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1. Introduction

Pseudo-differential operators are discussed in various areas of mathematics and mathematical physics,
for example, in partial differential equations, time-frequency analysis, and quantum mechanics [18,19,21,
32,34]. They are defined as follows.

Let o be a tempered distribution on phase space R??, that is, o € S’(R??) where S(R??) denotes the
space of Schwartz class functions. The pseudo-differential operator T, corresponding to the symbol o is
given by

T.f@) = [o@&) fleem=eds, fe S,
Here, fdenotes the Fourier transform of f, namely,

FO =Ff(&) = /f(:c)e_%”‘””‘5 dx.

One of the central goals in the study of pseudo-differential operators is to obtain necessary and sufficient
conditions for pseudo-differential operators to extend boundedly to function spaces such as LP(R%) 3,5,
20,33]. A classical result in this direction is the following.

For m € R, we let S™ consist of all functions ¢ in C*°(R%xR?) such that for any multi-index (a, 3)
there is Cy g > 0 with

|(050¢0) (2,€)| < Cap(1+ [¢)m1.
For o € S°(R?) it is known that 7T, acts boundedly on LP(R?), p € (1,00). A consequence of this result
is that if o € S™, then T, is a bounded operator mapping H? . (R?) to HP(R?), where HP(R?) is the
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Sobolev Spaces of order s € R; for more details see Wong’s book [32]. Similarly, in [33], Wong obtains
weighted LP—boundedness results for pseudo-differential operators with symbols in S™.

Smoothness and boundedness of symbols though are far from being necessary (nor sufficient) for the
LP-boundedness of pseudo-differential operators. In fact, every symbol o € L?(IR?9) defines a so-called
Hilbert—Schmidt operator and Hilbert-Schmidt operators are bounded, in fact, compact operators on
L?(R%). Non-smooth and unbounded symbols have been considered systematically in the framework of
modulation spaces, an approach that we follow in this paper.

Modulation spaces were first introduced by Feichtinger in [9] and they have been further developed by
him and Grochenig in [8-13]. In the following, set ¢(z) = e=™l217/2 and let the dual pair bracket (+,-) be
linear in the first argument and antilinear in the second argument.

Definition 1.1 (Modulation spaces over Euclidean space). Let M, denote modulation by v € R?
namely, M, f(z) = e*™*¥ f(x), and let T} be translation by ¢ € R?, that is, T} f(z) = g(x — t).

The short-time Fourier transform Vj f of f € &'(R%) with respect to the Gaussian window ¢ is given
by

Vof(t,v) = .F(f thS) (v) = (f, M, T9) = /f(:z:) efQ’TiI”qﬁ(x —t)dz.

The modulation space MP?(R9), 1 < p,q < oo, is a Banach space consisting of those f € S’(R?) with

$lsse = Vol = ([ ([ Wastempar) ™ an)™ < oo,

with usual adjustment if p = co and/or ¢ = co.

Roughly speaking, distributions in M?4(R%) ‘decay’ at infinity like a function in LP(R?) and have the
same local regularity as a function whose Fourier transform is in L(R%).

The boundedness of pseudo-differential operators on modulation spaces are studied for various classes
of symbols, for example, in [5,7,15,16,27,28,30,31]. In [27,28] for example, Toft discusses boundedness
of pseudo-differential operators on weighted modulation spaces. In [5], Nicola and Cordero describe a
class of pseudo-differential operators with symbols ¢ in modulation spaces for which 7, is bounded on
LP(R).

The modulation space membership criteria on Kohn—Nirenberg symbols used in [5,7,27,28] do not
allow to require different decays in = and £ of o(x,£). In the recently developed sampling theory for
operators, though, a separate treatment of the decay in x and & was beneficial [17,23,24]. In fact, this
allows to realize canonical symbol norms of convolution and multiplication operators as modulation space
norms on Kohn-Nirenberg symbols. Motivated by this work, we give the following definition.

Definition 1.2 (Modulation spaces over phase space). The symplectic Fourier transform of F' € S(R??)
is given by

FF(t,v) = / e~ 2mil@ WP (g ¢) da d, (1.1)
R2d

where [(z,€), (t,v)] is the symplectic form of (z,€) and (¢,v) defined by [(z,€),(t,v)] = z-v — & -t
Analogously, symplectic modulation M, is defined by M ,\F(z,&) = e2mil@8), (VI (g, €).
The symplectic short-time Fourier transform \7¢ f of F € 8'(RY) is then given by

VoF(x,t,6,v) = F(F Tig00) (t,v) = (F, My )T 6)9) (1.2)
= [[em @O et - 2.8 - 9 dr e
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The modulation space over phase space MPip2aiaz (R%?4), 1 < p1,p2,q1,q2 < o0, is the Banach space
consisting of those F' € S'(R??) with

1Pl 7osnanan = [IVaFl[zrivaasan
- (/(/(/</|(‘7wF)(x’t,£,V)lpl dx)m/pl dt>QI/p2 dg)q?/% dy)l/%
o (1.3)

with usual adjustments if p; = 0o, pa = 00, ¢1 = 00, and/or gz = .

Note that the order of the list of variables in (1.2) is crucial as it indicates the order of integration
in (1.3). We choose to list first the time variable z followed by the time-shift variable ¢. The time
variables are followed by the frequency variable £ and the frequency-shift variable v. Alternative orders
of integration were considered, for example, in [2, 5,27, 28].

Below, £(X,Y) denotes the space of all bounded linear operators mapping the Banach space X to
the Banach space Y; £(X,Y) is equipped with the operator norm. Below, the conjugate exponent of
p € [1,¢] is denoted by p’. Our main result follows.

Theorem 1.3. Let py, pa, ps, P4, q1, 92,93, qa € [1,00]. Then there exists C' > 0 such that

||TU||£(Mplql,]V[p2q2) S C ||0.||MP3P4113Q47 o€ DPepadsas (de)a (14)
if and only if
1 1 1 1
7+7§7+77 p4§minplvp ) 1.5
Pi P2 D3 pa {p1.p2) (1:5)
1 1 1 1 .
—+t—<—4—, @ Smln{qllqu}' (16)

¢ 2T @B

Theorem 4.1 below is a variant of Theorem 1.3 that involves symbols in weighted modulation spaces.
Observe that (1.5) depends only on the parameters p;, while (1.6) depends analogously only on the
parameters ¢;. That is, the conditions on decay in time and on decay in frequency, or, equivalently, on
smoothness in frequency and on smoothness in time, on the Kohn-Nirenberg symbol are linked to the
respective conditions on domain and range of the operator, but time and frequency remain independent
of one another. See Figure 1 for an illustration of conditions (1.5) and (1.6).
An LP-boundedness result for the introduced classes of pseudo-differential operators follows.

Corollary 1.4. Let p,ps,pa,q,qs,q4 € [1,00]. Assume

1 1 L
—+-<—+—, ps<min{p,q},
P qa ps
and
§+§1 < L+ L g <min{p,¢}, if p,gell,2],
Tt <ot <min{pd}, if 1<p<2<y,
1% + % < q% + q%a g4 <min{p’,¢'}, if 2 <min{p, ¢},
ot < e tona<min{p.g}, f 1<qg<2<p.

Then T, : LP(R?) — L9(R?

1s bounded and there exists a constant C > 0 such that

~—

ITo | eczr,ea) < Clolgmamamgars 0 € MPP119 (R,
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11 .
max{ L, L J@eceetiinii i
{qi'qz} .

ing 1 1
min
{p’l ' p2 ¥

FIGURE 1. For fixed p1,p2 and ¢1,¢2, we mark the regions of (p%, p%) and (q%, q%l)
for which every o € MPsP+4394(R2) induces a bounded operator T, : MP19(RY) —
MP292(R4). In fact, for (p%, p%) and (q%, q%) in the hashed region, there exists C' > 0
with || T, || z(arr1a1,pr202) < C|0|| 5705040500 - The conditions on the time decay parame-
ters p1,po2, p3, p4 are independent of the conditions on the frequency decay parameters

q1,92,493,44.

Corollary 1.4 encompasses, for example, the space of Hilbert—Schmidt operators on L?(R?), namely
HS(L*(RY) = {T, : 0 € MP?2(R*) = L*(R*))} < L(L*(R?), L*(RY)).
Moreover, Corollary 1.4 reconfirms L?~boundedness of Sjostrand class operators [25,26],
Sj C{T, : 0 € M (R?))} c £(L*(RY), L2(R%)).

Using the weighted version of Theorem 1.3, namely, Theorem 4.1, we get the following boundedness result
for Sobolev spaces.

Corollary 1.5. Let py,p2,p3,ps € [1,00] and s € R. Let w be a moderate weight function on R*?
satisfying

w(z, t,,€) < (14122 (1 + v+ €7, at,v,¢ e RY

Assume that
1 1 1 1 .y
— 4+ — < —+ —, ps <min{p],p2}.
141 D2 p3 P4

Then

1T\l gmm prey < Clloliggmarar, o € MEPL(R),
for some constant C > 0.

The paper is structured as follows. Section 2 discusses mixed norm spaces and modulation spaces over Eu-
clidean and over phase space in some detail. In Section 3, our boundedness results for pseudo-differential
operators with symbols in modulation spaces over phase space are compared to results in the literature.
Finally, in Section 4 we prove our main results, Theorem 1.3, Corollary 1.4, and Theorem 4.1.
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2. Background on modulation spaces

In the following, x, &, ¢, v denote d-dimensional Euclidean variables. If not indicated differently, integration

is with respect to the Lebesgue measure on R?.
Let r = (r1,72,...,7,) where 1 <7; < 00, i =1,2,...,n. The mixed norm space L"(R"?) is the set of
all measurable functions F' on R™ for which

[Ellzr =

(/R (/IR (/R|F(“f17~~,wn)|” dml)”m dmm)rn/rn,ldmn)l/m

is finite [1]. L"(R"?) is a Banach space with norm || - ||z-. Similarly, we define L"(R"?) where r; = oo
for some indices .

If n =2, 7 =pand ry = ¢, then we denote L"(R??) by LP?(R2?). Similarly, if n = 4 and r; = py,
Ty = Po, T3 = p3 and 74 = py, we write LP1P2PsP4(RAD) = [7(R49),

Let w be a nonnegative measurable function on R™?. We define L7 (R"?) to be the space all f on R
for which wf is in L"(R"). LT (R"?) is a Banach space with norm given by

£y, = llwfl

w

rLr-.

In time-frequency analysis, it is advantageous to consider moderate weight functions w. To define
these, let R{ be the set of all nonnegative points in R. Any locally integrable function v : R*® — RF
with

v(z +y) < v(z)v(y)

is called submultiplicative. Moreover, if w : R"* — R(J{ is locally integrable with
w(z +y) < Cw(z)v(y),

C > 0, and v submultiplicative, then w is called moderate.
The short-time Fourier transform of a tempered distribution f € S&’(R"?) with respect to the window
Y € S(R™) is given by
Vo f(x,8) = F(fTo0)(&) = (f, MeTyp)
where M, and T, denote modulation and translation as defined above.
With ¢(z) = e~ I#I°/2 4 moderate on R24, and p,q € [1,0c], the modulation space MP(R?) is the
set of all tempered distributions f € &’(R?) such that

Vof € LPY(R??).

with respective Banach space norm. Clearly, if w = 1, then MP4(R%) = MP4(R?). Moreover, for any
s € R let

w8 = (1+162)”"

and denote M2?(R?) by MP(R?).

Note that replacing the Gaussian function ¢ in the definition of modulation spaces by any other
Y € S(R?) \ {0} defines the same space and an equivalent norm, a fact that will be used extensively
below.

Recall that the Sobolev space HP(R?) consist of all tempered distributions u € &'(R¢) for which
lull gr = | Tw, ul|zr < 0o [27]. For any s e Rand 1 < ¢ <p <r < ¢ < oo we have

MPU(RT) € H{(RY), (2.1)

and for some C > 0,

1fllzzr < Clflgzs,  f € MEUR?).
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Similarly, 1 < ¢ <r < p < ¢ < oo implies
HI(RY) € MPY(R?), (22)
and for some constant C' > 0,

1 Fllars < CllF s f € HI(RY).

Let FLP(R?) be the space of all tempered distributions f in &'(R?) for which there exists a function
h € LP(R?) such that h = f. Then FLP(R?) is a Banach space equipped with the norm

[fll7ze = [Pl ze-

The following proposition shows that modulation space norms of compactly supported or bandlimited
functions can be estimated using FLP and LP norms, respectively [6,8,22,29].

Proposition 2.1. For K C R? compact and p,q € [1,00] there are constants A, B,C, D > 0 with

(i) AllfllzLe < fllame < Bl fllzLe,  f € S'(RY) with supp f C K;
(ii)  Clfller <|Ifllarra < DI fllLe,  f € S'(RY) with supp | C K.

In the following, we shall denote norm equivalences as in statement () above by

Ifll 7z = [ fllares,  f € S'(RT),  supp f C K.

Similarly, statement (i) becomes

[ flle = |fllarea, f€S'(RY), suppfC K.

The symplectic Fourier transform of F' € S(R??) given in (1.1) is a 2d-dimensional Fourier transform
followed by a rotation of phase space by . This implies that the symplectic Fourier transform shares
most properties with the Fourier transform, for example, Proposition 2.1 remains true when replacing
the Fourier transform by the symplectic Fourier transform.

Let p1,p2,q1, g2 € [1,00] and let w be a v—moderate weight function on R*?. The weighted modulation
space over phase space M}le?ql‘” (R2) is the set of all tempered distributions F' € &’(R??) for which
VwF € Lp1p20142 (]R4d).

Recapitulate that for F' € &'(R2?), we have VwF(:c,t7§, v) =VypF(x,& v, —t),

| F || 5701 pparas = ||‘~/¢FHLP1PN1Q2
= (/ (/ (/ (/|‘7¢F(Z7t’€7y)|pl dz>P2/p1 dt)ql/p2 dg)‘lz/ql dy)l/ql’

and

IFllasrsossara = VoF[zransar
B (/(/(/(/WM(%ﬁ,v,tﬂpl da:)ql/m dg)q”‘h dy)pl/fh dt>1/p1’

with usual adjustments if p; = 0o, ps = 00, ¢1 = 00, and/or ga = oo. This shows that the definition of
MP1P2:01,44 (R2) is based on changing the order of integration and on relabeling the integration exponents
accordingly. Mixed L? spaces are sensitive on the order of integration, and, hence, MPip2a1az (R24) ¢
MPip2a142 (R24) and MPrr2ardz(R2d) ¢ MPip2iaz (R24) in general. But for 1 < p < ¢ < oo, Minkowski’s

inequalit
T ([ ([irwora)” ) <([([Fepra) w)’

(with adjustments for p = oo and/or ¢ = 00) holds and implies the following.
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Proposition 2.2. Let p1,p2,q1,q2 € [1,00] and w be a moderate weight function on R*?,

(i) If po < min{q1, g2}, then MPr9192P2 (]de) C M£1P2q1q2 (RQd) and
||U||]’[j51p2qmz < HO'”Mﬂlqlq?P? .

(ii) If max{q1,qz} < pa, then MPrP2a192(R2d) C Mprarazp2(R24) gpd
||O’||M’51(11f12p2 S ||O'||M51p24142 .

Note that results similar to ours could also be achieved using symbols in MPsP+9394(R2?) but the so
obtained results would be weaker and they would necessitate the additional condition py < min{gs,qs} .

Modulation spaces over phase space share most of the properties of ordinary modulation spaces. For
example, if p1 < p1, p2 < P2, 1 < g1, and g2 < ¢, then

Mplpquqg (RQd) C M[ﬁﬁzqﬁ% (RQCZ)7 (23)

and
HO’HMglﬁgalag < H0'||]’\‘4’31p2r11q27 (S M51P2Q2QQ(R2d).

Furthermore, for p1,ps, g1,z € [1,00], the dual of MPiP201d2(R24) jg MEP 0 (R2?) where p}, ph, ¢}, ¢b
are conjugate exponents of p1,p2, g1, qo.

The proofs of such results for modulation spaces over phase space are similar to the ones for the
ordinary modulation spaces [14] and are omitted.

3. Comparison of Theorem 1.3 to results in the literature

Cordero and Nicola as well as Toft proved the following theorem on MP?-boundedness for classes of
pseudo-differential operators with symbols in M*1515252(R2?) | see Theorem 5.2 in [5] and Theorem 4.3 in
[27].

Theorem 3.1. Let p,q, s1,$2 € [1,00]. Then for some C > 0,
||T0H£(Mpqupq) <C ||a'||]wslsls2s2, o€ Msis15252 (RQd)7 (31)

if and only if
59 S min{p>pl7 q, q/7 8/1}

Roughly speaking, to employ Theorem 3.1, we need to ensure that o(x,€) has L° ‘decay’ in x and &
and that Fo (v, —t) = Fso(t,v) has Lmin{p.p",q.q's"} ‘decay’ in t and v. To apply Theorem 1.3, it suffices
to ensure that o(z,£) has L*! ‘decay’ in « and L*? ‘decay’ in &, and that Fyo (¢, v) has Lmin{p.p"s1} decay’
in t and Lmin{ed’ sz} ‘decay’ in v.

Using embeddings such as (2.3), we observe that indeed Theorem 3.1 provides boundedness of Ty if

o0 oo
o e U Msss/s' C U Mss’ss' (32)
s=max{p,p’,q,q'} s=max{p,p’,q,q'}

while Theorem 1.3 provides boundedness of Ty, if

oo o0

e U U MS1S/1325,2 )

si=max{p,p’'} s2=max{q,q'}

The set inclusion in (3.2) is based on Theorem 2.2 and the fact that s > max{p,p’} implies s > 2 > 5.
As L? = M??, Theorem 3.1 implies the following L?>-boundedness result.
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Corollary 3.2. Let r,s € [1,00]. Then for some C > 0,
1Tl 2r2.22) < Cllo|agrrss, 0 € M35 (R?),

if and only if
s < min{2,7'}.

Corollary 3.2 has been obtained earlier in 2003 by Grochenig and Heil [15]. As comparison, we formulate
a similar consequence of Theorem 1.3.

Corollary 3.3. Forr,s € [2,00], there exists a constant C > 0 such that
I || 222,22y < Cllollgzrmen, o€ M™% (R).

Note that Theorem 3.1 does not imply that T, : L?(R%) — L?(R%) is bounded for o € M>221(R24). But
as M>221(R24) C M°>°122(R2?) Theorem 1.3 indeed implies L2-boundedness in this case.
Theorem 1.3 implies the following result for compositions of product and convolution operators.

Corollary 3.4. For p,q € [2,00], let hy € MPY (R%) and hy € MP'9(R%). Define
Tf=hi-(haxf), feL*R?),

and

Hf = (h1-f)xhy, feL*R).
Then T and H are L?-bounded operators and there exists a positive constant C' such that
1Tl 2r2,r2) < C llhall oo 1Pl ageras

and
I Hl zcz2,22) < C |kl proa 1P2l pgora-

The proof of Corollary 3.4 follows immediately from Corollary 3.3, Lemma 4.9 and Lemma 4.10.

4. Proof of Theorem 1.3, Corollary 1.4, and Theorem 4.1
4.1. Proof of Theorem 4.1 and thereby of (1.5) and (1.6) implies (1.4) in Theorem 1.3

In this section we prove the weighted version of one implication of Theorem 1.3.

Theorem 4.1. Let wy, ws be moderate weight functions on R?* and w be a moderate weight function on
R that satisfy

wo(z, v+ &) <w(z, t,v,&w (z —t,E). (4.1)

Let p1,p2,p3,Pa,q1, G2, 43, g4 € [1,00] be such that

1 1 1 1 :
" §§%—3+q7,p4§m%n{pipp2},
TSt o G <min{g), g}

Then there exists a constant C' > 0 such that

||Tg||£(Mmtn7Mpzqz S C ||0||M53P4QBQ47 RS M£3p4q3q4 (de).

w1y wo
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To prove Theorem 4.1 we need some preparation. For functions f and g in S(R?), the Rihaczek transform
R(f,g) of f and g is defined by

R(f,9)(x,€§) = X< f(€)g(x).
Pseudo-differential operators are related to Rihaczek transforms by
(Tof,9) = (o R(f.9))
for f and g in S(R?). We define A, T4 by
(TAF)(z,t) = F(A(z,t)) = F(x — t,x).

Then
R(f,9)(%,&) = Fise (Ta(fog)(z,)).

Lemma 4.2. Let ¢ be a real valued Schwartz function on RY. Then for all f and g in S(R?)
VTA(Lp®Lp)TA(?®g) (CE, t7 v, 5) = Vépf(x - tv 5) ng(xv v+ 6); fvg S S(Rd)
Proof. We compute

VTA(LP@(,O)TA (?®g) ((E, ta v, 6)

_ / / e HOT, (Fog) (@ DTale@p) & — v, T — 1) di dl

_ / ( / 2T (G — Dp(@ — w — T+ ) dE ) e 2T g(F)p(T — ) dF
/ / F(s)g(F)e 2T =2mEE—9) (5 — (1 — 1)) p(F — 7) dF ds

= ([ e s ets - @ - ) s) ([ €21y @)p(@ - o) 5)

= Vof(x —1,8) Vog(z,v + ).

O
Lemma 4.3. Let ¢ € S(RY) be a nonzero even real valued Schwartz function on RY. Then
Ve BUF.9) (2,6,0,8) = €727 Vi, (e Ta(FR9) (¢, ~t,v,€)  f,9 € S(RY).
Proof. For f and g in S(RY)
e R 9) (.61, )
- / [ 20T R ) @ DR )@~ .~ €) T
= [[ O F (@ - 9@ P (0 — o~ )@ - a) dT dE
= [T OE (7 - D)o@ F e _l0E o~ )l - o) T
(4.2)
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On the other hand, Parseval’s identity gives

VTA (%@S&)TA (?®g) (il?, t? v, g)

- / / 2T, (Fog)(7, DT (000) (& — 2,7 — t) di dE
= / (/6727”‘?5?(5 — tN)cp(% —z -1+ t) dtN)e*%ﬁ”g(E)@(f —x)dx

= // }}_)g(?(f - -))ffjg(e_%i%go(f —r+t— -))e‘QﬂﬁVg(f)cp(% — 1) d¢ dF.

But B N
t:_ig(e—zmt%@ —r4t— )) _ 6_2mt(£_£)]:7ﬁg,g<ﬁp(% —r— ,))7
therefore,
VTA(@@W)TA (?@)g) (.’);‘7 t,v, 6) =e e // 62”(755_”5)]_}%5(?(5 - )) X
Fire glp@—x —))g@)p(@ — x) di dE.
Combining this identity with (4.2) completes the proof. O

Proposition 4.4. Let wy,ws,w be moderate functions that satisfy
w(z, t,v,§) <wi(x—t,ws(x, v +E).
Let ¢ be a nonzero real valued Schwartz function on R and define
VrawonTa(fRg) (@,t,€,v) = Vi, (pon Ta(FRg) (2,t,1,€), f,g € S[RY). (4.3)

pr17p27p37p47q15qQaQ37q4 S [1,00} SGtZSfy

1 1 1 1 .
1771—1—%_ 1713 +pl4’p3 Sml'n{plvp27p4}a (44)
‘171—’—‘172:(173—"_;;7 q3§mln{qlvq27Q4}7

then
V14 (p00) Ta(f@G) || Lrsrassas < || prpaan ||gll pgzzee -

w1y wo

Proof. Lemma 4.2 implies

VTA(W@%’)TA(?(@g) ($7t7§7 V) = V@f(.%' - t7€) V@g(x7 v+ 5)

So, by (4.1),
”w('vtvgvV)VTA(AOQ@AP)TA(?@g)('vtvfaV)”LPS
/ps3
< ([ oato = 1.6 (vl )@ = 0P o+ €) (Vog) (v + O o)
1/ps
= (lwaov + Vgl + O s fwr (L OV O (1)

Then, (4.4) implies
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with 7y = pa/p3 > 1, s1 = p1/p3 > 1 and a1 = p4/p3 > 1. Hence, we can apply Young’s inequality and
obtain

H’LU(, ) fa V)VTA(go@ga)TA(?@g)('v Kl 5, V)||LP3P4
= [fwa (v + EVog( v + O # Jwn (- OV, f (- )P |5
< lwa (- v+ EVipg (v + PP I N[ (- E)Vi f (- €)PI2° . (4.5)

To bound (4.5), we note the integral with respect to £ is again a convolution. In fact (4.4) leads to

where 79 = ¢q2/q3, S2 = q1/q3 and as = q4/q3. Young’s inequality then implies

||wVTA (p®p) Ta (?@)g) ||LP3P443 a4

a1 (r2qs)/(psr1) 1/(r2q3)
< (/ (/Iwz(ﬂs,y)Vq)g(I,y)l”” dx) dy) X

(s2q3)/(pss1)
(J ([ 1wVt ar) =" a

= ||f||M,511q1 ||9||M,522‘12a

(1/s243)
v)

which completes the proof. O

Now, we are ready to give sufficient conditions on the boundedness of pseudo-differential operators
with symbols in MPsPdsds(R24).

Lemma 4.5. Let wi,wo,w be moderate weight functions that satisfy  (4.1). Let
P1,P2,P3,P4,41,492, 43,44 S [1700] be such that
1
p—se +p72_p74 mln{*/7p*2pf4} (46)
1 .
= €12 —l————mm{—,,q—ij}

Then there exists a constant C' > 0 such that

||T ||L(Mm“ ME2% <C ||(j||1\/1p“74qsq47 oc M£3P4Q3Q4 (R2d). (47)

Proof. Let us first assume p1, pa2, ps, P4, q1, 42, 43, ga € [1, 00] satisfy (4.6) and in addition

1 1 1 1 1 1
1ty e 2yt (4.8)
p1 D2 b3 P4 (11 q2 q3 q4

Let f,g € S(R?). Since the dual of M”SP‘*‘”‘I4 (R24) is ijp“qdq“ (R24), it follows that

(Tof,9)| = (o, R(f,9))|

< HO—HM33”4‘13‘14 ||R(f, g)”MPéPZ'JéQL'
1w

To obtain (4.7), it is enough to show that there exists C' > 0 such that

”R(fa )||~p31)4q3q4 <C Hf”]%plql ”g”]wpztzQ

l/w 1/wo
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Let ¢ be a nonzero real valued even function in S(R?). Then by Lemma 4.3,

Viteer R(f.9) (@ ‘ ‘ CEmE R(f.9) (.6, 7t)’
= ‘VTA(¢®¢)TA(f®g) (z,t,v, 5)‘

= ‘VTA(¢®¢)TA(?®9) ($7t7 57 V)‘
where Vr, (o) is defined in (4.3). Therefore, by Proposition 4.4, we have

IR D o piagar = ||VTA(@®¢)TA(7®9)|| Pyl
Li7.

1/1_u
< I gz Nl o
1/wo

To obtain (4.7) in the general case, that is p1,pa, ps, pa, ¢1, G2, g3, ¢4 € [1, 00| satisfy (4.6) but not neces-
sarily (4.8), set

1 1 1 1 1 1 1 1
T:f—i—f_f, and T:f—i—f—f/
b2 P3 P4 D q2 a3 q4 4

Then it is easy to see that P2 < po, G2 < g2 and p1, D2, 3, P41, ¢1, G2, q3, ¢4 € [1,00] satisfy (4.6). Hence
1o fllarzzee < ClTo fllyzaze < I llammyor ol gpsransa
for some C > 0. U
Proof of Theorem 4.1: Let f € S(R?). Set
1 1 1 1 1 1 1 1
==+ ==+ :
ps3 V%1 P2 P4 q3 1

Then it is easy to see that
P3 > p3,  q3 > qs-

Furthermore, {p1,p2,P3, pa, q1, G2, G3, g4} satisfies (4.6), therefore there exist C7,Cy > 0 such that

1o Fllasgzrs < CollFllzyes ol grgamssaas

< Coll Fll sz lloll gzpspaasas

4.2. Proof of Corollary 1.4

Let 1 < p,q < 2. By Theorem 1.3, T, : MPP' — M4 is bounded. Using the bounded embeddings
MP ¢ LP © MP for all 1 < p < 2 (for more details see [§]), it follows that T, : LP(R?) — LI(R%) is
bounded. Similarly, using M??" C LP C MP for all ¢ > 2, we can prove T, : LP(R%) — L(R%) is bounded
for p, ps3, P4, q, q3, qa satisfying the conditions of Corollary 1.4. O

4.3. Proof of (1.4) implies (1.5), (1.6) in Theorem 1.3

To show necessity of (1.5) and (1.6) in Theorem 1.3, we shall use two mixed L? norms on phase space,

namely,
1Pl = ([ ([1rgrar) ™ a) ™,
1Pz = ([ ([1FG010 )" as) ",
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for p,q € [1,00). For p = 0o and/or ¢ = co we make the usual adjustment.
Similarly, we can define MP?(R%) to be the space of all functions f € S'(R?) for which
111 57pa = Ve fll 70 < 00,

where ¢ € S(R?) \ {0}. Note that it can be easily checked that

15700 = Ifl[sar-

Below, we use an idea from the proof of Proposition 2.1 given in [22] to prove the following lemma.

Lemma 4.6. Let K C R*? be compact. Then

~

||0||MP3P443G4 -~ Wﬂ‘]—‘ium)

Proof. Choose r > 0 with suppo C B2%(0), where

o e S'(R*), suppo C K.

BY(0) = {z e R*: | <7}

is the Euclidean unit ball in R2? with center 0, radius r and Lebesgue measure |B24(0)|. Let ¢ € S(R??)
with supp v C B24(0). Then it is easy to see that

|‘7¢0|($,t,§,1/) = |U * My,—t$|(:€a§)7

where

Q/J(l',g) = w(_xa _f)
Therefore, for fixed ¢, we have
supp ( ’%U‘ (-1t v)) C supp (o) + supp (M, 1))
C B(0) + B2(0) C B3(0). (4.9)
Let & € B4.(0). Then by (4.9),

Voot sy = |

o0 \Vyo|” (2,t,€,v) da
<|BLO)] [Vyo (o t,6,) o = [BEO)] Jo 5 My 13- )],
< B0 [|o* My~ < 1BEO)] | F L@ Toeid) ]
< |BE.(O)| |6T,,—ed| . = |BE(O)] (5] * [9]) (—v.t) (4.10)
On the other hand, if £ € R4 \ Bgr(o), then by (4.9),
Vo (8, & 1) Les = 0. (4.11)
Therefore, (4.10) and (4.11) imply

||O-||MP3P4<I3‘Z4 = HV¢0‘ LP3P44344

< \BST(O)I”’“/(/B ©

) (/ ((\5| . |1ZJ\|(—1/, )P dt)qs/m df)q4/q3 dz/) 1/q4

U q4/Pa 1/qa
< 1B, @[+ ([ ([ (a1« 1)ty )" av)

< |Bg, (0) /e /o) |3 x|

< |B4.(0)| /P95 2 ([0 710 < CllF ] Faams -
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Now, let ¢ € C*°(R??) be compactly supported with ¢» =1 on B3¢(0). Let xp2a(g) be the characteristic
function on B24(0). Then using supp o C B24(0), it follows that for all x,t,&,v € RY,

XB%;{[((]) (ZL’, 5) ‘71110—(1'7 L, gv V)
= Xp21(0) (2, €) / o(F,8) e 2 V=80 y(F — € — £) dF A

B24(0)
= XBZd(O) ('xag)/ U(%7 g) e_Qﬂi(Ey_gt) d'%/dg
. B2(0)
= Xpza(0) (T, ) Fo (v, —1).
Hence,
||U||]\7P3P4Q3q4 = HVllJUHmeqsu 2 |‘XB§,G~Z(O) Vd’UHL%PMsu
ps  \P4/Ps  \43/Ps  \da/as 1/q4
- ( ( ( ( X210y (@, &) Fo (v, ~t)] da;) dt) d§) du)
= ||XB§‘}(0)||LP3Q3 ||0||fZ44P4
which completes the proof. (I

Lemma 4.7. Let A > 0 and @y (x) = e~ ™* . Then for A\ > 1,

_ ’
loallazre < 1Al grpe =< A~

and
loa-sllares = llpa-tllzzpn = Y7
The proof of Lemma 4.7 is an immediate corollary of Lemma 3.2 in [4] and is omitted here.

Lemma 4.8. Let K C R? be compact. For h € C®(RY) and A > 1 set hy(z) = h(x)eﬂ”)“z‘lz. Then for
all p,q € [1, 09,
hallarre = |hallpe < A¥9=42 h e C=*(R?), supph C K.

Lemma 4.8 is well known and its proof can be found in, for example, [5].

Lemma 4.9. Let hy, hy € S(RY) and
n(t,v) = e W hy(t)h (v), t,ve R

Ifo = .fn. Then we have

o(2,€) = (Mehs * hn)(z) (4.12)
and
T,f = (hif)*hy, f€SRY. (4.13)
Moreover,
0]l $7rspaasas = [1P1llazpsas |h2l|arpaas.

Proof. Clearly, (4.12) and (4.13) hold. Now, let ¢ be any nonzero real valued Schwartz function on R<.
Let

Y(t,v) = e(t)p(v)e ™.
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and define _ B
w(xag) = —7:1#(—% _5)
Then

’VJO’(Z’, ’ MV _th gd)) ‘

(e
(P, F(T0u M)

Now since F is a unitary operator, it follows that
‘ (‘770') (x t fa v ‘ - ’ (777 T—t VM—E x¢) ‘
‘// t I/ 27715(t+t) —2miz(v—v E(t +£'177 l/) d{d’l;

= ‘// hi(@)he ()T — v)p(t +t) e~ 2P (@—t) 2mit(v—¢) dfdﬁ‘
= |(Vohi) (v, — )] |(Vioha) (—t, v — €).

Hence,
ol 3pspaasas = 11|l azraaa || Pl arpaas .

Similarly, we can prove the following.
Lemma 4.10. Let Let hy,hy € S(RY) and 0 = hy ®E2. Then
T,f=hy-(haxf), feSRY
and

||h1 X h2||ﬁp3p4qsq4 = ||h1||hfp3q4 ”hQHM%M'

Proof of (1.4) implies (1.5) and (1.6) in Theorem 1.3: Let h € C*°(R?) be chosen with compact
support and h(0) = 1 and h(z) > 0 for all 2 € R?. Then for any A > 1, we define hy and o, respectively
by

ha(z) = h(z)e ™=,

and
ox(z,§) = h@hy(z,§) = h(x)hA(§).
Let fx = F~'hy. Then fy € S(R?) and

T, (o) = [ S hl(©) e
So, Ty, fx is independent of A. Since oy has compact support, by Lemma 4.6 and Lemma 4.8

HUAHMP3P4Q3Q4 = H‘FUAHE‘MPAL
= ||hll as ey |l Lra (a)
— \(@/pa)—(d/2) (4.14)
Moreover, by Lemma 2.1 and Lemma 4.8, since F f) has compact support,

A agsas ety = [l Fll o (gay = AG/PO=(2), (4.15)
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Hence by (1.4), (4.14) and (4.15), there exists C' > 0 such that for all A > 1

”Taf)\HMP?q?(]Rd) < O \d/p)+(d/p1)—d

But || Ty fxllarp2a2 (re) is nonzero and independent of A, therefore p% + pil —d >0, and py < pi.
To prove ¢4 < ¢}, welet hy = f = hy and hy € S(RY) be such that BQ is compactly supported, independent
of A and

[(h1f) * ha| L2 (may # 0.

Let o = F 1 where R }
n(t,v) = hy(v)hy(t)e 2™,

Then by Lemma 4.9 and (1.4)

I(ha f) * hallpea ey < C 1l pos gayllh2ll Lo ey | Fll Lo (.
for some constant C' > 0. So, by Lemma 4.8 for all A > 1
(B £) # ho| poa (ray < C A9~ (@/2) \(d/a)=(d/2)

but [[(h1f) * ha||Lr2(ray is nonzero and independent of A, therefore (d/qs) + (d/q1) — d > 0 and, hence,
41 < qf.

Now, let hy = f = @\ and he = @y-1, where ) and @y -1 are defined in Lemma 4.7. If we let
0 = h1 ® hy. Then by Lemma 4.7 and Lemma 4.10, for A > 1 we have

— ’
||0‘|MP3P4¢13114(R2(1) = Ad/‘ZS d/q4

and || flarprar (ray = A=4/4i On the other hand T, f is also a Gaussian function and it can be easily
checked that

HTGfHMquz(Rd) — \—d/a5

Therefore by (1.4)
2/ 9s—d/qs—d/q+d/ay > |

for all A > 1. Hence, we get
1 1 1

1

—+ =< =+ —.

@ 92 493 g4
Similarly, by letting hy = f = @y-1 and hy = @), we get

1 1 1 1

-+ —<—+—.

by P2 P3 P4

Again assume o has the form given in Lemma 4.9. Let h(z) = f(z) = e=™12*/2 and hy = py-1. Then T,
is also a Gaussian function, moreover by Lemma 4.7 and (1.4) for all A > 1

)\d/p4 —d/p2 Z C,

for some C' > 0. Hence py < po.
To prove q4 < g2, we let '
o(x,€) = T hy (x)ha(€),

where h; and hy are compactly supported Schwartz functions on R?. Then o is compactly supported
and therefore by Lemma 4.6,

||O.||MP3P4<ISQ4(]R2<1) = ||-7:U||LP4‘14(]R2‘1)'
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On the other hand, by an easy calculation, we have
‘J—-'o'}(y, t) = |Vh1}\L2}(t7V) - |VhQ2F1|(ta V)'

Therefore, R
||O'||MP3P4<I3Q4(]R2<1) < Ch2 Hh’lnL‘M(Rd)v (416)

and ~
||0||Mp3p4q3Q4(R2d) < Chl ||h2||LP4(]Rd)>

where C}, and C},, are positive constants depending on h; and hgy respectively. Let hy = hy and hg be
any compactly supported function and f be a Schwartz function on R? and both hy and f be independent

=

of X such that (hg, f) # 0. Then

I To fllazraeo gy = [1hallagp2as ey | (hes £

— [(hgy PPt s gy = AC/22)=(072), (4.17)

and by (4.16)
||U||M93P4q3q4(R2d) < Ch, \(d/aa)—(d/2)
Hence, (4.17) and (1.4) imply
A(d/aa)—(d/a2) > C,

where C' > 0 is independent of A > 1. Hence (d/q4) — (d/q2) > 0 which implies that g1 < go. O
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