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Abstract. New conservation laws bifurcating from the classical form of conservation laws are
constructed to the nonlinear Boussinesq model describing internal Kelvin waves propagating
in a cylindrical wave field of an uniformly stratified water affected by the earth’s rotation.
The obtained conservation laws are different from the well known energy conservation law for
internal waves and they are associated with symmetries of the Boussinesq model. Particularly,
it is shown that application of Lie group analysis provide three infinite sets of nontrivial integral
conservation laws depending on two arbitrary functions, namely a(t, 6), b(t,r) and an arbitrary
function c(¢, 0, r) which is given implicitly as a nontrivial solution of a partial differential equation
involving a(t, ) and b(t, ).
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1. Introduction

A conservation law refers to an equation which relates the increase or decrease of a quantity to terms
representing supply or destruction. In a continuous medium, the typical form of a conservation law is as
follows:

OP
in which P is the quantity being ”conserved”, @ is the "flux” (i.e. a transport of P within the medium)
and S represents source (S > 0) or sink (S < 0) terms. Application of the divergence theorem allows to

write the conservation law (1.1) in an integral form as

%/PdV:—/deS—i—/SdV. (1.2)
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Invariably, conservation laws contain more terms than equations.

The emphasis in this paper will be on an application of Lie group analysis to derivation of conservation
laws for the mathematical model describing nonlinear Kelvin waves in a cylindrical basin. Particulalrly,
the classical energy conservation law for internal waves is a particular case of the form (1.1) or (1.2). In
this work we will derive new conservation laws that ”bifurcate” from the latter forms. The Kelvin wave is a
large-scale wave motion of great practical importance in the Earth’s atmosphere and ocean. The existence
of the Kelvin wave relies on (i) a gravity and stable stratification for sustaining a gravitational oscillation,
(ii) significant Coriolis acceleration, and (iii) the presence of vertical boundaries or the equator. Oceanic
Kelvin waves play a critical role in tidal motion, in the adjustment of the tropical ocean to wind stress
forcing, and in generating and sustaining the El Nifio Southern Oscillaiton (e.g. the El Nifio thermocline
signal in the ocean propagates up to the west coast of North America as a Kelvin wave). There are two
basic types of Kelvin waves: surface and internal Kelvin waves.

Internal costal Kelvin waves can be generated by wind-induced, time-dependent costal upwelling.
Costal upwelling (downelling) is cased by an Ekman mass flux transported offshore (onshore) and forced
by longshore winds. The disturbances can then propagate along the coast as boundary-trapped internal
Kelvin waves (see also [14]). The internal Kelvin wave speed depends on the density difference across
the interface and is normally much slower than that of surface Kelvin waves. In the ocean, the typical
speed for internal costal Kelvin waves is of order of 1m s~! and the Rossby radius of deformation is of
the order of 10 km in the latitudes.

In this paper, we address the equations of motion for internal waves affected by the earth’s rotation.The
inquiry is motivated by dynamically significant Coriolis forces in meteorology and oceanographic appli-
cations such as nonlinear climate variability models, the general atmospheric circulation model, weather
prediction (see e.g., [3]; [18]) as well as a variety of applications to large-scale nonlinear dispersant oper-
ations e.g. Deepwater Horizon incident studied recently in [10].

The axes are = (assumed eastward for definiteness) y (northward) and k is the unit vector with z in
the vertical direction (opposite gravity). The fluid velocity is @ = (u,v,w) relative to the Cartesian
coordinate system (x,y, z) . The hydrostatic approximation is assumed and the equations of motion are
linearized about a background stable density profile p (z) with the associated buoyancy frequency. Motion
is considered to be outside frictional boundary layers, allowing viscosity and diffusion to be neglected. In
the theory of ocean circulation and within meteorological applications, it is commonplace to make the
Boussinesq approximation in which the full variation of density is retained only in the buoyancy force in
the vertical momentum balance. Wherever else it occurs, in the horizontal momentum balance, and in
the continuity equation, density is replaced by a constant (in the simplest implementation). In particular,
this means that the three-dimensional velocity field is assumed to be solenoidal (see e.g. [20]). Within the
Boussinesq approximation, the governing equations of motion for internal waves, observed in a system
of coordinates rotating with angular velocity ﬁ are written as a non-hydrostatic analytical model in the
form (see e.g., [8])

od

Po E+7'V7+26X7 z—Vp—ng, (1.3)
9p dp _

V.U =0, (1.5)

where ¢ is the acceleration due to gravity so that p and p are to be interpreted as the pressure and density
departures from their mean state

z

P = 2N B(E) == gz g / 7(6) de, (1.6)
0
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in which pg is the constant reference density, N is the buoyancy frequency defined by

dp
N=_Y9%° 1.
po dz (L.7)

and we require pg + p and D to be consistent with the state of rest, i.e.,

% =—(ro+n)g. (1.8)

The traditional f—plane approximation is made whereby we take 26 = (0,0, f), where f is the inertial
frequency which depends on the rotation rate of the earth (angular velocity 2 = 27 rad/day ~ 0.73x 10~%
s71). We derive the conservation laws for the nonlinear (1.3) - (1.5) in a cylindrical wave field including
the effects of the earth’s rotation and under the Kelvin’s hypothesis saying that the component of the
velocity that is normal to the lateral circular boundary be zero throughout the domain.

One can associate conservation laws with symmetries on any system of differential equations provided
that the system under consideration is nonlinearly self-adjoint in the terminology of [11]. The system
in question can be determined (the number of the equations in the system is equal to the number of
dependent variables), over-determined (the number of the equations in the system is more than the
number of dependent variables) or sub-definite (the number of the equations in the system is less than
the number of dependent variables).

2. Nonlinear cylindrical internal wave field

Let there be a cylindrical model basin with radius ¢ and of the depth H with z € [0, H] . For completeness,
we write explicitly the three-dimensional nonlinear Euler equations of motion (1.3) - (1.5) in the cylindrical
domain within the Boussinesq approximation:

ou, ou, ug Ou, ou, ug _ Op

IR e, e e A (1)
Oug Oug  ug Ouy Oug  Upug 1 op
e e T oy e g (2:2)

ow ow ug ow ow dp

E+UT5+T%+@U&:_$_/)97 (23)
ap dp  ugdp N?

EJ’_UTE—’_T% = 9 w, (2'4)

10(w) | 10w dw_ 25

r Or r 00 0z

As the particular example, we first write the classical energy conservation law associated with the
linearized Boussinesq model (2.1) - (2.5), i.e.

ou, op

ey = -2, (26)

%‘f’f“r = —%%7 (2.7)

%} = —% — pg; (2.8)

% - ]Zzw —0, (2.9)

10(rur)  10ug  Ow _ (2.10)

r  Or r 00 0z
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Multiplication of (2.6) by u,, (2.7) by ug and (2.8) by w, and summing the result yileds the term

o1, 4 2 2

== div (pl), 2.11
ot |3 (ur +us + )| +pgwt div (pi0) (2.11)
in which (2.10) has been used, the notation div(,,.) means the divergence in cylindrical coordinates
and W = (ru,,ug, w). The first two term in (2.11) are associated with the rates of change of kinetic
and potential energy respectively whereas the last term represents the net work done by pressure forces.
Using (2.9), we can rewrite the rate of change of the potential energy as

2
9° 0 5
= = 2.12
PIW = 55 5P (2.12)
and so the energy conservation law is written as

o1/ 4 5 g2p? 10 10 0
— |= —— (ru, -— — =0. 2.13
g |5 (2 v w?+ )| L )+ 3 ) + 5 () (2.13)

As he recounted in this presentation to the Royal Society of Edinburgh in 1879, Lord Kelvin thought
that the vanishing of the velocity component normal to the wall suggested the possibility that it be zero
everywhere. Following this hypothesis, we allow the component of the velocity that is normal to the
lateral circular boundary be zero, i.e. we let, in anticipation,

U =0 (2.14)

throughout the domain and investigate the consequences.

As the next particular example, we investigate the effect of the Kelvin’s hypothesis (2.14) on the
classical energy conservation law (2.13) associated with the linearized Boussinesq model (2.6) - (2.10).
Setting u,, = 0 in (2.6) - (2.10) and repeating the above procedure we recover the corresponding energy
conservation law (2.13) under the Kelvin’s hypothesis:

0T (22 O] 10 1 p _
5[5 (w3402 + 250 ) |+ 2 wom) + - ) fu+ 2 =0, (2.15)
in which 5
P _
—fup + or 0
due to (2.6).

While the most of the previous studies of Kelvin waves are based on linear modeling, the problem
which forms the main focus of interest here is to obtain the conservation laws of the nonlinear Boussinesq
model (2.1) - (2.5) within Kelvin’s hypothesis (2.14):

o 8u9 Ug 8u9 6‘u€ 1 @ -

b=t T Trag (2.16)
FQE%+%%+W%+%+;@:0, (2.17)
FgE%—u?g—fw:O, (2.18)
F4gf+qf’gzj\;wo, (2.19)
Fsz%%+g—f:0. (2.20)
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Our model is idealized by assuming N to be uniform over the extent of the fluid. This corresponds
to a vertically linear density variation. While this simplification is commonly used in laboratory and
theoretical studies and it is quite reasonable for the thermocline region, it is not common in the deep
region of the ocean with the except when considering short wavelengths in comparisons with the scale of
density changes [19]. At low frequencies, close to f, rotational effects are important. Such internal waves
are sometimes called inertial-internal waves. At high frequencies, close to N and far from f, rotational
effects are negligible.

3. Symmetries and self-adjointness

The symmetries of Egs. (2.16) - (2.20) contain two arbitrary functions, ¢(z), (t), and are spanned by
the following operators:

0 0 0 0 0 0
Xi=—, Xo=—, Xz=—. X, = — — ()=, Xy= —
1 8t 9 2 89 ) 3 32 9 %2} ggO(Z) 8;0 ® (Z) ap ’ P w(t)ap
0 0 0 0 0
Xa=rg 42, T g TV, ”pa 5, (8:1)
0 0 0
X5 =2 2 dr— 4+ 2fr—— + f2ri—.
g (Ft+ 9)80 T8r+ fTaue+fT dp

There are no group extensions in the case of the homogeneous fluid (N =0) and in the fol-
lowing physically irrelevant case for the ocean f = N. For example, in the mid/high lati-
tude upper non-homogeneous ocean N is typically one or two orders of magnitude larger than f
(N varies from 1073 to 1072 s=! while f ~ 107* s7!) . In agreement with [4] and [2], the presence of
the arbitrary functions ¢(z), (t) in the symmetry Lie algebra (3.1) is a characteristic property of
incompressible fluids. For example,the operator X, generates the group transformation p = p + e, (t)
of the pressure p, where €y, is the group parameter associated with the latter particular symmetry. The
invariance of fluid flows under this transformation is quite obvious because the velocity vector (ug, w) is
invariant under this transformation.

In terms of group theoretical modeling, the dynamics of the system in the question can often be
described by means of the formal Lagrangian and the adjoint equation. We will first show that the
system of equations (2.16)-(2.16) is nonlinearly self-adjoint in the terminology of [11], [12]. To this end,
we prove the following

Proposition. The over-determined system of equations (2.16)-(2.20) is nonlinearly self-adjoint.

Proof. The formal Lagrangian £ for the system (2.16) - (2.20) is

1
L= U(8“9+u"au0+wau9>+8p+V(8w+“96w+ 8w+8+pg)

ot r 06 0 00 ot ol 0 0

op  ul dp  ugdp N2 1 6ua ow
p(Z¥L_ % e R A 2
+ (87" r Jug )+ 1 ot " a0 g +Q o0 "oz ) (3:2)

where U, V, P, R and @) are new dependent variables.
The adjoint system to Eqgs. (2.16) - (2.20) is written
oL oL oL oL

Ffr=—=0, Fj=—-= Fi=-—"= Ff=—=

1 6”9 9 2 (S’I,U 07 3 5p 07 4 6p 0 (3 3)
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Using the formal Lagrangian (3.2) we obtain:
0L  0U  wp OU ou ow V Oow ROIp 2ug 10Q

sug ot r o0 Vo Ve tr e a0 - " 90

% o oV U oV 14 6U9 oV 8@ 8UQ N2

o= ot ron T Var o Vs g (34

5L 9P 19U 9V 6L OR wydR R duy

o or ror o s o ra0 v 9
According to [11] the system (2.16) - (2.20) is nonlinearly self-adjoint if there exists a substitution
U=¢p', V=¢? P=¢? R=¢' Q=¢°, (3.5)
where @', ..., ¢° are functions of ¢, 6, r, z,u, w, p, p not vanishing simultaneously, such that the following

equations are satisfied (Egs. (3.5) from [11]):

Fa

(3.5) :/\EFBv a=1,...

A (3.6)

Here Fz (8 = 1,...,5) and F} (o = 1,...,4) are given by the equations (2.16) - (2.20) and (3.4),
respectively, /\g are undetermined coefficients, the symbol |3 5) indicates that the non-physical variables

U,...,Q and their derivatives are eliminated by means of the substitution (3.5). The derivatives are
computed in a usual way, e.g.

‘lU_D(l):%l 9p! Qug | Op' Ow D¢l Ip | Dl Op
ot )= 00 T hu ot T ow ot T ap ot T ap ot

ou dpt Ol Ou At dw Ot 0 dpt 0
W py (o) = 22, 02 w0 D01 Dw D01 Op | D' O (3.7)
00 00  Oug 00 ow 00 dp 96  Op 00
ou Ot 0ol dug 0o Ow  Op' dp O dp
— =D, (=" 24— 7 LoD
0z (SD) 8z+8u96z+8w82+8p82+8p82
R L L I L VO L L
a0~ "\ =50 T au, 96 " ow 96 " op 90 9p 00
where
ol =¢'(t,0,r,2,u9,w,p,p) and ¢° = Q(t,0.7,2,up,w,p, p).
The coefficients /\é and the functions ¢!, ..., ¢° are found by solving four equations (3.6) corresponding
to a=1,...,4. The first equation corresponding to o« = 1 is written
Ff = M F1 + M F + AFy + M1 Fy + A\ Fs. (3.8)

We substitute in F}* given by the first equation (3.4) the expressions (3.7) for Uy,...,Qp, equate the
coefficients for

Ouyg ow op ap
in both sides of Eq. (3.8) and obtain:

Ot Ot Ot
)\1:—7 )\2:—7 1 :0 )\4:_7- 39
1 aUQ ) 1 Ow ’ <)0p ) 1 ap ( )
Likewise, considering the ¢ coefficients for
w o o
or’ 9z’ 0z
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we obtain: ol
¥
N =0, MN=0, o =0 (3.10)
Summarizing the equations (3.9) and (3.10) we see that
ot = (L, 0,7, 2,up) (3.11)
and that ol
Al = _3%9’ A2 =3 =\ =0 (3.12)
In view of (3.12) Eq. (3.8) becomes
At
Ff = —Z—F + A\}F5. 1
1 o, 1t ATF5 (3.13)

We continue the similar calculations with Eq. (3.13) and with the remaining three equations (3.6)
corresponding to o = 2,3,4. After lengthy but regular calculations we conclude that the substitution
(3.5) satisfying Egs. (3.6) has the following form:

U=a(t,0)r+btr), V=0,

dal(t, )
T "

Q= [a(ta 0)7" + b(ta T)] up + C(ta 0, T)v

P =

R=0, (3.14)

where a(t,0), b(t,r) are arbitrary functions, and ¢(¢,6,r) is determined by the differential equation

1 0c Oaf(t,0) da(t,0)  Ob(t,r)

Substituting (3.14) in (3.4) one can verify that the nonlinear self-adjointness conditions (3.6) of Egs.
(2.16) - (2.20) are satisfied in the following form:

Ff = —[a(t,0)r + b(t,r)| Fs, Ff=0, Fi=0, F;=0.

Thus the system (2.16) - (2.20) is nonlinearly self-adjoint. [J

4. Nonlinear conservation laws

Conserved vectors associated with symmetries

0 0

oz’ o ou™

of any nonlinearly self-adjoint system of differential equations

X=¢

F5 (Jc,u,u(l),...,u(s)) =0, a=1,...,m,

is given by the following formula (see [11]), Eq. (8.23)):

R T .V (e
. lac oL N
"rDj(W ) [au%—Dk <8u%k>+ +D]Dk(W )[au%k— 1
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Here £ = v Fj is the formal Lagrangian for the system in question and
W =n* ¢ ug.
The “non-physical variables” v® should be eliminated from the vector (4.1) by using the substitution
v =% (z,u), a=1,...,m,

connecting the adjoint system with the system under consideration ([11]), Section 8.2).
We will apply the formula (4.1) to our system (2.16) - (2.20) by using the notation

- bl

sl =t, 22=0, %= 4

'

wl=u, uv=w, v=p, ut=p. (4.2)

According to the notation (4.2), the conservation laws will be written in the form

[De(C) + Do(C?) + Dr(C?) + D2(CH)] 5 16)_ (2.20) = 0 (4.3)
where Dy, ..., D, denote the total differentiations in t,..., z.
In the case of the first-order formal Lagrangian (3.2) the formula (4.1) is written
; oL
ct=we . 4.4

Substituting in (4.4) the expression (3.2) of the formal Lagrangian by taking into account the notation
(4.2) and the equation V' = R = 0 due to Egs. (3.14) we obtain:

Lo

Cl=W_— =UW",

ous

1 1

cr=we Ma = - (U + QW'+ - UW?3,

oug r r
c3=we oL = PW3,

ou®
ot = e ;ﬁ — WUW' + QW2.

We replace here U, P and @ with their values given in (3.14) and arrive at the following final formula for
calculating the conserved vectors:
Cct = (ar + )W,

1 1
Cc? = - [2(ar + b)ug + W + - (ar + b)W?,

da (t,0)
00
C* = (ar + b)wW' + [(ar + b)ug + W2

C?=—r w?, (4.5)

4.1. Time translation: Energy

We first compute the conserved vector provided by the time translation symmetry X; from (3.1). In this

case we have
1 _aug 2 ow Wg__ap_

ot ot ot
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Substituting these expressions into the conserved vectors C* given by (4.5), eliminating the derivative
Oup/0t in C! via (2.16), using Eqgs. (3.14) and removing the terms Dy(---) and D,(---) from C* to C?
and C*, we write to the final form of the the conserved vector:

Oa(t,0)

1_ ) 2

cl = 50 (ug +p);

o L[(, 0a(t,0) Ob(t1)\ , Oug

= \UTa e )R et b o

) da(t,0) Op

e o

Oda(t,8)  Ob(t,r) ow
4 _ 2 _ -
c*= (r 5t + 5t wuy — c(t, 0,r) 5

One can check by direct differentiation that the conservation law (4.3) is satisfied for the vector (4.6)
in the following form:

Di(C") + Dg(C?) + Dy(C?) + D.(CY)

[ Oa(t,0) Ob(t,r) Our  up Oug dug  190p
—<7” o0 T o o0 o0 Yo Troe

da(t,0) (dp u} 0 10ug = Ow
T (ar‘r‘fue T\ ) \Fae ez )
The integral form of the conservation law with the vector (4.6) gives the following energy conservation
for the system (2.16)-(2.20):

(4.7)

d [ Oa(t,0)

2

4.2. Rotation: Angular momentum

For the horizontal rotation, i.e. to the #-translation symmetry X5 from (3.1) we have

Oug ow op
wh=-22_ Ww2=-_-"_ W3=_-=.
a0’ a0’ 00
Substituting these expressions in the formula (4.5) and making simplifications as above by removing the
term of the form D, (---) from C? to C*, we arrive at the following conserved vector:

da(t,0)
1 )
O =rue—gp—
5 cOug [ Oa(t,0) Obtr)
= <T o T )"
. da(t,0) Op
3 _ v) op
C°=r 50 90’ (4.9)
da(t, ) ow
4 ’ "
C* = rupw 50 c 20
The vector (4.9) satisfies the conservation law (4.3) in the following form:
Dy(C") + Dy(C?) + D,(C%) + D=(CY)
~ 0Oa(t,0) (Oup  ug Oug dug 10p
BT <8t+r 06 "o T a6 (4.10)

da(t,0) 0 (dp u} da(t, 0) 0 10up Ow
"0 ae(arrf“e T ) v ae Tz )
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Writing the integral form of the conservation law with the vector (4.9), we obtain the following law of
conservation of the angular momentum for the system (2.16)-(2.20):

d Oa(t,0) B
o /R3 50 "uo dfdrdz = 0. (4.11)

4.3. Conserved vector associated with scaling transformation

For the scaling transformation generator X4 from (3.1) we have

8UQ 8u9
W =y — o240 OU0
T T T
ow ow
W2 = — 2% _ 0w
—wer or N or’
dp dp
”73 — _ L2
=2 Tar Zar

Substituting these expressions in the formula (4.5) and making simplifications as above we arrive at the
following conserved vector:

cl = (dar + 3b+ b, ) ug,
9 1 9 2c
C* = . (4dar + 3b+rb.)(ug + p) + . + ¢ ) up,
da(t,0) Oug
3_ _ )
C® = —drp 50 C5g (4.12)
4 ow
C* = (dar +3b+rb,) upw + ¢ w=ro-)
r
The vector (4.12) satisfies the conservation law (4.3) in the following form:
- 2 1o} 8ue ow
1 2 3 a“n_.(2_9
Dy(CY) + Dy(C?) + Dy (C%) + Do (C) = ¢ (T m) ( 89 +7’az>
aUQ up 87.L9 8u9 1 8p 1 8ue aw
+<4‘“"+3b+’”br>[aﬁrae“”azﬂae*“e r o0 oz )| (4.13)
The corresponding integral conservation law for the system (2.16)-(2.20) is written:
t
4 4a(t,0)r + 3b(t,r) +r 9b(t,r) ug dfdrdz = 0. (4.14)
dt R3 or

5. Conclusion

We have derived the nonlinear conservation laws corresponding to the three-dimensional Boussinesq model
describing internal gravity wave p[ropagation in a cylinrical bassin obeying the Kelvin’s hypothesis on
the zero radial component of the velocity vector throughout the domain. We have shown that the
symmetries (3.1) provide three infinite sets of nontrivial integral conservation laws, (4.8), (4.11) and
(4.14), depending on three arbitrary functions, namely a(t, ), b(t,r) and an arbitrary function involved
in c(t,0,r). Particularly, we observe that the component C! in the energy conservation law involves only
the rotational part of the velocity vector.
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We single out physically useless conservation laws by the following definition ([13]): The conservation
law is said to be trivial if its density C! evaluated on the solutions of the equations in question is the
divergence,

C' =D, (h') + Dy (h?) + ... (5.1)

The conserved vector (4.5) associated with the z-translation symmetry X3 vanishes on the solution
manifold of the system (2.16) - (2.20). Hence, according to the above definition (5.1), it is a trivial
conserved vector. Moreover, the symmetries X, and X, also provide trivial conserved vectors whereas
the symmetry X5 from (3.1) gives a conserved vector with the vanishing density C*.

Similar derivation of conservation laws were also obtained in our earlier work in Ref. [13], where we have
investigated two-dimensional model for internal gravity waves under the Boussinesq approximaiton in the
Cartesian coordinaes. The analysis in [13] were found in a good agreement with the previous work in [5]
in which the classical and nonlinear stability of baroclinic jets was compared to symmetric disturbances
for nonhydrostatic, adiabatic, Boussinesq equations. Within the context of the Fjortoft’s theorem on
an energy-Casimir (or pseudoenergy) stability analysis studied in Fjortoft, [7], the conservation law
(4.11) can be associated with a Hamiltonian, which differs from the energy by a Casimir invariants
which constitute "hidden” conservation laws of the Eulerian representation of fluid flows. The analysis
presented in this paper extends our previous work in Ref. [13] to a three-dimensional case which also
involves non-Cartesian wave field. For example we note that the energy (4.8) is a ”physical” energy if
a = 1. Note that the recent paper [1] has been also devoted to obtaining ”physical” conservation laws for
a Boussinesq-type system. We also remark that the assumption that N is constant has no any bearing
on the origination of the waves modeled here (see also [16]).
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