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Abstract. This paper is devoted to the study of spreading speeds and traveling waves for a class
of reaction-diffusion equations with distributed delay. Such an equation describes growth and
diffusion in a population where the individuals enter a quiescent phase exponentially and stay
quiescent for some arbitrary time that is given by a probability density function. The existence
of the spreading speed and its coincidence with the minimum wave speed of monostable traveling
waves are established via the finite-delay approximation approach. We also prove the existence
of bistable traveling waves in the case where the associated reaction system admits a bistable
structure. Moreover, the global stability and uniqueness of the bistable waves are obtained in
the case where the density function has zero tail.
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1. Introduction

In recent years, there have been quite a few research works on biological dynamical systems with quiescent
phases, see [5] and [13] for the tumor growth, [10] for the chemostat, [14] for the microbial growth, and
[8] for reaction-diffusion equations. For more general mathematical properties of such a class of systems,
we refer to [6, 7] and references therein. Many researchers have paid attention to spreading speeds and
traveling wave solutions for reaction-diffusion equations with time delays (see, e.g., [2, 12, 16, 18, 20–22]).
The authors of [2] investigated the existence of the spreading speed and its coincidence with the minimal
wave speed for a non-local and time-delayed reaction-diffusion system. In [18] and [12], the authors
established the existence, uniqueness and global stability of bistable traveling waves for reaction diffusion
equations with finite delays.

Recently, Hadeler and Lutscher [9] proposed the following reaction-diffusion model with distributed
delay to describe the evolution of a population in an active phase:

∂u

∂t
= D

∂2u

∂x2
+ p

∫ +∞

0

L(b)u(t− b, x)db− pu+ f(u). (1.1)
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In this model, u(t, x) is the density of the population in the active phase at time t and location x, and
D > 0 is the diffusion coefficient of the population. We assume that the exit time from the active
phase is exponentially distributed with parameter p, and the exit time from the quiescent phase follows
an arbitrary distribution with probability density function L(b) ≥ 0 satisfying

∫∞

0
L(b)db = 1. Under

appropriate conditions, they obtained the minimal wave speed of a traveling wave of (1.1) in the case
where the function f(u) admits a monostable structure. The purpose of this paper is to establish the
existence of the spreading speed and its coincidence with the minimal wave speed when the function
f(u) admits a monostable structure, and the existence and stability of monotone bistable traveling waves
when the function f(u) admits a bistable structure. We will appeal to the theory of spreading speeds
and traveling waves developed in [4, 11] for monotone semiflows, the finite-delay approximation method
introduced in [22], and the squeezing technique used in [18].

This paper is organized as follows. In section 2, we establish the existence of the spreading speed and
its coincidence with the minimal wave speed in the finite delay case and then extend the results to the
infinite delay case. In section 3, we obtain the existence of monotone bistable traveling waves. At last, in
section 4, we prove the global stability and uniqueness of bistable waves under the assumption that the
density function has zero tail.

2. Spreading speeds and monostable waves

In this section, we assume that the function f in (1.1) satisfies the following conditions:

f(0) = f(1) = 0, f ′(0) > 0 > f ′(1),

and

f(u) ≤ f ′(0)u, f(u) > 0 for u ∈ (0, 1) .

Note that (1.1) admits exactly two constant equilibria u = 0 and u = 1 in [0, 1]. We are interested in the
existence of the spreading speed and monostable traveling waves connecting u = 0 and u = 1.

Recall that a number c∗ > 0 is called the asymptotic spreading speed (in short, spreading speed) for
a function u : R+ × R

n → R+ with u(0, x) having the compact support if limt→∞,|x|≥ct u(t, x) = 0 for
c > c∗, and if there exists some u∗ > 0 such that limt→∞,|x|≤ct u(t, x) = u∗ for every c ∈ (0, c∗).

Let C be the space of all bounded and continuous functions from [−τ, 0] × R to R equipped with the
compact open topology, and C+ = {ψ ∈ C : ψ(θ, x) ≥ 0, ∀(θ, x) ∈ [−τ, 0] × R}. For any ψ1, ψ2 ∈ C, we
write ψ2 ≥ ψ1 if ψ2 − ψ1 ∈ C+, and ψ2 > ψ1 if ψ2 − ψ1 ∈ C+ \ {0}. For any a, b, r ∈ R with a ≤ b and
r > 0, we define Cr := {ψ ∈ C : r ≥ ψ ≥ 0} and [a, b]C := {ψ ∈ C : b ≥ ψ ≥ a}. Let C̄ := C([−τ, 0],R).
Then for any φ̄ ∈ C̄, we can regard φ̄ as an element in C by defining φ(θ, x) = φ̄(θ), ∀(θ, x) ∈ [−τ, 0]×R.
As such, C̄ is a subset of C with the standard pointwise ordering.

We first consider the following reaction-diffusion equation with finite delay τ > 0:

∂u

∂t
= D

∂2u

∂x2
+ p

∫ τ

0

L(b)u(t− b, x)db− pu+ f(u). (2.1)

Define F : C → C(R,R) and ut ∈ C by

F (φ)(x) = p

∫ τ

0

L(b)φ(−b, x)db− pφ(0, x) + f(φ(0, x)), (2.2)

and

ut(θ, x) = u(t+ θ, x),

for all (θ, x) ∈ [−τ, 0]×R. Then it is easy to verify F is quasi-monotone on C̄ in the sense that F (φ) ≤ F (ψ)
whenever φ ≤ ψ in C̄ and φ(0) = ψ(0).
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Note that (2.1) can be written as

∂u

∂t
= D

∂2u

∂x2
+ F (ut), ∀t > 0, x ∈ R. (2.3)

By the properties of function f , there exists τ0 > 0 such that for all τ ≥ τ0, the equation

F̂ (u) := pu

∫ τ

0

L(b)db− pu+ f(u) = 0 (2.4)

admits only two constant solutions 0 and u∗τ > 0 in [0, 1] satisfying

F̂ ′(0) = f ′(0)− p(1−
∫ τ

0

L(b)db) > 0,

F̂ ′(u∗τ ) = f ′(u∗τ )− p(1−
∫ τ

0

L(b)db) < 0,

and u∗τ → 1 as τ → ∞.
Let X be the set of all bounded and continuous functions from R to R. Clearly, any function in X can

be regarded as an element in C. Let {T (t)}t≥0 be the solution semigroup on X associated with the heat
equation

∂u

∂t
= D∆u,

that is

T (t)φ(x) =

∫

R

e
−y2

4Dt

√
4πDt

φ(x− y)dy, ∀φ ∈ X, t > 0, x ∈ R.

Then system (2.3) can be written as the following integral equation:

u(t, x) = T (t)u(0, ·)(x) +
∫ t

0

T (t− s)F (us)(x)ds, ∀t > 0. (2.5)

A solution u(t, x) of (2.5) is said to be a mild solution of (2.3), and a function ū ∈ C([−τ,∞)× R,R) is
called an upper (a lower) solution of (2.5) if it satisfies

ū(t, x) ≥ (≤)T (t)ū(0, ·)(x) +
∫ t

0

T (t− s)F (ūs)(x)ds, ∀t > 0, x ∈ R. (2.6)

By a similar argument to that in [2, Lemma 2.1], we have the following result.

Lemma 2.1. For any τ ≥ τ0 and φ ∈ Cu∗

τ
:= {φ ∈ C : 0 ≤ φ ≤ u∗τ}, system (2.3) has a unique mild

solution u(t, x;φ) on [0,∞) and u(t, x;φ) is a classic solution of (2.3) for (t, x) ∈ [τ,+∞)× R. For any
pair of upper solution u(t, x) and lower solutions u(t, x) with u(0, x) ≥ u(0, x), then u(t, x) ≥ u(t, x) holds
for all t ≥ 0 and x ∈ R.

Let Qt be the solution map of (2.5), that is,

Qt(φ)(θ, x) = u(t+ θ, x;φ), ∀θ ∈ [−τ, 0], x ∈ R, φ ∈ Cu∗

τ
,

and Q̄t be the restriction of Qt to C̄u∗

τ
. Then it is easy to verify that Q̄t is the solution semiflow on C̄u∗

τ

associated with the following spatially homogeneous delay differential equation

du

dt
= F̄ (ut), ∀t > 0, (2.7)
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where F̄ is the restriction of F to C̄u∗

τ
. Under the assumption that

∫ τ

τ−ǫ
L(b)db > 0 for all small ǫ > 0,

we can verify that (2.7) is cooperative and irreducible in the sense given in [17, Section 5.3]. Thus, Q̄t is
eventually strongly monotone on C̄u∗

τ
. Note that F̄ admits only two constant equilibria 0 and u∗τ on C̄u∗

τ
,

and F̂ ′(0) > 0 > F̂ ′(u∗τ ), which implies that equilibrium 0 is unstable and u∗τ is globally attractive for
system (2.7) in C̄u∗

τ
\ {0}. By the Dancer-Hess connecting orbit lemma (see, e.g., [23, Section 2.1]), the

semiflow Q̄t admits a strongly monotone full orbit connecting 0 and u∗τ . It then follows that Qt satisfies
all assumptions in [11, Theorem 5.1] for all t ≥ 0. Then for each τ ≥ τ0, there exists a real number
c∗τ > 0 such that c∗τ is the spreading speed for solutions of (2.3) with initial functions having compact
supports for spatial variable x, and c∗τ is also the minimal wave speed for monotone traveling waves of
(2.3) connecting u∗τ to 0. To summarize, we have the following result.

Theorem 2.2. Let τ ≥ τ0 be given such that
∫ τ

τ−ǫ
L(b)db > 0 for all small ǫ > 0, and let u(t, x, φ, τ) be

the unique solution of (2.3) with the initial data φ ∈ Cu∗

τ
. Then the following statements are valid:

(1) For any c > c∗τ , if φ ∈ Cu∗

τ
with 0 ≤ φ ≪ u∗τ and φ(·, x) = 0 for x outside a bounded interval, then

limt→∞,|x|≥ct u(t, x, φ, τ) = 0.
(2) For any 0 < c < c∗τ and σ ∈ C̄u∗

τ
with σ ≫ 0, there is a positive number rσ such that if φ ∈ Cu∗

τ
and

φ(·, x) ≫ σ for x on an interval of length 2rσ, then limt→∞,|x|≤ct u(t, x, φ, τ) = u∗τ .
(3) For any c ≥ c∗τ , (2.3) has a traveling wave solution U(x − ct) such that U(s) is continuous and

nonincreasing in s ∈ R, and U(+∞) = 0 and U(−∞) = u∗τ . Moreover, for any 0 < c < c∗τ , (2.3) has
no traveling wave U(x− ct) connecting u∗τ to 0.

In the case where L(b) = 0 for all sufficiently large b > 0, system (1.1) reduces to a reaction-diffusion
equation with finite delay, and hence, Theorem 2.2 can be used to obtain the spatial dynamics of the
reduced system. In the case of infinite delay, since L(b) ≥ 0 and

∫∞

0
L(b)db > 0, we may choose a sequence

τn → ∞ such that
∫ τn

τn−ǫ
L(b)db > 0 for all small ǫ > 0 and all n ≥ 1. Without loss of generality, we

assume that
∫ τ

τ−ǫ
L(b)db > 0 for all small ǫ > 0 and all sufficiently large τ > 0. Otherwise, we can use

τn → ∞ to replace τ → ∞ in our arguments for the case of infinite delay.
In order to estimate c∗τ , we consider the following linear delay differential equation:

∂u

∂t
= D

∂2u

∂x2
+ p

∫ τ

0

L(b)u(t− b, x)db− pu+ f ′(0)u. (2.8)

Note that f(u) ≤ f ′(0)u for all 0 ≤ u ≤ 1. Since f ′(0) > 0, we see that for any ǫ ∈ (0, 1), there exists
δ > 0 such that

f(u) ≥ (1− ǫ)f ′(0)u, ∀u ∈ [0, δ].

It follows that the condition (F3) in [11, Section 5.1] holds. Let {Mt}t≥0 be the solution semiflow
associated with (2.8) and u(t, x) = e−µxv(t), µ > 0, be a solution of (2.8). Then v(t) satisfies the
following delay differential equation:

dv

dt
= Dµ2v(t) + p

∫ τ

0

L(b)v(t− b)db− pv(t) + f ′(0)v(t). (2.9)

Define Bt
µ: C̄ → C̄ by

Bt
µ(v0)(θ) =Mt[e

−µxv0](θ, 0), ∀v0 ∈ C̄, θ ∈ [−τ, 0].
It then follows that Bt

µ is the solution map of (2.9) on C̄. Since system (2.9) is cooperative and irreducible
(see [17, Section 5.3]), its characteristic equation

λ−Dµ2 − f ′(0) + p− p

∫ τ

0

L(b)e−λbdb = 0 (2.10)

admits a real root λτ (µ), which is greater than the real parts of all other roots (see [17, Theorem 5.5.1]).
With the aid of (2.10), it easily follows that there exists τ̂ > τ0 such that λτ (µ) > 0 for all τ ≥ τ̂ and
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µ ∈ (0,∞). Define the function Φτ (µ) := λτ (µ)
µ

, ∀µ > 0. In view of the result in [11, Section 5.1], we
then have

c∗τ = inf
µ>0

Φτ (µ).

By the properties of function Φτ (µ) as stated in [11, Lemma 3.8], we can verify that there exists a
unique µ∗

τ ∈ (0,+∞) such that c∗τ = Φτ (µ
∗
τ ). From [11, Lemma 3.8(iii)], we see that Φ′

τ (µ) changes the
sign at most once in (0,+∞). Suppose, by contradiction, that there is an interval [µ1, µ2] ⊂ (0,+∞)
such that c∗τ = Φτ (µ), ∀µ ∈ [µ1, µ2], that is, c

∗
τµ = λτ (µ), ∀µ ∈ [µ1, µ2]. In view of (2.10), we have

c∗τµ = λτ (µ) = Dµ2 + f ′(0)− p+ p

∫ τ

0

L(b)e−λτ (µ)bdb,

and hence,

fτ (µ) := Dµ2 + f ′(0)− p+ p

∫ τ

0

L(b)e−λτ (µ)bdb− c∗τµ ≡ 0, ∀µ ∈ [µ1, µ2].

On the other hand, we obtain

f ′τ (µ) = 2Dµ− c∗τ − pc∗τ

∫ τ

0

L(b)e−c∗τµbbdb, ∀µ ∈ [µ1, µ2].

It is easy to observe that f ′τ (µ) is strictly increasing in [µ1, µ2], which contradicts fτ (µ) ≡ 0 for all

µ ∈ [µ1, µ2]. Therefore, there is a unique u
∗
τ > 0 such that (µ∗

τ , c
∗
τ ) satisfies c

∗
τ = Φτ (µ

∗
τ ) and

∂Φτ (µ)
∂µ

|µ∗

µ
= 0.

Let

Pτ (c, λ) = Dµ2 − cµ− p+ f ′(0) + p

∫ τ

0

L(b)e−λbcdb.

Then (µ∗
τ , c

∗
τ ) can be uniquely determined by

Pτ (c, µ) = 0 and
∂Pτ (c, µ)

∂µ
= 0.

Now we show that for any given µ > 0, λτ (µ) is nondecreasing in τ ∈ [τ̂ ,∞). Suppose, by contradiction,
that there exist some µ0 > 0 and τ2 > τ1 ≥ τ̂ such that λτ2(µ0) < λτ1(µ0). Then we see from (2.10) that

λτ2(µ0)− λτ1(µ0) =p

∫ τ2

0

L(b)e−λτ2
(µ0)bdb− p

∫ τ1

0

L(b)e−λτ1
(µ0)bdb

≥p
∫ τ1

0

L(b)(e−λτ2
(µ0)b − e−λτ1

(µ0)b)db ≥ 0,

which is a contradiction. Further, (2.10) implies that

λτ (µ) ≤ Dµ2 + f ′(0).

Therefore, λ(µ) := limτ→∞ λτ (µ) < +∞ exists.
Consider the following equation:

λ = Dµ2 + f ′(0)− p+ p

∫ ∞

0

L(b)e−λbdb. (2.11)

We claim that for each µ > 0, λ(µ) is a unique real root of (2.11), and the real parts of all other roots of
(2.11) are less than λ(µ). Indeed, λτ (µ) satisfies

λτ (µ) = Dµ2 + f ′(0)− p+ p

∫ τ

0

L(b)e−λτ (µ)bdb (2.12)
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and λτ (µ) > 0 when τ is large enough. Letting τ → ∞ in the above equation, we see that λ(µ) is a real
root of (2.11). For the sake of contradiction, suppose that there are some µ0 > 0 and a 6= λ(µ0) such
that a is another real root of (2.11). Without loss of generality, we assume that a > λ(µ0)(a < λ(µ0)).
Then we obtain

a− λ(µ0) = p

∫ ∞

0

L(b)(e−ab − e−λ(µ0)b)db < 0 (> 0),

which is a contradiction. Thus, λ(µ) is a unique real root of (2.11). Similarly, if we assume, by contra-
diction, that α+ iβ is a complex root of (2.11) with α ≥ λ(µ0), then we have

0 ≤ α− λ(µ0) = p

∫ ∞

0

L(b)(e−αb cos(βb)− e−λ(µ0)b)db < 0,

a contradiction.
Since λ(µ) ≥ λτ (µ), ∀τ ≥ τ̂ , we see from (2.11) and (2.12) that

0 ≤ λ(µ)− λτ (µ)

= p

∫ ∞

τ

L(b)e−λ(µ)bdb+ p

∫ τ

0

L(b)
(

e−λ(µ)b − e−λτ (µ)b
)

db

≤ p

∫ ∞

τ

L(b)db, ∀τ ≥ τ̂ , µ ∈ (0,∞).

This implies that limτ→∞ λτ (µ) = λ(µ) uniformly for µ ∈ (0,∞). Note that

|λ(µ)− λ(µ0)| ≤ |λ(µ)− λτ (µ)|+ |λτ (µ)− λτ (µ0)|+ |λτ (µ0)− λ(µ0)|

holds for all τ ≥ τ̂ , µ, µ0 ∈ (0,∞). It then follows that λ(µ) is a continuous function on (0,∞), and

hence, the function Φ(µ) := λ(µ)
µ

is continuous in µ ∈ (0,∞). In view of (2.11) and the properties of

Φ(µ), it is easy to verify that Φ(+0) = Φ(+∞) = +∞. Thus, c∗ := infµ>0 Φ(µ) can be obtained at some
finite value µ∗. Combing the properties of Φτ (µ), we see that (c∗, µ∗) is a unique solution to c∗ = Φ(µ∗)

and dΦ(µ)
dµ

|µ=µ∗ = 0. Let

P (c, µ) = Dµ2 − cµ− p+ f ′(0) + p

∫ ∞

0

L(b)e−λbcdb.

Then we can easily show that the following result holds true.

Lemma 2.3. The following statements are valid:

(1) For any c > c∗, there is µ > 0 such that P (c, µ) < 0,

(2) (c∗, µ∗) is uniquely determined by P (c, µ) = 0 and ∂P (c,µ)
∂µ

= 0,

(3) c∗τ is nondecreasing in τ ∈ [τ̂ ,∞), and limτ→∞(c∗τ , µ
∗
τ ) = (c∗, µ∗).

Now we consider system (1.1) with infinite time delay. By the argument similar to that in [2, Lemma
2.8.], we have the following result on the existence and uniqueness of solutions of (1.1).

Lemma 2.4. For any φ ∈ C((−∞, 0]×R, [0, 1]), system (1.1) has a unique mild solution u(t, x;φ) with
u0(φ) = φ and ut(φ) ∈ C((−∞, 0]× R, [0, 1]) for all t ≥ 0.

Consider the linearized equation of system (1.1) at the zero solution:

∂u

∂t
= D

∂2u

∂x2
+ p

∫ +∞

0

L(b)u(t− b, x)db− pu+ f ′(0)u. (2.13)

In a similar way to (2.6), we can define the upper and lower solutions for (2.13). Then we have the
following comparison principle. We omit the proof here since it is essentially the same as that of [2,
Lemma 2.9.].
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Lemma 2.5. Let u(t, x) and u(t, x) be the upper and lower solutions of (2.13). If u0 ≥ u0, then u(t, x) ≥
u(t, x), ∀t ≥ 0, x ∈ R.

We are now in a position to prove the existence of the spreading speed for model (1.1).

Theorem 2.6. Let φ ∈ C((−∞, 0] × R, [0, 1]) and u(t, x;φ) be the solution of (1.1) with u0 = φ. Then
the following statements are valid:

(1) For any c > c∗, if φ(·, x) = 0 for x outside a bounded interval, then

lim
t→∞|x|≥ct

u(t, x;φ) = 0.

(2) For any 0 < c < c∗ and σ ∈ C̄1 with σ ≫ 0, there is a positive number rσ such that if φ ∈ C1 and
φ(·, x) ≫ σ for x on an interval of length 2rσ, then

lim
t→∞,|x|≤ct

u(t, x;φ) = 1.

Proof. We use the arguments similar to those in [19, Proposition 2.2] and [22, Theorem 2.1]. In the
case where c > c∗, let φ(θ, x) be given as in statement (1). For fixed c̄ ∈ (c∗, c) and λ̄ > 0 such that
P (c̄, λ̄) < 0, there exists a large positive number M > 0 such that

φ(t, x) ≤Meλ̄(c̄t−zx), ∀(t, x) ∈ (−∞, 0]× R, z = 1 or z = −1.

For z = 1 or −1, the function ū(t, x) :=Meλ̄(c̄t−zx) satisfies

∂ū(t, x)

∂t
−Dūxx − p

∫ +∞

0

L(b)ū(t− b, x)db+ (p− f ′(0))ū(t, x)

=Meλ̄(c̄t−zx)(−P (c̄, λ̄)) > 0. (2.14)

That is, ū(t, x) is an upper solution of (2.13). Since f(u) ≤ f ′(0)u, u(t, x;φ) is a lower solution of (2.13).
Letting z = x

|x| , x 6= 0. By the comparison principle in Lemma 2.5, we obtain

u(t, x;φ) ≤ ū(t, x) =Meλ̄(c̄t−|x|) ∀(t, x) ∈ [0,+∞)× R,

which implies that limt→∞,|x|≥ct u(t, x;φ) = 0.
In the case where c ∈ (0, c∗), since limτ→+∞ c∗τ = c∗, there exists τ1 > τ0 such that c∗τ > c for all

τ > τ1. For any given τ > τ1, we define

φ̂(θ, x) = min{φ(θ, x), u∗τ}, ∀(θ, x) ∈ [−τ, 0]× R.

Let u(t, x, τ ; φ̂) be the solution of (2.1) with u0 = φ̂. Note that u(t, x;φ) is an upper solution of (2.1).
By the comparison principle in Lemma 2.1, we have

u(t, x;φ) ≥ u(t, x, τ ; φ̂), ∀(t, x) ∈ [0,+∞)× R.

This, together with Theorem 2.2 (2), implies that

1 ≥ lim sup
t→∞,|x|≤ct

u(t, x;φ) ≥ lim inf
t→∞,|x|≤ct

u(t, x;φ) ≥ lim inf
t→∞,|x|≤ct

u(t, x, τ ; φ̂) = u∗τ , ∀τ > τ1.

Letting τ → +∞, we then have limt→∞,|x|≤ct u(t, x;φ) = 1. �

The following results show that the spreading speed c∗ obtained above is also the minimum wave speed
for monotone traveling waves of system (1.1).
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Theorem 2.7. The following statements are valid:

(1) For any c ≥ c∗, system (1.1) has a traveling wave solution U(x − ct) connecting 1 to 0, and U(ξ) is
continuous and nonincreasing in ξ ∈ R.

(2) For any 0 < c < c∗, system (1.1) has no traveling wave solution U(x− ct) connecting 1 to 0.

Proof. For any given c > c∗, we choose a sequence τn → ∞ such that c∗τn < c and limn→∞ c∗τn = c∗. By
Theorem 2.2 (3), system (2.1) with τ = τn admits a traveling wave Un(x− ct) such that Un(−∞) = u∗τn
and Un(+∞) = 0. Thus, we obtain

Jn(U)(ξ) :=DU
′′

(ξ) + cU ′(ξ)− pU(ξ) + f(U(ξ)) + p

∫ τn

0

L(b)U(ξ + cb)db

=DU
′′

(ξ) + cU ′(ξ)− αU(ξ) + αU(ξ)− pU(ξ) + f(U(ξ))

+ p

∫ τn

0

L(b)U(ξ + cb)db = 0, (2.15)

where α > 0 is a fixed large number such that the function αu− pu+ f(u) is nondecreasing in u ∈ [0, 1].
Define the operator

Hn(U)(ξ) := αU(ξ)− pU(ξ) + f(U(ξ)) + p

∫ τn

0

L(b)U(ξ + cb)db. (2.16)

Clearly, {Hn(U)(ξ)}∞n=1 is uniformly bounded when U(ξ) is bounded. It then follows that

U(ξ) =k1e
λ1ξ + k2e

λ2ξ

+
1

D(λ2 − λ1)

(

∫ ξ

−∞

eλ1(ξ−η)Hn(U)(η)dη +

∫ +∞

ξ

eλ2(ξ−η)Hn(U)(η)dη

)

, (2.17)

where k1, k2 are arbitrary constants and

λ1 =
−c−

√
c2 + 4Dα

2D
< 0, λ2 =

−c+
√
c2 + 4Dα

2D
> 0. (2.18)

Since Un(ξ) satisfies (2.15) and is bounded, it follows that Un(ξ) satisfies (2.17) with k1 = k2 = 0, that
is,

Un(ξ) =
1

D(λ2 − λ1)

(

∫ ξ

−∞

eλ1(ξ−η)Hn(Un)(η)dη +

∫ +∞

ξ

eλ2(ξ−η)Hn(Un)(η)dη

)

.

Thus, the sequences U ′
n(ξ), U

′′
n (ξ) and U ′′′

n (ξ) are uniformly bounded for all n ≥ 1 due to the uniform
boundedness of Un(ξ) and Hn(Un)(ξ). By the spatial translation invariance of the original equation,
we can assume Un(0) = 1

2 . By the Arizela-Ascoli theorem and a diagonal procedure, it follows that
{Un(ξ), U

′
n(ξ), U

′′
n (ξ)} has a convergent subsequence, which is convergent uniformly on each compact set

in R. Without loss of generality, denote Un(ξ) → U∗(ξ). Then we have

(Un(ξ), U
′
n(ξ), U

′′
n (ξ)) → (U∗(ξ), U∗′(ξ), U∗′′(ξ)).

Define

J(U)(ξ) := DU ′′(ξ) + CU ′(ξ)− pU(ξ) + f(U(ξ)) + p

∫ +∞

0

L(b)U(ξ − cb)db.

Then limn→∞ Jn(Un)(ξ) = J(U∗)(ξ) pointwise, which implies that U∗(ξ) is a solution of J(U)(ξ) = 0.
Since Un(ξ) is nonincreasing and Un(−∞) = u∗n, Un(∞) = 0, U∗(ξ) is nonincreasing and bounded.
Therefore U∗(+∞) exists and satisfies the following equation

−px+ f(x) + p

∫ ∞

0

L(b)db = f(x) = 0. (2.19)
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Then we have

U∗(−∞) = 1 >
1

2
= U∗(0) > U∗(+∞) = 0.

Therefore, U∗(ξ) is a traveling wave solution of (1.1).
For c = c∗, by the same limiting argument as in [22, Theorem 3.1], we can obtain the existence of

monotone traveling wave U(x− c∗t) connecting 1 to 0. The nonexistence of traveling wave can be proven
by the contradiction argument as in [22, Theorem 3.1]. �

3. Existence of bistable waves

In this section, we consider the case where function f has three zero points 0 < x∗ < 1 on [0, 1] satisfying

f ′(0) < 0, f ′(x∗) > 0 and f ′(1) < 0.

We establish the existence of the wavefronts connecting two stable equilibria 0 and 1.
We choose τ∗ large enough such that for any τ ≥ τ∗, the delay equation

∂u

∂t
= D

∂2u

∂x2
+ p

∫ τ

0

L(b)u(t− b, x)db− pu+ f(u) (3.1)

admits only three constant equilibria 0 < ατ < βτ on [0, 1] satisfying limτ→∞ ατ = x∗ and limτ→∞ βτ = 1,
and F̂ , as defined in (2.4), satisfies F̂ ′(0) < 0, F̂ ′(ατ ) > 0, and F̂ ′(βτ ) < 0. We first establish the existence
of the nondecreasing bistable traveling waves of system (3.1) connecting 0 and βτ .

Define function F̄ on C by F̄ (φ) = p
∫ τ

0
L(b)φ(−b)db− pφ(0) + f(φ(0)). Then we have

DF̄ (φ)h =(f ′(φ(0))− p)h(0) + p

∫ τ

0

h(−b)L(b)db

=(f ′(φ(0))− p)h(0) + p

∫ 0

−τ

h(b)L(−b)db

=(f ′(φ(0))− p)h(0) + p

∫ 0

−τ

h(b)dη(φ), (3.2)

where η(φ) is a positive Borel measure on [−τ, 0] defined as η(φ)Ω =
∫

Ω
L(−b)db for any measurable

subset Ω ⊂ [−τ, 0]. Since L(b) ≥ 0 and
∫∞

0
L(b)db > 0, without loss of generality, we assume that τ is

chosen such that η(φ)[−τ,−τ + ǫ] =
∫ −τ+ǫ

−τ
L(−b)db > 0 for all small ǫ > 0. Thus, assumption (E4) in [4,

Section 6.4] holds.
For any ǫ > 0, define a linear operator Lǫ : Cβτ

→ C(R,R) by

Lǫφ = p

∫ τ

0

L(b)φ(−b, x)db− pφ(0, x) + (1− ǫ)f ′(ατ )φ(0, x).

Then Lǫφ→ DF (ατ )φ as ǫ→ 0, where the operator DF (ατ ) is defined by

DF (ατ )φ = p

∫ τ

0

L(b)φ(−b, x)db− pφ(0, x) + f ′(ατ )φ(0, x).

It is easy to verify that there exists δ ∈ (0, βτ ) such that

F (ατ + φ) ≥ Lǫ(φ) and F (ατ − φ) ≤ −Lǫ(φ), ∀φ ∈ Cδ,

that is, assumption (E5) in [4] holds. Further, assumptions (E1)-(E3) in [4] are also satisfied. By [4,
Theorem 6.4], we then have the following result.
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Theorem 3.1. Let τ ≥ τ∗ be given such that
∫ τ

τ−ǫ
L(b)db > 0 for all small ǫ > 0. Then system (3.1)

admits a nondecreasing traveling wave Vτ (x− cτ t) with Vτ (−∞) = 0 and Vτ (+∞) = βτ .

In order to prove the boundedness of {cτ}τ≥τ∗ , we use the similar ideas to those in [3] to construct
upper and lower solutions. Choose an increasing function ρ ∈ C2(R,R) such that

ρ(ξ) = 0, ∀ξ ≤ 0; ρ′(ξ) ∈ (0, 1), ∀ξ ∈ (0, 4);

ρ(ξ) = 1, ∀ξ ≥ 4; |ρ′′(ξ)| ≤ 1, ∀ξ ∈ (0, 4).

Then we have the following result.

Lemma 3.2. Define
v(t, x) = v−(x− ct; δ, σ) := ρ(σ(x− ct))− δ,

v(t, x) = v+(x+ ct; δ, σ) := ρ(σ(x+ ct)) + δ.

Then there exist δ̄ > 0, σ̄ > 0 and c̄ > 0 such that for any δ ∈ [δ̄/2, δ̄], σ ∈ [σ̄/2, σ̄] and c ≥ c̄, v(t, x) and
v(t, x) are a lower solution and an upper solution of (3.1) with τ > τ0, respectively.

Proof. Define F∞ : R → R by

F∞(x) := px

∫ ∞

0

L(b)db− px+ f(x).

Then F ′
∞(0) = f ′(0) < 0, F ′

∞(x∗) = f ′(x∗) > 0 and F ′
∞(1) = f ′(1) < 0. By the continuous differentiabil-

ity of F∞, there exists 0 < δ̄ < 1 such that for all δ ∈ [0, δ̄], the following inequalities hold:

F∞(−δ) ≥ −F ′
∞(0)δ +

1

2
f ′(0)δ = −1

2
f ′(0)δ > 0,

F∞(1− δ) ≥ −F ′
∞(1)δ +

1

2
f ′(1)δ = −1

2
f ′(0)δ > 0.

Thus, we can find θ0 > 0, σ̄ > 0 such that for any θ ∈ [0, θ0], σ ∈ [0, σ̄] and δ ∈ [ δ̄2 , δ̄], the following two
inequalities hold:

F∞(θ − δ) > Dσ2 + p

∫ ∞

τ∗

L(b)db,

F∞((1− θ)− δ) > Dσ2 + p

∫ ∞

τ∗

L(b)db,

where we may choose τ∗ large enough if it is necessary.
Letting ξ = x− ct, we then have

D
∂2v

∂x2
− ∂v

∂t
+ F (vt)(x)

=Dv′′−(x− ct) + cv′−(x− ct) + F (vt)(x)

=Dv′′−(ξ) + cv′−(ξ)− pv−(ξ) + f(v−(ξ)) + p

∫ τ

0

L(b)(ρ(σ(ξ + cb))− δ)db

≥Dσ2ρ′′(σξ) + cσρ′(σξ)− pv−(ξ) + f(v−(ξ)) + p

∫ τ

0

L(b)(ρ(σ(ξ))− δ)db

=Dσ2ρ′′(σξ) + cσρ′(σξ) + F∞(v−(ξ))− pv−(ξ)

∫ ∞

τ

L(b)db

≥Dσ2ρ′′(σξ) + cσρ′(σξ) + F∞(v−(ξ))− p

∫ ∞

τ∗

L(b)db
(3.3)
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Denote m := minρ(ξ)∈[θ0,1−θ0] ρ
′(ξ) > 0 and Fmin := min−1≤x≤1 F∞(x). Let c̄ > 0 sufficiently large such

that

cσm ≥ −Fmin +Dσ2 + p

∫ ∞

τ∗

L(b)db, ∀c > c̄.

If ρ(σξ) ∈ [0, θ0] ∪ [1− θ0, 1], then

D
∂2v

∂x2
− ∂v

∂t
+ F (vt)(x) ≥ −Dσ2 +Dσ2 + p

∫ ∞

τ∗

L(b)db− p

∫ ∞

τ∗

L(b)db = 0;

If ρ(σξ) ∈ [θ0, 1− θ0], then

D
∂2v

∂x2
− ∂v

∂t
+ F (vt)(x) ≥ −Dσ2 + cσm+ Fmin − p

∫ ∞

τ∗

L(b)db ≥ 0.

Consequently, v(t, x) is a lower solution of (3.1). Similarly, we can prove that v(t, x) is an upper solution
of (3.1). �

Lemma 3.3. {cτ}τ≥τ∗ is bounded.

Proof. By Lemma 3.2, we see that there exist c̄, δ̄ and σ̄ independent of τ ≥ τ∗ such that v−(x− c̄t; δ̄, ¯̄σ)
and v+(x+ c̄t; δ̄, σ̄) are a lower and an upper solution of system (3.1), respectively. Note that when τ∗ is
large enough, the following inequalities hold:

v−(−∞; δ̄, σ̄) = −δ̄ < 0 = Vτ (−∞),

v−(+∞; δ̄, σ̄) = 1− δ̄ < βτ = Vτ (+∞).

Since v− and Vτ are all nondecreasing functions, there exists ξτ ∈ R such that

Vτ (ξ + ξτ ) ≥ v−(ξ; δ̄, σ̄), ∀ξ ∈ R.

By the comparison principle, we then have

Vτ (x− cτ t+ ξτ ) ≥ v−(x− c̄t; δ̄, σ̄), ∀t ≥ 0, x ∈ R.

Thus, we obtain
Vτ (·+ (c̄− cτ )t+ ξτ ) ≥ v−(·; δ̄, σ̄), ∀t ≥ 0,

which implies that cτ ≤ c̄, ∀τ ≥ τ0. Suppose, by contradiction, that cτ > c̄. Then we have 0 =
Vτ (−∞) ≫ 0, which is a contradiction. Similarly, we can prove that cτ ≥ −c̄. Therefore, we have |cτ | ≤ c̄
for all τ > τ∗. �

Lemma 3.4. The following statements are valid:

(1) If U(x+ ct) is a nondecreasing traveling wave of (1.1) with U(−∞) = x∗ and U(+∞) = 1, then c > 0.
(2) If U(x+ ct) is a nondecreasing traveling wave of (1.1) with U(−∞) = 0 and U(+∞) = x∗, then c < 0.

Proof. Let U(x+ ct) be a nondecreasing traveling waves in (1), by the spatial symmetry of (1.1). Then
W (x − ct) := U(−x + ct) = U(−(x − ct)) is a nonincreasing traveling wave of (1.1) with W (−∞) = 1
and W (+∞) = x∗. By the analysis in Section 2, we have the similar results as in Theorem 2.7 for system
(1.1) restricted on [x∗, 1], that is, there is a positive number c1 such that c > c1 > 0.

If U(x+ct) is a nondecreasing traveling waves in (2), then W̄ (x+ct) = x∗−U(x+ct) is a nonincreasing
traveling wave of the following system:

∂u

∂t
= D

∂2u

∂x2
+ p

∫ +∞

0

L(b)u(t− b, x)db− pu− f(x∗ − u), (3.4)

with W̄ (−∞) = x∗ and W̄ (+∞) = 0. Similarly, for system (3.4) restricted on [0, x∗], there is a positive
number c0 > 0 such that −c > c0 > 0, which implies that c < 0. �
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Now we are in a position to prove the main result of this section.

Theorem 3.5. System (1.1) admits a nondecreasing bistable traveling wave U(x− ct) with U(−∞) = 0
and U(+∞) = 1.

Proof. From Lemma 3.3, we see that {cτ}τ>τ∗ is bounded. Then there is a sequence of real numbers nk >
τ∗, k ∈ N such that cnk

converges to some real number c as nk → +∞. In view of Theorem 3.1, system
(3.1) with τ = nk has a wavefront (Unk

, cnk
) such that Unk

is a monotone function with Unk
(−∞) = 0

and Unk
(+∞) = 1. Thus, there exist ξk, ηk ∈ R such that Unk

(ξk) =
x∗

2 and Unk
(ηk) =

1+x∗

2 . Let

Vk(·) = Unk
(·+ ξk) and Wk(·) = Unk

(·+ ηk).

Then Vk(0) = x∗

2 and Wk(0) = 1+x∗

2 for all k ≥ 1. Note that {Vk}k≥1 and {Wk}k≥1 are monotone
function sequences with Vk(−∞) = Wk(−∞) = 0 and Vk(+∞) = Wk(+∞) = 1. By Helly’s theorem, it
follows that there exist subsequences, still denoted as {Vk}k≥1 and {Wk}k≥1, and monotone functions
V and W such that limk→∞ Vk = V and limk→Wk = W pointwise on R as k → +∞, V (0) = x∗

2 , and

W (0) = 1+x∗

2 . Denote V±(·) = V (· ± 0) and W±(·) = W (· ± 0). Then V− and W− are left-continuous,
while V+ and W+ are right-continuous. Note that V±(ξ) = V (ξ) and W±(ξ) = W (ξ) almost everywhere
on R.

Next we show that both (V, c) and (W, c) are traveling wavefronts of (1.1). Note that Vk satisfies the
following system:

DV ′′
k (ξ) + cnk

V ′
k(ξ)− pVk(ξ) + p

∫ nk

0

L(b)Vk(ξ + cb)db+ f(Vk(ξ)) = 0, (3.5)

which is equivalent to the following integral equation

Vk(ξ) =
1

√

c2nk
+ 4Dp

{

∫ ξ

−∞

eλ1k(ξ−η)(p

∫ nk

0

L(b)Vk(η + cb)db+ f(Vk(η))dη

+

∫ +∞

ξ

eλ2k(ξ−η)(p

∫ nk

0

L(b)Vk(η + cb)db+ f(Vk(η))dη

}

, (3.6)

where λ1k =
−cnk

−
√

c2nk
+4Dp

2D < 0 and λ2k =
−cnk

+
√

c2nk
+4Dp

2D > 0. Further,

λ1 = lim
n→∞

λ1k =
−c−

√

c2 + 4Dp

2D
,

λ2 = lim
n→∞

λ2k =
−c+

√

c2 + 4Dp

2D
.

By the Lebesgue dominated convergence theorem, it then follows that

V (ξ) =
1

√

c2 + 4Dp

{

∫ ξ

−∞

eλ1(ξ−η)(p

∫ +∞

0

L(b)V (η + cb)db+ f(V (η))dη

+

∫ +∞

ξ

eλ2(ξ−η)(p

∫ +∞

0

L(b)V (η + cb)db+ f(V (η))dη

}

, (3.7)

which is equivalent to

DV ′′(ξ) + cV ′(ξ)− pV (ξ) + p

∫ ∞

0

L(b)V (ξ + cb)db+ f(V (ξ)) = 0, (3.8)

that is, V (x− ct) satisfies equation (1.1). Similarly, we can prove that W (x− ct) also satisfies equation
(1.1).
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Now we need to verify the boundary conditions. It is obvious that V (±∞) and W (±∞) exist from
the monotonicity of V and W . Note that V (±∞) and W (±∞) are the zero points of f(u) = 0. Since
V (0) = x∗

2 and W (0) = 1+x∗

2 , it follows that V (−∞) = 0 and V (+∞) = x∗ or 1, and W (−∞) = x∗ or 0,
and W (+∞) = 1. Note that W and V are all traveling wave solutions of system (1.1). By Lemma 3.4,
we see that V (+∞) = x∗ and W (−∞) = x∗ cannot happen simultaneously. Thus, either (V, c) or (W, c)
is a wavefront of (1.1) connecting 0 and 1. �

4. Global stability of bistable waves

In this section, we prove the global asymptotic stability with shift and uniqueness of monotone bistable
traveling waves. Note that it is much more difficult to analyze the global stability of traveling waves
for an infinite delay model. So we assume that there exists τ > 0 such that L(b) ≡ 0 for all b ≥ τ .
Accordingly, system (1.1) becomes the following differential equation with finite distributed delay:

∂u

∂t
= D

∂2u

∂x2
+ p

∫ τ

0

L(b)u(t− b, x)db− pu+ f(u). (4.1)

Let u(t, x) = U(x − ct) be the monotone bistable traveling wave solution of (4.1), as obtained in the

Section 3. Then we have U ′(ξ) ≥ 0 and U ′(ξ) 6≡ 0 for all ξ ∈ R. Let v(t, x) = ∂u(t,x)
x

. Then v(t, x)
satisfies the following equation:

∂v

∂t
= D

∂2v

∂x2
+ p

∫ τ

0

L(b)v(t− b, x)db− pv + f ′(u)v. (4.2)

By the strong maximum principle, it follows that v(t, x) > 0 for all t > 0, and hence, U ′(ξ) > 0 for all
ξ ∈ R.

Lemma 4.1. Let U(x− ct) be a strictly monotone bistable traveling wave solution of (4.1). Then there
exist positive numbers β0, σ0, and δ̄ such that for any δ ∈ (0, δ̄] and every ζ0 ∈ R, the functions w±

defined by

w±(t, x) := U(x− ct+ ζ0 ± σ0δ[1− e−β0t])± δe−β0t

are an upper solution and a lower solutions of (4.1) on [0,+∞), respectively.

Proof. Without loss of generality, we assume ζ0 = 0. Note that f(0) = f(1) = 0, f ′(0) < 0, and f ′(1) < 0.
Then there exist L1 > 0 and δ∗ ∈ (0, 1) such that

f(x) > 0, x ∈ [−δ∗, 0) and f ′(x) < −L1, x ∈ [−δ∗, δ∗];

f(x) > 0, x ∈ (1, δ∗] and f ′(x) < −L1, x ∈ [1− δ∗, 1 + δ∗].

Since U(−∞) = 0 and U(+∞) = 1, there exists M > 0 such that

U(ξ) ∈ [−δ
∗

2
,
δ∗

2
], ξ < −M and U(ξ) ∈ [1− δ∗

2
, 1 +

δ∗

2
], ξ > M.

Let δ̄ = δ∗

2 , L2 = minξ∈[−M,M ] U
′(ξ) > 0 and L3 = maxx∈[0,1+δ̄] f(x) > 0. Fix β0 > 0 small such that

β0 + p
(∫ τ

0
L(b)eβ0bdb− 1

)

< L1 and σ0 = 2(L1+L3)
L2β0

> 0. It is easy to verify that function U(ξ) satisfies

DU ′′(ξ) + cU ′(ξ) + p

∫ τ

0

L(b)U(ξ + cb)db− pU(ξ) + f(U(ξ)) = 0, ∀ξ ∈ R.
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Denote ξ(t) := x− ct+ σ0δ(1− e−β0t). Then for any t ≥ 0 and δ ∈ (0, δ̄), we have

∂w+(x, t)

∂t
−D

∂2w+(x, t)

∂x2
− F (w+(t, x))

=U ′(ξ)[−c+ σ0δβ0e
−β0t]− δβ0e

−β0t −DU ′′(ξ) + pU(ξ) + pδe−β0t

− p

∫ τ

0

L(b)[U(x− ct+ cb+ σ0δ(1− e−β0(t−b))) + δe−β0(t−b)]db− f(U(ξ) + δe−β0t)

=p

∫ τ

0

L(b)[U(ξ + cb)− U(ξ + cb+ σ0δe
−β0t(1− eβ0b))]db− pδe−β0t

∫ τ

0

L(b)eβ0bdb

+ σ0δβ0e
−β0tU ′(ξ)− δβ0e

−β0t + pδe−β0t + f(U(ξ))− f(U(ξ) + δe−β0t)

≥δe−β0t[−p
∫ τ

0

L(b)eβ0bdb+ σ0β0U
′(ξ)− β0 + p− f ′(U(ξ) + θδe−β0t)]

=δe−β0t[σ0β0U
′(ξ)− β0 − p(

∫ τ

0

L(b)eβ0bdb− 1)− f ′(U(ξ) + θδe−β0t)], θ ∈ (0, 1)

In the case where |ξ(t)| > M , by the choice of δ̄, β0 and θ ∈ (0, 1), we have

U(ξ) + θδe−β0t ∈ [0, δ∗] or U(ξ) + θδe−β0t ∈ [1, 1 + δ∗],

which implies that f ′(U(ξ) + θδe−β0t)) < −L1. It then follows that

∂w+(x, t)

∂t
−D

∂2w+(x, t)

∂x2
− F (w+(t, x)) ≥ δe−β0t[−β0 − p(

∫ τ

0

L(b)eβ0bdb− 1) + L1] ≥ 0;

In the case where |ξ(t)| ≤M , we have

∂w+(x, t)

∂t
−D

∂2w+(x, t)

∂x2
− F (w+(t, x)) ≥ δe−β0t[σ0β0L2 − L1 − L3] = L1 + L3 > 0.

Similarly, we can verify w− is a lower solution of system (4.1). �

Let δ̃ = min{x∗

2 ,
1−x∗

2 , δ∗}, and ρ(·) ∈ C2(R,R) be the function defined in Section 3. Then we have
the following result.

Lemma 4.2. For any δ ∈ (0, δ̃], there exist two positive number ǫ and C such that for any ξ ∈ R, the
functions v+ and v− defined by

v+(t, x) =(1 + δ)− [1− (x∗ − 2δ)e−ǫt]ρ(−ǫ(x− ξ + Ct)),

v−(t, x) =− δ + [1− (1− x∗ − 2δ)e−ǫt]ρ(ǫ(x− ξ − Ct)), (4.3)

are an upper solution and a lower solutions of system (4.1) on [0,∞), respectively.

Proof. Without loss of generality, we take ξ = 0. We first verify that v− is a lower solution. For any
δ ∈ (0, δ̃], we choose ε = ε(δ) > 0 small enough such that the following three inequalities hold:

(1− x∗)eετ < 1,

−Dε2 − ε− pτε+ min
u∈[−δ,− δ

2
]
f(u) > 0,

and

−Dε2 − ε− pτε+ min
u∈[x∗+ δ

2
,1−δ]

f(u) > 0.
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It is easy to verify that v−(x, t) ∈ [−δ, 1 − δ] for all x ∈ R and t ≥ −τ . Choose C = C(δ) > 0 large
enough such that

−Dε2 − ε+ εC[1− (1− x∗)eετ ] · min
ρ(s)∈[ δ

2
,1− δ

2
]
ρ′(s)− pτε+ min

u∈[−δ,1−δ]
f(u) > 0.

Denote ζ = ε(x− Ct). Then for any t ≥ −τ , the following inequalities hold:

∂v−(t, x)

∂t
=− Cε[1− (1− x∗ − 2δ)e−εt]ρ′(ζ) + ε(1− x∗ − 2δ)e−εtρ(ζ)

≤− Cε[1− (1− x∗ − 2δ)e−ετ ]ρ′(ζ) + ε(1− x∗ − 2δ)e−ετρ(ζ)

≤− Cε[1− (1− x∗)e−ετ ]ρ′(ζ) + ε(1− x∗)e−ετρ(ζ)

≤ε.

It then follows that

D
∂v−(t, x)

∂x2
− ∂v−(t, x)

∂t
+ F (v−(t, x))

=D[1− (1− x∗ − 2δ)e−εt]ε2ρ′′(ζ) + Cε[1− (1− x∗ − 2δ)e−εt]ρ′(ζ)

− ε(1− x∗ − 2δ)e−εtρ(ζ) + p

∫ τ

0

L(b)v−(x, t− b)db− pv−(x, t) + f(v−(x, t))

≥−Dε2 + Cε[1− (1− x∗)eετ ]ρ′(ζ)− ε+ p

∫ τ

0

L(b)v−(x, t− b)db

− pv−(x, t) + f(v−(x, t)), ∀t ≥ 0. (4.4)

Then we discuss (4.4) in the following three cases.

Case (i) If ρ(ζ) < δ
2 , it is easy to verify that v−(x, t) ∈ [−δ,− δ

2 ] for all x ∈ R and t ≥ −τ . Then we
have

D
∂v−(t, x)

∂x2
− ∂v−(t, x)

∂t
+ F (v−(t, x)

≥−Dε2 − ε+ p

∫ τ

0

L(b)v−(x, t− b)db− pv−(x, t) + f(v−(x, t))

≥−Dε2 − ε+ p min
s∈[t−τ,t]

v−(x, s)− pv−(x, t) + min
u∈[−δ,− δ

2
]
f(u)

=−Dε2 − ε+ p(v−(x, t∗)− v−(x, t)) + min
u∈[−δ,− δ

2
]
f(u), t∗ ∈ [t− τ, t]

≥−Dε2 − ε+ p(t∗ − t) max
s∈[t∗,t]

∂v−(x, s)

∂s
+ min

u∈[−δ,− δ
2
]
f(u)

≥−Dε2 − ε+ p(t∗ − t)ε+ min
u∈[−δ,− δ

2
]
f(u)

≥−Dε2 − ε− pτε+ min
u∈[−δ,− δ

2
]
f(u) > 0.

Case (ii) If ρ(ζ) > 1 − δ
2 , it is easy to verify that v−(x, t) ∈ [x∗ + δ

2 , 1 − δ]. By a similar analysis, we
get

D
∂v−(t, x)

∂x2
− ∂v−(t, x)

∂t
+ F (v−(t, x)

≥−Dε2 − ε− pτε+ min
u∈[x∗+ δ

2
,1−δ]

f(u) > 0.
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Case (iii) If ρ(ζ) ∈ [ δ2 , 1− δ
2 ], we have

D
∂v−(t, x)

∂x2
− ∂v−(t, x)

∂t
+ F (v−(t, x))

≥−Dε2 + Cε[1− (1− x∗)eετ ]ρ′(ζ)− ε− pτε+ min
u∈[−δ,1−δ]

f(u)

≥−Dε2 + Cε[1− (1− x∗)eετ ] min
ρ(ζ)∈[ δ

2
,1− δ

2
]
ρ′(ζ)− ε− pτε+ min

u∈[−δ,1−δ]
f(u)

>0.

Therefore, v− is a lower solution of (4.1). Similarly, we can verify that v+ is an upper solution of (4.1)
on [0,∞). �

In view of Lemma 4.1, for any η ∈ R and δ ∈ [0,∞), we define w±(t, x, η, δ) by

w±(t, x, η, δ) = U(x− ct+ η ± σ0δ(1− e−β0t))± δe−β0t, ∀x ∈ R, t ∈ [−τ,∞),

where σ0 and β0 are as in Lemma 4.1 and β0 is chosen small such that 3eβ0τ < 4. Thanks to Lemmas
4.1 and 4.2, we can do similar analysis to that in [18] to obtain the following result. The details of the
proof are omitted here since they are essentially the same as those in [18, Lemma 3.2].

Lemma 4.3. Let U(x − ct) be a monotone traveling wave of the system (4.1), and ϕ ∈ [0, 1]C be given
such that

lim inf
x→∞

min
s∈[−τ,0]

ϕ(x, s) > x∗ (4.5)

lim sup
x→−∞

max
s∈[−τ,0]

ϕ(x, s) < x∗. (4.6)

Then for any δ > 0, there exists T > 0, ξ ∈ R and h > 0 such that

w−
0 (x,−cT + ξ, δ)(s) ≤ uT (x, ϕ)(s) ≤ w+

0 (x,−cT + ξ + h, δ)(s) (4.7)

for all s ∈ [−τ, 0] and x ∈ R.

By Lemma 2.1, system (4.1) admits the comparison principle. In order to get the global stability of
traveling waves, we need the following stronger comparison principle.

Lemma 4.4. For any pair of upper solution u(x, t) and lower solutions u(t, x) of system (4.1) on [0,∞)
with −δ∗ ≤ u(t, x), u(x, xt) ≤ 1 + δ∗. If u(s, x) ≥ u(s, x) for all s ∈ [−τ, 0], then there exists a function
θ(J, t) ∈ C([0,∞)× (0,∞),R) such that the following inequalities hold:

u(t, x)− u(t, x) ≥ θ(J, t− t0)

∫ z+1

z

(u(t0, y)− u(t0, y))dy

for all t ≥ 0 and x ∈ R.

Proof. Let ũ(t, x) = u(t, x) − u(t, x). Then Lemma 2.1 implies that ũ(t, x) ≥ 0 for all t ∈ [−τ,∞) and
x ∈ R. For any given t0 > 0, by (2.5) and definition of upper and lower solutions, we have

ũ(t, x) ≥T (t− t0)ũ(t0, ·)(x) +
∫ t

t0

T (t− r)(F (ur)(x)− F (ur))(x)dr

≥T (t− t0)ũ((t0, ·))(x) +
∫ t

t0

T (t− r)[−pũ(r, x) + f(u(r, x))− f(u(r, x))]dr

≥T (t− t0)ũ((t0, ·))(x)− L∗

∫ t

t0

T (t− r)ũ(r, x)dr,
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where L∗ = p+maxu∈[−δ∗,1+δ∗] f
′(u) > 0. Let

z(t, x) = e−L∗(t−t0)T (t− t0)ũ(t0, x), t ≥ t0.

Then z(t, x) is the solution of the following reaction-diffusion equation:

∂u(t, x)

∂t
= D

∂2u(t, x)

∂x2
− L∗u(t, x).

Thus,

z(t, x) = T (t− t0)z(t0, x)− L∗

∫ t

t0

T (t− r)z(r, x))dr, t ≥ t0.

By [15, Proposition 3], it follows that ũ(t, x) ≥ z(t, x) for all t ≥ t0 and x ∈ R. Define the function
θ(J, t) ∈ C([0,∞)× (0,∞),R) by

θ(J, t) =
1√
4Dπt

exp

(

−L∗t− (J + 1)2

4Dt

)

, J ≥ 0, t > 0.

Then we obtain

ũ(t, x) ≥e−L∗(t−t0)T (t− t0)ũ(t0, x)

≥ e−L∗(t−t0)

√

4Dπ(t− t0)

∫ ∞

−∞

exp

(

− (x− y)2

4D(t− t0)

)

ũ(t0, y)dy

≥ e−L∗(t−t0)

√

4Dπ(t− t0)

∫ z+1

z

exp

(

− (x− y)2

4D(t− t0)

)

ũ(t0, y)dy

≥θ(J, t− t0)

∫ z+1

z

ũ(t0, y)dy (4.8)

for all x ∈ R with |x− z| ≤ J and t > t0 ≥ 0. �

By the stronger comparison principle in Lemma 4.4, we have the following result, whose proof is
omitted here since it is similar to that of [18, Lemma 3.1].

Lemma 4.5. Let U(x− ct) be a monotone traveling wave solution of system (4.1). Then there exists a
positive number ǫ∗ such that if u(t, x) is a solution of (4.1) on [0,∞) with 0 ≤ u(t, x) ≤ 1 for x ∈ R

and t ∈ [0,∞), and (4.7) holds for some ξ ∈ R, h > 0, δ ∈ (0,min(δ̄, 1
σ0

)) and T > 0, then for any

t ≥ T + τ + 1, there exist ξ̂(t), δ̂(t), and ĥ(t) such that

w−
0 (x,−ct+ ξ̂(t), δ̂(t))(s) ≤ ut(x, ϕ)(s) ≤ w+

0 (x,−ct+ ξ̂(t) + ĥ(t), δ̂(t))(s) (4.9)

for all s ∈ [−τ, 0], x ∈ R, and ξ̂(t), δ̂(t), ĥ(t) satisfying

ξ̂(t) ∈[ξ − σ0δ − 2σ0(δ + ǫ∗ min(h, 1))eβ0τ , ξ + h+ σ0δ],

δ̂(t) =(δe−β0 + ǫ∗ min(h, 1))e−β0(t−(T+τ+1)),

ĥ(t) ∈[0, h+ (3eβ0τ − 4)σ0ǫ
∗ min(h, 1) + 3eβ0τσ0δ]. (4.10)

By using Lemmas 4.3 and 4.5, the squeezing technique, which was introduced in [1], and the arguments
similar to those in [18, Theorems 3.3–3.4], we can prove the following result on the global stability and
uniqueness of bistable waves for system (4.1).
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Theorem 4.6. Let U(x − ct) be a monotone traveling wave solution of system (4.1). Then U(x − ct)
is globally asymptotically stable with phase shift in the sense that there exists k > 0 such that for any
ψ ∈ [0, 1]C satisfying (4.5) and (4.6), the solution u(t, x, ψ) of (4.1) satisfies

|u(t, x, ψ)− U(x− ct+ ξ)| ≤ Ke−kt, ∀x ∈ R, t ≥ 0

for some K = K(ψ) > 0 and ξ = ξ(ψ) ∈ R. Moreover, U(x − ct) is unique up to a translation in the
sense that for any traveling wave solution Ū(x − c̄t) with 0 ≤ Ū(ξ) ≤ 1, ξ ∈ R, we have c̄ = c and
Ū(·) = U(ξ0 + ·) for some ξ0 ∈ R.
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