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Abstract. This paper is devoted to the study of spreading speeds and traveling waves for a class
of reaction-diffusion equations with distributed delay. Such an equation describes growth and
diffusion in a population where the individuals enter a quiescent phase exponentially and stay
quiescent for some arbitrary time that is given by a probability density function. The existence
of the spreading speed and its coincidence with the minimum wave speed of monostable traveling
waves are established via the finite-delay approximation approach. We also prove the existence
of bistable traveling waves in the case where the associated reaction system admits a bistable
structure. Moreover, the global stability and uniqueness of the bistable waves are obtained in
the case where the density function has zero tail.

Keywords and phrases: Distributed delay, spreading speeds, traveling waves, global sta-
bility

Mathematics Subject Classification: 35Q92, 39B72, 92B05, 92D25

1. Introduction

In recent years, there have been quite a few research works on biological dynamical systems with quiescent
phases, see [5] and [13] for the tumor growth, [10] for the chemostat, [14] for the microbial growth, and
[8] for reaction-diffusion equations. For more general mathematical properties of such a class of systems,
we refer to [6,7] and references therein. Many researchers have paid attention to spreading speeds and
traveling wave solutions for reaction-diffusion equations with time delays (see, e.g., [2,12,16,18,20-22]).
The authors of [2] investigated the existence of the spreading speed and its coincidence with the minimal
wave speed for a non-local and time-delayed reaction-diffusion system. In [18] and [12], the authors
established the existence, uniqueness and global stability of bistable traveling waves for reaction diffusion
equations with finite delays.

Recently, Hadeler and Lutscher [9] proposed the following reaction-diffusion model with distributed
delay to describe the evolution of a population in an active phase:

ou 0?u +oo
5 zDﬁ +p/0 L(b)u(t — b,x)db — pu + f(u). (1.1)
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In this model, u(t,z) is the density of the population in the active phase at time ¢ and location z, and
D > 0 is the diffusion coefficient of the population. We assume that the exit time from the active
phase is exponentially distributed with parameter p, and the exit time from the quiescent phase follows
an arbitrary distribution with probability density function L(b) > 0 satisfying fooo L(b)db = 1. Under
appropriate conditions, they obtained the minimal wave speed of a traveling wave of (1.1) in the case
where the function f(u) admits a monostable structure. The purpose of this paper is to establish the
existence of the spreading speed and its coincidence with the minimal wave speed when the function
f(u) admits a monostable structure, and the existence and stability of monotone bistable traveling waves
when the function f(u) admits a bistable structure. We will appeal to the theory of spreading speeds
and traveling waves developed in [4,11] for monotone semiflows, the finite-delay approximation method
introduced in [22], and the squeezing technique used in [18].

This paper is organized as follows. In section 2, we establish the existence of the spreading speed and
its coincidence with the minimal wave speed in the finite delay case and then extend the results to the
infinite delay case. In section 3, we obtain the existence of monotone bistable traveling waves. At last, in
section 4, we prove the global stability and uniqueness of bistable waves under the assumption that the
density function has zero tail.

2. Spreading speeds and monostable waves

In this section, we assume that the function f in (1.1) satisfies the following conditions:

f0)=f(1)=0, f(0) > 0> f(1),

and
fw) < f'(0)u, f(u) >0 forue (0,1).

Note that (1.1) admits exactly two constant equilibria v = 0 and v = 1 in [0, 1]. We are interested in the
existence of the spreading speed and monostable traveling waves connecting u = 0 and v = 1.

Recall that a number ¢* > 0 is called the asymptotic spreading speed (in short, spreading speed) for
a function u : Ry x R" — R with u(0,2) having the compact support if lim;_, o |z|>ct u(t, ) = 0 for
¢ > c*, and if there exists some u* > 0 such that lim;_, o |z|<ct u(t, ) = u* for every ¢ € (0,c").

Let C be the space of all bounded and continuous functions from [—7,0] x R to R equipped with the
compact open topology, and C, = {¢ € C : (0,2) > 0,¥(0,z) € [~7,0] x R}. For any ¢!, ¥? € C, we
write 12 > b if 2 — ¢l € Cy, and ¢? > b if 2 — !t € C4 \ {0}. For any a,b,7 € R with a < b and
r > 0, we define C, :== {¢p € C: r > 1 > 0} and [a,b], := {¢p €C: b > > a}. Let C := C([-7,0],R).
Then for any ¢ € C, we can regard ¢ as an element in C by defining ¢(6, z) = ¢(0), ¥(0,z) € [-7,0] x R.
As such, C is a subset of C with the standard pointwise ordering.

We first consider the following reaction-diffusion equation with finite delay 7 > 0:

ou 0%u i
5 :D@ +p/0 L(b)u(t — b,x)db — pu + f(u). (2.1)

Define F': C — C(R,R) and u; € C by

F(&)(x) = p / " LB)S(—b,2)db — pd(0,2) + F(6(0,)), (2.2)
and
u (6, ) = u(t +90,z),

for all (0, z) € [-7,0]xR. Then it is easy to verify F is quasi-monotone on C in the sense that F(¢) < F(v)
whenever ¢ < 4 in C and ¢(0) = ¢(0).
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Note that (2.1) can be written as

ou 0%u
EZD@+F(Ut),Vt>O,IER. (23)

By the properties of function f, there exists 7y > 0 such that for all 7 > 7y, the equation

F(u) :==pu -/OT L(b)db —pu+ f(u) =0 (2.4)

admits only two constant solutions 0 and w} > 0 in [0, 1] satisfying

F0) = £/0)-pii- [ " L®)db) > 0,

and uX — 1 as 7 — oo.

Let X be the set of all bounded and continuous functions from R to R. Clearly, any function in X can
be regarded as an element in C. Let {T'(t)};>0 be the solution semigroup on X associated with the heat
equation

ou
M _pa
ot Y
that is
a2
T(t)b(x) = | (e —y)dy, Vb € X, t >0, z € R
R VAT Dt ’ ’ ’ ’

Then system (2.3) can be written as the following integral equation:
t
u(t,z) = T(®)u(0,)(z) + / T(t — s)F(us)(x)ds, ¥t > 0. (2.5)
0

A solution u(t,z) of (2.5) is said to be a mild solution of (2.3), and a function @ € C([—7,00) x R, R) is
called an upper (a lower) solution of (2.5) if it satisfies

a(t,z) > (<)T®)a(0, ) (z) + /O tT(t — §)F(ay)(z)ds, Vt > 0, z € R. (2.6)

By a similar argument to that in [2, Lemma 2.1], we have the following result.

Lemma 2.1. For any 7 > 79 and ¢ € Cyx := {9 € C : 0 < ¢ < ul}, system (2.3) has a unique mild
solution u(t, z;¢) on [0,00) and u(t,x;¢) is a classic solution of (2.3) for (t,x) € [1,4+00) X R. For any
pair of upper solution u(t,x) and lower solutions u(t, x) with w(0,x) > w(0, z), then u(t, ) > u(t, x) holds
for allt >0 and z € R.

Let @Q; be the solution map of (2.5), that is,
Qu(®)(0, ) = u(t +0,z;9), V0 € [-7,0], € R, ¢ € Oy,

and Q; be the restriction of Q; to C_u;. Then it is easy to verify that @, is the solution semiflow on C_u:
associated with the following spatially homogeneous delay differential equation
du

= = F(uy), vt >0, (2.7)
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where F' is the restriction of F' to (fu;. Under the assumption that f:_E L(b)db > 0 for all small ¢ > 0,
we can verify that (2.7) is cooperative and irreducible in the sense given in [17, Section 5.3]. Thus, Q; is
eventually strongly monotone on C_uj,- Note that F' admits only two constant equilibria 0 and u¥ on C_u¢7
and F7(0) > 0 > F’(u*), which implies that equilibrium 0 is unstable and u* is globally attractive for
system (2.7) in Cy+ \ {0}. By the Dancer-Hess connecting orbit lemma (see, e.g., [23, Section 2.1]), the
semiflow Q; admits a strongly monotone full orbit connecting 0 and u*. It then follows that @Q; satisfies
all assumptions in [11, Theorem 5.1] for all ¢ > 0. Then for each 7 > 79, there exists a real number
¢t > 0 such that ¢ is the spreading speed for solutions of (2.3) with initial functions having compact
supports for spatial variable x, and ¢} is also the minimal wave speed for monotone traveling waves of
(2.3) connecting u¥ to 0. To summarize, we have the following result.

Theorem 2.2. Let 7 > 1y be given such that f:_e L(b)db > 0 for all small € > 0, and let u(t,z, $,T) be
the unique solution of (2.3) with the initial data ¢ € Cy=. Then the following statements are valid:

(1) For any ¢ > ¢, if ¢ € Cyx with 0 < ¢ < u} and ¢(-,x) = 0 for x outside a bounded interval, then
hmt—>oo,\ac|20t U(t, z, 9, 7—) = 0. _

(2) For any 0 < c < ¢ and o € Cyx with 0 > 0, there is a positive number 5 such that if ¢ € Cyx and
@(-,x) > o for x on an interval of length 21y, then limy_, o o<t u(t, @, ¢, 7) = u}.

(8) For any ¢ > ¢k, (2.3) has a traveling wave solution U(x — ct) such that U(s) is continuous and
nonincreasing in s € R, and U(+00) = 0 and U(—o0) = uk. Moreover, for any 0 < ¢ < &, (2.3) has
no traveling wave U(x — ct) connecting uk to 0.

In the case where L(b) = 0 for all sufficiently large b > 0, system (1.1) reduces to a reaction-diffusion
equation with finite delay, and hence, Theorem 2.2 can be used to obtain the spatial dynamics of the
reduced system. In the case of infinite delay, since L(b) > 0 and fooo L(b)db > 0, we may choose a sequence
T, — oo such that f::_e L(b)db > 0 for all small € > 0 and all n > 1. Without loss of generality, we
assume that f:_e L(b)db > 0 for all small € > 0 and all sufficiently large 7 > 0. Otherwise, we can use
T, — 00 to replace 7 — oo in our arguments for the case of infinite delay.

In order to estimate ¢}, we consider the following linear delay differential equation:

ou 9%u

il D@ +p/0 L(b)u(t — b,z)db — pu + f'(0)u. (2.8)

Note that f(u) < f'(0)u for all 0 < w < 1. Since f/(0) > 0, we see that for any e € (0, 1), there exists
0 > 0 such that

flu) > (1 =€) f (0)u,Vu € [0,4d].
It follows that the condition (F3) in [11, Section 5.1] holds. Let {M;};>0 be the solution semiflow

associated with (2.8) and wu(t,z) = e " v(t),u > 0, be a solution of (2.8). Then v(t) satisfies the
following delay differential equation:

dv

i Dp2u(t) —&—p/(: L(b)v(t — b)db — pu(t) + f'(0)v(t). (2.9)

Define Bf;: C — C by
BZ(U())(Q) = Mle " v)(6,0), Vv €C, € [~T,0].

It then follows that B, is the solution map of (2.9) on C. Since system (2.9) is cooperative and irreducible

(see [17, Section 5.3]), its characteristic equation
A —Dp? — f(0) +p— p/ L(b)e *db =0 (2.10)
0

admits a real root A, (p), which is greater than the real parts of all other roots (see [17, Theorem 5.5.1]).
With the aid of (2.10), it easily follows that there exists 7 > 7 such that A\-(x) > 0 for all 7 > 7 and
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i € (0,00). Define the function @, (u) = )‘*T(“), Vi > 0. In view of the result in [11, Section 5.1], we

then have

* = inf &, (p).
¢r = mf & (u)

By the properties of function @, (u) as stated in [11, Lemma 3.8], we can verify that there exists a
unique gk € (0, +00) such that ¢& = &, (uf). From [11, Lemma 3.8(iii)], we see that ¢/ (1) changes the
sign at most once in (0,+o00). Suppose, by contradiction, that there is an interval [u1, us] C (0, +00)
such that ¢ = @, (u),Vu € [u1, pal, that is, cip = A (1), Vi € [p1, po]. In view of (2.10), we have

crp=Ar(u) = Dp® + f'(0) — p +p/ L(b)e > wbap,
0
and hence,
Fo(u) := Dy + f'(0) — p +p/ L(b)e A bdh — ¢ty =0, Yy € [u1, pa)-
0

On the other hand, we obtain
£l =2Du s —pc; [ L) b, € .l
0

It is easy to observe that fI(u) is strictly increasing in [pq, p2], which contradicts fr(u) = 0 for all

1 € [u1, p2]. Therefore, there is a unique uf > 0 such that (u%, ¢¥) satisfies ¢& = @, (u) and 9% () |z, = 0.

o
Let )
PT(C, )\) = D,u2 —cl —p+ f/(O) +p/ L(b)efkbcdb.
0

Then (uk,ct) can be uniquely determined by

P (c, p)

S

P (c,u) =0 and

Now we show that for any given p > 0, A, (p) is nondecreasing in 7 € [, 00). Suppose, by contradiction,
that there exist some pg > 0 and 75 > 71 > 7 such that A\, (o) < Ar, (fo). Then we see from (2.10) that

A (10) = A (o) =p [ L) 00— p [ L(pe 0y
0 0
Zp/ L(b)(e—ATz (Ho)b _ o=Ary (“O)b)db >0,
0

which is a contradiction. Further, (2.10) implies that

Mo (1) < Dy + £(0).

Therefore, A(p) := lim; 00 Ar (1) < 400 exists.
Consider the following equation:

A=Dp?®+ f'(0)—p +p/ooo L(b)e=*’db. (2.11)

We claim that for each > 0, A(p) is a unique real root of (2.11), and the real parts of all other roots of
(2.11) are less than A(u). Indeed, A\, (u) satisfies

A1) = Dy 4 £0) = ptp [ DBy (2.12)
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and A;(p) > 0 when 7 is large enough. Letting 7 — oo in the above equation, we see that A(u) is a real
root of (2.11). For the sake of contradiction, suppose that there are some pg > 0 and a # A(uo) such
that a is another real root of (2.11). Without loss of generality, we assume that a > A(u0)(a < A(po))-
Then we obtain

)= [ T L) (et — e < 0 (> 0),

which is a contradiction. Thus, A(x) is a unique real root of (2.11). Similarly, if we assume, by contra-
diction, that a + i is a complex root of (2.11) with @ > A(1), then we have

0<a—Apy) = p/ L(b) (e~ cos(Bb) — e AHOIY)dph < 0,
0

a contradiction.
Since A(p) > Ar(p), V7 > 7, we see from (2.11) and (2.12) that

0 < M) — A (1)
- / L(b)e™ WP db + p / L(p) (720 — =200 gy
0

p/ L(b)db, V7 > 7, € (0, 00).

This implies that lim, oo A () = A(p) uniformly for p € (0,00). Note that
A1) = Apo)| < [A(k) = Ar ()] + A7 (1) = Ar(p0)| + [Ar(10) — Ao) |

holds for all 7 > 7, p, o € (0,00). It then follows that A(x) is a continuous function on (0,00), and
hence, the function &(u) = ¥ is continuous in p € (0,00). In view of (2.11) and the properties of
D(p), it is easy to verify that ¢(+0) = &(+00) = +o00. Thus, ¢* :=inf,~0P(1) can be obtained at some
finite value p*. Combing the properties of @, (u), we see that (¢*, u*) is a unique solution to ¢* = @(u*)
and 2| _ . =0. Let

dp H=p" —

P(c,p) = Dp? = ep = p + f(0) +p/ L(b)eedb,
0

Then we can easily show that the following result holds true.

Lemma 2.3. The following statements are valid:
(1) For any c¢ > c*, there is u > 0 such that P(c, ) <0,
(2) (c*,u*) is uniquely determined by P(c,p) =0 and %ﬁ’“) =0,
(3) & is nondecreasing in T € [T,00), and lm,_o(ck, uk) = (c*, u*).
Now we consider system (1.1) with infinite time delay. By the argument similar to that in [2, Lemma
2.8.], we have the following result on the existence and uniqueness of solutions of (1.1).

Lemma 2.4. For any ¢ € C((—o0,0] X R, [0,1]), system (1.1) has a unique mild solution u(t,x; @) with
up(¢) = ¢ and u (o) € C((—o0,0] x R, [0,1]) for all t > 0.

Consider the linearized equation of system (1.1) at the zero solution:

ou 0%u Hoo

il D8z2 +p/ L(b)u(t — b,z)db — pu + f'(0)u. (2.13)
In a similar way to (2.6), we can define the upper and lower solutions for (2.13). Then we have the
following comparison principle. We omit the proof here since it is essentially the same as that of [2,
Lemma 2.9.].
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Lemma 2.5. Letu(t,z) and u(t,x) be the upper and lower solutions of (2.13). Ifug > wy, thenu(t,x) >
u(t,z), Vi >0, x € R.

We are now in a position to prove the existence of the spreading speed for model (1.1).

Theorem 2.6. Let ¢ € C((—00,0] X R,[0,1]) and u(t, z; @) be the solution of (1.1) with ug = ¢. Then
the following statements are valid:

(1) For any ¢ > ¢*, if ¢(-,x) =0 for x outside a bounded interval, then

lim  wu(t,z;¢) = 0.

t—oo|x|>ct

(2) For any 0 < ¢ < ¢* and 0 € C; with o >> 0, there is a positive number r, such that if ¢ € C; and
o(-,x) > o for x on an interval of length 2r,, then

lim  w(t,z;¢) = 1.

t—o0,|z|<ct

Proof. We use the arguments similar to those in [19, Proposition 2.2] and [22, Theorem 2.1]. In the
case where ¢ > c*, let ¢(0,x) be given as in statement (1). For fixed ¢ € (¢*,c) and A > 0 such that
P(e,\) < 0, there exists a large positive number M > 0 such that

o(t,x) < MeMNet==2) Y(t,z) € (—00,0] xR,z =10r z=—1.

For z =1 or —1, the function @(t, z) := Me*®—=27) gsatisfies

U €T +o0
% — Diiae —p /O L(b)a(t — b, x)db+ (p — f'(0))a(t, z)
=M= (= P(e, 1) > 0. (2.14)

That is, @(t, x) is an upper solution of (2.13). Since f(u) < f'(0)u, u(t, x; ¢) is a lower solution of (2.13).

Letting z = ﬁ, x # 0. By the comparison principle in Lemma 2.5, we obtain

u(t,z;¢) < a(t,z) = M M) y(t z) € [0, +00) x R,

which implies that lim;_, o |z(>c¢ u(t, 75 ¢) = 0.
In the case where ¢ € (0,c¢*), since lim,_, 1 ¢& = ¢, there exists 7 > 79 such that ¢} > ¢ for all
7 > 71. For any given 7 > 71, we define

$(6,2) = min{(6,x),u},V(6,2) € [-7,0] x R.

Let u(t, z,7; ) be the solution of (2.1) with ug = ¢. Note that u(t,z;¢) is an upper solution of (2.1).
By the comparison principle in Lemma 2.1, we have

u(t, x; ) > u(t,x,r;c{)), V(t,z) € [0,+00) X R.
This, together with Theorem 2.2 (2), implies that

1> limsup wu(t,z;¢) > liminf w(t,z;¢) > liminf u(t,x,T;cﬁ) =ul, V7 > Ty,

t—o00,|z|<ct t—o00,|z|<ct t—o0,|z|<ct

Letting 7 — +o00, we then have lim,_, o |2|<ct u(t, 25 ¢) = 1. O

The following results show that the spreading speed ¢* obtained above is also the minimum wave speed
for monotone traveling waves of system (1.1).
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Theorem 2.7. The following statements are valid:

(1) For any ¢ > ¢*, system (1.1) has a traveling wave solution U(x — ct) connecting 1 to 0, and U(§) is
continuous and nonincreasing in § € R.
(2) For any 0 < ¢ < ¢*, system (1.1) has no traveling wave solution U(x — ct) connecting 1 to 0.

Proof. For any given ¢ > ¢*, we choose a sequence 7, — oo such that ¢; < cand lim, , ¢} = c*. By
Theorem 2.2 (3), system (2.1) with 7 = 7,, admits a traveling wave U, (z — ct) such that U, (—o0) = u
and U, (4+o0c) = 0. Thus, we obtain

Jn(U)(€) :=DU" (€) + cU'(€) — pU(€) + F(U(£)) +p /0 " LU (E + ch)db
=DU" (&) + cU'(€) — alU(€) + aU(€) — pU(€) + f(U(€))

+p/OT" LO)U(E + cb)db = 0, (2.15)

where o > 0 is a fixed large number such that the function au — pu + f(u) is nondecreasing in u € [0, 1].
Define the operator

HL(U)(€) = aU(€) — pU(€) + FU(E) +p / " LOU(E + cbydb. (2.16)

Clearly, {H,(U)(§)}22, is uniformly bounded when U(&) is bounded. It then follows that
U(€) =k1eM¢ + kpe**

1 3 \ +o0
+— ME L (U) (n)d +/ A2 EMH (U (n)dn |, 2.17
T (/OO W)an+ | @)edn ), (217
where ky, ko are arbitrary constants and
—c—\E+4D —c+VE+4D
- ;D+ @0, A= ;D+ “ 0. (2.18)

Since U, (&) satisfies (2.15) and is bounded, it follows that U, (&) satisfies (2.17) with k1 = ko = 0, that
is,

13 +oo

Thus, the sequences U}, (§),U//(§) and U}/ (§) are uniformly bounded for all n > 1 due to the uniform

boundedness of U, (§) and H,(U,)(£). By the spatial translation invariance of the original equation,

we can assume U, (0) = % By the Arizela-Ascoli theorem and a diagonal procedure, it follows that

{U.(£),U](€),U/(¢)} has a convergent subsequence, which is convergent uniformly on each compact set
in R. Without loss of generality, denote U, () — U*(§). Then we have

(Un(8), U (6),U,(€)) = (U(£),U(€),U*"(¢)).
Define o
JU)(§) == DU" (&) + CU'(§) —pU (&) + f(U(E)) +p/0 L(b)U(§ — cb)db.

Then lim, o0 J,(Uy)(€) = J(U*)(€) pointwise, which implies that U*(&) is a solution of J(U)(&) = 0.
Since U, (§) is nonincreasing and U, (—o0) = uf,U,(o0) = 0, U*(€) is nonincreasing and bounded.
Therefore U*(+00) exists and satisfies the following equation

—pz + f(x) +p/ooo L(b)db = f(z) = 0. (2.19)
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Then we have )
U'(-x)=1> 3= U*(0) > U*(+00) =0.

Therefore, U* () is a traveling wave solution of (1.1).

For ¢ = ¢*, by the same limiting argument as in [22, Theorem 3.1], we can obtain the existence of
monotone traveling wave U(x — ¢*t) connecting 1 to 0. The nonexistence of traveling wave can be proven
by the contradiction argument as in [22, Theorem 3.1]. O

3. Existence of bistable waves

In this section, we consider the case where function f has three zero points 0 < z* < 1 on [0, 1] satisfying
f(0) <0, f/(z*) >0 and f'(1)<0

We establish the existence of the wavefronts connecting two stable equilibria 0 and 1.
We choose 7* large enough such that for any 7 > 7%, the delay equation

= DT —|—p/OT L(b)u(t — b,z)db — pu+ f(u) (3.1)

admits only three constant equilibria 0 < a; < S on [0, 1] satisfying lim, o oy = 2* and lim, ,» 5 = 1,
and F, as defined in (2.4), satisfies F'(0) < 0, F’(c;) > 0, and F’(8,) < 0. We first establish the existence
of the nondecreasing bistable traveling Waves of system (3.1) connecting 0 and j;.

Define function F' on C by F(¢) =p [j L b)db — pé(0) + f(¢(0)). Then we have

znwwh=u%¢m»—pm«»+pATm—wLwa
0
~(f(6(0) — p)h(0) +p [ A(B)L(—b)db

-7

0

~((6(0)) = () + [ n)dn(o) (3.2
where 7(¢) is a positive Borel measure on [—7’, 0] defined as 7(¢)2 = [, L(=b)db for any measurable
subset {2 C [—7,0]. Since L(b) > 0 and fooo b)db > 0, without loss of generahty, we assume that 7 is
chosen such that n(¢)[—7, —7 + €] f77+6 b)db > 0 for all small € > 0. Thus, assumption (E4) in [4,

Section 6.4] holds.
For any € > 0, define a linear operator L. : Cg, — C(R,R) by

u¢pATuwwamwpwaxw<1@f@»am@.

Then L.¢p — DF (o, )¢ as € — 0, where the operator DF () is defined by

DF(ar)o=p [ L)o(-ba)db — po(0.2) + £(a:)o(0,).
0
It is easy to verify that there exists § € (0, 5,) such that

Flar +¢) 2 Le(¢) and F(ar — ¢) < —Le(¢), Vo € Cs,

that is, assumption (E5) in [4] holds. Further, assumptions (E1)-(E3) in [4] are also satisfied. By [4,
Theorem 6.4], we then have the following result.

68



Y. Zhang, X.-Q. Zhao A Reaction-Diffusion Model with Distributed Delay

Theorem 3.1. Let 7 > 7 be given such that f:_e L(b)db > 0 for all small € > 0. Then system (3.1)
admits a nondecreasing traveling wave Vi, (x — ¢, t) with Vi (—o0) =0 and V,(+00) = S;.

In order to prove the boundedness of {¢;};>+, we use the similar ideas to those in [3] to construct

upper and lower solutions. Choose an increasing function p € C?(R,R) such that

p(f) =0, V€ < 0; Pl(f) € (O’ 1)5 Ve € (Oa4);
p(&) =1, V&> 45 |p"(§)| < 1, VE € (0,4).

Then we have the following result.

Lemma 3.2. Define
Q(t,l‘) :’U_(.’L‘—Ct;(S,O') p( ( Ct)) _57

v(t,x) = vy (x + ct;,0) := p(o(z + ct)) + 0.

Then there exist § >0, & > 0 and & > 0 such that for any 6 € [6/2,6], o € [6/2,5] and ¢ > ¢, v(t,z) and
v(t,x) are a lower solution and an upper solution of (3.1) with T > 19, respectively.

Proof. Define F, : R — R by

Fyo(z) := px /000 L(b)db — px + f(x).

Then F(0) = f/(0) <0, Fi(z*) = f'(z*) > 0 and F (1) = f'(1) < 0. By the continuous differentiabil-
ity of F, there exists 0 < § < 1 such that for all § € [0, 6], the following inequalities hold:

Fao(=8) 2 ~FL(0)5 + 5 7'(0)5 =~ f/(0)5 > 0,

Fao(1—8) > —F(1)5 + %f’(l)é _ f%f'(())a > 0.

Thus, we can find 6y > 0, & > 0 such that for any 6 € [0, 6], o € [0,5] and § € [g, 8], the following two

inequalities hold:
oo

Fo(0 — 6) > Do? +p/ L(b)db,
Fo((1—=0) —6) > Do? +p/ L(b)db,
where we may choose 7* large enough if it is necessary.
Letting £ = x — ct, we then have

Pv v
0
=Dv" (z —ct) + v’ (z — ct) + F(v,)(2)
—Du" (&) + cv'_(€) — pu_(€) + ) +p /0 L) (p(o (€ + cb)) — 5)db

=Dy (0€) + cop'(0€) ~ po () + F(v-(6) + 1 / L)p(o(€)) - )b

—Do?p(0€) + cop (0€) + Foo(v_(€)) — pv_(€) / L(b)db

2 1 / N
>0/ (06) + cop! (7€) + Poolw-(©) =p [ Lib)D s
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Denote m := min,¢)ejgy,1-60] £/ (§) > 0 and Fiuin := min_1<,<1 Foo (). Let ¢ > 0 sufficiently large such
that

com Z *Fmin + D0.2 +p/ l/(b)db7 VC > C.

T*

If p(Of) € [0,90] U [1 — 0o, 1], then

@—@+F( )(x) > —Do? + Do’ + /OOL(b)db— /OOL(b)db—O'
61’2 at yt = ? 7 P T* P T* o
If p(c€) € [0y, 1 — 6], then

v Ov ) o0

- = = > = > 0.

52 3 + F(v,)(z) > —Do* + com + Fuin p/T* L(b)db >0

Consequently, v(t, ) is a lower solution of (3.1). Similarly, we can prove that o(¢, ) is an upper solution
of (3.1). O

Lemma 3.3. {c;};>,+ is bounded.

Proof. By Lemma 3.2, we see that there exist ¢, d and & independent of 7 > 7* such that v_(z — ¢t; 4, 5)
and vy (x + ¢t;0,0) are a lower and an upper solution of system (3.1), respectively. Note that when 7* is
large enough, the following inequalities hold:

v_(—00;0,6) = =6 < 0 = V,(—00),
v_(+00;6,6) =1—6 < B, = Vy(+00).
Since v_ and V. are all nondecreasing functions, there exists £ € R such that
Vi€ +&) 2 v-(£0,5), VEER.
By the comparison principle, we then have
Vi(x —ct+ &) >v_(z—¢ct;6,5), ¥t >0, z € R.
Thus, we obtain -
Vil +(@—cr)t+ &) >v_(0,0), Vt >0,

which implies that ¢, < ¢, V& > 7p. Suppose, by contradiction, that ¢, > ¢ Then we have 0 =
Vi (—o0) > 0, which is a contradiction. Similarly, we can prove that ¢, > —¢. Therefore, we have |c,| < ¢
for all 7 > 7*. O

Lemma 3.4. The following statements are valid:

(1) If U(x+ct) is a nondecreasing traveling wave of (1.1) with U(—oc0) = ™ and U(400) = 1, then ¢ > 0.
(2) If U(x+ct) is a nondecreasing traveling wave of (1.1) with U(—o0) = 0 and U(+00) = z*, then ¢ < 0.

Proof. Let U(x + ct) be a nondecreasing traveling waves in (1), by the spatial symmetry of (1.1). Then
W(x —ct) :=U(—x + ct) = U(—(z — ct)) is a nonincreasing traveling wave of (1.1) with W (—o0) = 1
and W (4o00) = z*. By the analysis in Section 2, we have the similar results as in Theorem 2.7 for system
(1.1) restricted on [z*,1], that is, there is a positive number ¢; such that ¢ > ¢; > 0.

If U(z+ct) is a nondecreasing traveling waves in (2), then W (z+ct) = 2* —U(z+ct) is a nonincreasing
traveling wave of the following system:

ou 0%u Fee .
i D@ +p/0 L(b)u(t — b, z)db — pu — f(z* —u), (3.4)

with W(—o0) = z* and W (+00) = 0. Similarly, for system (3.4) restricted on [0, z*], there is a positive
number ¢y > 0 such that —c > ¢y > 0, which implies that ¢ < 0. g
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Now we are in a position to prove the main result of this section.

Theorem 3.5. System (1.1) admits a nondecreasing bistable traveling wave U(x — ct) with U(—o00) = 0
and U(+o0) = 1.

Proof. From Lemma 3.3, we see that {¢;}.~,+ is bounded. Then there is a sequence of real numbers ny >
7*, k € N such that ¢,, converges to some real number ¢ as ny — +oo. In view of Theorem 3.1, system
(3.1) with 7 = ny, has a wavefront (U,, ,cp,) such that U,, is a monotone function with U,, (—oo0) = 0
and Uy, (+00) = 1. Thus, there exist &, n, € R such that Uy, (§) = % and Uy, (i) = HT$ Let

Vie(-) = Un,, (- + &) and Wi(-) = Uy, (- + 1)

Then V;(0) = % and Wy (0) = 1"'23”* for all & > 1. Note that {Vj;}r>1 and {Wj}r>1 are monotone
function sequences with Vi (—o00) = Wi(—o0) = 0 and Vi (+00) = Wi (+00) = 1. By Helly’s theorem, it
follows that there exist subsequences, still denoted as {Vi}r>1 and {Wj}ir>1, and monotone functions
V and W such that limg oo V% = V and lim,_, W, = W pointwise on R as k — 400, V(0) = %, and
w(0) = % Denote Vi(-) = V(- +£0) and Wi (-) = W(- £0). Then V_ and W_ are left-continuous,
while V. and W, are right-continuous. Note that Vi (£) = V(£) and W4 (§) = W () almost everywhere
on R.

Next we show that both (V,¢) and (W, ¢) are traveling wavefronts of (1.1). Note that Vj, satisfies the

following system:

ng
DV, (§) + en Vii(§) — pVi(§) + p/ L(b)Vis(€ + eb)db + f(Vi(£)) = 0, (3.5)
0
which is equivalent to the following integral equation

1

\ /C%k +4Dp

+oo Nk
n /g A [ L0y + ctjan + f(Vk(ﬂ))dﬂ} , (3.6)

£ ng
Vi(é) = { [ e (p /0 L(b)Vie(n + cb)db + f(Vi(n))dn

—Cn,, —+/Cc%2 +4Dp —cn, ++/c2 +4Dp
where A\jp = ——Y7%—— < 0 and Aoy = ——55"=—— > 0. Further,

—c— /2 +4D
/\1:lim/\1k: ¢ S P

n—00 2D ’

) —c++/c2+4Dp
/\2 = nll_{[olo )\2k = 2D .
By the Lebesgue dominated convergence theorem, it then follows that

Ve = { [ e [ L0V b+ VO
V2 +4Dp | J-x 0
T e meV b)db V(n))d 3.7
+/5 AN [ DO+ e+ (n))n}, (3.7)
which is equivalent to
DV (€) + V() — pV(E) +p /0 T LOV(E £ cb)db+ FV(E)) = 0, (3.8)

that is, V(z — ct) satisfies equation (1.1). Similarly, we can prove that W (x — ct) also satisfies equation
(1.1).
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Now we need to verify the boundary conditions. It is obvious that V(4o00) and W (+o00) exist from
the monotonicity of V' and W. Note that V(£oo) and W (£oo) are the zero points of f(u) = 0. Since
V(0) = % and W (0) = 1"'2“'*, it follows that V(—o00) = 0 and V(+00) = z* or 1, and W (—o0) = z* or 0,
and W(+4o00) = 1. Note that W and V are all traveling wave solutions of system (1.1). By Lemma 3.4,
we see that V(400) = 2™ and W (—o00) = 2* cannot happen simultaneously. Thus, either (V,¢) or (W, ¢)
is a wavefront of (1.1) connecting 0 and 1. O

4. Global stability of bistable waves

In this section, we prove the global asymptotic stability with shift and uniqueness of monotone bistable
traveling waves. Note that it is much more difficult to analyze the global stability of traveling waves
for an infinite delay model. So we assume that there exists 7 > 0 such that L(b) = 0 for all b > 7.
Accordingly, system (1.1) becomes the following differential equation with finite distributed delay:

2 T
% Dg - +p/ L(b)u(t — b,z)db — pu + f(u). (4.1)

Let u(t,z) = U(x — ct) be the monotone bistable traveling wave solution of (4.1), as obtained in the
Section 3. Then we have U'(§) > 0 and U’(§) # 0 for all £ € R. Let v(t,x) = w. Then v(t,x)
satisfies the following equation:

2,
ov D@

5 =D +p/T L(b)o(t — b,x)db — pv + f(u)v. (4.2)

By the strong maximum principle, it follows that v(¢,z) > 0 for all ¢ > 0, and hence, U’(§) > 0 for all
EeR.

Lemma 4.1. Let U(z — ct) be a strictly monotone bistable traveling wave solution of (4.1). Then there
exist positive numbers By, 0o, and & such that for any § € (0,8] and every {y € R, the functions w™
defined by

wE(t,z) == Uz — ct + Co & 0gd[1 — e P0t]) 4 et

are an upper solution and a lower solutions of (4.1) on [0,400), respectively.

Proof. Without loss of generality, we assume (y = 0. Note that f(0) = f(1) =0, f/(0) <0, and /(1) <0
Then there exist L; > 0 and 6* € (0,1) such that

f(x) >0,z € [-6%,0) and f'(z) < —Ly,x € [-0%,6"];
f(x) >0,z € (1,6"] and f'(z) < —Ly,z € [1 — 5,1+ 6"].
Since U(—o0) = 0 and U(+00) = 1, there exists M > 0 such that

0* 0* 0* 6*

UE) -5, ThE<—Mand U@ e [1 - 51+ 56> M.
Let 6 = &, Lg = minge(—p,n U'(§) > 0 and Lz = max, ¢ 145 f(x) > 0. Fix fy > 0 small such that
Bo+p ( b)eobdb —1) < Ly and oo = 2(%27253) > 0. Tt is easy to verify that function U(&) satisfies

DU" (&) + cU'(§) +p/OT LU (& + cb)db —pU(&) + f(UE)) =0, V¢ € R.
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Denote &(t) := 2 — ct + 09d(1 — e~Pot). Then for any ¢ > 0 and & € (0,9), we have

Ow™ (z,t) O?wt (z,t) n
5t - D Fraa F(w™(t,z))

=U"(&)[~c + 008 — 68pe Pt — DU (€) + pU(€) + poe= !

- p/T L) [U(z — ct 4 cb+ 006(1 — e P00y 4 5e=Folt=0))gp — f(U(£) + dePot)
0

=p / ’ LU (& + cb) — U(E 4 cb + apde (1 — Pob))]db — pseFot / ’ L(b)ePobdb
0 0
+ 00080 U (€) — 6Boe™ " + poe™ Pt + F(U(E)) — F(U(E) + de~ ')

>de ! [—p / " LO)ePdb + oo (€) — o+ p— 1'(U(E) + B5e 1)
0

=" [o0 80U (€) — Bo — p( /0 " L(b)eBtdb — 1) — f(U(E) + 08¢0, 0 € (0,1)

In the case where |£(¢)| > M, by the choice of §, 3y and 0 € (0,1), we have
U(€) + 0de= Pt € [0,6%] or U(€) + 0=t € [1,1 + 6%,
which implies that f/(U (&) + 05e=t)) < —L;. It then follows that

+ 2, T
O nt)  pTUBD  plut(ta) = de (o — / L(B)ePdb — 1) + L] > 0;
T 0

In the case where [£(t)] < M, we have

+ 2, +
w 8(;”’” _p? wax(f’” ~ F(w*(t,2)) > de Pt oLy — Ly — Ls] = Ly + Ly > 0.

Similarly, we can verify w™ is a lower solution of system (4.1). O

Let 6 = min{%*, 1_29”* ,6*}, and p(-) € C%(R,R) be the function defined in Section 3. Then we have

the following result.

Lemma 4.2. For any § € (0,5], there exist two positive number € and C' such that for any £ € R, the
functions v* and v= defined by

vt (o) =(1+8) — [1 — (2% — 28)e” ) p(—e(z — £ + C1)),
v (t,r)=—8+[1—(1—z*—28)e “ple(z — £ — Ct)), (4.3)

are an upper solution and a lower solutions of system (4.1) on [0,00), respectively.

Proof. Without loss of generality, we take £ = 0. We first verify that v~ is a lower solution. For any
0 € (0, 9], we choose £ = £(d) > 0 small enough such that the following three inequalities hold:

(1—x%)e" <1,

—De? —e—pre+ min _ f(u) >0,
’U,E[—(;,—%}

and

—De? — e —pre+ min  f(u) > 0.
ue[a:*-l-%,l—é]
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It is easy to verify that v~ (z,t) € [-0,1 — ] for all z € R and t > —7. Choose C' = C(d) > 0 large
enough such that

—De? —e+4eC[1— (1 —a%)e] - min '(s) — pre + min u) > 0.
[1—( )e "] p(s>e[g,17g}p() P uE[_M_&]f( )

Denote ¢ = e(x — Ct). Then for any ¢t > —7, the following inequalities hold:

W =—Ce[l = (1—a" = 20)e =']p'(¢) + (1 — 2" — 20)e™ ' p(¢)
<—Ce[l = (1—a* —28)e"]p'(¢) +&(1 — 2" — 20)e™ " p(()
<= Cel = (1= a)e TP/ (Q) +e(1 - a")e ™ p(0)
<e.

It then follows that

PR )

=D[1— (1 —a* —28)e "e?p”(¢) + Ce[l — (1 — 2 — 28)e™"]p/(¢)
(1= " — 28)e=tp(C) + p/o LYo~ (@, — b)db — po—(2,1) + F(v~(2,1))

> — De? + Cell — (1 — 2*)eT]p/ (¢ )—6+p/TL(b)v_(as,t—b)db
0

—pv(z, ) + f(v (2,1), VE=0. (4.4)
Then we discuss (4.4) in the following three cases.
Case (i) It p(¢) < 7 it is easy to verify that v™(z,t) € [, —g] for all z € R and ¢ > —7. Then we
have

o (t,x) Ov (t,x)
b ox2 ot
> _ D2 —6—|—p/ LYo~ (@, — b)db — po—(2,1) + F(v~ (2, 1))
0
—De® —e+p min v (x,8) —pv (x,t) + min  f(u)

+ F(v™(t,x)

SE[t—T,t] UG[*&*%]
= —De* —e+pv (z,t*) —v (x,t)) + min , flu), t"elft—rt
u€[—06,— 5]
v~ (z, s) .
> De? —e+p(t* —t) max ———"2 + min u
> Pl )Se[t*’t] 9 e f(u)
> De? —c+p(t* —t)e+ min  f(u)
ue[—(s,—g]
>—De? —c—pre+ min  f(u) > 0.
E[—5,—%]

Case (i) If p(¢) > 1 — %, it is easy to verify that v~ (x,t) € [x* + g, 1 — 4]. By a similar analysis, we

get

v~ (t,z)  Ov (t,x)
Ox? ot

— De®> —e —pre + min flu)>0
u€E[x* +— 1-94]
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Case (iil) If p(¢) € [3,1 — §], we have

D@v;:(ctz, z) 61)_8(;5,30) P (4 2)

> De? + Ce[l — (1 —2%)eT)p/(¢) — e — pre + E[méh} . f(u)

> D4 Cell = (1-2")e]  min  p(Q)—c—pre+ min f(u)
p(¢)el$.1-3) w€[=5,1-4)

>0.

Therefore, v~ is a lower solution of (4.1). Similarly, we can verify that v is an upper solution of (4.1)
on [0, c0). O

In view of Lemma 4.1, for any € R and 6 € [0, 00), we define w* (¢, z,7,4) by
wE(t,x,n,8) = Uz — ct + 4 006(1 — e 1)) + el VYo e R, t € [-7,00),

where o and fy are as in Lemma 4.1 and Sy is chosen small such that 3e®7 < 4. Thanks to Lemmas
4.1 and 4.2, we can do similar analysis to that in [18] to obtain the following result. The details of the
proof are omitted here since they are essentially the same as those in [18, Lemma 3.2].

Lemma 4.3. Let U(z — ct) be a monotone traveling wave of the system (4.1), and ¢ € [0,1]¢ be given
such that
liminf min ¢(z,s) > z* (4.5)

z—00 se[—T,0]

limsup max ¢(z,s) < z*. (4.6)

z——o0 SE[—T,0]

Then for any § > 0, there exists T > 0,£ € R and h > 0 such that
wy (v, —cT + £,6)(s) < ur(x,p)(s) < wi (v, —cT + &+ h,5)(s) (4.7)
for all s € [—=7,0] and x € R.

By Lemma 2.1, system (4.1) admits the comparison principle. In order to get the global stability of
traveling waves, we need the following stronger comparison principle.

Lemma 4.4. For any pair of upper solution u(x,t) and lower solutions u(t,x) of system (4.1) on [0, c0)
with —0* < u(t,x),u(z,xt) <14 06*. Ifu(s,x) > u(s,z) for all s € [-7,0], then there ezists a function
0(J,t) € C(]0,00) x (0,00),R) such that the following inequalities hold:

z+1
a(t, z) — ult, x) > 0(J,1 — to) / ((to. ) — ulto, y))dy

forallt >0 and x € R.

Proof. Let u(t,z) = u(t,z) — u(t,z). Then Lemma 2.1 implies that a(t,z) > 0 for all t € [-7,00) and
x € R. For any given ty > 0, by (2.5) and definition of upper and lower solutions, we have

u(t,x) 2T (t — to)u(to,-)(x) +/ Tt —r)(F(u,)(z) - F(a))(z)dr

to

>T(t = to)u((to,-))(x) + /t T(t —r)[=pul(r,z) + f(a(r,z)) = f(ulr,z)))dr

>T(t — to)u((to,-))(x) — L* / T(t —r)u(r,x)dr,

to
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where L* = p + max,e[_s- 145+ f'(u) > 0. Let
2(t,x) = e O — to)a(to, ), t > to.
Then z(t,x) is the solution of the following reaction-diffusion equation:

ou(t,z) 0*u(t,x) .
5 D oz L*u(t, ).

Thus,
¢
z(t,x) =Tt —to)z(to,x) — L* / Tt —r)z(r,z))dr, t > to.
to
By [15, Proposition 3], it follows that (¢, z) > z(¢,z) for all t > ¢y and # € R. Define the function
0(J,t) € C(]0,00) x (0,00),R) by

(J +1)2
4Dt

0(J,t) = exp (—L*t - ) ,J>0,t>0.

1
V4Dt

Then we obtain

a(t, ) e F Tt — tg)a(to, x)
e—L*(t—to) o] (x o y)2 )
> exp | —————— | u(to,y)d
_\/4D7T(t—t()) —00 p( 4D(t_t0) ( 0 y) Y

e~ L7 (t—to) z+1 (_ (1, _ y)2

D exp
A\/ 4D7r(t - tO) z
z4+1
200t ~t0) [ ilta.v)dy (48)
for all z € R with |z — 2| < J and t >ty > 0. O

By the stronger comparison principle in Lemma 4.4, we have the following result, whose proof is
omitted here since it is similar to that of [18, Lemma 3.1].

Lemma 4.5. Let U(x — ct) be a monotone traveling wave solution of system (4.1). Then there exists a
positive number € such that if u(t,x) is a solution of (4.1) on [0,00) with 0 < u(t,x) <1 forxz € R
and t € [0,00), and (4.7) holds for some & € R, h > 0, § € (0, min(0, Uio)) and T > 0, then for any
t> T+ 7+ 1, there exist £(t), 6(t), and h(t) such that

wy (1, —ct + &(1),8(8))(s) < ua(w, ) (s) < wi (&, —ct +E(t) + h(t), (1)) (s) (4.9)
for all s € [-7,0], x € R, and £(t), (t), h(t) satisfying

(t) €[¢ — 000 — 200(6 + € min(h, 1))e®7, & + h + 000],
(t) =(6e=P 4 € min(h, 1))e~Polt=(TH7H+),
h(t) €[0,h 4 (3¢%7 — 4)ope* min(h, 1) + 3¢ 04d]. (4.10)

S My

By using Lemmas 4.3 and 4.5, the squeezing technique, which was introduced in [1], and the arguments
similar to those in [18, Theorems 3.3-3.4], we can prove the following result on the global stability and
uniqueness of bistable waves for system (4.1).
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Theorem 4.6. Let U(x — ct) be a monotone traveling wave solution of system (4.1). Then U(x — ct)
is globally asymptotically stable with phase shift in the sense that there exists k > 0 such that for any
P € [0,1]¢ satisfying (4.5) and (4.6), the solution u(t,z,v) of (4.1) satisfies

lu(t,z, ) —U(x —ct+&)| < Ke ™™, VzeR, t>0

for some K = K(¢) > 0 and § = {(y) € R. Moreover, U(z — ct) is unique up to a translation in the
sense that for any traveling wave solution U(x — ¢t) with 0 < U(§) < 1, § € R, we have ¢ = ¢ and
U(-)=U(& + +) for some & € R.
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