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Abstract. As one of the major directions in applied and computational harmonic analysis, the
classical theory of wavelets and framelets has been extensively investigated in the function set-
ting, in particular, in the function space L2 (Rd). A discrete wavelet transform is often regarded
as a byproduct in wavelet analysis by decomposing and reconstructing functions in La(R?) via
nested subspaces of Lo (Rd) in a multiresolution analysis. However, since the input/output data
and all filters in a discrete wavelet transform are of discrete nature, to understand better the
performance of wavelets and framelets in applications, it is more natural and fundamental to di-
rectly study a discrete framelet/wavelet transform and its key properties. The main topic of this
paper is to study various properties of a discrete framelet transform purely in the discrete/digital
setting without involving the function space La(R?). We shall develop a comprehensive theory
of discrete framelets and wavelets using an algorithmic approach by directly studying a discrete
framelet transform. The connections between our algorithmic approach and the classical theory
of wavelets and framelets in the function setting will be addressed. Using tensor product of
univariate complex-valued tight framelets, we shall also present an example of directional tight
framelets in this paper.
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1. Introduction and Motivations

In this paper we study a discrete framelet/wavelet transform and its various properties. To explain
our motivations and to provide necessary background, let us first briefly outline the classical theory of
wavelets and framelets in the function space Lo(R%).

Let M be a d x d invertible real-valued matrix. For any square integrable function f € Lo(R?),
throughout the paper we shall adopt the following notation:

Fin () := [M; k,n] f(z) := | det(M)[*/2e= M2 f(Mz — k), 2.k, n € RY, (1.1)

where ¢ denotes the imaginary unit. In particular, we define fm := fm,0. Let ¥ be a (finite) subset of
Ly(R%). The following homogeneous M-affine (or M-wavelet) system
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AS(W) = {msn : J EZ, k€LY €W}, (1.2)

has been extensively studied in the function space Ly(R?) in the literature of wavelet analysis, often
with M being an expansive integer matrix. Here we say that M is expansive if all its eigenvalues have
modulus greater than one. Elements in ¥ are often called wavelet (generating) functions. To emphasize
the dilation matrix M in an affine system, we also use ASM(¥) instead of AS(¥).

There are several different types of wavelets and framelets. The affine system AS(¥) could be an
orthonormal basis, a tight frame, or a Riesz basis for the function space Ly(R%). For example, we say
that AS(¥) is a tight frame for Lo(RY) if

A =D D > (vl ¥ f € Ly(R?). (1.3)

JEZ keZd pev

It follows from (1.3) that every function f € Lo(R?) has the following wavelet representation:

f = Z Z Z<f7 ¢Mj;k>wMj;k (14)

MSARYARIS S

with the series converging in Ly(R?).

One of the major tasks in wavelet analysis is to construct ¥ having some desirable properties so
that AS(¥) is an orthonormal basis, a tight frame, or a Riesz basis for Lo(R?). For this purpose, the
dominating approach in the current literature is to use a multiresolution analysis (MRA). A sequence
{V;}jez of closed subspaces of Ly(R?) is called a multiresolution analysis of Lo(R?) (see [2,8,35]) if

(i) V; CVjprand V; = {f(MI-) : f eV} forall j €Z;
(ii) UjezV; is dense in Lo(R?) and N;ezV; = {0};
(iii) There exists @ C Lo(R?) such that the linear span of ¢(- — k), k € Z¢, ¢ € @ is dense in Vj.

{¢(-— k) : ke Z ¢ € ®} is often required to be a Riesz basis or an orthonormal basis of Vj. By (i), we
have @ C Vi and therefore, ® must be M-refinable satisfying g/Z;(MTg) = Zi(f)gg(g) for almost every ¢ € RY,
where ¢ is obtained by listing all the elements in @ as a column vector and @ is a (#®P) X (#®) matrix
of 2nZ%periodic Lebesgue measurable functions. Now a set ¥ of wavelet generating functions is often
derived from ¢ via the following relation:

DMTE) = by (©)d(6), ae.eRLY €W, (1.5)

where 5; is some 1 x (#®) row vector of 2rZ%-periodic measurable functions. By appropriately construct-
ing @ and g;, 1 € ¥, one obtains an affine system AS(¥) so that it is an orthonormal basis, a tight frame,
or a Riesz basis for Ly(R?). There are a vast literature on this topic, to mention a very tiny portion of
them, see [2,8,35,36,39,40] and numerous references therein.

We now discuss the associated discrete wavelet/framelet transform in the function setting by decompos-
ing and reconstructing functions in Ly (R?) via nested subspaces of Lo(R?) in a multiresolution analysis.
For simplicity of discussion, we assume that ® = {4} is a singleton and AS(¥) is a tight frame for Lo(R?)
with ¥ being derived from an M-refinable function ¢ via (1.5). To compute the wavelet coefficients
(f,%¥mix) in the wavelet representation of f in (1.4), a widely accepted approach in the literature consists
of two parts: projection (or discretization) and a discrete transform. To discretize a function f from
the continuum domain into the discrete/digital domain, one selects a large enough integer J so that the
function f is well approximated by the projected function P;f := 3", 7a(Dsf)(k)pmsk, where D;, 5 € Z
are the discretization (or approximation) operators defined by

D; : Ly(RY) — I5(27) with  Djf = {(f, dms ) fkeze- (1.6)
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Therefore, most information of the function f is encoded now in the discrete sequence D;f. Next a
discrete transform is employed to compute all wavelet coefficients (f,¥mik), j < J and k € Z% using only

the discrete sequence D ;f and the Fourier coefficients of a and @,1/) € ¥. More precisely, rewrite the

relations ¢(MT€) = G(€)(€) and H(MTE) = b(€)d(€) as

¢(a) =dw Y a(k)p(Mz—k) and ¢(x) =dw Y b(k)$(Mz — k),

kezd kezd

where dy = |det(M)| and 3, ca a(k)e™™¢ = @(€), that is, {a(k)}keza is the sequence of the Fourier
coefficients of @. Then one can easily deduce that

@i f)(n) =dyy® 3" ak =MD )(K),  (fomira) =dyt” D bk — Mn)(D; £) (k).

kezd kezd

Now one can easily see that all the coefficients (f,¥wmi.n), j < J and n € 7% can be computed recursively

using D f and the Fourier coefficients of @ and 5;, 1 € ¥. This discrete transform is called a fast wavelet
transform in the literature (see Sections 2 and 4 for more detail).

However, the mapping D in (1.6) may fail to be onto and therefore, not all signals in l5(Z¢) can be
exactly reconstructed by the associated discrete wavelet transform. This is not desirable in both theory
and application, since (f, ¢ms.k) is often numerically computed by quadrature formulas and therefore, the
numerically computed sequence D ;f may no longer fall inside the range of D ;. Even if the mapping in
(1.6) is onto, it is highly nontrivial to practically implement the discretization in (1.6) using a refinable
function ¢. On the contrary, a practical sampling device for discretizating a function in the continuum
domain is often pre-designed. For example, a digital camera can be used to convert a natural scene
from the continuum domain into the digital world. It is more realistic to assume that a digital device
employing (1.6) uses a pre-designed function ¢ = 7 and a particularly selected integer J. Therefore,
a discretization or a measurement of f is given in advance by {(f,nms.k)}keza, instead of the one in
(1.6) using a refinable function ¢. These difficulties motivate us to directly study a discrete framelet
transform without associating it to an underlying affine system in the function space Ly(R%). To our
best knowledge, almost all papers and books on wavelet analysis deal with wavelets in the function space
L2 (R9) and a discrete framelet transform is always regarded as a consequence of a multiresolution analysis
as outlined above. Though it is very natural and fundamental to directly study a discrete framelet /wavelet
transform, this algorithmic approach has barely been adopted before in wavelet analysis and harmonic
analysis, including books oriented for engineers such as [39,40].

The structure of the paper is as follows. In Section 2, we shall recall the one-level discrete framelet
transform and then study its perfect reconstruction property. We shall explain the differences between a
discrete framelet transform and its special case—a discrete wavelet transform. In Section 3, we study sev-
eral basic key properties that are closely related to sparsity of a discrete framelet transform in the discrete
setting, in particular, properties such as vanishing moments, sum rules, and polynomial reproduction. In
Section 4, we shall introduce the notion of stability of a discrete framelet transform and discrete affine
systems. Then we shall study the stability issue of a discrete framelet transform, which is one of the
most important and challenging aspects of wavelet analysis. In Section 5 we shall investigate symmetry
property of wavelets/framelets and the important role played by linear-phase moments in wavelet analy-
sis. In Section 6, we shall study connections between dual framelet filter banks and frequency-based dual
framelets. We show that every dual framelet filter bank naturally corresponds to a frequency-based dual
framelet without any a priori condition. Finally, in Section 7 we present an example of directional tight
framelets using tensor product of univariate complex-valued tight framelets.
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2. Perfect Reconstruction of Discrete Framelet Transforms

In this section, we recall one-level discrete framelet transforms (DFrT) in dimension d. Among the three
fundamental properties of a discrete framelet transform: prefect reconstruction, sparsity, and stability,
we address in this section the most basic property—the perfect reconstruction property.

To introduce a discrete framelet transform, we need some definitions and concepts first. By [(Z4)
we denote the linear space of all sequences v : Z¢ — C of complex numbers on Z¢. For v € I(Z%), we
often write v = {v(k)}czae. Theoretically, a discrete input data is often regarded as an element in I(Z%).
Similarly, by lo(Z?) we denote the linear space of all sequences u = {u(k)}yeze : Z% — C on Z? such that
{k € Z% : u(k) # 0} is a finite set. An element in lo(Z) is often regarded as a finite-impulse-response
(FIR) filter or a finitely supported mask. In this paper, we use u for a general filter and v for a general
data.

A discrete framelet transform can be described using two linear operators—the subdivision operator
and the transition operator. More precisely, for a filter u € lo(Z?) and a d x d integer matrix M, the

subdivision operator Sym : [(Z%) — 1(Z?) and the transition operator Tym : 1(Z%) — 1(Z?) are deﬁned to
be
[Sumv](n) == |det(M)| Y v(k)u(n — Mk),  neZ?, (2.1)
kezd
[Tumv](n) :=|det(M)| Y w(kju(k —Mn),  ne 2z (2.2)
kezd

for v € I(Z%). The transition operator is used for decomposition and plays the role of coarsening and
frequency-separating the data to lower resolution levels; while the subdivision operator is used for recon-
struction and plays the role of refining and predicting the data to higher resolution levels.

For a d x d invertible integer matrix M, we frequently use the following notations:

=|det(M)|,  Im:=M[0,1)HNZ! and  Qy:= (M2 N[0,1)% (2.3)
In other words, I'm = {71,...,7dy} denotes a complete set of representatives of the distinct cosets of
the quotient group Z<¢/[MZ?), while 2y = {w1,...,wd, } denotes a complete set of representatives of the

distinct cosets of the quotient group [(MT)~1Z%]/Z<. Note that 2y = (MT) " Iyr.

It is often convenient to use the formal Fourier series (or symbol) ¥ of a sequence v = {v(k) }yeza, which
is defined to be U(€) := Yy cza v(k)e ™ for £ € R?, where k- & := k1&; + - -+ + kq&q for k = (k1,...,kq)T
and & = (£1,...,&4)". Note that v = {v(k)}xeze is simply the sequence of Fourier coefficients of . Quite
often, one only needs to deal with v in the space l(Z?), equipped with the inner product:

(v, wy := Z v(k)w(k), v,w € 15(Z%) (2.4)

and Hv||l22(2d) := (v,v) < 00. In terms of Fourier series, we have

Sumv() = dwd(MTO(E),  Tumv() = Y o(MT) e+ 2mw)a(MT) 1€+ 2mw).  (2.5)

WE N

We now describe a one-level standard (multidimensional) discrete framelet transform which consists of
two parts: a one-level framelet decomposition and a one-level framelet reconstruction. Let g, ..., 05 €
lo(Z4) be filters for decomposition. For a given data v € [(Z%), a one-level framelet decomposition
employing the filter bank {ag, ..., as} is

we i=dy' T, v, £=0,...,s, (2.6)
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where wy are called sequences of framelet coefficients of the input signal v. We can group all sequences
of framelet coefficients together and define a framelet decomposition (or analysis) operator W : 1(Z3) —
(1(24))**(s+1) employing the filter bank {y, ..., s} as follows:

Wo = dy " (Tag s - Taomv), v € L(ZY). (2.7)
Let ug,...,us € lo(Z%) be filters for reconstruction. A one-level framelet reconstruction employ-
ing the filter bank {ug,...,us} can be described by a framelet reconstruction (or synthesis) operator

Vo (1(z4)) >+ 5 1(Z4) which is defined to be

V(wo, ..., ws) = dy'"* > Sy mwe,  wo, ..., w, € U2ZY), (2.8)
(=0

The role played by the factor d&l/ % in (2.7) and (2.8) is to balance or preserve energy between the
input signal and its framelet coefficients. We shall explain this issue later in this section. We denote a
framelet decomposition operator employing the filter bank {ug,...,us} by W and similarly, a framelet
reconstruction operator employing the filter bank {ag,...,us} by V.

One of the fundamental properties of a discrete framelet transform is the prefect reconstruction prop-
erty: VWwov = v for all input data v. We say that a discrete framelet transform employing a filter bank
({ao, ..., as}, {uo,...,us}), or simply, a filter bank ({to, ..., us}, {ug, ..., us}) has the perfect reconstruc-
tion (PR) property if VWv = v for all input data v € [(Z%). By § we denote the Dirac (or Kronecker)
sequence such that

§(0)=1 and 6Kk =0, Vk=#£O0. (2.9)

The following is a necessary and sufficient condition for the perfect reconstruction property of a general
one-level discrete framelet transform:

Theorem 2.1. Let ug,...,Us,Ug,...,Us € lO(Zd), Then the following statements are equivalent:
(1) ({do,. .., s}, {uo, ... ,us}) has perfect reconstruction property, that is, for all v € I(Z%),
S
v=VWo =dy' > S, mTa,mv, (2.10)
=0

where W and V are defined in (2.7) and (2.8), respectively.
(ii) The identity in (2.10) holds for all v € lo(Z%).
(iii) The identity in (2.10) holds for dm particular sequences v = (- — ),y € Im.
(iv) The following perfect reconstruction condition holds: for all w € 2y and & € R?,

o (€)7o (€ + 27w) + Tn (E)Ur (€ + 27w) + -+ + 15 (€) T (€ + 27w) = d(w). (2.11)
Proof. (i)==(ii)==(iii) is trivial by lo(Z¢) C I(Z%). By (2.5), we have
A [Surm Tarm] (€) = Tay mo(MTE@(E) = 7 (€ + 2mw)itg (€ + 2mw) iy (€). (2.12)
wWE Ny

Therefore, (2.10) holds if and only if

S

Z DEF2mw) > (€ + 2mw) g (€). (2.13)
SOV =0

Plugging v = 0(- — ) into (2.13) and noting (5(/—\7)(5) = e~ "¢ we see that (2.13) becomes

1= Z ei’y-waZé\e(g+2ﬁw),&\e( )

wENM =0
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Since dy, 12 (e 2™) ey weny 1S a unitary matrix, we deduce that (2.11) must hold. Therefore,
(111):>( v). If (2.11) is satisfied, then (2.13) holds trivially for all v € lo(Z¢). Hence, (iv)==(ii).

To complete the proof, we show that (ii)==(i). Note that all filters uq, . .., us, @, - . . , 45 are supported
inside a ball B,.(0) with center 0 and radius r. Let v € [(Z%) and n € Z?. We shall deduce from (ii) that

dyt Z[SW,MEbMv](n) = v(n). (2.14)

£=0

Define K, := M~!(n — B,.(0)). Define a finitely supported sequence v, € lo(Z%) by v,(k) := v(k) for
all k € Z¢ N (B,(0) + MK,), and v,(k) = 0 otherwise. Clearly, v, € lo(Z?) and v,(n) = v(n) since
n€ Z4N(B,(0) + MK,). For all k € Z? N K,, since all filters are supported inside B, (0),

[Taemv] (k) = du Y 0(3) e — Mk) = du > vn(3) e — Mk) = [Ta, mvn] ().
jezd JEZIN(B,(0)+MK,)

Therefore, we deduce that

S

du' D [SumTaemel() =" > [Tamvl(kjue(n — M)

=0 (=0 keZINK,
= Z Y [Taomonl(Kue(n = Mk) = dig > [Sur mTa Monl(n) = va(n) = v(n),
=0 keZNK, =0
where we used (ii) and the fact that v,(n) = v(n). Hence, (ii)=(i). O

The condition in (2.11) can be equivalently rewritten as the following matrix form:

55(5"'27“4)1) 55(5-5-27%01) Uo(€ +2mwy) -+ Us(€ + 27w)

: . : : . : = I, (2.15)
1/1;(5 + 27wg,, ) - f/L\g(f + 27wy, ) ug(§ + 21wy, ) -+ Us(§ + 2mway, )
where {w,...,wdy,} = 2u. A filter bank satisfying the perfect reconstruction condition in (2.15) is

called a dual M-framelet filter bank. Tt follows trivially from the perfect reconstruction condition in (2.15)
that ({@o,...,us}, {uo,...,us}) is a dual M-framelet filter bank if and only if ({ug,...,us}, {@o,...,Us})
is a dual M-framelet filter bank. In other words, YW = Idz) if and only if YW = Idy(z). In particular,
a dual M-framelet filter bank with s = dy — 1 is called a biorthogonal M-wavelet filter bank which, by the
following result, is a nonredundant filter bank.

) be a dual M-framelet filter bank. Let the framelet
)1X(5+1) and framelet reconstruction operator V
8). Then the following statements are equivalent:

Proposition 2.2. Let ({ug,...,as}, {uo,...,us}

decomposition operator W : VAN VAS!

Uz > D — [(Z4) be defined in (2.7) and (2.
(1) W is onto, or V is one-to-one.

(i) VW =1dyga) and WY = Idyzayixen, that is, V1 =W and W= = V.

(iii) s =dm — 1, where dy := | det(M)].

The same conclusion holds if 1(Z?) is replaced by lo(Z%) or lo(Z4).

Proof. (il)==(i) is trivial. Note that YW = Id 1z follows directly from the perfect reconstruction

property. Using WYWuw = Wuw, if W is onto, then W( (Z4))1 s+ = Z(Zd) and we must have WV =
Id(zayyrxe+n. By VW = Idl(Zd) we have VWYV =V and therefore, V(WV —Idyzay)ixen) = 0. I Vis

one-to-one, we must have WV = Id((zay)y1x(s+1) . Hence, (i)==(ii).
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Now we prove (ii) <= (iii). Suppose that (ii) holds. Then WY = Id(y(zay)1x(s+1) implies
d&lﬁlz,M (Suo,Mw0+"'+Sus,Mws) = Wy, VIU(),...JUS S Z(Zd)7 (207...,8. (216)

Taking the Fourier series on both sides of (2.16), we see that (2.16) is equivalent to

o (&) Y up((MT) 7 + 27w) it (MT) 1€ + 27w) + - -
wWENM

+ws(6) Y a((MT) T+ 2mw) ity (MT) 1€ + 27w) = wy(€)

weENm

forall £ =0,...,s. It is trivial to see that the above identities hold if and only if

> (M) €+ 21w)iag(MT) M+ 27w) = 6(0 —m),  £m=0,...,s.

WENM

Rewriting the above identities into matrix form, we see that W) = Id(y(zayyrxs+n if and only if

uo(§ + 2mwy) -+ Us(€ + 2mwn) - a;(§+2ﬂw1) fl\s(€+27rw1)
Uo (€ + 2mway) -+ Us(€ 4 2mway) | |To(€ + 2mwa,,) - - s (€ + 2Tway, )

Combining (2.17) with (2.15), we conclude that we must have s + 1 = dy. Therefore, (ii)=(iii).
Conversely, if s = dy — 1, as a square matrix, (2.15) directly implies (2.17). By the above argument,
we must have WY = Id(j(zayyrx(s+1). Therefore, (iii) must hold.
If [(Z%) is replaced by S := Iy(Z%) or lo(Z%), one can check that W : § — (§)*6+D) and V :
(S)1x(s+1) 5 S are well defined. The same proof can be used to verify the claims. O

Consequently, under a biorthogonal wavelet filter bank, any input signal v € l5(Z%) has a nonredundant
representation v = Vw with the unique choice w = Wv; while under a dual framelet filter bank with
s > dy, an input signal v can be represented as v = Vw from infinitely many w € (I(Z%))"*(+D) of
framelet coefficients.

In the following, we explain the role played by the factor d,\_,|1/2 in (2.7) and (2.8). To do so, we need
the following simple relation, which is well known in the literature (e.g., see [5]), between the subdivision
operator S, m and the transition operator 7, m acting on the space ly (Z4).

Lemma 2.3. Let u € lo(Z%) be a finitely supported filter on Z:. Then Sum : l2(Z%) — 12(Z%) is the
adjoint operator of Tum : 12(Z%) — 1o(Z%); that is, Toam = Sum satisfying

(Sumv,w) = <7:;Mv,w> = (v, Ty, mw), Vo, we lg(Zd). (2.18)

Proof. By (2.5), we have m(f) = duo(MTE)u(€) and hence

d N N ETE
Sumvw) = ot [ oMy
_ 1 A (MT =L BT T e — L ST TR
= ot o, POROD IR e = o [ (@ Ta@e,
where we used (2.5) in the last identity. Hence, (2.18) holds. O
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Note that the space (Io(Z%))"*(+1) is equipped with the following inner product:

((wo, ..., ws), (Wo, ..., Ws)) := (wp, W) + * - + (W, Ws), W, -+ -y W, W0, - .., W € lg(Zd)
and [[(wo, -+, w2y ix oy = wollE, gy + -+ + w7, ) Recall that
W (24 — ((ZM) 6D with Wo = dy 2(Tog s - Tuomv), v € o(Z%) (2.19)
and .
Vi (I(Z9)YX6TY 5 129 with V(w, ..., ws) = d&l/Q ZSULMUJ@, (2.20)
£=0

for wo, ..., ws € 12(Z%). The adjoint operators of VW and V are defined to be
W* : (Io(Z0) > T 5 127 through (v, W*w) := (Wu,w) (2.21)

and
V(29 = (1p(Z)™> D through  (V*u,w) := (v, Vw) (2.22)

for all v € I3(Z%) and w € (I(Z%))'***+D). By Lemma 2.3, we have W* =V and V* = W.
The role played by the factor d,\_/ll/ % in (2.7) and (2.8) is explained by the following result:

Theorem 2.4. Let ug,...,us € lo(Z?) be finitely supported sequences on Z4. Let W : 15(Z%) —
(Io(Z4) ¥+ be defined in (2.19). Then the following statements are equivalent:

(i) ||W’U||?l2(zd))l><(s+l) = ||v||122(zd) for all v € 15(Z%), that is,
[ Tao MlI7, zay + - -+ [Ty mlI7, zay = dm V117, (za), V€ ly(Z7), (2.23)

(i) Wo, Wo) = (v,9) for all v, € I2(Z?).
(iii) W*W =1dy,za), that is, WWv = v for all v € I5(Z%).
(iv) ({wos...,us},{uo,-..,us}) is a dual M-framelet filter bank.

Proof. Obviously, (ii)==-(i). Note that (i) implies (W*Wuv,v) = (Wv,Wv) = (v,v). Using the well-
known polarization identity, it is straightforward to see that (Wv, Wo) = W*Wu, 0) = (v, 7). Hence,
(i)==(ii). The equivalence between (ii) and (iii) is trivial. Note that WW* = V. The equivalence between
(iii) and (iv) follows directly from Theorem 2.1. O

A filter bank {ug,...,us} is called a tight M-framelet filter bank if ({ug,...,us}, {ug,...,us}) is a
dual M-framelet filter bank. In particular, a tight M-framelet filter bank with s = dy — 1 is called an
orthogonal M-wavelet filter bank. By item (i) of Theorem 2.4, the energy is preserved after a tight framelet
decomposition: Y ,_, sz||122(zd) = HWvHi(Zd) = ||v||122(zd) for all v € I5(Z%), where (wy, ..., ws) = Wuv is
the sequence of framelet coefficients. Let {uo, ..., us} be an orthogonal M-wavelet filter bank. Define W
asin (2.19) and V as in (2.20). By Proposition 2.2 and Theorem 2.4, we see that YW = V* is an invertible
orthogonal mapping satisfying (Wuv, Wo) = (v,9) for all v,9 € Io(Z?) and V = W* is an invertible
orthogonal mapping such that for all wo, ..., ws,Wo,...,ws € l2(Z), V(wy, ..., ws), V(Do,...,0s)) =
{((wo, - .., ws), (Wo, ..., Ws)).

3. Sparsity of Discrete Framelet Transforms

One key feature of wavelets in the function space Ly(R?) is the sparse representation for smooth or
piecewise smooth functions ([2,8,35,36]). Since we deal with the discrete setting, the sparsity of a discrete
framelet transform, which we shall discuss in this section, refers to the sparsity of framelet coefficients for
smooth discrete signals. We shall mention in Section 6 some connections between sparsity of a discrete
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framelet transform and the sparse representation of a framelet/wavelet in the function space La(R?). In
applications, it is desirable to have as many as possible negligible framelet coefficients for smooth signals.
In this section, we study several basic key mathematical properties that are closely related to sparsity of
a discrete framelet transform in the discrete setting, in particular, properties such as vanishing moments,
sum rules, and polynomial reproduction. This section is mainly surveyed from the papers [24,25] as well
as [16,19]. For the convenience of the reader, we shall provide self-contained proofs for results stated in
this section.

For an integer j = 1,...,d, by 0; we denote the partial derivative with respect to the jth coordinate
of R%. Define Ny := NU {0}. For p = (u1,...,pa)’ € N and x = (21,...,74)7 € R, we define
ol = lpa] + - 4 |pal, @l =l pal, =2t -ah? and O = 9" -+ - 0. Moreover, we write

0 :=(01,...,04)7, the gradient differentiation operator.

Smooth signals are modeled by polynomials of various degrees. Let p : R — C be a d-variate
polynomial, that is, p(x) = EueNg,mKnPuﬂC“ for some n € Ny and if Zlulzn Ipu| # 0, deg(p) == n is
called the (total) degree of the polynomial p. Sampling a polynomial p on the integer lattice Z?, we
have a polynomial sequence p|za : Z? — C which is given by [p|z](k) = p(k),k € Z9. If a sequence
v = {v(k)}yeze is a polynomial sequence, then a polynomial p, satisfying v(k) = p(k) for all k € Z%, is
uniquely determined. For simplicity of presentation, we shall use p to denote both a polynomial function
p on R? and its induced polynomial sequence p|z« on Z9.

For a nonnegative integer m € Ny, II,,, denotes the space of all polynomials of (total) degree no more
than m. In particular, IT := UJS_,II,, denotes the space of all polynomials on R?. For a polynomial
p(z) =3 pend Pu and a smooth function f(£), we use the following polynomial differentiation operator
in this section:

p@ — iO)E(E) = 3 pulw — id)£(S), (3.1)
pneNg
where in case of confusion 0 is always with respect to £ in this paper. Using the Taylor expansion of
p(y + z) at the point y, we have p(y + z) = ZueNg (5‘“p)(y)‘%. Consequently, we have

‘ —i)lul M ’
o —i0)f(©) = 3 E pmp(mpont(e) = S (@ p)(—id)E(e). (3.2)
peNg - peNg i
Using Leibniz differentiation formula and (3.2), one can also verify the following generalized product rule
for differentiation:

—i)lul
ol — ) 8(©1(E) = 3 008010 ) — D)E(©) (33

pneNgd

It follows directly from (3.2) and (3.3) that
[p(—i0) (e *£(€))]le=0 = [p(z — iD)E(€)][e=0- (3-4)
For u € lo(Z%) and v € 1(Z%), the convolution u v satisfying the relation u * v(&) = w(€)v(€) is defined
to be
[wsv)(n):= Y u(kjp(n—k), nez’ (3.5)
kezd
and an associated sequence v* satisfying the relation v*(€) = (€) by
v*(k) :=v(—k), kez. (3.6)

To study basic properties of a discrete framelet transform, it is of importance to investigate how the
subdivision operator and the transition operator act on polynomial spaces. Since the subdivision and
transition operators can be expressed via the convolution operation, in the following we first study the
convolution operation acting on polynomial spaces.
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B. Han Properties of Discrete Framelet Transforms

Lemma 3.1. (/25, Proposition 2.1] and [24, (4.7)]) Let u = {u(k) }xeza € lo(Z%). Then for any d-variate
polynomial p € II, p x u is a polynomial sequence with deg(p * u) < deg(p) and

)\M

pral@) =3 ple—kutk) = 3 & :

kezd pneNg

9"p()0"u(0) = [p(z — id)u(&)]le=o- (3.7)

Moreover, [0p] x u = O*[p * u] for all p € N& and p(- — y) * u = [p* u](- — y) for ally € R%.

Proof. Using the Taylor expansion, we have p(x — k) = ZMEN& oMp(x) (7:!)”. Hence, we deduce

pru(@) =3 ple—kulk) =3 3 op(x = Y () Y (TR

|
kezd keZd penNd neENG kezd H

By (&) = Y yeza u(k)e ™€, we observe that 0*u(0) = il*IS, i u(k)(—k)*. Hence, [p x u](z) =
ZHGNd = Z)W O*p(x)0*u(0), from which and (3.2) we see that all the claims hold. O

For an integer m € Ny and smooth functions f, g, we use the following big O notation

£(&) = g(&) +O([I€ = &ll™), §— & (3.8)

to mean the following relation:
O'f(&o) = 0"g(&), Ve N? satisfying |u| < m. (3.9)

For a polynomial p € IT,,,_1 of degree less than m, by (3.7), it is evident that the polynomial p * u
depends only on the values 9*%(0) of @ at the origin for p € N& with || < m. In other words, if
u,v € lo(Z%) satisfy u(¢) = 0(&) + O(]|€]|™) as € — 0, then p*u = p* v for all p € IT,,_;.

Now we study the action of the transition operator on polynomial spaces.

Theorem 3.2. ([25, Proposition 3.1] and [24, Proposition 4.2]) Let u € lo(Z?) and M be a dx d invertible
integer matrix. For any given polynomial p € 11,

du (—3)I#! -
Tumtp = dulp + wJ(M:) = p(M-) sy = 37 MEDE () 1) 970), (3.10)
peNg #
where u, is any finitely supported sequence on Z® such that
up(€) = dua((MT)71¢) + O([jg[[* =™+, ¢~ 0. (3.11)

In particular, for any positive integer m € N, the following statements are equivalent:
(1) Tump =0 for all polynomial sequences p € II,,_1.
(2) Tumq =0 for all polynomial sequences q = (-)* with y € N& and |pu| = m — 1.
(3) (&) = O(||€l|™) as & — 0, that is, *u(0) = 0 for all p € N& with |u| < m.
Proof. Since Tymp = dulp * u*](M-) = dm >, cp0 P(M(- — M™1k))u(—k), by Lemma 3.1 and p(M(- —
M~1k)) = ZueNg 8“(p(M~))(7MM¢, we see that T, mp is a polynomial sequence and
|l

dulp + (M) = 3 9 (p(h) WS LMt = S 0 e pmana(0),

peNd " kezd neNG M.

where we used 9"up(0) = dwil*l 3, ;. u(k)(M~k)*. Now the identities in (3.10) follow directly from
(3.7). The equivalence among items (1)—(3) is a direct consequence of (3.10). O
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B. Han Properties of Discrete Framelet Transforms

We say that a filter v has order m vanishing moments if items (1)—(3) in Theorem 3.2 hold. If u has
order m but not m + 1 vanishing moments, we define vim(u) := m and say that u has the vanishing
moments of order m. Vanishing moments are important for sparse framelet expansions, since most
framelet coefficients are identically zero for any polynomial to certain degree.

We define the coset sequence ul?! (or ul™!) of u = {u(k)}xeza at the coset v + MZ? by

17[7\](5) = Z u(y +Mk)e ™€ that is, ul = {u(y + MK) }eeza. (3.12)
kezd

Now we proceed to investigate the subdivision operator acting on polynomial spaces. In contrast to
the case of the transition operator, S, mp is not always a polynomial sequence for an input polynomial
sequence p. For example, for p = 1 and u = 4, we have [S, mp](7 + Mk) = §(y)dm for all v € Iy and
k € Z%. Hence, Ssm1 is not a polynomial sequence.

Before proceeding further, we need an auxiliary result which is implicitly given in [25].

Lemma 3.3. Let u = {u(k)}yeze € lo(Z%) and q € IT. Then the following are equivalent:

() (@eul))(=M15) = e Q=M1 K)u(y--MK) = 5y a(—kJu(MK) = (@) (0) for all y € T,
(i) [a(—i0)(e~™ " €ubl(€))]|e—o = [a(—i0)ul®)(€)]le—o for all v € Tin.
(iii) [q(—iM~10)u(€)]|cm2rw = 0 for all w € 2\ {0}.

Proof. The equivalence between (i) and (ii) is a direct consequence of the following identity

[a(—id)(e=™ 7€y M(é))Hg:O: [a(~M~1y — id)ub] (O] [e—p= D a(=M""y = kJu(y + Mk)
kezd
for o € 27, where we used (3.4) and (3.7). Note that (&) = > . e‘”'gﬁ(MTﬁ). Therefore,
a(MT)71 + 2mw) = > cp, e~ 2mwe—iMTIr e (£). Now we see that item (i) is equivalent to
[q(—i0)a((MT) 71 + 27w)]|¢=o = O for all w € 2\{0}, which is just item (iii). O

We have the necessary and sufficient condition for S, mp to be a polynomial sequence.

Theorem 3.4. ([25, Lemma 3.2]) Let u = {u(k)}xeze € lo(Z%), M be a d x d invertible integer matriz,
and p € II be a polynomial. Then the following statements are equivalent:

w,MP 15 a polynomial sequence, that is, Sy, mp € 11.
Soez(9"P)(-M 1y —KJuly +MK) = Yyezu@)(—Ku(MK) for all € N and 7 € T
(0#p)(—i )( “IMTIEub1(€)]le=o = [(9#p)(=i0)ul) ()]|e=o for all p € N§ and v € Tu.
4) [(0#p) (=M~ — i0)ubl(§)]|e=0 = [(9"p)(=i0)ul}(€)]]¢=o for all p € N§ and v € L.
5) [(0"p)(—iM~ 18) (6)]|e=27w = 0 for all p € N& and w € 2u\{0}.

Moreover, if any of the above items (1)—(5) holds, then deg(S,.mp) < deg(p) and

(1) s
(2)
@) [
(4) [
®) [

Sum(@’p) = [(@°p)M~ )] xu, B EN, (3.13)
Sum(p(- —y)) =p(M~' - —y) xu=[Sump](- —My),  yeR™ (3.14)

Proof. By the definition of the subdivision operator S, m in (2.1), for j,y € Z<,

[Sumpl(y +Mj) =dw Y p(m)u(y + Mj — Mm)

meZd

=dw Y p(M~'(y + Mj) = M1y — K)u(y + Mk).
kezd
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B. Han Properties of Discrete Framelet Transforms

Hence, (S, mp](7 + M-) is a polynomial sequence for every v € Z¢. Now it is easy to see that S, mp is a
polynomial sequence if and only if ), ;4 p(- — M1y — k)u(y + Mk) is independent of v. Using Taylor
expansion of p, we have

S bl =M~y = Ru(y+ Mk) = 3030 T (@) My — Ku(y + MK)

kezd kEZd peNd

>

= > (0"p) (=M "'y = Ku(y + Mk).
neNg kezd

r
!

Hence, Y ¢y P(- — M7ty — k)u(y + Mk) is independent of ~ if and only if all -, ., (9"p)(—M~1y —
k)u(y + Mk) are independent of -, which are obviously equivalent to the conditions in item (2). Thus,
we proved (1) <= (2). Moreover, when S, mp € II, the above argument also yields

Sump=du »_ p(M~"- =M~y —ku(y + Mk) = > p(M~'(- —k)u(k),  VyeZ,
kezd kezZd

from which we see that (3.13) holds. The equivalence among (2)—(5) follows from Lemma 3.3. O
For subdivision operator acting on polynomial spaces, we now have the following result.

Theorem 3.5. ([25, Proposition 3.3] and [24, Proposition 4.3]) Let u = {u(k)}eze € lo(Z%) and M be
a d x d invertible integer matriz. For any positive integer m € N, the following are equivalent:

(1) Su,MHmfl g H; or Su,MHmfl g Hmfl-

(2) Sumq € IT for all polynomials q = (-)* with p € N and |u| = m — 1.
(3) O*u(2rw) = 0 for all p € N¢ with |u| < m and for all w € 2»\{0}; in other words,

(€ +2mw) = O(JIEI™), £—0, Vw e 2u\{0}. (3.15)
(4) e‘iMflV'fm(f) = W(E) + O(IEN™) as € — 0 for all v € D, or its equivalent form:

> u(y + MK)(y + M)# = Y " u(MK)(MK)*, Y g€ Ny, |u| < m. (3.16)
kezd kezd

If (3.15) holds, then for all p € I,,—1 and v € lo(Z4), Sum(p*v) = p(M~L) * [Symv].

Proof. (1)==(2) is obvious. By Theorem 3.4, if S, mp € II, then S, m(0"p) € II for all u € N&. The
equivalence between (1)—(4) now follows from Theorem 3.4. O

We say that a filter u has order m sum rules if any of items (1)—(4) in Theorem 3.5 is satisfied. If u
has order m but not m + 1 sum rules, we define sr(u) := m and we say that u has the sum rules of order
m. The action of the subdivision operator on polynomial sequences has been initially (but implicitly)
investigated in [16, Section 2] and [19, Section 2].

4. Stability of Multilevel Discrete Framelet Transforms

One of the key features of a discrete framelet transform is its ability to extract the multiscale structure
embedded in signals. For this purpose, a multilevel discrete framelet transform is often used in applica-
tions by recursively performing one-level discrete framelet transforms on selected sequences of framelet
coefficients at the immediate higher scale level. In this section, we recall a (standard) multilevel discrete
framelet transform, introduce the notion of its stability in the sequence space l2(Z?), and then study its
stability and discrete affine systems in l5(Z4).
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B. Han Properties of Discrete Framelet Transforms

4.1. Multilevel discrete framelet transforms

In the following, we describe a commonly used standard multilevel discrete framelet transform by re-
cursively performing one-level discrete framelet transforms on only one selected sequence of framelet
coefficients. Of course, one can select several or even all the sequences of framelet coefficients for further
decomposition, but we have more or less the same algorithm. The framelet coefficients and their associ-
ated filters in such selected sequences for further decomposition are called parent (or low-pass) framelet
coefficients and parent (or low-pass) filters or masks (since they are often low-pass filters), respectively.
In this paper, we use a or its indexed version to denote a low-pass (or parent) filter and use v or its
indexed version to denote low-pass (or parent) framelet coefficients. The framelet coefficients and their
associated filters in other sequences, which are not selected for further decomposition, are called child
(or high-pass) framelet coefficients and child (or high-pass) filters (since they are often high-pass filters),
respectively. In this paper, we use b or its indexed version to denote a high-pass (or child) filter and use
w or its indexed version to denote high-pass (or child) framelet coefficients.

Let a be a dual low-pass filter and 51, A bs be dual high-pass filters for decomposition. For a positive
integer J, a J-level discrete framelet decomposition is given by

—1/2 —-1/2 .
vj_1 1= dy / Tamvj,  wj_1y :=dy / E(,MUJW b=1,....s, j=4dJ...,1, (4.1)

where vy : Z% — C is an input signal. After a J-level discrete framelet decomposition, the original input
signal vy is decomposed into one sequence vy of low-pass framelet coefficients and sJ sequences w;,, of

high-pass framelet coefficients for £ =1,...,s and j = 0,...,J — 1. For various purposes, such framelet
coeflicients are often processed by thresholding or quantization.
Let a be a primal low-pass filter and by, ...,bs be primal high-pass filters for reconstruction. Now a

J-level discrete framelet reconstruction is

0 = dy P Samtyo1 +dy Y Spmibjore, G =100 (4.2)
(=1

For analysis of a multilevel discrete framelet transform, it is convenient to rewrite the J-level discrete
framelet decomposition employing the filter bank {a; b1, ..., bs} by using a J-level decomposition operator
Wy (Z) — (I(Z)) 7+ as follows:

WJUJ = (U}J—l;la e, W18 - -, Wos1, - - - 7w0;57v0)7 (43)

where w;_1,¢ and vy are defined in (4.1). Similarly, a J-level discrete reconstruction operator Vj :
(1(z))**(=7+1) — I(Z) employing the filter bank {a; b1, ..., b} is defined by

VJ(lZ}J—l;17 e 7110}]—1;83 e 3@0;17 ot 71b0;37i0) = éJ? (44)

where 07 is computed via the recursive formulas in (4.2). Due to the recursive cascade structure of
the operators W; and Vy in (4.1) and (4.2), a multilevel discrete framelet transform is often called a
fast framelet transform. A fast framelet transform with s = dy — 1 is further called a fast wavelet
transform. We shall denote a J-level discrete framelet decomposition operator employing the filter bank
{a;b1,...,bs} by W; and a J-level discrete framelet reconstruction operator employing the filter bank
{&;bl,.. .,bs} by VJ.

We say that a J-level discrete framelet transform has the perfect reconstruction property if JWJU J=
v, that is, the reconstructed signal 0 is the same as the original input signal vy if 09 = vo and w0 = w; ¢
forall/=1,...,sand j =0,...,J—1. For example, by Theorem 2.1, a J-level discrete framelet transform
employing a filter bank ({a; bi,..., 55}7 {a;b1,...,bs}) has the perfect reconstruction property if for all
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£ eRY,

5(§+27TW1) a(erQle) E:(§+27Tw1)

A€ + 2mway) b1 (€ + 2mway) <+ by(€ + 2mway,)

Q€+ 2mwy) by(€+2mwy) - by(€ + 2mwy)
: : : : = I, (4.5)

a(& + 2mwq,,) b:(f + 27wy, ) - l;q(f + 27wy, )
That is, ({@;b1,...,bs}, {a;b1,...,bs}) is a dual M-framelet filter bank. Note that W% = V;, W% = V.
Therefore, V; W v = v for all v € [(Z?) if and only if V; W, v = v for all v € [(Z%).

4.2. Stability of multilevel discrete framelet transforms

Beyond the perfect reconstruction property and sparsity that we have discussed in Sections 2 and 3,
another fundamental property is stability. We say that a filter bank {a;b1,...,bs} has stability in ly(Z?)
if there exist positive constants C; and C5 such that

Cl||le2(Zd) < ||WJU||(l2(Zd))1><(sJ+1) < CQ||UHZ2(Z¢1)7 Yv e lQ(Zd), J e N. (46)

A filter bank {a; by, . ..,bs} having stability in l3(Z%) is also called a framelet filter bank (with stability) in
lo(Z4). By (4.6), the ly-norm of framelet coefficients provides an equivalent norm for the sequence space
I5(Z%). We say that a multilevel discrete framelet transform employing a dual M-framelet filter bank
({@;by,...,bs}, {asb1,...,bs}) has stability in the space ly(Z?%), or simply a dual M-framelet filter bank
({a; bi,... ,133}, {a;by,...,bs}) has stability in I5(Z?), if both filter banks {a; bi,..., 135} and {a;by,...,bs}
have stability in the space l(Z%).

We now have the following result on the stability of a multilevel discrete framelet transform.

Theorem 4.1. Let ({a; bi,... ,l;s}, {a;b1,...,bs}) be a dual M-framelet filter bank. Let WJ,W] be its
associated J-level discrete framelet decomposition operators and Vj,Vj be its associated J-level discrete
framelet reconstruction operators. Then the following statements are equivalent:

(i) The dual M-framelet filter bank ({a; b,..., 55}, {a;by,...,bs}) has stability in the space lo(Z9), that is,
there exist positive constants C1 and Cy such that (4.6) holds and

02_1||U||12(Zd) < ||WJUH(12(Zd))1><(sJ+1) < Cl_l||’U||12(Zd), Yo € lQ(Zd), J e N. (47)
(ii) There exist positive constants Cy and Co such that for all v € I5(Z%) and J € N,
||WJU||(Z2(Zd))1><(sJ+1) < CQ”Ule(Zd) and HWJU||(12(Zd))1><(sJ+1) < Cl_l||’l}||l2(zd). (4.8)
111 ere exist C7 >0 an 5> > 0 such that for all w € (Il ‘ and for a c N,
iii) Th Cy > 0 and Cy > 0 such th ) Io(Z4) > I+ and for all J € N
HVJleg(Zd) < CQH’lU||(l2(Zd))1><<sJ+1) and |D~}J’11)H12(Zd) < Cl_l||w||(l2(Zd))1><(sJ+1). (49)
v ere exist C1,Co > 0 such that for all v € o , w € (lg , and for a €
(iv) Th ist C1,Cy > 0 such that for all v € lo(Z%) (Io(Z))* T+ “and for all J € N,
||V_]'w||l2(Zd) < CQ||w||(lz(Zd))1><(sJ+1) and ‘|WJU||(I2(Zd))1><(s,J+1) < Cl_lHU”lQ(Zd)' (4.10)
(v) There exist C1,Co > 0 such that for all v € Io(Z%), w € (I2(Z%))' 7+ and for all J € N,
||WJUH(Z2(Z¢1))1><(5J+1) < 02”7)”[2(2(1) and ||]7J’U7||12(Zd) < Cfl||wH(l2(Zd))1x(sJ+1). (4.11)
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If in addition s = dy — 1, any of the above statements is equivalent to

(vi) There exist positive constants Cy and Cy such that for all w € (Io(Z4))>* 7+ and J € N,
Cl||wH(l2(Zd))1><(sJ+1) < ||VJ’w||l2(Zd) < 02‘|w||(l2(Zd))lx(sJ+l) (4.12)

and

CQ_1||/IU||(Z2(Zd))1><(sJ+1) < ||VJw||l2(Zd) < Cl_l||w||(l2(zd))1><(sJ+l). (4.13)

Proof. (1)==(ii) is trivial. Note that V; = W} and V= W} It follows from the well-known identities
Wl = Wyl and |[W*]| = Wy that (i) <= (iii) <= (iv) <= (v), where || - || here refers to the
operator norm in the space l5(Z%).

We now prove that (i) and (iii) together imply (i). Since ({a;by,...,bs},{a;by,...,bs}) is a dual M-
framelet filter bank, we have the perfect reconstruction property ﬁJWﬂ} = VJWJ'U = for all v € I5(Z%).
By (4.8) and (4.9), we have

[0lliyza) = IVaWisvlliyzay < C7 Wil gy zay) 1o
from which and (4.8) we see that (4.6) holds. (4.7) can be proved similarly.
Since v = V; Wy for all v € I5(Z?), replacing ||v|;,(za) in (4.7) by VoW1, za), we deduce

Ol||WJU||(Z2(Zd))1><(sJ+1) ||VJWJU||Z2(Zd) CQ||WJUH(12(Z(1))1><(sJ+1) (4.14)

for all v € I5(Z%) and J € N. If s = dv — 1, then W is onto, and therefore, (4.12) follows directly from
(4.14). (4.13) can be proved similarly. d

For V; and % 7, generally we can only have (4.14) and its duality part by replacing W] and Vy in (4.14)
with W, and Vy, respectively. For s > dy, both (4.12) and (4.13) cannot hold, since by Proposition 2.2,
there exists w # 0 in the space lo(Zd) such that Vyw = 0. Obviously, (4.10) implies that a small change
of an input data v induces a small change of all framelet coefficients, and a small perturbation of all
framelet coefficients results in a small perturbation of a reconstructed signal. The notion of stability of a
multilevel discrete framelet transform can be extended to other (weighted) sequence spaces and we shall
address such issue elsewhere. Here we only provide some connections between stability of a multilevel
discrete framelet transform and a refinable function.

Proposition 4.2. Let {a;by,...,bs} be a filter bank such that a(0) = 1 and there exists a positive
constant C' such that

||WJ’U||%Z2(Zd))1X(SJ+1) S CHUHIQQ(Zd) V RS ZQ(Zd)7 J S N (415)

Let M be a d x d expansive integer matriz, that is, all its eigenvalues are greater than one in modulus.
Define a frequency-based refinable function @ by

Ha MT)~ £ eR% (4.16)

Then ¢ € La(RY) with ||<p||L R S < (2m)dC.
Proof. Since V; = W5, by (4.15), we have

Vswll}, zay < Clwll, gayyixessn Y w € (12(27)C7HD e N, (4.17)
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Take wo = (0,...,0,9), that is, vg = ¢ and all high-pass framelet coefficients vanish. Then V;wo =
_J/QSJ J. Slnce the Fourier series of SJ § is df, HJzol a((MT)7¢), we have

—J/2
IVl oy = IS ) = VS ) = 7500 [ )dHIa (T e

= 71 TVJ d a T=J¢)|2
= an)d /Rd X(MT)? [~ ) (é)gla((M )OI de.

It now follows from ||VJw0||l2 24y S CHwOHl (za) = C that

J
1 R »
G L, X0 s (O TT M PO = 1" S bl, oy = Vool oy < C.

Since M is expansive, we have im ;o X(MT)7[—r,m) (&) H;Zl [@(MT)=IE)12 = |p(€)|? for all £ € RY.
Applying Fatou’s lemma, we have

J
L | 4
gt 1P <t o | ot ICCRRLEE

Hence, ¢ € Lo(R?) and H90||2L2(Rd) < (2m)dC. O

4.3. Discrete affine systems for I5(Z%)

In this section, we explain the role played by the dilation matrix M in a multilevel discrete framelet
transform. Then we give the definition of discrete affine systems for l(Z¢). In other words, we introduce
the notion of discrete framelets and discrete wavelets for l(Z%) in this section.

To implement the subdivision and transition operators using the convolution operation, we need the
upsampling and downsampling operators on sequences in [(Z%). The upsampling operator T M : [(Z3) —
[(Z%) and the downsampling (or decimation) operator | M : 1(Z%) — 1(Z?) with a d x d sampling matrix
M are defined to be

v(M~1n), if n € MZ%; d
M = ’ ' M = ov(M Z°. 4.1
o M(n) {0’ D M= o(Mn), ne (418)
It is convenient to use the notation v(M~1!.) for v1M and v(M-) for v/ M. Now the subdivision operator
Sum in (2.1) and the transition operator T, m in (2.2) can be equivalently expressed as follows:
Sumv =dyux (vTM) and T, mv =dm(u* *v)]M. (4.19)

According to (4.19), the subdivision and transition operators differ to the convolution operation only in
the use of the upsampling and downsampling operators with the sampling matrix M, which plays a crucial
role in a multilevel discrete framelet transform to extract multiscale structure embedded in a signal. To
understand this point well, instead of viewing the decomposition operator ¥W; and the reconstruction
operator V; in the recursive way as in (4.1) and (4.2), we consider wj,, as a direct consequence of a linear
mapping acting on the input signal v (more precisely, vy).

We have the following result on the recursive application of subdivision or transition operators.

Lemma 4.3. Let M, My be d x d invertible integer matrices and let uy,us € lo(Zd). Then
Sul,MISug,M2'U = Sul*(uﬁ My),Mi MoV = |det(|\/|1|\/|2)|u1 * (UQTMl) * (’UTMlMg) (4.20)

and

Tos My Ty My 0 = Ty ustMy) MM ¥ = | det(MiMa)[(ug * (ug TMy) % v) LM Ma. (4.21)
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Proof. The Fourier series of the sequence S, m, Su, M, 18
| det(M1)[23(§)Sus Mz v(MI€) = | det(My Ma) i1 (€)i2 (MI€)D(MIMIE).
Therefore, (4.20) holds. By duality in (2.18) and by (4.20), we have

<w’7712,M27:t1,M1’U> = <8u2,M2w’7:l«1,M1’U> = <8u1,M18u2’M2w7U>

= <Su1*(u2TM1),M1M2w7U> = <w7ﬂ1*(uQ¢M1),M1MQU>7
from which we see that (4.21) holds. O
From the definition of the sequence wj,, of framelet coefficients in (4.1), we see that
vy =P Tamvian = = dig T v = 4T P Ty a1 o (4.22)
and
Wjie = dr\_/ll/27;3ﬂj+1 = dl(\Z_J)/27§[,M7:i(7JJ1_J)/2”J = dI(\;I._J)/27:"z*(&TM)*~-*(m1\/IJ*J'*Z)*(EETMJ*J*U.,MJ*J'v'
Therefore, framelet coeflicients w;_1.¢ are obtained by filtering a given signal v using the filters d,(v‘l] /2G4

(@1 M)s---x (@t M7=3=1) % (b, + M7~7), whose supports grow with the scale level J — j. More precisely,
by (2.2),

wie(k) = (v, dl P [ax (@MY - (@MY % (Bt MT TN — MTK)), ke z4
Similarly, we deduce that
V5(0,...,0,00) = dyy”28 vo = A8 2 Sty s (@it 1) M0 (4.23)
and
V;(0,...,0, Wj.e,0,..., 0) = dl(\zi'])/QSiKAj_lsbz,ij;g
:d'(VJI'—J)/QSQ*(&TM)*---*(aTMJ*J'*?)*(bETMJ*jfl)J\Aij'lUj;g. (4.24)
Define filters a; and a;,j € N by
@;(€) == a(aMTe) - a(MTy 1) and  a;(¢) = a(¢)a(MTE)---a((MTy~1¢) (4.25)

with the convention that ag = ag := 6. That is,

aj=ax(@tM)*---x (@M1 and @;:=ax(atM)*---x (@M 1), (4.26)
Now a J-level discrete framelet transform employing a dual M-framelet filter bank ({a; bi,..., l;s},
{a;b1,...,bs}) can be equivalently rewritten as
J s ~
v = Z <v7a'[J;k]>a’[J;k] + Z Z Z<U7 bZ,[j;k]>b€,[j;k]a (427)
kezd Jj=1kezd =1
where
i/2 . /9 . )
apag = digPag (- = MIK), by g o= A%y (b TMI D] = MIK) (4.28)
and . ] B o - , )
g = 405 (- = MIK), Do gjag == dif (a1 % (bt MITH)](- — M7K). (4.29)
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By employing the dilation matrix M, a multilevel discrete framelet transform provides a multi-scale rep-
resentation of a signal, which is the key to extract the multiscale structure in a signal. The representation
in (4.27) also shows that the stability of a multilevel discrete framelet transform in the space l5(Z%) is
closely related to the asymptotic behavior of the sequences ay,a; in (4.25) as J — +o00, which is in turn
closely related to the frequency-based refinable functions ¢ and ¢.

The above discussion motivates us to define discrete affine systems as follows:

DAS;({a;br,...,bs}) :=={apu : k€ Z}
U{bepm : €=1,...,8,5=1,...,J ke 2% (4.30)

and

DASJ({&7 617 ceey bs}) ::{a[J;k] ke Zd}
U{bepjmg : £=1,...,85=1,...,JkeZ. (4.31)

Under the convention that
~:DAS;({a;by,...,bs}) = DAS;({@;by,...,bs}) with w @,

that is, (u, ) is always regarded as a pair together, the representation of v € I5(Z%) in (4.27) can be
rewritten as
v = > (w,@)yu,  vely(2?),JeN. (4.32)
weDAS ; ({a;b1,...,bs })

Therefore, the stability in (4.6) of a filter bank {a; by, ..., bs} in I5(Z%) simply means the stability of the
discrete affine system DAS ;({a; b1, ...,bs}) in lo(Z9):

C ol zay < > (v, w)]* < C3|0ll},zay, Vv €l(Z),J €N, (4.33)
we€DAS j ({a;by,...,bs })

In other words, if {a; by, ...,bs} has stability in I5(Z?) , then DAS;({a;by,...,bs}) is a frame for Ly(R%)
for all J € N. It is also easy to prove that {a;b1,...,bs} is a tight M-framelet filter bank if and only if
(4.33) holds with C; = Cy = 1. Furthermore, {a;b1,...,bq,} is an orthogonal M-wavelet filter bank if
and only if DAS;({a;by,...,bq,}) is an orthonormal basis for lo(Z4) for every J € N.

4.4. Variants of multilevel discrete framelet transforms

There are many variants to a standard multilevel discrete framelet transform. Here we look at two
particular variants. By the definition in (2.1) and (2.2), it is easy to notice that

Sum@(- —n)) = [Sumv](- — Mn), Su(—n),M0 = [Sumv](- = n), nez? (4.34)

and
Tum(v(- = Mn)) = [T, mo](- — n), Tu(+ny MV = Tum(v(- —n)), nez’ (4.35)

s

In other words, if we shift an input signal v or a filter u by an integer, then its output under the subdivision
operator is a shifted version of S, mv. For the transition operator, however, T, m(v(- —n)) or Ty(.4n),Mv
is generally no longer a shifted version of T, mv if n & MZ?. This shift sensitivity of framelet coefficients
with respect to a shift of an input signal is not desirable in some applications such as signal or image
denoising, since a simple shift of a noise wouldn’t change the characteristics of a noise. To overcome this
difficulty, we put together the dm sequences T, (.4+)mv,7 € I'v in a disjoint way so that we have only
one sequence dvu” * v. Similarly, it is easy to verify that >° cn Su(4y)m(wW(M - —7)) = dyuxw. In
other words, the new discrete framelet transform is undecimated by removing the downsampling (i.e.,
decimation) and upsampling operations in the original discrete framelet transform. Thus, it is called a
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J-level discrete undecimated framelet transform employing the filter bank ({a; bi,... ,Bs}, {a;by,...,bs}),
which in the terminology of Subsection 4.1 is just a J-level discrete framelet transform employing the
new filter bank

(2@l = 1)+, @C = e )3 010 = 1), Bl = Yoy )s- -5 b5 (- = 1),y s (- = Ya) )y
d[ﬂl/Q{a('_vl)7 ( _,ydM) ( _71)7"'7b1('_’YdM)v"'>bS('_’71)7"'vb5('_7dm)})7

where {71,...,%d,} := I'm. Let us present a J-level discrete undecimated framelet transform employing
a dual M-framelet filter bank ({a;by,...,bs},{a;b1,...,bs}). A J-level discrete undecimated framelet
decomposition is given by

v = (@M 7I) x vy, wi_1.0:= OFIMT ) xwy, L=1,....s j=J...,1, (4.36)

where vy : Z% — C is an input signal. A J-level discrete undecimated framelet reconstruction is

= (@M ) iy Y (b tMT ) waj g, j=1,00,0 (4.37)
(=1

Using the same proof as in Theorem 2.1, one can straightforwardly check that the above J-level discrete
undecimated framelet transform has the perfect reconstruction property if and only if

HOTE) + ()b (E) + -+ ba(€)ba(€) = 1. (4.38)

Therefore, the perfect reconstruction condition on a filter bank for an undecimated framelet transform
is much weaker than the condition in (4.5) for an usual dual M-framelet filter bank. In this sense, an
undecimated framelet transform would be properly called a multiscale convolution transform using a filter
bank satisfying (4.38). Similar to (4.27), we have the signal representation:

J s
v="Y {v,as(—k)as( =k + DD Y (vby 0 (- — K)be, o) (- — k). (4.39)

kezd Jj=1kezd =1

A J-level discrete undecimated framelet transform }}as redundancy ratio Js while the original J-level
% T di 7
has redundancy ratio one, that is, no redundancy). Therefore, a J-level discrete undecimated framelet
transform is a redundant transform, having roughly dyJ times more coefficients than the original J-level
discrete framelet transform, but has a simple structure. To reduce the redundancy rate and to keep the
transform nearly shift invariant, we discuss another variant—a discrete averaging framelet transform.

Let n be a positive integer. We say that A := (Ay, ..., A,) : [(Z%) — (I(Z%))*", Av = (A, ..., Au0)
is a data partitioning operator if A is an injective operator (that is, a one-to-one but not necessarily linear
mapping). A has at least one left-inverse and we say that A : (I(Z4))1*m — 1(Z9) is a data averaging
operator of Aif AAv = v for all v € I(Z%). An example of data partitioning and data averaging operators
is to use the convolution operation. Let ©1,...,0,, O1,...,0, ¢ lo(Z) be finitely supported sequences
on Z% such that

discrete framelet transform has redundancy ratio

(a J-level discrete wavelet transform

1()01(6) + -+ Ou(©)On(€) = 1. (4.40)
Then we have a data partitioning operator A : U(Z4) — (Z(Zd))lxn Av = (67 *v,...,0; *v) and a data
averaging operator A : (I(Z4))"*™ — I(Z%), A(vy, ..., v ) O1 %v1 4+ -+ 6, %, By (4.40), it is evident
that AA = Id;zay. A simple choice is to take @ = --- = 0,, = § and O=--=6, = 15 For this

particular example, the data partitioning operator simply copies the data n times and the data averaging
operator A is exactly the averaging operation.

Under a data partitioning operator A, a signal v is split into n sub-signals: A;v, ..., A,v. Regard each
sub-signal as a completely separate branch. Now a discrete n-branch averaging framelet transform is to
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perform an independent discrete framelet transform on each branch. After processing and reconstruction
of each branch, we end up with n reconstructed sub-signals. Then we use the data averaging operator to
form one reconstructed signal.

A particular discrete framelet transform may perform better only for a small subset of signals with
certain characteristics. Using a data partitioning operator, we may be able to split a signal into sub-
signals with different characteristics so that the advantages of a particular discrete framelet transform can
be explored. Comparing with a J-level discrete undecimated framelet transform which has redundancy
ratio Js, a J-level discrete n-branch averaging framelet transform has only n times redundancy, which
is independent of the scale level J and is much smaller than Js when the scale level J is large. A
discrete averaging framelet transform using complex-valued dual framelet filter banks is of particular
interest in high-dimensional data analysis for achieving directional representations to capture various
high-dimensional singularities such as edges in images. For example, the dual-tree complex wavelet
transform employing two correlated orthogonal wavelet filter banks (see the tutorial article [38]) is a
particular example of the averaging framelet transform with n = 2 branches. See Section 7 for another
example of directional framelets using tensor product complex-valued tight framelet filter banks.

5. Linear-phase Moments and Symmetry Property of Framelets

In this section we discuss linear-phase moments and symmetry property in wavelet analysis.

It is sometimes desirable that the image of a polynomial under a convolution operation is itself or its
translated version. For this purpose, we recall the notion of linear-phase moments introduced in [23, 26].
We say that u € lo(Z?) has order m linear-phase moments with phase c € R? if

a@ = +o(lEl™m, g0 (5.1)

If m > 1, it follows from (5.1) that ¢ =, ., u(k)k, which is called the default phase of u. If u has order
m but not m + 1 linear-phase moments with the default phase, then we define lpm(u) := m and we say
that u has the linear-phase moments of order m.

If a filter has linear-phase moments, then the action of the convolution operation, the subdivision
operator, and the transition operator on polynomial spaces has some particular structure.

Proposition 5.1. Let u € lo(Z%), c € R, and m € Ng. Then (i) p*u = p(- —c) for all p € II,,_1 if
and only if (i1) u has order m linear-phase moments with phase c if and only if (i) Ty mp = dup(M - +c)
for all p € II,,,_1. Similarly, w has order m sum rules and order m linear-phase moments with phase c

if and only if Sump = p(M~1(- —¢)) for all p € I,y_1.

Proof. By Lemma 3.1, we have (3.7). On the other hand, using the Taylor expansion of p, we have

p(z —c) = ZuGNS,\uKm OFp(x) (_:!)“. Comparing the coefficients of d#p, u € N¢, || < m with (3.7), we

see that pxu = p(- — ) if and only if 9#%(0) = (—ic)* for all u € N&, || < m, which can be equivalently
rewritten as (5.1). (iii) is a direct consequence of item (i) and (3.10) in Theorem 3.2. The part on
subdivision operator is a direct consequence of Theorem 3.5. (I

Linear-phase moments are of particular interest in the application of subdivision schemes in computer
aided geometric design, since the property S, mp = p(M~1(- —¢c)) for all p € II,,_; simply means that
the subdivision scheme is interpolating on all polynomial sequences p € I1,,_1.

In the following, we make some remarks on the relations between linear-phase moments and symmetry.
Note that a filter v has one linear-phase moment just means %(0) = 1.

Proposition 5.2. Let u € lo(Z9) satisfying Ipm(u) > 1 with phase c € R?.

(i) If u(cy, — k) = u(k) for all k € Z* with c,, € Z%, then ¢ = c,,/2 (that is, the phase c agrees with the
symmetry center ¢, /2 of u) and lpm(u) must be an even integer;
(ii) If u(c, — k) = u(k) for all k € Z* with c,, € Z%, then c = ¢, /2.
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Proof. Set m :=Ipm(u). For (i), we have @(¢) = e~ &3 (—¢). Then it follows from (5.1) that e~%u¢ =
alz(fg)) =e 2L O(||€||™) as € — 0. Since m > 1, we must have ¢ = ¢, /2. Note that @(¢) = e~ $7(—¢)
and ¢, = 2c imply u(&)e’¢ = U(—€)e™ ¢, from which we see that

O[u(€)e*4)(0) = 0, for all u € N¢ with positive odd integers |u|. (5.2)

On the other hand, the definition of linear-phase moments in (5.1) is equivalent to @(£)e’* = 14+O(||€]|™)
as £ — 0. Since u has m but not m + 1 linear-phase moments with phase c, it now follows from (5.2)
that m must be an even integer.

For (ii), we have %(¢) = e~ «¢4(¢). Then it follows from (5.1) that we must have e~ ¢ = € —
e 26 1+ O(||¢||™) as € — 0. Thus, ¢ = ¢, /2 holds. O

According to the following result, linear-phase moments also play a critical role in the construction of
tight framelet filter banks having symmetry.

Proposition 5.3. Let {a;by,...,bs} be a tight M-framelet filter bank such that a(0) =1 and a(c, — k)
a(k) for all k € Z¢ with c, € Z%. Then lpm(a* * a) = lpm(a) and

min(vm(by), ..., vm(bs)) = min(sr(a), 3 Ipm(a)). (5.3)

Proof. By a(0) =1 we see from the perfect reconstruction condition (4.5) (also see [4,10]) that

min(vm(by),...,vm(bs)) = min(sr(a), %Vm(l — [al?)). (5.4)

Since a has symmetry, we have a(¢) = e~%a¢G(¢). Set ¢ := c,/2 and n := vm(1 — |a|?) Then,
[L+ea()l - e“*a(¢)) =1 - [a@©)P? = o(gl"),  ¢—o.

Since @(0) = 1, we conclude from the above relation that 1 — e¢*€a(¢) = O(||£]|") as € — 0. That is,
we proved Ipm(a) > n. It is trivial that vin(1 — [@|?) > lpm(a). Note that vim(1 — [a|?) = lpm(a* * a).
Hence, lpm(a* * a) = lpm(a) and (5.3) follows directly from (5.4). O

We now discuss symmetry properties of wavelets and framelets which are desirable in many appli-
cations. Let ¢ be a finite subset of d X d integer matrices whose determinants are +1. We say that
4 is a symmetry group compatible with a d x d invertible integer matrix M (see [17,18,21,22]) if ¥
forms a group under matrix multiplication and M~!EM € ¢ for all E € ¢4. That is, the mapping
g9 — 9, gu(E) := M~ EM is well defined. Note that g,"(E) = MEM~'. For matrices M and N, we
say that N is 4-equivalent to M if N = EMF for some E, F € 4. Note that {I4, —I;} is a basic symmetry
group compatible with any d x d invertible integer matrix M. In dimension two, there are two important
symmetry groups:

10 10 01 01
pe=elor] = o B = ol =[Sl &
10 0-1 —11 01 1-1 —10
Gl o o | B e S | B e SO
11 1-2 10
As shown in [21, Theorem 2], up to Dy-equivalence and a multiplicative constant, M 5 and I are the

only two matrices which are compatible with Dy. Similarly, up to Dg-equivalence and a multiplicative
constant, M 5 and I are the only two matrices which are compatible with Dg.

Define
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Let a € Io(Z?) and ¢ be a symmetry group on Z¢. We say that a has &-symmetry with a symmetry
center ¢, € R? and ¢, € {—1,1} if

a(B(k —cq) + o) = €qa(k), VkeZ! Ecg. (5.8)

Clearly, we must have (I; — E)c, € Z% for all E € ¢. Similarly, we say that a has complex &-symmetry
with a symmetry center ¢, € R? and ¢, € {—1,1} if

a(E(k — cq) + ca) = €qa(k), Vkez! Ec9. (5.9)
Now we have the following result on symmetry of an M-refinable function and its mask.

Theorem 5.4. ([22, Proposition 2.1]) Let M be a d x d expansive integer matriz. Let 4 be a symmetry
group compatible with M. Let a € lo(Z?) with @(0) = 1. Define ¢ as in (4.16) and a compactly supported
distribution ¢ by ¢ = ¢, that is, ¢(x) = ﬁ Jza p(&)e™Ede if p € Li(RY). Then a has 9-symmetry
with a symmetry center c, and e, = 1 if and only if

H(E(-—cy) +cy) = ¢, VEE€Y with cy:=(M—1I5) 'c,. (5.10)

Moreover, if N = EMF for some E,F € 94 (that is, N is &-equivalent to M), then N is also expansive,
N =¢(-+(M—1I5) ey — (N—1I3)"tc,), and

MNE(—cn)+on)=¢", VEed. (5.11)

where cy == (N — I3)"tc, and (?)N(f) = [152, a((NT)77¢), ¢ e RE. If b € 1o(Z%) and %, is a subgroup of
4 such that b has G,-symmetry with a symmetry center ¢, and €, € {—1,1}, then

Y(F (- —cy) +cy) = epth, VFe% with cyp:=Mtc,+ M (M —1;) "c,, (5.12)

where Y := dm Y, cza b(k)O(M - —k), that is, @(MTQ = ’5(5)5({) If G-symmetry and 9y,-symmetry
are replaced by compler 4 -symmetry and complex 4,-symmetry, respectively, then all the claims hold by
adding complex conjugate to the right sides of (5.10), (5.11), and (5.12).

Proof. Note that (5.10) is equivalent to
HETE) = o Fe)bg(g) = (Uam MMt f(e) Y Eeg c R (5.13)

Also note that (5.8) holds if and only if
A(ETE) = eela=Bleate), Eec9,¢eRL (5.14)

By the definition of ¢ in (4.16) and the relation ¢(MTE) = @(€)B(€), one can easily check that (5.14)

holds if and only if (5.13) holds.
Since ¢ is finite and lim;_, M~7 = 0, we must have lim;_, o0 N~/ = 0. By the definition of ¢ and

¢N, we can directly check that @(5) = il(M=Ta)"" =(N=1) "lea-§ £} is satisfied and (5.11) holds. Using
(5.13) and b(FT¢) = epetlla=F)caép(&) for all F € &, we have (5.12). O

6. Connections of Filter Banks to Frequency-based Dual Framelets

In this section we discuss the connections between dual framelet filter banks and frequency-based dual
framelets. We shall see that every dual framelet filter bank ({6;51, .. ,I;S}, {a;by,...,bs}) satisfying
@(0) = a(0) = 1 corresponds to a frequency-based dual framelet on R?, which is introduced in [27, 28].
For simplicity of presentation, we only outline the main ideas of the proofs and refer the reader to [27,28]
for the detailed proofs of the results stated in this section. At the end of this section, we mention some
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connections between the sparsity of a discrete framelet transform and the sparse representation of a dual
framelet in the function space Lo(R?).

Following the standard notation, we denote by Z(R?) the linear space of all compactly supported
C* functions. By Lif“’(Rd) we denote the linear space of all measurable functions f such that
f{yERd lyll<r) |f(x)|Pdr < oo for all » > 0 with the usual modification for p = co. For f € 2(R%)

and 1 € L¢(R?), we shall use the following pairing

€)= [ BB and (1) =0 = [ (o

Let J be an integer and N be a d x d invertible real-valued matrix. Let @ and ¥ be subsets of L¢(R?).
A frequency-based (NV)~-affine system (or an N-modulation system) is defined to be

FAS;(®;%) = {¢nrok : k€ Z e BYUUE {hniox : k€L, e W}, (6.1)

where we used the notation in (1.1). To emphasize the role played by N, we also use FAS?(@; ¥) instead
of FAS;(P;¥). Let
={p',.. .}, D={p',....¢"}, Ww={p' . . .}, W={p' . .. P} (6.2)

be subsets of L{**(R%). Let FAS;(®;¥) be defined in (6.1) and FAS ;(®; ¥) be defined similarly. As in
[27,28], we say that the pair (FAS;(®;¥),FAS;(®;¥)) is a frequency-based dual (NT)~1-framelet if the
following identity holds

Z Z (f, ‘PNJ 0.k) ‘PNJ 0.k 8) + Z Z Z <fa1f’|€u;o,k><1jfﬁlj;o,kag> = (2m)*(f, g) (6.3)

(=1 kezd j=J £=1kezd

for all f,g € 2(R?), where the infinite series in (6.3) converge in the following sense

(i) for every f,g € 2(R9), all the following series converge absolutely for all integers j > J:

Z Z (f, ¢ﬁ|J;0,k><¢ﬁlJ;O,k’g and Z Z ¢NJ 10,k ¢NJ 0k 8 g)- (6.4)

=1 kezd =1 keZ2

(ii) for every f,g € Z(R?), the following limit exists and

nll)rfoo (Z Z ‘PNJ 0,k ‘PNJ;o,kvg>

=1 keZz4

n—1 s

3D 0k (Bl 8)) = (27)(F, ). (6.5)

j=J £=1 kezd

As shown in [27, Lemma 3] and [28, Lemma 10], the condition in the above item (i) is automatically
satisfied if &, %, P, ¥ are subsets of LY¢(R?) and r,s are finite integers. The condition in the above
item (ii) is simply the perfect reconstruction property in the test function space 2(R?) for a pair of
frequency-based affine systems.

Let J be an integer and M be a d x d invertible real-valued matrix. Let @ and ¥ be subsets of L{°¢(R9).
A nonhomogeneous M-affine system is defined to be

AS;(B;0) = {pmon + kKEZ € PYUUZ o : k€Z 9y €W} (6.6)

To emphasize the role played by M, we also use Asy(@; V) instead of AS;(®;W). If &, ¥ are subsets of
Ly(R%), then we can define @ := {¢ : ¢ € @} and ¥ := {3 : 1 € ¥}, where the Fourier transform used
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in this paper is defined to be f(¢ = Jpa f(@)e ™ 4dz, & € RY for f € Li(R?). Then it is easy to see that
the image of AS" (®; ¥) under the Fourler transform is exactly FAS")(®,¥) with N = (MT)~!. Moreover,
the homogeneous M-affine system AS(¥) in (1.2) is simply the limiting system of AS ;(®,¥) as J — —oc.
See [27,28] for more detail.

Frequency-based dual framelets can be completely characterized as follows:

Theorem 6.1. (/28, Theorem 11] and [27, Theorem 6]) Let M be a d x d real-valued invertible matriz
such that M is expansive. Define N := (MT)"L. Let &, &, W, ¥ in (6.2) be finite subsets of LY°(R?).
Then the following statements are equivalent:

(i) (FAS;(®;W),FAS;(B;®)) is a frequency-based dual M-framelet.
(ii) The following identities hold: for all £,g € 2(R?),

jginoo Z Z (f, ‘Pﬁ;’;o,kx‘ﬁﬁn;o,ka g) = (27)d<f»g> (6.7)
=1 kezd

and

3

Zz<f7¢§d;0k B0k 8 +ZZ W0k ’4/)Id,0k7 g)

=1 kezZd =1 kezd

- Z Z ‘PN .0,k ¢N;0,k7g>- (6.8)

=1 kezd

(iii) The following relations are satisfied:

r

jggm<gsof<wj->¢f<wf->,h> = (Lh), Vhe2(R); (6.9)
and
TE(€) + T, (€) = IH<(N¢), ae.t €RY ke ZUNTIZY, (6.10)

where T(€) ==Y ")_, (€)@ (€ + 27k), k € Z? and T := 0 for k € R1\Z4, and

@

T8 (€) := LEP (€ +2nk), ke Z4 and Tk :=0, k e RN\Z. (6.11)

Note that if item (i) holds for some J € Z, then it holds for all J € Z. Ttem (ii) follows from item (i)
by considering the difference between two consecutive levels. (ii)==(i) can be proved by properly scaling
(6.8) to every scale level J and then by summing them up. The equivalence between items (ii) and (iii)
follows from the simple relation (see [28, Lemma 10]):

> (F puox) (Puiok. 8) = (27) / > £(©)g(§ + 27U k) p(UE)p(UE + 2mk)dE

kezd kezd

with the series on the left converging absolutely and U being a d x d invertible real-valued matrix.
According to the following result, a dual framelet filter bank is naturally linked to a frequency-based
dual framelet.

Theorem 6.2. Let M be a d x d ezpansive integer matriz. Let Q,a,bl,...,bs,d,gl l~)
such that @(0) = a(0) = 1. Define N := (MT)™', (&) = [[}2, a(N7€) and @(€) = Hoi
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for & € Rd,.\ Then ¢ and @ are well-defined functions in LY¢(RY) satisfying (MTE) = a(&)e(€) and
P(MTE) = a(&)@(€) for all ¢ €RE. For £ =1,...,s, define

() = @), () =BEOBE). W MTE) =b(O)p(©). and (M) = b(&)B(©).

Then (FAS;({n}; {¢*, ..., ¥5}),FAS ;({n}; {4, .. y '(sz}))Nis a frequency-based dual M-framelet for every
(or some) J € Z if and only if ©(0) = 1 and ({a;b1,...,bs},{a;b1,...,bs})e is an OEP-based dual M-
framelet filter bank, that is, for all w € 2y and & € RY,

BMTE)A(E)AE T 27) + by (E)hr (€ + 2700) + -« + b ()Da (€ + 270) = S(w)O(E). (6.12)

One can prove Theorem 6.2 by directly verifying the conditions in Theorem 6.1. Framelets in
Ly(RY) using OEP-based dual M-framelet filter banks have been introduced in [4, 10] (also see [9]).
A classical dual M-framelet filter bank discussed in previous sections is a particular case of OEP-
based dual M-framelet filter banks by taking @ = §. All our discussions in Sections 2, 3, and 4
can be carried over to OEP-based dual M-framelet filter banks. Under the condition a(0) = a(0) =
1 and ® = §, Theorems 6.1 and 6.2 together show that the perfect reconstruction property of
({a; by, ... ,58}, {a;b1,...,bs}) is equivalent to the perfect reconstruction property of a frequency-based

dual framelet (FASo({@}; {s',...,9°}), FASo({¢}: {sb', ..., 9" })).
Another application of Theorem 6.1 is the following result on tight framelets in Ly(R%).

Proposition 6.3. ([28, Corollary 17]) Let M be a d x d expansive real-valued matriz and define N :=
(MT)~L. Let & and ¥ be finite subsets of LY¢(R%). Then the following are equivalent:

(1) FAS;(®;W) is a tight frame for Ly(R?), that is, @, % C Lo(R?), and for all f € Ly(R?),

Z Z [(F, ons o)) +Z Z Z £, ¥ns000)° = 2m) L7, gy (6.13)

pEeDd kezd j=J Ppew kezd

(2) (FAS;(®;%),FAS;(®;W®)) is a frequency-based dual M-framelet.
(3) limj 40 X ea{l(N7-)[* h) = (1,h) for all h € 2(R?) and for almost every & € R,

S e(Op(e +2mk) + > PE)h(€ + 27k)

ped pew
= > o(NO@(N( +2mk)), ke zZin[N~'27,
peP
> @& +2mk) + > p()p( + 2mk) =0, k € Z\[NT'Z),
ped Ppew
> (NG @(N( +2mk) =0, ke [NT'Z\Z2
ped

(4) There exist subsets B, of Ly(R?) such that {¢ : ¢ € D} =B, {1 : ¥ € U} =W, and AS;(D; V) is
a tight frame for Ly(RY):

SN W omrad P+ DD W dwiad P = 11, Y F € La(RY). (6.14)
peP keZd j=J Yev kezd

Moreover, if any of (1)—(4) holds, then AS(¥) is a tight frame for Lo(R?), that is, (1.3) holds.

We complete this section by discussing the issue of sparsity. Let (j) = ¢, 1/1 = we and b := b, in
Theorem 6.2. Assume that ¢) € Ly (R%). Suppose that the filter b has order m vanishing moments. Let
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k € Z%. If an input data v agrees with some polynomial of degree less than m on the support of 5( -—Mk),
then it follows from Theorem 3.2 that the framelet coefficient [7; \yv](k) = 0. Therefore, if an input data

v can be well approximated by some polynomial of degree less than m on the support of B( — Mk), then
the framelet coefficient [7 yv](k) is negligible.

Now we look at the function setting. Since M is expansive, a smooth function f can be well approxi-
mated by its Taylor polynomial T}, of degree less than m near a point M7k = x. Since b has order m

vanishing moments, by {)(MT¢) = b(€)p(€), we see that ¢ also has order m vanishing moments: (p, 1)) = 0
for all p € I1,,,_1. Consequently, if M is isotropic (that is, all the eigenvalues of M have the same modulus
and M is similar to a diagonal matrix), then (see [8] for dimension one)

|<f7 Q/NJMJ';kH = |<f - Tm—h?[}MJ';kﬂ < C| det(M)li(m/dJrl/Z)jv .7 — 00, (615)

where the constant C only depends on ¢ and f. Therefore, for a smooth function f, the framelet
coefficients (f,1ms.x) decays to zero rapidly as the scale level j — +o0o0. The fast decay of framelet
coefficents in (6.15) plays a critical role in establishing the sparse representation of wavelet or wavelet-
like expansions in Lo (R?) (see [1,2,8,13,14,35,36]).

Moreover, it follows trivially from the perfect reconstruction condition in (4.5) that

min(vm(by),...,vm(bs)) < sr(a), min(vm(by), ..., vm(b,)) < sr(a)

with the equalities being true when s = |det(M)| — 1 (that is, the case of biorthogonal wavelet filter
banks). Therefore, for the case of wavelets, the sparsity property of a discrete framelet transform is
closely related to the sum rules of the filters a and @ which in turn are closely related to the approximation
properties of the shift-invariant spaces generated by the refinable functions ¢ and q/; In other words, the
orders of vanishing moments, which are crucial for sparsity of wavelets, are completely determined by
the approximation properties of refinable functions, while this claim may no longer be true in general for
framelets.

7. Directional Tight Framelets in Lo(R%)

In this section, we discuss an example of directional tight framelets in Lo(R?). As argued in [1,13,14]
and many references therein, tensor product real-valued wavelets in Lo(R?) are isotropic and can only
handle the horizontal and vertical directions well in dimension two. Therefore, tensor product real-valued
wavelets are often not efficient enough to capture directional singularities in high-dimensional signals such
as images. Therefore, directional affine systems are of interest for high dimensional data analysis such as
image processing.

Applying Proposition 6.3, we can easily obtain directional tight framelets in Lo (R?) (see [28, Section 4]
for detail). Here we provide an example of directional tight framelets with finitely many directions which
are tensor product of complex-valued tight framelets in dimension one. We start with a real-valued C'*°
function @ : R — R such that (6(¢€))?2+(0(1 —¢))2=1forall £ € R, (&) =0 for all £ < 0, and O(&) =
for all £ > 1. Such functions @ can be easily constructed, for example, see [8, Section 3.3.5] and [15,
Lemma 4.2]. For 0 < &1 < g3 < €3 < €4, we define 2m-periodic C* functions a., ., and be, ¢, 4., DY

1, if € € [—e1,e1],
R O’ lf£ € [ T, _82] [82771-)7
Acyen (5) = 0(;22;&-651 )’ if ¢ € ( £, — ) (7.1)
0(=L5), if €€ (e1,2)
and
1, if € € [e9, €3],
L if £ €[0,e1] U [eq, 27),
bs1,€2,63,64(§) = 0(852—_5811)7 1f€ c (51,6 ) (72)
05, if € € (e3,e4).
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When 5 < 7, a., ., is a well-defined 27-periodic €' function. When €4 < 27 + €1, boy cp.c5.0, 15 @
well-defined 27-periodic C*° function. Define 27-periodic functions by

Q) i=ac, o, (6),  BP(E) :=beycyeyanes (), DME) i= ey cpeyam ey (—E)
and functions ¢, P, 9™ on R by

e():=[[a@79.  ¥7(©) =w(E/p(E/2), "€ ="(E/2)p(&/2). (7.3)

Moreover, since @, %P, "™ € Ly(R), we can define functions ¢, ¥P, ™ € Ly(R) by

6(E) = p(8),  UP():=P(E),  UM(E) = "9 (7.4)
Under the following conditions
0§7T*€3<€1<€2<’/T/2 and 2e9 < e3 < T, (75)

we can easily check that {a;bP 0"} is a tight 2-framelet filter bank such that gg is supported inside
[—2e4, 2e4], fp?) is supported inside [2e7, 4e5], and 17171(5) = @715(—5). Though ¢ is a real-valued function,
the wavelet functions ¥P, 9" are complex-valued functions. Similarly, though the low-pass filter a has
real coefficients, the two high-pass filters b7, 0™ have complex coefficients. By Theorem 6.2 and Propo-
sition 6.3, we see that FAS;({¢}; {¥?,¥™}) is a frequency-based tight 2-framelet for Ls(R). Moreover,
both AS;({¢}; {¥P,¥™}) and AS({yP,p"}) are tight 2-framelets for Lo (R). See Figure 1 for the graphs
of a, bAP,bA" and ¢, ¥P with the choice 61 = 0.3,e5 = 1.47, and €3 = 2.94.

(a) ¢ (b) 9P

FIGURE 1. (a) is the graph of the refinable function ¢ with the low-pass filter a. (b)
is the graph of the wavelet function ¥ (solid line for the real part and dotted line for

the imaginary part). (c) is the graph of @ (in solid line), bp (in dashed line), and % (in
dotted line).

We now consider the tensor product framelets in dimension two. Recall that the tensor product u ® v
of u and v simply means u ® v(&1,&2) := u(&1)v(&2). In dimension two, we have the tensor product tight
21o>-framelet filter bank:

{a®a;a @b, a@b", 0P @ a,b? @ bP,bP @ b, 0" @ a,b™ @ b, b" @ b"}, (7.6)

which consists of one low-pass filter a ® a having real coefficients and 8 high-pass filters having complex
coefficients. Define M := 21, and N := 27'I,. By Theorem 6.2 and Proposition 6.3,

FAS;({p @ o} {p @9, o @ " 4P @ o, 4" @ P 4P @ " Y" @ @, " @ PP, " @ " })
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is a frequency-based tight 2I5-framelet for Ly(R?) and both
AS;({¢ @ ¢}, {0 @ YP, 0 @Y™, YP ® ¢, P @ YP PP @Y™, " @ ¢, " @Y Y @ Y"}) (7.7)

and AS({6 ® ¥, g U™, P @ b, YP @ PP, P @Y™, " ® ¢, " @ %P, " ® " }) are tight frames for Ly(R2).
Splitting the real and imaginary parts of the filters in (7.6), we end up with a directional tight 2/>-framelet
filter bank and their associated functions are the real and imaginary parts of the generators in (7.7), whose
graphs are given in Figure 2. From Figure 2, we can see that the tensor product tight framelets have four
directions. Tight 2I5-framelets with more directions can be constructed similarly using more high-pass
filters instead of just two high-pass filters P and b™. For example, tight 2/5-framelets with eight directions
can be constructed using four high-pass filters b7, bP2 and 0™, b"2.

-y
= N A

FIGURE 2. The first row is the real parts and the second row is the imaginary part of
the tensor product complex wavelet functions. Both the real parts and the imaginary
parts exhibit four directions.

We finish this paper by some remarks. First of all, the above constructed directional tight framelets
are quite different from those systems developed in [1,13,14,28]. (Homogeneous) wavelets/framelets with
composite dilations are proposed in [14] to remedy the lack of directionality of classic wavelets, while
[28] employs nonstationary (nonhomogeneous) wavelet structure to achieve directionality by using the
standard dilation matrix 2715 at the scale level j. The affine systems developed in [1] for curvelets, in
[13] for shearlets, and in [28] for directional tight framelets have more and more directions as the scale
level increases and the elements of the generators are highly anisotropic by obeying the hyperbolic rule as
discussed in [1]. The directionality in [1,13,14] is achieved by taking advantages of different anisotropic
dilation matrices at the scale level j, while the directionality in [28] is achieved by using different framelet
generators directly through rotation, but still employing the isotropic dilation matrix 271, at the scale
level j. The directional tight framelets constructed in [28] have associated underlying filter banks but the
redundancy of the system in [28] is much higher than those in [1,13] which are optimal for carton-like
images ([1,13]). However, the tight framelets constructed above have only limited directions and are
similar in some sense to the complex wavelets in [38]. Hence, their asymptotic approximation rates will
be similar to those of classical tensor product real-valued wavelets. However, for a given digital image,
its resolution is finite and therefore, it has only finitely many directions. Hence, the constructed tight
framelets are of particular interest in their applications to digital image processing.

45



B. Han Properties of Discrete Framelet Transforms

Acknowledgements. This research is supported in part by NSERC Canada. The author thanks Zhenpeng Zhao
at University of Alberta for plotting the graphs in Figures 1 and 2.

References

(1]

[7]
(8]
[9]
(10]

(11]
(12]

(13]
(14]

(15]
(16]

(17]
(18]
(19]
20]
(21]

(22]
23]

(24]
25]
[26]
(27]

28]
(29]

(30]

(31]
(32]

(33]

E. J. Candes, D. L. Donoho. New tight frames of curvelets and optimal representations of objects with C? singularities,
Comm. Pure Appl. Math. 56 (2004), 219-266.

C. K. Chui. An introduction to wavelets. Academic Press, Inc., Boston, MA, 1992.

C. K. Chui, W. He. Compactly supported tight frames associated with refinable functions. Appl. Comput. Harmon.
Anal. 8 (2000), 293-319.

C. K. Chui, W. He, J. Stockler. Compactly supported tight and sibling frames with mazimum vanishing moments, Appl.
Comput. Harmon. Anal. 13 (2002), 224-262.

A. Cohen, I. Daubechies. A stability criterion for biorthogonal wavelet bases and their related subband coding scheme.
Duke Math. J. 68 (1992), 313-335.

A. Cohen, I. Daubechies, J.-C. Feauveau. Biorthogonal bases of compactly supported wavelets. Comm. Pure Appl.
Math. 45 (1992), 485-560.

I. Daubechies. Orthonormal bases of compactly supported wavelets, Comm. Pure Appl. Math. 41 (1988), 909-996.
1. Daubechies. Ten lectures on wavelets. STAM, CBMS Series, 1992.

1. Daubechies, B. Han. Pairs of dual wavelet frames from any two refinable functions, Constr. Approx. 20 (2004),
325-352.

I. Daubechies, B. Han, A. Ron, Z. Shen. Framelets: MRA-based constructions of wavelet frames. Appl. Comput.
Harmon. Anal. 14 (2003), 1-46.

M. Ehler. On multivariate compactly supported bi-frames, J. Fourier Anal. Appl. 13 (2007), 511-532.

M. Ehler, B. Han. Wavelet bi-frames with few generators from multivariate refinable functions, Appl. Computat.
Harmon. Anal. 25 (2008), 407-414.

K. Guo, D. Labate. Optimally sparse multidimensional representation using shearlets. STAM J. Math. Anal. 39 (2007),
298-318.

K. Guo, D. Labate, W.-Q Lim, G. Weiss, E. Wilson. Wavelets with composite dilations and their MRA properties.
Appl. Comput. Harmon. Anal. 20 (2006), 202-236.

B. Han. On dual wavelet tight frames. Appl. Comput. Harmon. Anal. 4 (1997), 380-413.

B. Han. Approximation properties and construction of Hermite interpolants and biorthogonal multiwavelets, J. Approx.
Theory. 110 (2001), 18-53.

B. Han. Symmetry property and construction of wavelets with a general dilation matriz, Linear Algebra and its
Applications. 353 (2002), 207-225

B. Han. Computing the smoothness exponent of a symmetric multivariate refinable function, STAM J. Matrix Anal.
Appl. 24 (2003), 693-714.

B. Han. Vector cascade algorithms and refinable function vectors in Sobolev spaces, J. Approx. Theory. 124 (2003),
44-88.

B. Han. Compactly supported tight wavelet frames and orthonormal wavelets of exponential decay with a general
dilation matriz, J. Comput. Appl. Math. 155 (2003), 43-67.

B. Han. Classification and construction of bivariate subdivision schemes, Proceedings on Curves and Surfaces Fitting:
Saint-Malo 2002, A. Cohen, J.-L. Merrien, and L. L. Schumaker eds., (2003), 187-197.

B. Han. Symmetric multivariate orthogonal refinable functions, Appl. Comput. Harmon. Anal.. 17 (2004), 277-292.

B. Han. Matriz extension with symmetry and applications to symmetric orthonormal compler M-wawvelets. J. Fourier
Anal. Appl. 15 (2009), 684-705.

B. Han. Dual multiwavelet frames with high balancing order and compact fast frame transform. Appl. Comput. Harmon.
Anal. 26 (2009), 14-42.

B. Han. The structure of balanced multivariate biorthogonal multiwavelets and dual multiframelets. Math. Comp. 79
(2010), 917-951.

B. Han. Symmetric orthonormal complex wavelets with masks of arbitrarily high linear-phase moments and sum rules.
Adv. Comput. Math. 32 (2010), 209-237.

B. Han. Pairs of frequency-based nonhomogeneous dual wavelet frames in the distribution space, Appl. Comput. Har-
mon. Anal. 29 (2010), 330-353.

B. Han. Nonhomogeneous wavelet systems in high dimensions, Appl. Comput. Harmon. Anal. 32 (2012), 169-196.

B. Han, Q. Mo. Splitting a matriz of Laurent polynomials with symmetry and its application to symmetric framelet
filter banks, SIAM J. Matrix Anal. Appl. 26 (2004), 97-124.

B. Han, Q. Mo. Symmetric MRA tight wavelet frames with three generators and high vanishing moments, Appl.
Comput. Harmon. Anal. 18 (2005), 67-93.

B. Han, Z. Shen. Dual wavelet frames and Riesz bases in Sobolev spaces, Constr. Approx. 29 (2009), 369-406.

B. Han, X. S. Zhuang. Analysis and construction of multivariate interpoalting refinable function vectors, Acta Appl.
Math. 107 (2009), 143-171.

R. Q. Jia. Approzimation properties of multivariate wavelets, Math. Comp. 67 (1998), 647-665.

46



B. Han Properties of Discrete Framelet Transforms

[34] M. J. Lai, J. Stockler. Construction of multivariate compactly supported tight wavelet frames, Appl. Comput. Harmon.
Anal. 21 (2006), 324-348.

[35] S. Mallat. A wavelet tour of signal processing. Third edition. Elsevier/Academic Press, Amsterdam, 2009.

[36] Y. Meyer. Wavelets and operators. Cambridge University Press, Cambridge, 1992.

[37] A. Ron, Z. Shen. Affine systems in L2(R?): the analysis of the analysis operator, J. Funct. Anal. 148 (1997), 408-447.

[38] I. W. Selesnick, R. G. Baraniuk, N. G. Kingsbury. The dual-tree complez wavelet transform. IEEE Signal Proc.
Magazine, 123 (2005), 123-151.

[39] G. Strang, T. Nguyen. Wavelets and filter banks. Wellesley College, 2nd edition, 1996.

[40] M. Vetterli, J. Kovacévié¢. Wavelets and subband coding. Prentice Hall Signal Processing Series, 1995.

47



