —00
— (27‘(’)1/2/ fT(Z _ w)gT(w)eihT[z’“’]/4dw
C
= 2m)"2(f7 *nrpa g7)-
O
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Now, using Theorem 2.1 and the definition of the heat kernel as given by (1.1), we see that for positive
time p and suitable functions f on Hy,

e~ PLnr §7 = (27T)1/2Kp£h7 *_prsa fT, T € R\ {0} (2.3)

So, if we can compute the heat kernel of Lj;, and hence Kpﬁ’”, then the heat kernel of £; on Hj can be
obtained by taking the Fourier transform of K pL’" with respect to 7.

Similarly, if we take the inverse Fourier transform of the Laplacian Aj, with respect to ¢, then we get
the twisted Laplacian Ay, of Ay given by

Ah'r - LhT + 7-2-

The heat kernel K pAh, p >0, of Ay can then be obtained by taking the Fourier transform of K pAhT with
respect to 7.

3. ht-Fourier—Wigner Transforms of Hermite Functions
Let f and g be functions in the Schwartz space S(R) on R. Then for 7 € R\ {0}, the hr-Fourier-Wigner
transform Vj,.(f, g) of f and ¢ is defined by

Vielr0)(0.0) = @) el [ g (3 8 g (y = 5 ay

for all ¢ and p in R.
For £k =0,1,2,..., the Hermite function e of order k is the function on R defined by

1 e
erx(z) = W(e 2 Hy ()

for all  in R, where Hy, is the Hermite polynomial of degree k given by

Hy () = (—1)Fe"” (;;)k o)

for all z in R.
For 7 € R\ {0} and k = 0,1,2,..., we define e} to be the function on R by

el (x) = |hr|Yer(V/|hT|2), 2z €R.
For 7 € R\ {0} and j,k=0,1,2,..., we define e?jﬁ on R? by
6?,2 = VhT(e?T,eZT).

The connection of {e?}C 1 J,k=0,1,2,...} with {e;x : j,k =0,1,2,...} studied in [7] is given by the
following formula.

Theorem 3.1. For 7 € R\ {0} and j,k=0,1,2,...,

ht

Vel

136

6?,2(%17) = ‘h7|1/26j,k < q,\/|hT] ) , ¢,p R



T. Kagawa, M. W. Wong Semiclassical Limits of Heat Kernels of Laplacians

Proof. For 7 € R\ {0} and 5,k =0,1,2,...,

el%.(q,p)
= Vh‘f'(e;“—v GZT)(Qa p)

o0

— (2m)"V/2|hr] /2 / el (y+ L) el (y— L) ay

= e [ty (VT (4 ) (VI (5 )

— (27T)_1/2|h7'\1/2 /OO eihfqy/mej (y+m§) en (y_ mg) dy
.

ht
= |hr|"2e; 4 (q, \/|th>

VIhTl

for all ¢ and p in R. O

Theorem 3.2. For 7 € R\ {0}, {6?2 15,k =0,1,2,...} forms an orthonormal basis for L?(R?).

Theorem 3.2 follows from Theorem 3.1 and Theorem 21.2 in [6] to the effect that {e; ; : 7,k =0,1,2,...}
is an orthonormal basis for L?(IR?).

Theorem 3.3. For 7 € R\ {0} and j,k=0,1,2,...,
Lirel% = (2k + 1)|hrle)7.
Theorem 3.3 can be proved using Theorem 3.1 and Theorem 22.2 in [6] telling us that for j,k =

0,1,2,..., e; is an eigenfunction of L; corresponding to the eigenvalue 2% + 1.
The following theorem is an analog of Theorem 3.3 for the Laplacian Ay,.

Theorem 3.4. For 7 € R\ {0} and j,k=0,1,2,...,
Aprely = {2k + 1)|hr| + 72}l

The following formula is the main tool for the construction of the heat kernel of Ly, .

Theorem 3.5. For 7 € R\ {0} and nonnegative integers o, 8, p and v,

ht

a,v

ehTs e ja €T, = (2m) V2 |hr| 1265 e
where d3,, is the Kronecker delta.

When At = 1, the formula is the same as that in Theorem 4.1 in [7]. Theorem 3.4 can be proved using
the formula for A7 = 1 and Theorem 3.1.
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4. The Heat Kernels of Twisted Laplacians

Using Theorem 3.3 and the spectral theorem, we get for all functions f in L?(R?),

_pLhTf Z Z 2k+1)|h7‘|p f 6 ) ;m];, o> 0,
k=0 j=0
where (, ) is the inner product in L?(R?). So, for p > 0,
oo o0
R S St
k=0 =0

and our first task is to compute Z;io (f, 6?72)6?77,;. To this end, we note that for £k =0,1,2,...,

o0 o0
h K h
[ *nrjaeg = Z Z(fa €§,z)eﬁ *hr/d €pk

<
Il
=
Il
<

(f, }LT)(27T 1/2|h7" 1/26l k:e

o
[M]8

<
Il
<
Il
<

= (2m)' 2T |72 Y D (f e R)eln

=0

Hence, for £ =0,1,2,...,

o0
SO e)els = @) YA [V2(f s el

=0
Therefore

embin f = (2m) e |2 YD e CREIITRClT s f p> 0,
k=0

Now, using Theorem 3.1 and Mehler’s formula, we get for all z = (¢, p) in C and for p > 0,

(2m) 2 || V2 Y em GREDIRTI T (g, p)

k=0
— (2m) 2 hrle e 3 el (’”q, |hf|p>
k=0 VIhT|
1 —|hr| |22 L dkeZ2nTIe

_ -1 —|hT|p 1]__—2h7lp
(2m) " |hTle [T 1—c

1 AT ik (zPeoth(hrp)
47 sinh(h7p)
So, the heat kernel Iﬁ:ﬁ’h", p >0, of Ly, on R? is given by

IﬁJLhT 1 ht lhTl|z— w|2coth(h‘rp) —i LT [z, 0]
)

o' w) = 4 smh(th) zweC.

Hence by (2.3), we have the following result.
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Theorem 4.1. For 7 € R\ {0} and p > 0,

Ko = (2m) 2K (4.1)

where ) B
kﬁh,. _ T —Lh7 |z|?coth(hTp) C. 4.9
0" 47 sinh(th)e ’ 2 € (42)

An immediate application of Theorem 4.1 is the following formula for the heat kernel K fj, p > 0, of
Ly,

Theorem 4.2. For p > 0, the heat kernel th of Ly, is given by

1 o i ht 1 2
Kﬁh, 1) = —itT —gh7|z| coth(h'rp)d t) € H,.
o (21) 82 [me Sinh(th)6 T (1) h

By a change of variable, we can write

1 o0 Tt 1 1],)2 T
KEfr(zt) = ——— —5 (i +ilzleothr) T g t) € H.
(2 1) 8772hp2/ € sinhr (1)

— 00

If we let fr(z,7,t) = Tgn(z,7,t), where

and V(1) = =—~—, then

sinh 77

1 o0
L _ —fn(z,7,t
Kp’l(z,t)—&rhpQ/ e~ InETOPY (1Y dr,  (2,t) € Hy,.

—00
Similarly, the heat kernel lipA’”, p >0, of Ay, on R? is given by

Anr (Z, ,w) _ 1 ht efih‘r coth ((h‘rp)772pefihg{[z7w]’ z,w e C.

P " 4x sinh (h7p)

The analogs of Theorems 4.1 and 4.2 are then given by, respectively, the following results.

Theorem 4.3. For 7 € R\ {0} and p > 0,

K = @m) 72k, (43)

where ) N
kAhr _ T —Lhr]|2|%coth (hTp) ) 4.4
’ 47 sinh (th)e ' , z¢C (4.4)

Theorem 4.4. For p > 0, the heat kernel KpA’l of Ay, on Hy, is given by

1 < ht 1 2 2
KAh’ 1) = —itT — 1 h7|z|*coth (hTp)—7 °d t) e H,.
o (51) 87r2/ ¢ sinh(th)e T (1) h

— 00
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5. Semiclassical Limits of Heat Kernels

We begin with the heat kernel of the twisted Laplacian L.

Theorem 5.1. For 7 € R\ {0},

Lr 1/2 4
K&mm(z) — (2m)” / 47Tp —|zI2/(4p)
as h — 0 for all z in C and all positive numbers p, where Kff’” is the heat kernel of Ly, given by (4.1)
and (4.2).

Proof. Since
x

im —
z—0 sinh z

and
lim x cothz =1,
x—0
it follows that
1 hT 10,2
li KLP” =N 2 —-1/2 ~ "0 —%|z|*hT coth(hTp)
hlg%) (2) hli%( ™) 47 sinh(th)e !
1 h’Tp 1.2
=i 2 -1/2_~ _ME 15 1z|*hTp coth(hTp)
hlg%)( ™) 47Tp sinh(th)e ’
— (2 1/2_2  —|zI? /(4P)
(2m)~ 4@
as asserted. 0

We give in the following theorem the main result on the semiclassical limit of the heat kernel of £} on
Hy, as h — 0.

Theorem 5.2. For all positive time p and all (z,t) in R3,

]. 2
Kl: —|z 4
ph(z7t) — rpe l217/( P)é(t)

in S’'(R®) as h — 0, where S’(R®) is the space of all tempered distributions on R3.
Proof. Let ¢ be in the Schwartz space S(R3) on R3. Then

K2 ()

ht 112
(2 ettt — 1 —3lz*h7 coth (h7p)
") / / (/ 47 smh(th)e dr | p(z,t)dzdt

= 2 *1/2/ /77 7l|z| hTCOth(th)A d d
(2m) s (C47Tsinh(h7-p)e : &(z,7) dz dr,

where for all z in C and 7 in R, ¢(z,7) is the partial Fourier transform of ¢ with respect to ¢ evaluated
at 7. By Theorem 5.1 and Lebesgue’s dominated convergence theorem, we conclude that

lim Kﬁh( (2m) 1/2/ / — e lF I/ 0) o(z,7)dzdr
h—0 dmp

o217/ (4p)
/ 47Tp »(2,0)dz

/ /H @05 (1) o2, 1) dz dt,

and the proof is complete. [

140



T. Kagawa, M. W. Wong Semiclassical Limits of Heat Kernels of Laplacians

We end this paper with the analogs of Theorems 5.1 and 5.2 for the Laplacian Ap,.

Theorem 5.3. For 7 € R\ {0},

1 2 2
Apr 1/2 z 4p))—T
K20 (2) — (27) 12 = o=(=lP/(Ap)—7%p

as h — 0 for all z in C and all positive numbers p, where KPA*” is the heat kernel of Ap, given by (4.3)
and (4.4).

Proof. Since
. ht 1
im ——— = —
h—0sinh (hTp)  p
and

1
lim h7 coth (h7p) = —,
h—0 P

it follows that

1 hT 1,2 2 1 2 2
lim K4nrr — lim (27)" /2 — —ilzlPhrpcoth (hrp)—77p _ (o \=1/2_= —(|z[7/(4p))—7"p
0 P (2) hlg%)( ) 47 sinh (th)e (2m) 47rpe
for all z in C and all positive numbers p. O

We can now give the semiclassical limit of the heat kernel of Ay on Hj,.

Theorem 5.4. For all positive time p and all (z,t) in R3,

1

767(|2|2+t2)/(4p)
()72

A
K" (z,t) —

as h — 0.

Proof. By Theorem 5.3, we get for all positive time p and all (z,t) in R3,

o L1 ht 10,2 2
KA" 2,t) = e T _—_ e—z|z| ht coth (hTp)—7 Pdr.
o (21 / 872 sinh (h7p) g
By Theorem 5.3 and Lebesgue’s dominated convergence theorem, we have

Jim K2 (2,t)

— 00

— /oc lim e—it‘riL
) ko0 872 sinh (h7p)

_ /OO pmitr L1240 =20 g

1,2 .2
e 1|z hT coth (h7p)—T °dr

e 812 p
L tePrtap) [7 it v
=_-5€ e "Te dr. (5.1)
8m2p —o0

Since

(o9}
/ et gy — | ot/ n)
—o0 p

1 2 T _,2 1 2,2
lim K% (5 f) = L oleB/n) [Tt L (e an)
oo P (%) 87r2pe pe (477/))3/26

we get by (5.1)

Acknowledgements. We are grateful to the referee for the useful comments for improving the paper.

141



T. Kagawa, M. W. Wong Semiclassical Limits of Heat Kernels of Laplacians

References

[1] A. Dasgupta, M. W. Wong. Weyl transforms and the heat equation for the sub-Laplacian on the Heisenberg group, in
New Developments in Pseudo-Differential Operators. Operator Theory: Advances and Applications, 189, Birkhauser,
2009, 33-42.

[2] A. Dasgupta, M. W. Wong. The semigroup and the inverse of the Laplacian on the Heisenberg group. CUBO A
Mathematical Journal 12 (2010), 83-97.

[3] B. Gaveau. Principe de moindre action, propagation de la chaleur et estimées sous elliptiques sur certains groupes
nilpotents. Acta Math. 139 (1977), 95-153.

[4] A. Hulanicki, The distribution of energy in the Brownian motion in the Gaussian field and analytic-hypoellipticity of
certain subelliptic operators on the Heisenberg group. Studia Math. 56 (1976), 165-173.

[5] S. Thangavelu. Harmonic Analysis on the Heisenberg Group. Birkhduser, 1998.

[6] M. W. Wong. Weyl Transforms. Springer-Verlag, 1998.

[7] M. W. Wong. Weyl transforms, the heat kernel and Green function of a degenerate elliptic operator. Ann. Global
Anal. Geom. 28 (2005), 271-283.

[8] M. W. Wong. Weyl transforms and convolution operators on the Heisenberg group in Pseudo-Differential Operators

and Related Topics. Operator Theory: Advances and Applications 164 Birkh&user, 2005, 115-120.

142



