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Abstract. We discuss the hull of a multi-dimensional limit-periodic potential and show that
such a hull is an inverse limit of product cyclic groups. We present the result in an explicit way,
which will be useful for a future study of multi-dimensional limit-periodic Schrédinger operators.
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1. Introduction

When investigating spectral properties of almost-periodic Schrédinger operators, mathematicians would
like to write them as the following:

(H,u)(n) = Z u(m) + Vi, (n)u(n), (1.1)

[m—n|=1

where
Vo(n) = f(T"(w)), we R, neZl (1.2)

with a Z¢ action by translations 7 and a continuous sampling function f : 2 — R. If 2 = T9 (the
multiplicative group of all d-dimensional complex vectors with entries of norm 1), then {V,(n)}, cza
is quasi-periodic and H,, is called a quasi-periodic Schrédinger operator. If 2 is a Cantor group with
minimal translations, {V,,(n)},cza is limit-periodic and H,, is called a limit-periodic Schrédinger oper-
ator. Conversely, given an almost-periodic Schrédinger operator first, we can just take {2 as the hull of
{V(n)},eze. For a limit-periodic potential V !, the hull is a Cantor group with minimal translations.
By this way, one can separate base dynamics and sampling function, so that it becomes easy and natural
to answer questions of the type how often does phenomenon X occur? [1,3-6] presented many spectral
properties of limit-periodic Schrodinger operators under this framework. Because of usefulness of the
framework, it becomes necessary to describe group structure of the hull of a limit-periodic potential in
detail for a future study of the limit-periodic Schrodinger operators (even though we already know that
it is a Cantor group ). [9] studied the hull of a one-dimensional limit-periodic potential, showing that
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the hull is isomorphic to the inverse limit of a sequence of cyclic groups, that is, a procyclic group. This
paper will generalize to the multi-dimensional case and the main result in this paper is Theorem 2.8,
stating that the hull of a multi-dimensional limit-periodic potential is isomorphic to the inverse limit of
a sequence of product cyclic groups.

2. Preliminaries

Before stating the main result, let us introduce some preliminary facts. It is well known that there is a
close connection between the hulls of limit-periodic potentials in £°°(Z?) and Cantor groups which admit
a minimal Z? action by translations. For d = 1, this was worked out in detail in [1, Section 2]; for
d > 1, this was worked out in [6, Section 2]. We rewrite some old definitions and results for the reader’s
convenience.

Definition 2.1. (a) We say that (2 is a Cantor group if it is an infinite, totally disconnected, metrizable,
compact Abelian group. We fix a metric dist on {2 that is compatible with the topology.

(b) Consider a Cantor group {2 and a Z? action by translations, {T"}, cze. That is, there are
ai,...,aq € £2 such that for w € §2, we have

d
T'w =w+ anaj, (2.1)
j=1

where we write the group operation as +.2 We say that the action is minimal if all orbits are dense, that
is, for each w € 2, we have {T"w :n € Z4} = 2

Definition 2.2. Let d € Z. The group Z¢ acts on *(Z%) as (S,,V)(n) = V(n —m) for n,m € Z¢ and
V € £>(Z%). The set orb(V) = {S,,V : m € Z?} is called the orbit of V and the closure of its orbit is
called its hull, that is, hull(V') = orb(V). An element V of £>°(Z4) is called periodic if its orbit is finite.
It is called limit-periodic if it is not periodic and belongs to the closure of the set of periodic elements of
(7).

V' is periodic in the sense of Definition 2.2 if and only if it is periodic in each direction, that is, there are
P1y-..,pa € Zy such that for all n = (n1,...,nq), k = (k1,...,kq) € Z¢, we have V(ny + kip1,...,nqg +
kqpa) = V(ni,...,nq). We will call p = (p1,...,pa) € (Z4)? a periodicity vector of V. There exists
a smallest periodicity vector for a periodic V. The following proposition describes how limit-periodic
potentials in £°°(Z%) may be generated.

Proposition 2.3. Suppose 2 is a Cantor group that admits a minimal Z% action by translations,
{T"},cza. Then, for every f € C(2,R) and every w € §2, the potential V,, of {*(Z%) defined by
Vo(n) = f(T"w) is limit-periodic. Moreover, for each w € (2, we have hull(V,,) = {V; : © € 2}.

We first prove the following simple lemma:

Lemma 2.4. Suppose that {T"},cza is an action by translations as in (2.1) on the compact Abelian group

2. Then, for each j € {1,...,d}, there is a sequence {n,~C )}kez+ C Zy such that limy_, o né )a] = W,
the identity element of §2.

Proof. Let us fix j and explain how to find {n;(fj)}k:ez . C Zy. Since {2 is compact, there exists an
increasing sequence of positive integers mj — oo such that myo; converges to some w € §2 as k — oo.

For each k, choose 1y, € {myi¢: £ > 1} such that n(J) ()

limg o0 n}c )aj =W — W = W,, as desired. O

=y —my > k. Then, n/’ — o0 as k — oo and

2While + is a natural way to denote the group operation in the abstract setting, for the concrete groups that arise as
hulls of limit-periodic elements of £°° (Zd), this is ambiguous. Thus, in the concrete setting, we will prefer to use - to denote
the group operation.
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Proof of Proposition 2.3. For a given € > 0, we may choose a compact open neighborhood U of the
identity w. € 2 that is small enough so that |f(w + wy) — f(w)| < € for every wy € U and every w € (2.
Since U is compact and open, we can choose 6 > 0 such that dist(wy,wo\v) > 6 for every wy € U
and every wo\y € 2\ U.
Lemma 2.4 shows that we can choose p1,...,pq € Zy such that d(we,p;jo;) < 6 for j =1,...,d. By
the defining property of 4, it follows that the closure of

d
anpjaj ‘n=(ny,...,ng) € L%
j=1

is a compact subgroup of (2 that is contained in U. Its index is bounded by []p;.

Now, given f € C(£2,R) and w € £2, we consider the potential V,, of £>°(Z?) defined by V,,(n) = f(T"w).
With the arbitrary choice of € > 0 above and the resulting U and § > 0, we consider the following potential
VP of £(Z%), VP(n) = f(T"w), where 7i = (fi1,...,74) is defined by 7i; € {0,...,p; — 1} and 7i; = n;
mod p;. Thus, V? is periodic. We have

HVw - Vu]j”oo = sup |Vw(n> - V‘f(n)|
nezd

= sup [f(T"w) = f(T"w)|
nezd

= swp |f(T"w + (T"w — T"w)) — f(T"w)|
nezd

<eE.

The first three steps follow by simple rewriting, and the final step follows from the choice of U and the
fact that, by construction, 7"w — T"w belongs to U. This shows that V, is limit-periodic since € > 0 is
arbitrary and V2 is periodic.

The statement hull(V,,) = {V; : @ € 2} follows since both sides are compact and contain orb(V,,)
as a dense subset (for the right-hand side, this is a consequence of the minimality of the action). This
completes the proof of the proposition. O

Thus, we have seen that a Cantor group that admits a minimal Z? action by translations and a
continuous sampling function give rise to limit-periodic potentials of ¢2(Z?%). Let us now turn to the
converse. That is, given a limit-periodic potential of £2(Z4), we want to show that it arises in this way.

Proposition 2.5. Suppose V € ((Z%) is limit-periodic. Then, hull(V) is compact and it has a unique
topological group structure so that V is the identity element and Z¢ — hull(V), m + S,V is a ho-
momorphism. Moreover, the group structure is Abelian and there exist arbitrarily small compact open
neighborhoods of V in hull(V') that are finite index subgroups, and hull(V) admits a minimal Z¢ action
by translations.

Proof. Since V' is limit-periodic, we can find for each £ > 0, a periodic V, with ||V — V||« < €. Since
orb(V},) is finite, it follows that orb(V) is contained in the e-neighborhood of a finite set. That is, orb(V)
is totally bounded and hence its closure hull(V') is compact.

Obviously, there is a unique group structure on orb(V) such that Z¢ — orb(V), m + S,V is a
homomorphism. Our goal is to show that it extends uniquely to a group structure on hull(V'). It suffices
to show uniform continuity of the group structure on orb(V'). This will then also show that the resulting
extension of the group structure to hull(V') is Abelian. We have

”Sml-‘rklv - sz-i-szHOO = ||Sm1—m2v - Skz—k‘lV”OO
< ||Sm1—m2V - V”OO + HV - Skz—klvuoo
= ||Sm1V - SWLQVHOO + ||S/€1V - Skzvnoo

7
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Here, the first and the third step follow since translations are isometries and the second step follows from
the triangle inequality. Put differently, if a,b, ¢,d € orb(V') and we denote the group operation by -, then
la-b—c-dls < |la—¢|lo + [|b — d||oo, which shows the desired uniform continuity.

To prove the last statement about finite index subgroups in small neighborhoods of the identity, let
£ > 0 be given. Choose a periodic V,, € £>°(Z%) with ||V =V}, || < §. Also, there are p1,...,pq € Z4 such
that for all n = (n1,...,n4), k = (k1,...,kq) € Z4, we have V,(n1 +kip1, . .., na+kapa) = Vp(na,...,naq).
In other words, V,, is invariant under S,, for every m € (p1Z) x --- X (pqZ). Clearly, the closure of
{SnV :m € (mZ) x --- x (pgZ)}, which we denote by hull,(V), is a compact subgroup of hull(V') of
index at most [[p;. Since hull(V') is the union of finitely many disjoint translates of hull,(V'), it follows
that hull, (V) is also open. By the invariance property of V},, hull,(V') is contained in the §-ball around
Vp, and hence it is contained in the e-ball around V.

Last, the minimal Z? action is given by 7™ = S,, with the translations S,, introduced above. Note
that this action is indeed an action by translations in the sense of Definition 2.1, simply choosing o; =
(01, ’0)(V) with the j-th component being 1. Let us show that this action is minimal. It suffices to
show that for wi,ws € hull(V) and € > 0, there is n € Z% such that dist(T"w,ws) = ||T"w1 — ws e < €.
We can choose ni,ny € Z% such that |w; — T V| < §, j = 1,2. Now set n := ny —ny. Putting
everything together and using that 7" is an isometry, we find

IT"w1 = walloo < [IT"w1 = T" 7™V |oo + [TV — walso
= [lwr =T Voo + [[T™V — wafl
<e.

O

Next we will rewrite some results from [2, Appendix 1] in the d-dimensional context, introducing
the frequency module for hull(V). Denote hull(V) by £2y. v, of characters on 2y, is naturally a
topological subgroup of 7¢. By taking inverse image from [0,1]¢ to 7% under the map (ay,- - - ,ozg) —
(e2ima1 ... e2im@a) we obtain 2y as a subgroup of [0,1]%, called the frequency module of V. (2 is
countable since 2y has a countable dense set. Since 2y is a subgroup of [0,1]%, given o, B € v,
and integers ni,no, we have that nja + noS mod 1 € QV, ie. £y is a module over Z (one should
automatically consider mod 1 when discussing v so that we don’t have to write mod 1 every time).

The Peter-Weyl theorem assures us that any V is a uniform limit of finite sums of the form
Z?:l ;e with o) € Q. From this it follows that

Proposition 2.6. The frequency module, QV, s the module generated by

M Ry

Z V(n)e ™ £ 0, a € [0,1)

n€[—k,k]?

For a, 8 € [0,1]¢, we say that they have a common divisor v € [0, 1]? if there exist n,m € Z? such that
for 1 < j <d, njy; = a; and m;7; = B; respectively. Like [2, Theorem A.1.3], we then have

Proposition 2.7. V' is limit-periodic if and only if Qv has the property that any o, € Qv have a
common divisor in (2.

Proof. For a, B € v, by Proposition 2.6

I T —i2Tn o
o=l G 2 Ve
n€[—k,k]4
and 1
1 —i27n-3
b= lm G >, Vi)
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are both non-zero. Choose a periodic potential P € {*°Z with
1.
1P = Vlloo < 5 min(lal, [b]).

It follows that

1 )
lim P —i27Tny
Kovoo (2k)4 2. Plme 70
ne[—k,k]d
for v = a, 8. Let p = (p1,---,p2) be the smallest periodicity vector of P. The frequency module of P
can be generated by {(0,---,0,1/p;,0,---,0) : 1 < j <d} as a Z module. Since ¢, 8 both belong to the

frequency module of P, 1/p; must divide both «; and ;. So (1/p1,---,1/pq) is a common divisor of a
and . Similarly any finite subset of the generating set {a im0 ﬁ Zne[—k,k]d V(k)ei2mme £ O}
have a common divisor. Since we can select the greatest common divisor, the property follows.

i2mra) .

Conversely, if v has the property, any finite sum Z§:1 cje with a; € Qv is periodic since

the a9) have a common divisor. By the Peter-Weyl theorem, V is limit-periodic. O

Since any finite collection of @) have a common divisor in 2y and furthermore V is a uniform limit of
i2mral) .

finite sums of the form Zle cje , we can find a sequence of periodic P*) € ¢>°(Z%) which satisfy

the following: (i) limy_y0o P*) = V in £>-norm. (ii) Write p(*) as the smallest periodicity vector of P(*).

We have pz(k) |p§k+1) for every 1 < i < d. (iii) ((lk), e (k)> € 2y for all k.
Py
Write Gy = {(}k), e (k)> ke Z+}. Clearly, Gy C 2. From the proof of Proposition 2.7,
we can see that for any vector n € Z% and a € Gy, (nja1,neqs, -+ ,ngag) € v. Moreover, with

the common divisor property, 2y can be generated by Gy by such a Z? action, i.e., entry by entry

multiplication. Write Fy = {( gk), e ,p((i )> ke Z+}. We call Fy a frequency integer vector set of V.

Write X %) = Zpuc) X - X Zp(k), a product cyclic group. Let X be the inverse limit of {X(k)}kez+ (we
1 d

will introduce the inverse limit concept in the next section). Our main result is the following.

Theorem 2.8. 2y is isomorphic to X.

3. Inverse limits

A directed set is a partially ordered set I such that for all 41,95 € I there is an element j € I for which
ip < jand iz <.

Definition 3.1. An inverse system (X, ¢;;) of topological groups indexed by a directed set I consists
of a family (X; | ¢ € I) of topological groups and a family (¢;; : X; = X; | 4,5 € I,7 < j) of continuous
homomorphisms such that ¢;; is the identity map idx, for each 7 and ¢;;¢;i = @1 whenever i < j < k.

Definition 3.2. An inverse limit (X, ¢;) of an inverse system (X;, ¢;;) of topological groups is a topo-
logical group together with a compatible family (¢; : X — X;) of continuous homomorphisms with the
following universal property: whenever (p; : ¥ — X;) is a compatible family of continuous homomor-
phisms from a topological group Y, there is a unique continuous homomorphism ¢ : Y — X such that
¢ip = w; for each 1.

Proposition 3.3. [10, Proposition 1.1.4] Let (X;, ¢;;) be an inverse system of topological groups, indexed
by I.

(1). There exists an inverse limit (X, ¢;) of (Xi, ¢45), for which X is a topological group and the maps
¢; are continuous homomorphisms.
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(2). If (XD, ¢,(1)) and (X2, ¢,(2)) are inverse limits of the inverse system, then there is an isomorphism
é: XM 5 X such that gbl(g)q_ﬁ = qﬁgl) for each i.
(3). Write G = [],;c; Xs with the product topology and for each i write 7; for the projection map from G
to X;. Define

X ={ceG:¢ijmj(c) =mi(c) for all i,j with j > i}

and ¢; = m;|x for each i. Then (X, ¢;) is an inverse limit of (X;, ¢ij).

The above proposition shows that the inverse limit of an inverse system (X, ¢;;) exists and is unique
up to isomorphism. A topological profinite group is by definition an inverse limit of finite topological
groups. The inverse limit of a sequence of cyclic groups is called a procyclic group.

4. Proof of Theorem 2.8

For a d-dimensional limit-periodic potential V', there exist periodic potentials {P(k)}kez , converging to

V uniformly. P®*) has the smallest periodicity vector p*) = (pgk), . pfi )). Let’s consider hull(V).

hull(V) has a strongly minimal Z? action T" = S,, with a; = T(>1-0)(V) (the j-th component being
1). Fy = {(pgk), e ,p(k)) ke Z+} is a frequency integer vector set of hull(V).

From (0,---,0) to (p( ) -1, 7p((ik) ), there are h(F) = p(k)p(k) . p&k) vectors. Denote these

vectors by yFD ~(k2) ... ,’y(kh( ) for writing convenience. Make y(!') = (0,---,0) and furthermore
(k1)

) = ~(mi) when k > m with neat ordering. 7v; ~ means the j-th entry of the vector D Write

d
H(kl) = Z ( (kz + h]pék)> ajo: hj cZ
j=1
and
d
Uk — Z( (lﬂ)-}-h]p; )ijlthZ

Il
—

J

in the space hull(V') for 1 <4 < h(*) | Next we will first show that

ﬂ ki — Z (mi)

for 1 < i < h(m),
Assume j = 1. Like in the proof of Proposition 2.3, given any FE, a compact open neighbor-

hood of V, we can choose § > 0 such that dist(wg,whamvy\g) > ¢ for every wp € E and every

(m) .

wWhanv\ g € hull(V) \ E. Choose P(™) so that ||V — P(™)|| < §/2. We have ||V — T(O’m ™) (V)

(m) m
Vv — p(m) 4 T(o,--,p]. 7"'70) (Pm)) — T(Ov“"P; )""’0)(V)H < for j=1,2,---,d. By the defining prop-

erty of 4, it follows that pgm)

o is contained in E. Then U(m1) s contained in E. So we can conclude
that o, U*Y = {V} = {Z? 1'7J(-11)aj}. Note that for 1 < i <A™ 4D = 1) when k > m and

U+ — (k) gince p(k)|p(k+1) Similarly, we have

ﬁ U(kz) _ Z (m7) (41)
k=m
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Denote hull(V)/U*) by X Let ¢;; : XU — XO by ¢ (wUUY) = wU) for w € hull(V) and
j > i. Then {X 28 ¢i;} is an inverse system, and we write the inverse limit as X. We will show that
hull(V) 2 X. Let ¢ : hull(V) — X be the continuous mapping induced by the canonical continuous
surjection ¢y : hull(V) — X )Tt is easy to see that 1 is a continuous surjection. To prove that )
is a homeomorphism, it suffices then to prove that it is an injection, since hull(V') is compact. Let
w1, wsy € hull(V). There exists a open neighborhood O of w; that excludes wy. Choose k large enough so
that for any w € U*1 we have ww; € O (this is because U*Y) is a sufficiently small neighborhood of V).
Then wy ¢ wiUFY | and ¢y (w1) # waU*D . So, h(w1) # 1h(ws). Thus, 1 is an injection.

The only thing left is to show hull(V)/U*) = Z 4y x Z 4 x +++ x Z ), where Z o, is the p{")
1 2 d j

; J
(*) .
cyclic group (note that we only need to consider a large k). Clearly, orb(V) = U?:kl H*) _ So we have

hull(V) = U?jl) U®*). By (4.1) we have U*) N U*I) = ) when k is large enough since hull(V) is totally
disconnected. So we have

d d d
k k kh ()
hall(V) /U = & 1S | 1S4 a0 a8
j=1 j=1

j=1

which has A®) elements. We can map hull(V)/U*D to Zp(lk) X Zp;m X e X ZP;’C) by [Z?Zl 'y(.ki)aj} —

(’y§ki),véki) e Vflki)). It is easy to see that such a map is an isomorphic map. The proof is done.

) )
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