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Abstract. This work is devoted to analyze a numerical scheme for the approximation of the
linear heat equation’s controls. It is known that, due to the regularizing effect, the efficient
computation of the null controls for parabolic type equations is a difficult problem. A possible
cure for the bad numerical behavior of the approximating controls consists of adding a singular
perturbation depending on a small parameter ε which transforms the heat equation into a
wave equation. A space discretization of step h leads us to a system of ordinary differential
equations. The aim of this paper is to show that there exists a sequence of exact controls of the
corresponding perturbed semi-discrete systems which converges to a control of the original heat
equation when both h (the mesh size) and ε (the perturbation parameter) tend to zero.
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1. Introduction

Let Ω be a bounded open smooth set from R
n and Γ0 be a nonempty open part of its boundary. The

following boundary null-controllability property for the linear heat equation is know to hold:given any
T > 0 and u0 ∈ L2(Ω) there exists a control v ∈ L2((0, T )×Γ0) such that the solution of the heat equation





u′(t, x)−∆u(t, x) = 0 (t, x) ∈ (0, T )×Ω
u(t, x) = 0 (t, x) ∈ (0, T )× (∂Ω \ Γ0)
u(t, x) = v(t) (t, x) ∈ (0, T )× Γ0

u(0, x) = u0(x) x ∈ Ω,

(1.1)

satisfies

u(T, x) = 0 (x ∈ Ω). (1.2)

In the one dimensional case, the controllability problem (1.1)−(1.2) is known to be solvable since the
seventies: we refer to the early contributions [5,6] for proofs based on spectral methods. For more recent
and general results, based on duality arguments and Carlemman type estimates, we refer to [7, 13]. In
these articles, the controllability property is reduced to a suitable observability inequality for the adjoint
system. Moreover, in the spirit of the celebrated Hilbert Uniqueness Method (HUM) introduced by J.-L.
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Lions [14], a duality method leads to a practical way of obtaining controls of minimal L2−norm. Indeed,
these controls are given by a solution of the homogeneous adjoint equation which minimizes a suitable
quadratic cost functional. Since we shall use this approach in our numerical computations, let us briefly
describe it. Given T > 0 and ϕ0 ∈ L2(Ω) we consider the backward heat equation





−ϕ′ −∆ϕ(t, x) = 0 (t, x) ∈ (0, T )×Ω
ϕ(t, x) = 0 (t, x) ∈ (0, T )× (∂Ω \ Γ0)
ϕ(t, x) = 0 (t, x) ∈ (0, T )× Γ0

ϕ(T, x) = ϕ0(x) x ∈ Ω.

(1.3)

In view of the regularizing properties of the heat equation, the map

ϕ0 −→
∫ T

0

∫

Γ0

∣∣∣∣
∂ϕ

∂ν

∣∣∣∣
2

(t, x)dxdt, (1.4)

which is well defined and continuous in some Sobolev space (for instance H1
0 (Ω)), by unique continuation,

is a norm in L2(Ω) (see, for instance, [19] and the references therein). We define the Hilbert space H as
the completion of L2(Ω) with respect to norm (1.4). Now, we introduce the functional J : H → R given
by

J (ϕ0) =
1

2

∫ T

0

∫

Γ0

∣∣∣∣
∂ϕ

∂ν

∣∣∣∣
2

(t, x)dxdt−
∫

Ω

y0(x)ϕ(0, x)dx,

where ϕ is the solution of (1.3) with initial data ϕ0.

For all y0 ∈ L2(Ω), J is coercive in H and has a unique minimizer ϕ̂0 ∈ H. Moreover, the solution ϕ̂
of (1.3) with initial data ϕ̂0 gives the control v = ∂ϕ̂

∂ν

∣∣
Γ0

of minimal L2((0, T )× Γ0)−norm of (1.1) (see,

for instance [19]). Hence, a control for (1.1) is obtained by minimizing the functional J . Since there
exist several efficient numerical methods for minimization processes, the duality method described above
became a serious candidate to provide the numerical approximation of the controls for (1.1).

A first intent to use these ideas may be found in the seminal article of Carthel-Glowinski-Lions [4].
This paper studies the numerical implementation of the Hilbert Uniqueness Method for solving exact and
approximate boundary controllability problems for the heat equation by reducing them to a minimization
problem similar to the one described above. However, the numerical experiments have shown that the
efficient computing of the null controls for the heat equation is a difficult problem. The very weak
coercivity of the functionals under consideration and the low regularity of the minimizers make the
approximation problem exponentially ill-posed and the functional framework far from being well adapted
to standard techniques in numerical analysis (see [20, 21, 23] for analyzes of these problems). For these
reasons, how to construct robust numerical approximations of exact null controls for parabolic systems
remains a challenging problem.

Since then, many alternative methods have been proposed and analyzed. For instance, in [3] the
controls of the heat equation are found by minimizing a cost functional with weights that blows up near
the control time T . The weights reinforce the controllability requirement and regularize the behavior of
the control near t = T . In [22] a least squares type method is analyzed. Instead of working with solutions
of the underlying state equation, and looking for one that may comply with the final desired state, they
consider a suitable class of functions complying with required initial, boundary, and final conditions, and
seek one of those that is a solution of the state equation. Finally, in [23] a numerical version of the
so−called transmutation method is developed. This approach allows writing the control of a heat process
in terms of the corresponding control of the associated wave process, by means of a “time convolution”
with a one−dimensional controlled fundamental heat solution. In spite of this interesting studies, there
are still relatively few results of convergence in the literature. We mention here the recent paper [2] in
which special Carlemman estimates are used to obtain uniform observability inequalities for semi-discrete
semi-linear parabolic equations.
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Regularization can also be performed by modifying the heat equation with the aim to restore the
stability of the corresponding backward system. This approach is considered in detail in [12] in the
framework of optimal control theory by introducing the so-called quasi-reversibility methods and in
[15, 16] in the context of controllability. In this way, instead of (1.1), the null controllability of the
following damped, singularly perturbed, wave equation is considered:





εu′′(t, x) + u′(t, x)−∆u(t, x) = 0 (t, x) ∈ (0, T )×Ω
u(t, x) = 0 (t, x) ∈ (0, T )× (∂Ω \ Γ0)
u(t, x) = vε(t) (t, x) ∈ (0, T )× Γ0

u(0, x) = u0(x), u′(0, x) = 0 x ∈ Ω,

(1.5)

In (1.5), ε is a small parameter devoted to tend to zero. It can be shown that, given any T > 0, (1.5)
is uniformly (with respect to ε) controllable in time T : the control of minimal L2−norm corresponding
to (1.5) converges, as ε goes to zero, to the minimal L2−norm control of (2.1). We refer the interested
reader to [18] in which the interior control case is studied.

The aim of this paper is to show that the same property holds for the semi-discrete version of (1.5), at
least in the one dimensional case. More precisely, we discretize in space (1.5) and we show that, for any
T > 0 and any discrete initial data, there exists a sequence of exact controls of the system which converges
to a control of (1.1), when the mesh size h and the perturbation parameter ε go simultaneously to zero.
To show this we use a technique which is different from the one in [18] and it is close to the spectral
approach from [5, 6]. Firstly, we reduce the controllability problem to a moment problem. Nextly, we
solve this problem by constructing a biorthogonal sequence to the family of complex exponential functions(
eλjt

)
j
, where λj are the eigenvalues of the matriceal operator corresponding to the discrete version of

(1.5). By a careful estimate of the biorthogonal sequence we are able to show the existence of a sequence
of uniformly bounded discrete controls and to deduce the desired convergence result. The perturbation
parameter ε will depend on h, the mesh size. We shall provide explicit bounds for the smallness of the
parameter ε with respect to h which ensure this convergence. A second step, and a very interesting
one, in the analysis of (1.5) would be to study the regularity of the minimizers obtained by applying to
(1.5) the duality method explained before. Even in the one dimensional case, this study is much more
complicated than the one in [21]. Indeed, the complex nature of the spectrum of the differential operator
corresponding to (1.5) introduces new difficulties in the study of the associated Gramm matrix. This
problem remains open.

Let us finally remark that this singular perturbation method has been used before in the context of
ill-posed parabolic problems. Indeed, in [26] a similar idea is used to approximate numerically an ill-posed
inverse heat problem. There the author first introduces a regularizing second time derivative term and
then reverses the space and time variables. This leads to a well-posed hyperbolic problem whose solution
is close to the desired one.

The rest of the paper is organized as follows. In Section 2 we present the continuous one-dimensional
boundary control problem for the heat equation and we transform it into a moment problem. Section
3 is devoted to study some of the controllability and spectral properties of the semi-discrete system
corresponding to the perturbed equation. In Section 4 we introduce the discrete moment problem and in
Section 5 we construct a uniformly bounded biorthogonal sequence to a particular family of exponential
functions. Finally, Section 6 is devoted to show the convergence properties of the discrete controls and
Section 7 to show several numerical computations.

2. Null-controllability of the continuous heat equation

In this section we recall some well-known properties concerning the boundary null-controllability problem
for the continuous 1−D linear heat equation and we characterize the control by using the moment theory.
More precisely, given any T > 0 and u0 ∈ L2(0, 1) we look for a control v ∈ L2(0, T ) such that the
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solution of the heat equation





u′(t, x)− uxx(t, x) = 0 (t, x) ∈ (0, T )× (0, 1)
u(t, 0) = 0 t ∈ (0, T )
u(t, 1) = v(t) t ∈ (0, T )
u(0, x) = u0(x) x ∈ (0, 1),

(2.1)

satisfies

u(T, x) = 0 (x ∈ (0, 1)). (2.2)

If for any u0 ∈ L2(0, 1) there exists a control v ∈ L2(0, T ) for (2.1)−(2.2), we say that the problem
(2.1) is null-controllable in time T .

In order to provide a control v for (2.1)−(2.2) we deduce an equivalent moment problem whose solution

is given in terms of an explicit biorthogonal sequence to the family of exponential functions (en
2π2t)n∈N∗ .

We recall that, given I ⊂ Z
∗, (θm)m∈I ⊂ L2 (a, b) is a biorthogonal sequence to the family of exponential

functions
(
eλnt

)
n∈I in L2 (a, b) if and only if

∫ b

a

θm(t)eλntdt = δmn (n,m ∈ I). (2.3)

The moments method was used by Fattorini and Russell in the pioneering articles [5, 6] to solve one
dimensional control problems for parabolic type equations even more general than (2.1). Since then, this
method has been widely used to solve a large variety of linear control problem. We refer to [1,11,25] for
a detailed discussion of the subject.

It follows easily that (2.1) is null-controllable in time T if, and only if, for every initial datum u0 ∈
L2(0, 1) with the Fourier expansion

u0(x) =
∑

n≥1

an
√
2 sin(πnx), (2.4)

there exists a solution v ∈ L2(0, T ) of the following moment problem:

(−1)n
∫ T

0

v(t)en
2π2tdt =

1√
2 nπ

an (n ∈ N
∗). (2.5)

To fully understand the method that we use in this paper, let us briefly describe the steps needed to
obtain a solution for (2.5). Firstly, we construct a biorthogonal sequence (ζm)m∈N∗ in L2(0, T ) to the

family (en
2π2t)n∈N∗ which verifies the following estimate

‖ζm‖L2(0,T ) ≤ Meω̃m (m ∈ N
∗), (2.6)

where M and ω̃ are two positive constants. The existence of such sequence (ζm)m∈N∗ is a consequence of
Müntz’s Theorem (see [5, 6, 19] for full details). Once we have the biorthogonal sequence (ζm)m∈N∗ , an
explicit solution of (2.5) is given through the formula

v(t) =
∑

m≥1

(−1)m
am√
2mπ

e−m2π2T ζm(t) (t ∈ (0, T )). (2.7)

Note that the absolute convergence in L2(0, T ) of the right hand side of (2.7) is ensured by estimate
(2.6) and the fact that u0 ∈ L2(0, 1). Consequently, this method allows us to prove that, for any time
T > 0 and initial data (2.4), the moment problem (2.5) has at least a solution and the null-controllability
property of (2.1) holds.
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3. The discrete problem

In this section we study the controllability properties of a semi-discrete version of (2.1) by using the
method described above. Let us consider N ∈ N

∗, a step h = 1
N+1 and an equidistant mesh of the

interval (0, 1), 0 = x0 < x1 < . . . < xN < xN+1 = 1 with xj = jh, 0 ≤ j ≤ N + 1. The classical central
finite-difference approximation of the space derivates leads to the following semi-discretization of (2.1)





u′
j(t)−

uj+1(t)+uj−1(t)−2uj(t)
h2 = 0 1 ≤ j ≤ N, t ∈ (0, T )

u0(t) = 0 t ∈ (0, T )
uN+1(t) = vh(t) t ∈ (0, T )
uj(0) = u0

j 1 ≤ j ≤ N.

(3.1)

System (3.1) consists of N linear equation with N unknowns u1, u2, . . . , uN . In other words, uj(t)
approximates u(t, xj), the solution of (2.1), if (u0

j )0≤j≤N+1 is an approximation of the initial datum in
(2.1). In fact, we shall choose

u0
j = u0(jh) (0 ≤ j ≤ N + 1). (3.2)

It is not difficult to see that equation (3.1) has the following controllability property: given T > 0 and
(u0

j )1≤j≤N ∈ C
N , there exists a control vh ∈ L2(0, T ) such that the corresponding solution (uj)1≤j≤N of

(3.1) verifies
uj(T ) = 0 (1 ≤ j ≤ N). (3.3)

The controllability problem for (3.1) was studied in [17], where the convergence of the controls (vh)h>0

to a control v of (2.1) is proved. However, as it was remarked in [23], the efficient numerical computation
of controls with the above discretization by the duality method described above is a very delicate issue.
This is mainly due to the fact that we need to solve the adjoint system of (3.1) with very irregular
initial data which do not belong to any Sobolev space of negative exponent (see [21]). In [23] several
cures are proposed. One of them will be studied in details in this paper. More precisely, we study the
null-controllability of the following discretization of (2.1), different from (3.1),





εu′′
j (t) + u′

j(t)−
uj+1(t)+uj−1(t)−2uj(t)

h2 = 0 1 ≤ j ≤ N, t ∈ (0, T )
u0(t) = 0 t ∈ (0, T )
uN+1(t) = vh(t) t ∈ (0, T )
uj(0) = u0

j 1 ≤ j ≤ N
u′
j(0) = u1

j 1 ≤ j ≤ N,

(3.4)

where the parameter ε depends of h and lim
h→0

ε(h) = 0. Hence, εu′′ represents a singular perturbation

term which eventually vanishes in the limit as h tends to zero. Note that (3.4) is no longer a first order
differential system as (3.1), but a second order one. As a consequence of this fact, a second initial data,
u1, is introduced. Its election will be made later on. Now, the null-controllability problem for (3.4) turns
to: given any T > 0, ε > 0 and any initial data (u0

j , u
1
j )1≤j≤N ∈ C

2N , there exists a control vh ∈ L2(0, T )
such that the corresponding solution (uj , u

′
j)1≤j≤N of (3.4) verifies

uj(T ) = u′
j(T ) = 0 (1 ≤ j ≤ N). (3.5)

If the null-controllability problem (3.4)−(3.5) has a solution vh ∈ L2(0, T ) for every initial data
(u0

j )1≤j≤N ∈ C
N and (u1

j )1≤j≤N ∈ C
N , we say that (3.4) is null-controllable in time T . In order to

write (3.4) in an abstract Cauchy form, we define the matrix A ∈ MN×N (R)

Ah =
1

h2




2 −1 0 0 . . . 0 0
−1 2 −1 0 . . . 0 0
0 −1 2 −1 . . . 0 0
...

...
. . .

. . .
. . .

...
...

0 0 . . . −1 2 −1 0
0 0 . . . 0 −1 2 −1
0 0 . . . 0 0 −1 2




.
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If we denote by

U0
h =




u0
1

u0
2
...

u0
N


 , U1

h =




u1
1

u1
2
...

u1
N


 , Uh(t) =




u1(t)
u2(t)
...

uN (t)


 and Fh(t) =

1
h2




0
0
...
0

vh(t)




,

then system (3.4) may be written vectorially as follows




εU ′′
h (t) + U ′

h(t) +AhUh(t) = Fh(t) t ∈ (0, T )
Uh(0) = U0

h

U ′
h(0) = U1

h .
(3.6)

In (3.6) we have taken into account that uN+1 = vh(t) and u0(t) = 0 for all t ∈ (0, T ).
Let us define in C

N the inner product

〈f, g〉 = h

N∑

k=1

fkgk, (3.7)

where the vectors f = (fk)1≤k≤N and g = (gk)1≤k≤N belong to C
N .

It is well known that (see, for instance, [10]) the eigenvalues of the self-adjoint matrix Ah are given by

µj =
4

h2
sin2

(
jπh

2

)
(1 ≤ j ≤ N), (3.8)

and the corresponding eigenvectors are

ϕj =
√
2 (sin(njhπ))1≤n≤N ∈ R

N (1 ≤ j ≤ N).

The following property holds.

Lemma 3.1. The set of vectors (ϕj)1≤j≤N forms an orthonormal basis in C
N with respect to the inner

product given by (3.7).

Proof. We notice that

〈ϕi, ϕj〉 = 2h
N∑

n=1

sin(njhπ) sin(nihπ) = h
N∑

n=0

(cos((i− j)nhπ)− cos((i+ j)nhπ)) .

Nextly, for any q ∈ Z, we have that

N∑

n=0

cos(qnhπ) =

{
N + 1 q = 0
1−(−1)q

2 q ∈ Z
∗.

It follows that 〈ϕi, ϕj〉 = δij , for any i, j ∈ N
∗ and the proof of this lemma is over. �

4. The moment problem

The aim of this section is to transform the null-controllability problem of (3.4) into a moment problem.
In order to do this we introduce the following homogeneous adjoint system





εW ′′
h (t)−W ′

h(t) +AhWh(t) = 0 t ∈ (0, T )
Wh(T ) = W 0

h

W ′
h(T ) = W 1

h ,
(4.1)

where (W 0
h ,W

1
h ) ∈ C

2N are given. We have the following result.
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Lemma 4.1. Given any T > 0, system (3.6) is null-controllable in time T if and only if, for any
(U0

h , U
1
h) ∈ C

2N , there exists vh ∈ L2(0, T ) which verifies

∫ T

0

vh(t)
Wh,N (t)

h
dt = −ε

〈
U1
h ,Wh(0)

〉
+
〈
U0
h , εW

′
h(0)−Wh(0)

〉 (
(W 0

h ,W
1
h ) ∈ C

2N
)
, (4.2)

where (Wh,W
′
h) is the solution of (4.1) with initial data (W 0

h ,W
1
h ).

Proof. If we multiply (3.6) by Wh and we integrate by parts over (0, T ), we obtain that vh ∈ L2(0, T ) is a
control which leads to zero the solution of (3.6) if and only if (4.2) takes place for any (W 0

h ,W
1
h ) ∈ C

2N .
�

Now, let us suppose that the initial data, are given by

(
W 0

h , W
1
h

)
=




N∑

j=1

b0jhϕ
j ,

N∑

j=1

b1jhϕ
j


 , (4.3)

and the solution of (4.1) is written as

Wh(t) =
N∑

j=1

bjh(t)ϕ
j . (4.4)

We have the following result.

Lemma 4.2. If the initial data (W 0
h ,W

1
h ) of (4.1) are given by (4.3), then the corresponding solution of

(4.1) is given by (4.4), where

bjh(t) =
b1jh − λ−jb

0
jh

λj − λ−j

eλj(t−T ) −
b1jh − λjb

0
jh

λj − λ−j

eλ−j(t−T ) (4.5)

and

λj =





1 + sgn(j)
√

1− 4εµ|j|
2ε

if µ|j| ≤
1

4ε

1 + i sgn(j)
√

4εµ|j| − 1

2ε
if µ|j| >

1

4ε
,

(1 ≤ |j| ≤ N). (4.6)

The values (λj)1≤|j|≤N defined by (4.6) are the eigenvalues of the operator corresponding to the adjoint
problem (4.1).

Remark 4.3. For ε ≤ h2

16 it follows that all the eigenvalues λj are given by

λj =
1 + sgn(j)

√
1− 4εµ|j|

2ε
(1 ≤ |j| ≤ N),

which are purely real values. In this case the introduced perturbation is very small and problem (4.1)
has a behavior similar to the continuous heat equation, (2.1).

On the other hand, if ε > h2

16 , we introduce the positive integer

nε = max

{
j : 1 ≤ j ≤ N, sin2

(
jπh

2

)
≤ h2

16ε

}
,

and note that the eigenvalues λj with 1 ≤ j ≤ nε are purely real and given by

λj =
1 +

√
1− 4εµj

2ε
and λ−j =

1−
√
1− 4εµj

2ε
,

71



“bugariu˙micu˙mmnp4” — 2014/5/21 — 10:38 — page 72 — #8
i

i

i

i

i

i

i

i

I. F. Bugariu, S. Micu A numerical method for the controls of the heat equation

whereas the eigenvalues λj with nε < j ≤ N are complex (with constant real part) and given by

λj =
1 + i

√
4εµj − 1

2ε
and λ−j =

1− i
√

4εµj − 1

2ε
.

Moreover, nε has the following property

1

4π
√
ε
≤ nε ≤

1

4
√
ε
. (4.7)

The spectrum of the operator corresponding to (4.1) has been schematically depicted in Figure 1 in the
case N = 999 and ε = h1.3. The real eigenvalues are represented by circles whereas the complex ones,
which have a constant real part, are represented by dots.

1000 2000 3000 4000 5000 6000 7000
−1.5

−1

−0.5

0

0.5

1

1.5
x 10

4

Ox

O
y

The eigenvalues of the ‘‘adjoint’’ problem

Figure 1. The eigenvalues of the operator corresponding to (4.1) for ε = h1.3.

Remark 4.4. The eigenvalues λj , have the following elementary properties

µj < λ−j < 2µj (1 ≤ j ≤ nε), (4.8)

|λ−j | ≤ |λj | (1 ≤ j ≤ nε), (4.9)

|λj |2 =
µ|j|
ε

(nε < |j| ≤ N), (4.10)

λjλ−j =
µ|j|
ε

and λj + λ−j =
1

ε
(j ∈ Z

∗, |j| ≤ N). (4.11)

We have now all the ingredients needed to characterize the null-controllability property of (3.6) in
terms of a moment problem.

Theorem 4.5. Let T > 0 and ε > 0. System (3.6) is null-controllable in time T if and only if, for any
initial data (U0

h , U
1
h) ∈ C

2N of form

(U0
h , U

1
h) =




N∑

j=1

a0jhϕ
j ,

N∑

j=1

a1jhϕ
j


 , (4.12)
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there exists vh ∈ L2(0, T ) such that

∫ T
2

−T
2

vh

(
t+

T

2

)
eλjtdt =

(−1)jhe−λj
T
2

√
2 sin(|j|πh)

(
εa1|j|h − ελja

0
|j|h + a0|j|h

)
(1 ≤ |j| ≤ N), (4.13)

where λj are given by (4.6).

Proof. The proof of this theorem follows immediately from Lemma 4.1. Indeed, it is sufficient to verify
(4.2) for the initial data (W 0

h ,W
1
h ) = (ϕ|j|, λjϕ

|j|) for any 1 ≤ |j| ≤ N . By taking into account (4.3)−(4.4),
we obtain that in this case W (t) = e(t−T )λjϕ|j| and consequently

Wh,N (t) = (−1)j+1
√
2 sin(|j|πh)e(t−T )λj . (4.14)

Moreover, by using (4.12) and the left hand side of (4.2) we deduce that, for 1 ≤ |j| ≤ N ,

−ε
〈
U1
h ,Wh(0)

〉
+
〈
U0
h , εW

′
h(0)−Wh(0)

〉
= −

(
εa1|j|h − ελja

0
|j|h + a0|j|h

)
e−λjT . (4.15)

Thus, from (4.14) and (4.15) it follows that (4.13) takes place and the proof of the theorem finishes. �

As mentioned before, a solution vh to (4.13) may be obtained from a biorthogonal sequence (θm)|m|≤N
m 6=0

to the family of exponential functions
(
eλnt

)
|n|≤N
n6=0

in L2
(
−T

2 ,
T
2

)
. Indeed, such a solution vh is given by

the formula

vh(t) =
∑

|n|≤N
n6=0

(−1)nhe−λn
T
2

√
2 sin(|n|πh)

(
εa1|n|h − ελna

0
|n|h + a0|n|h

)
θn

(
t− T

2

)
(t ∈ (0, T )). (4.16)

In the following section we construct an explicit biorthogonal sequence (θm)|m|≤N
m 6=0

to the family
(
eλnt

)
|n|≤N
n6=0

. Moreover, since we are interested in the behavior of vh as h tends to zero, we shall evaluate

carefully the dependence of (θm)|m|≤N
m 6=0

on the discrete parameters h and ε. This analysis will allow us to

pass to the limit as h and ε go to zero in (4.16) and to obtain a control for (2.1).

5. Construction of a biorthogonal sequence

As mentioned before, this section is devoted to construct and evaluate a biorthogonal sequence to the
family

(
eλnt

)
|n|≤N
n6=0

in L2
(
−T

2 ,
T
2

)
, where (λn)|n|≤N

n6=0

are given by (4.6). Since
(
eλnt

)
|n|≤N
n6=0

is a finite

family of exponential functions, it follows immediately that it has infinitely many biorthogonal sequences
in L2

(
−T

2 ,
T
2

)
. However we are interested not only on their existence, but also on their dependence of

the parameters h and ε. Therefore, we shall construct an explicit biorthogonal sequence and we shall
evaluate its L∞−norm. Firstly, we construct an entire function of exponential type, Pm, and we evaluate
it on the real axis. Secondly, by taking into account the estimates for Pm, we construct another entire
function Mm, called multiplier, such that the product PmMm is an entire function of arbitrarily small
exponential type bounded on the real axis. This construction allows us to obtain a biorthogonal element
θm, through the inverse Fourier transform. Such a method was used for the first time by Paley and
Wiener [24] and, in the context of controllability problems, by Fattorini and Russell [5, 6]. The main
difficulties in our analysis is to obtain good estimates for the behavior of Pm on the real axis and to
construct an appropriate multiplier Mm.
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5.1. A Weierstrass product

The aim of this subsection is to construct a Weierstrass product, vanishing in all but one of the eigenvalues
(4.6), and to study his properties. For any m ∈ Z

∗, such that |m| ≤ N we define the product

Pm(z) =
∏

1≤|n|≤N
n6=m

(
1 +

iz

λn

)(
λn

λn − λm

)
. (5.1)

The basic properties of Pm are described in the following proposition.

Proposition 5.1. For any m ∈ Z
∗ such that |m| ≤ N , Pm(z) is an entire function of exponential type

at most (1+π)
√
2ε

2 with the following property

Pm(iλn) = δmn (1 ≤ |n| ≤ N). (5.2)

Proof. Property (5.2) is evident. In order to show that Pm(z) is an entire function of exponential type,
we evaluate separately the products

Em(z) =
∏

1≤|n|≤N
n6=m

(
1 +

iz

λn

)
and Qm =

∏

1≤|n|≤N
n6=m

(
λn

λn − λm

)
.

Now, we evaluate Em(z) by taking into account (4.11). We have that

|Em(z)| =
∣∣∣∣∣
∏

1≤|n|≤N
n6=m

(
1 +

iz

λn

) ∣∣∣∣∣ =
N∏

n=1
n6=m

∣∣∣∣
λnλ−n + iz(λn + λ−n)− z2

λnλ−n

∣∣∣∣ ≤
N∏

n=1

(
1 +

|z|+ ε|z|2
4n2

)
.

In order to complete the analysis we have to treat separately the following cases:

– |z| < 1
ε
. In this case we have that

N∏

n=1

(
1 +

|z|+ ε|z|2
4n2

)
≤

N∏

n=1

(
1 +

|z|
2n2

)
= exp

(
N∑

n=1

ln

(
1 +

|z|
2n2

))
≤

≤ exp

(∫ N

0

ln

(
1 +

|z|
2t2

)
dt

)
≤ exp

(
(1 + π)

√
2

2

√
|z|
)
.

– |z| ≥ 1
ε
. It follows that

N∏

n=1

(
1 +

|z|+ ε|z|2
4n2

)
≤ exp

(∫ N

0

ln

(
1 +

ε|z|2
2t2

)
dt

)
≤ exp

(
(1 + π)

√
2ε

2
|z|
)
.

Consequently, we obtain that there exists a positive constant C such that

|Em(z)| ≤ C exp

(
(1 + π)

√
2ε

2
|z|
)

(z ∈ C). (5.3)
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Secondly, we have to evaluate |Qm|.

|Qm| =
∏

1≤|n|≤N
n6=m

∣∣∣∣
λn

λn − λm

∣∣∣∣ =
N∏

n=1
n6=m

∣∣∣∣
λnλ−n

λnλ−n − (λ−n + λn)λm + λ2
m

∣∣∣∣ =
N∏

n=1
n6=m

µn

|µn − µm| ≤

≤
N∏

n=1
n6=m

n2

|n2 −m2| =

N∏

n=1
n6=m

n2

N−m∏

n=1

n

m−1∏

n=1

n

N+m∏

n=m+1
n6=2m

n

=

2m
N∏

n=N−(m−1)

n

m

N+m∏

n=N+1

n

≤ 2.

Therefore, we have that
|Qm| ≤ 2 (m ∈ Z

∗, |m| ≤ N). (5.4)

By using (5.3) and (5.4) we deduce that Pm(z) is an entire function of exponential type at most
(1+π)

√
2ε

2 and the proof finishes. �

The following result gives us the behavior of the product Pm on the real axis.

Proposition 5.2. Given h > 0, ε > h2

16 and m ∈ Z
∗, |m| ≤ N , there exists a positive constant ω,

independent of h, ε and m, such that

|Pm(x)| ≤ 2 exp (ω ϕ(x)) (x ∈ R), (5.5)

where ϕ is given by

ϕ(x) =





√
|x| |x| < 1

ε

√
ε|x| 1

ε
≤ |x| < 4

h
√
ε

4
√
ε√
h

√
|x| 4

h
√
ε
≥ |x|.

(5.6)

Proof. Since |Pm(x)| = |Em(x)||Qm| it follows from (5.4) that it is sufficient to evaluate |Em(x)|. In
the sequel, C denotes a generic constant witch may change from one row to another but it is always
independent of h, ε and m. We begin the evaluation of Em(x).

|Em(x)| =
N∏

n=1
n6=m

∣∣∣∣1 +
ix

λn

∣∣∣∣
∣∣∣∣1 +

ix

λ−n

∣∣∣∣ =
nε∏

n=1
n6=m

∣∣∣∣1 +
ix

λn

∣∣∣∣
∣∣∣∣1 +

ix

λ−n

∣∣∣∣

︸ ︷︷ ︸
E1

m(x)

N∏

n=nε+1
n6=m

∣∣∣∣1 +
ix

λn

∣∣∣∣
∣∣∣∣1 +

ix

λ−n

∣∣∣∣

︸ ︷︷ ︸
E2

m(x)

.

By taking into account that both E1
m and E2

m are even functions of x, it is sufficient to consider only
the case x ≥ 0. Firstly, we estimate the product E1

m(x).

E1
m(x) =

nε∏

n=1
n6=m

∣∣∣∣1 +
ix

λn

∣∣∣∣
∣∣∣∣1 +

ix

λ−n

∣∣∣∣ =
(
1 +

x2

λ2
m

)− 1
2

nε∏

n=1

√
1 +

x2

λ2
n︸ ︷︷ ︸

E1+
m (x)

(
1 +

x2

λ2
−m

)− 1
2

nε∏

n=1

√
1 +

x2

λ2
−n︸ ︷︷ ︸

E1−
m (x)

.

Now, by taking into account (4.9) it follows that

E1+
m (x) ≤ E1−

m (x) (x ≥ 0), (5.7)
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therefore in order to evaluate E1
m(x) it is enough to study E1−

m (x). By using, (4.8) and the inequality
sin(t) ≥ 2

π
t, which holds for any t ∈

(
0, π

2

)
, we deduce that

E1−
m (x) =

nε∏

n=1

√
1 +

x2

λ2
−n

≤
nε∏

n=1

√
1 +

x2

µ2
n

≤

≤ exp

(
1

2

nε∑

n=1

ln

(
1 +

x2

16n4

))
≤ exp

(
1

2

∫ nε

0

ln

(
1 +

x2

16t4

)
dt

)
≤

≤ exp

(
1

2

∫ √
x

2

0

ln

(
1 +

x2

16t4

)
dt+

1

2

∫ nε

√
x

2

x2

16t4
dt

)
≤ exp(C

√
x).

Thus, we have that

E1−
m (x) ≤ exp

(
C
√
x
)

(x ≥ 0). (5.8)

Consequently, from (5.7) and (5.8) we obtain that

E1
m(x) ≤ exp

(
C
√
x
)

(x ≥ 0). (5.9)

Secondly, we evaluate E2
m(x) as follows

∣∣E2
m(x)

∣∣2 =

∣∣∣∣∣
N∏

n=nε+1
n6=m

(
1 +

ix

λn

)(
1 +

ix

λ−n

) ∣∣∣∣∣

2

=

N∏

n=nε+1
n6=m

∣∣∣∣
|λn|2 + 2xiℜ(λn)− x2

|λn|2
∣∣∣∣
2

=

=
N∏

n=nε+1
n6=m

(|λn|2 − x2)2 + 4x2ℜ2(λn)

|λn|4
=

N∏

n=nε+1
n6=m

(
1 +

x4 + 4x2ℜ2(λn)− 2x2|λn|2
|λn|4

)
.

In order to complete the analysis of E2
m we have to treat separately the following two cases.

Case I. x ≤ 1
ε
. By using (4.10) we obtain that

∣∣E2
m(x)

∣∣2 ≤
N∏

n=nε+1
n6=m

(
1 +

8x2ℜ2(λn)− 2x2|λn|2
|λn|4

)
≤

≤ exp

(
N∑

n=nε+1

ln

(
1 +

8x2ℜ2(λn)

|λn|4
))

≤ exp

(∫ N

nε

ln

(
1 +

x2

8t4

)
dt

)
≤

exp

(∫ √
x

nε

ln

(
1 +

x2

8t4

)
dt+

∫ N

√
x

x2

8t4
dt

)
≤ exp

(
C
√
x
)
.

Case II. If x > 1
ε
it results that

N∏

n=nε+1
n6=m

(
1 +

x4 + 4x2ℜ2(λn)− 2x2|λn|2
|λn|4

)
≤ exp

( N∑

n=nε+1

ln

(
1 +

x4

|λn|4
)

︸ ︷︷ ︸
S

)
.

To estimate S we have to study the following cases.
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1. If
1√
ε
≤ x

√
ε ≤ 4

h
we have that

S ≤
∫ 4

h

1√
ε

ln

(
1 +

ε2x4

16t4

)
dt =

∫ x
√
ε

1√
ε

ln

(
1 +

ε2x4

16t4

)
dt+

∫ 4
h

x
√
ε

ln

(
1 +

ε2x4

16t4

)
dt =

= t ln

(
1 +

ε2x4

16t4

) ∣∣∣∣
x
√
ε

1√
ε

+ 4

∫ x
√
ε

1√
ε

ε2x4

16t4 + ε2x4
dt+

∫ 4
h

x
√
ε

ε2x4

4t4
dt ≤ Cx

√
ε.

2. For x
√
ε >

4

h
it follows that

S ≤
∫ 4

h

1√
ε

ln

(
1 +

ε2x4

16t4

)
dt = t ln

(
1 +

ε2x4

16t4

) ∣∣∣∣
4
h

1√
ε

+

∫ 4
h

1√
ε

4ε2x4

16t4 + ε2x4
dt ≤ C

4
√
ε
√
x√

h
,

where we have used the inequality ln(1 + x) ≤ 8 8
√
x, which holds for any x ∈ (1,∞).

Therefore, for any x ≥ 0 we obtain that

∣∣E2
m(x)

∣∣ ≤





exp (C
√
x) x ≤ 1

ε

exp (Cx
√
ε) 1

ε
≤ x ≤ 4

h
√
ε

exp
(
C

4
√
ε
√
x√

h

)
x > 4

h
√
ε
.

(5.10)

Finally, from (5.9) and (5.10) we deduce that (5.5) takes place and the proof finishes. �

Similarly, the following simpler result can be proved.

Proposition 5.3. Given h > 0, ε ≤ h2

16 and m ∈ Z
∗, |m| ≤ N , there exists a positive constant ω,

independent of h, ε and m, such that

|Pm(x)| ≤ 2 exp (ω ϕ(x)) (x ∈ R), (5.11)

where ϕ is given by
ϕ(x) =

√
|x| (x ∈ R). (5.12)

Remark 5.4. Note that, in the case ε ≤ h2

16 , the second branch of the function given by (5.6) disappears
and the expression from the third one is bounded from above by

√
x. Hence, in this case, the function

(5.6) is replaced by the simpler one given by (5.12). This result confirms the first part of Remark 4.3,

in which we have said that, for ε ≤ h2

16 , our problem is close to the continuous heat equation. Indeed,
an estimate of the form (5.11) with ϕ given by (5.12) is obtained for the continuous heat equation by
Fattorini and Russell [5].

5.2. A multiplier

In this subsection we construct a multiplier Mm which will compensate the grow on the real axis of the
Weierstrass product Pm given by (5.5).

We introduce the class Υ of continuous, increasing and onto functions ϕ and we provide some technical
results that we will be needed later on. Given ϕ ∈ Υ and r ∈ N

∗, we introduce the function

ϕ̃ : [0,∞) → [0,∞), ϕ̃(x) =

{
0 ϕ(x) < r
ϕ(x)− r ϕ(x) ≥ r,

(5.13)
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and we define the sequences (an)n∈N∗ and (nm)m∈Z
∗

|m|≤N

by

ϕ(ean) = n+ r (n ∈ N
∗), (5.14)

nm =

{
1 ϕ(e|λm|) < r
[ϕ(e|λm|)]− r + 1 ϕ(e|λm|) ≥ r

(m ∈ Z
∗, |m| ≤ N). (5.15)

We have the following result.

Lemma 5.5. Let x ≥ anm
and define nx := [ϕ(ex)]− r. Then

nx∑

j=nm

ln
(aj
x

)
= −

∫ x

anm

A(u)− nm + 1

u
du,

where A(u) = #{an ≤ u} = [ϕ(eu)]− r.

Proof. We have that

−
∫ x

anm

A(u)

u
du = −

nx−1∑

j=nm

∫ aj+1

aj

A(u)

u
du−

∫ x

anx

A(u)

u
du = −

nx−1∑

j=nm

∫ aj+1

aj

j

u
du−

−
∫ x

anx

nx

u
du = ln




nx−1∏

j=nm

ajj

ajj+1

anx
nx

xnx


 = −

∫ x

anm

nm − 1

u
du+

nx∑

j=nm

ln
(aj
x

)
,

which completes the proof of the lemma. �

Now, we can prove a general result which will give our desired multiplier function.

Proposition 5.6. Given ϕ ∈ Υ and r ∈ N
∗, let (an)n∈N∗ and (nm)m∈Z

∗

|m|≤N

be given by (5.14) and (5.15),

respectively. Suppose that, for each m ∈ Z
∗, |m| ≤ N , the following hypotheses hold:

∑

n≥nm

1

an
≤ L, (5.16)

∑

n≥nm

1

a2n
≤ D

1 + |ℜ(λm)|
|λm|2 , (5.17)

where L and D are two positive constants independent of m. Then, for each m ∈ Z
∗ such that |m| ≤ N ,

there exists Mm : C → C with the following properties:
1. Mm is an entire function of exponential type at most L.
2. |Mm(x)| ≤ exp (−ϕ(|x|) + ϕ(e|λm|) + r + 1) for all x ∈ R.

3. |Mm(iλm)| ≥ exp

(
−D

6
(1 + |ℜ(λm)|)

)
.

Proof. By adapting an idea from [9], we define the function Mm : C → C as follows

Mm(z) =

∞∏

n=nm

sin
(

z
an

)

z
an

, (5.18)

where the sequence (an)n≥1 is given by (5.14) and nm by (5.15).
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Mm is an entire function of exponential type. Indeed, this is a consequence of (5.16) and the following
estimate

∞∏

n=nm

∣∣∣∣∣∣

sin
(

z
an

)

z
an

∣∣∣∣∣∣
≤

∞∏

n=nm

e| z
an
| = e

|z|
∞∑

n=nm

1

an ≤ eL|z|.

To prove the second property of Mm we have to treat separately the following two cases:
Case 1. |x| ≤ eanm

. Taking into account that ϕ ∈ Υ it follows from the monotony of ϕ̃, given by
(5.13), that

ϕ̃(|x|) ≤ ϕ̃(eanm
) ≤ ϕ(e|λm|) + 1,

and consequently, we have that

|Mm(x)| =
∞∏

n=nm

∣∣∣∣∣∣

sin
(

x
an

)

x
an

∣∣∣∣∣∣
≤ 1

≤ exp (−ϕ̃(|x|) + ϕ(e|λm|) + 1) ≤ exp(−ϕ(|x|) + ϕ(e|λm|) + r + 1).

Case 2. |x| > eanm
. By using Lemma 5.5 we deduce that

|Mm(x)| ≤
nx∏

j=nm

∣∣∣aj
x

∣∣∣ = exp

( nx∑

j=nm

ln
(aj
x

))
≤ exp

(
−
∫ x

anm

A(u)− nm + 1

u
du

)
.

Since anm
< x

e
and A(u)− nm + 1 ≥ ϕ(eu)− ϕ(e|λm|), we obtain that

|Mm(x)| ≤ exp

(
−
∫ x

x
e

A(u)− nm + 1

u
du

)
≤ exp (−ϕ(|x|) + ϕ(e|λm|) + r + 1) .

Hence, the second property of Mm is proved. Now, we pass to study the last property of Mm. We notice
that

anm
=

1

e
ϕ−1(nm + r) ≥ 1

e
ϕ−1(ϕ(e|λm|)− r + r) = |λm|,

which implies that
|λm|
an

≤ 1 (n ≥ nm).

Thus, by taking into account (5.17) and the inequality

∣∣∣∣
sin x

x

∣∣∣∣ ≥ 1− 1

6
x2 (|x| ≤ 1),

we deduce that

|Mm(iλm)| =
∞∏

n=nm

∣∣∣∣∣∣

sin
(

iλm

an

)

iλm

an

∣∣∣∣∣∣
≥

∞∏

n=nm

sin
∣∣∣λm

an

∣∣∣
∣∣∣λm

an

∣∣∣
≥

∞∏

n=nm

∣∣∣∣1−
1

6

|λm|2
a2n

∣∣∣∣ =

= exp

( ∞∑

n=nm

ln

(
1− 1

6

|λm|2
a2n

))
≥ exp

(
−|λm|2

6

∞∑

n=nm

1

a2n

)
≥ exp

(
−D

6
(1 + |ℜ(λm)|)

)
.

This gives the third property of Mm and completes the proof of the proposition. �

In the following lemma we show that (5.16) and (5.17) are verified for the function ϕ from (5.6).
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Lemma 5.7. Let h, r > 0, ε > h2

16 and ϕ be given by (5.6). For every m ∈ Z
∗ such that |m| ≤ N , the

sequence (an)n∈N∗ defined by (5.14) has the following properties

∑

n≥nm

1

an
≤ e

(
1

r
+

√
ε ln

(
4
√
ε

h

)
+

√
ε

4

)
, (5.19)

∑

n≥nm

1

a2n
≤ 33π

(
1

r
+ 4h+

√
ε

4

)
1 + |ℜ(λm)|

|λm|2 . (5.20)

Proof. Since ϕ is defined by (5.6), the sequence (an)n≥1 will be given by

an =
1

e





(n+ r)2 n ≤
[

1√
ε

]
− r

n+r√
ε

[
1√
ε

]
− r ≤ n ≤

[
4
h

]
− r

h(n+r)2√
ε

[
4
h

]
− r ≤ n.

(5.21)

To prove the first property we only have to remark that

1

e

∑

n≥nm

1

an
≤

[
1√
ε

]
−r∑

n=nm

(n+ r)−2 +

[ 4h ]−r∑

n=
[

1√
ε

]
−r+1

√
ε

n+ r
+

∞∑

n=[ 4h ]−r+1

√
ε

h
(n+ r)−2 ≤

≤
∫ 1√

ε
−r

0

(t+ r)−2dt+

∫ 4
h
−r

1√
ε
−r

√
ε

t+ r
dt+

√
ε

h

∫ ∞

4
h
−r

(t+ r)−2dt ≤ 1

r
+
√
ε ln

(
4
√
ε

h

)
+

√
ε

4
,

which gives (5.19).
Now, we pass to study property (5.20). Firstly, we have that

1

e2

∑

n≥nm

1

a2n
=

[
1√
ε

]
−r∑

n=nm

1

(n+ r)4
+

[ 4h ]−r∑

n=
[

1√
ε

]
−r+1

ε

(n+ r)2
+

∞∑

n=[ 4h ]−r+1

ε

h2

1

(n+ r)4
≤

≤
∫ 1√

ε
−r

nm−1

(t+ r)−4dt+ ε

∫ 4
h
−r

1√
ε
−r

(t+ r)−2dt+
ε

h2

∫ ∞

4
h
−r

(t+ r)−4dt ≤

1

3

(
1

(nm − 1 + r)3
+

193εh

64

)
.

Since 1+|ℜ(λm)|
|λm|2 ≥ 1

|λm| and εh|λm| ≤ π
√
ε+ h, inequality (5.20) takes place if

|λm|
(nm − 1 + r)3

≤ 2π

e2

(
1

r
+
√
ε

)
. (5.22)

To show (5.22), we analyze separately the following two cases.

Case 1: If ϕ(e|λm|) < r it follows from (5.15) that nm = 1. In this case from the definition of the function ϕ,

properties (4.8) and (4.8) we deduce that µ|m| <
r2

e
and

|λm|
(nm − 1 + r)3

=
|λm|
r3

≤ 2µ|m|
r3

≤ 2

e r
,

which gives (5.22).
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Case 2: If ϕ(e|λm|) ≥ r, by using again the definition of ϕ, relation (4.10) and (4.7) we have that

|λm|
(nm − 1 + r)3

=
|λm|

(ϕ(e|λm|))3 ≤ 2π

e2
1

r
+

√
ε

e3

which gives again (5.22).

This completes the proof of the lemma. �

Similarly, the following simpler result can be proved.

Lemma 5.8. Let h, r > 0, ε ≤ h2

16 and ϕ be given by (5.12). For every m ∈ Z
∗ such that |m| ≤ N , the

sequence (an)n∈N∗ defined by (5.14) has the following properties

∑

n≥nm

1

an
≤ e

r
, (5.23)

∑

n≥nm

1

a2n
≤ e

3 r

1 + |ℜ(λm)|
|λm|2 . (5.24)

Now, we have all the ingredients needed to construct the desired multiplier function. This is done in
the following proposition.

Proposition 5.9. Let T > 0. There exist h0, c0 ∈ (0, 1) and r0 > 0 such that for each h ∈ (0, h0),
ε ∈ (0, c0h), r > r0 and m ∈ Z

∗ such that |m| ≤ N , there exists a function Mm : C → C with the
following properties:

1. Mm is an entire function of exponential type at most T
32ω .

2. |Mm(x)| ≤ C exp
(
−ϕ(|x|) + T

32ω |ℜ(λm)|
)
for all x ∈ R.

3. |Mm(iλm)| ≥ exp
(
− T

32ω (|ℜ(λm)|+ 1)
)
,

where ω is the constant from (5.5), the function ϕ is given by (5.6) or (5.12) and C is a positive constant
independent of h, ε and m.

Proof. Firstly, let us remark that there exist h0, c0 ∈ (0, 1) and r′0 > 0 such that

e

(
1

r
+
√
ε ln

(
4
√
ε

h

)
+

√
ε

4

)
<

T

32ω
(h ∈ (0, h0), ε ∈ (0, c0h), r > r′0), (5.25)

33π

(
1

r
+ 4h+

√
ε

4

)
<

T

32ω
(h ∈ (0, h0), ε ∈ (0, c0h), r > r′0), (5.26)

e2π c0 ≤ T

32ω
. (5.27)

By taking into account Proposition 5.6, Lemmas 5.7 and 5.8, relations (5.25) and (5.26) it follows
immediately that properties 1 and 3 of Mm are verified. In order to obtain the second property of Mm,
it is sufficient to prove that, there exists r0 > r′0 such that the following inequality holds for r ≥ r0

ϕ(e|λm|) ≤ T

32ω
|ℜ(λm)|+ r. (5.28)

To show (5.28) we note that, if ε ≤ h2

16 , the following inequality holds

√
e|λm| ≤ T

32ω
|λm|+ r,
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which gives (5.28) for r sufficiently large. The same argument can be used to obtain (5.28) in the case

ε > h2

16 and e|λm| < 1
ε
.

Finally, if ε > h2

16 and 1
ε
≤ e|λm| ≤ 4

h
√
ε
, then we have that

√
εe|λm| 1

ℜ(λm)
≤ e2ε

√
ε|λm| ≤ e2πc0 <

T

32ω
,

which completes the proof of (5.28).

Consequently the proof of the second property of Mm and of the entire proposition ends. �

5.3. The biorthogonal sequence

Now, we have all the ingredients needed to show the existence of a biorthogonal sequence to the family
of exponential functions

(
eλnt

)
|n|≤N
n6=0

in L2(0, T ).

Theorem 5.10. Let T > 0. There exist h0, c0 ∈ (0, 1) such that for any h ∈ (0, h0) and ε ∈ (0, c0h) there
exists a biorthogonal sequence (θm)|m|≤N

m 6=0

to the family
(
eλnt

)
|n|≤N
n6=0

in L2
(
−T

2 ,
T
2

)
such that (θm)|m|≤N

m 6=0

⊂

C1
[
−T

2 ,
T
2

]
and

‖θm‖C1[−T
2
,T
2 ]

≤ C exp (α|ℜ(λm)|) (m ∈ Z
∗, |m| ≤ N), (5.29)

where α < T
4 and C is a positive constant independent of h, ε and m.

Proof. For each m ∈ Z
∗, such that |m| ≤ N , let Pm and Mm be the functions from Propositions 5.1 and

5.9, respectively. We define the function

Ψm(z) = Pm(z)

(
Mm(z)

Mm(iλm)

)2ω
sin(δ(z − iλm))

δ(z − iλm)
, (5.30)

where δ ∈
(
0, T

8

)
is an arbitrary constant and ω is the same as in Proposition 5.2

(
if ε > h2

16

)
or Propo-

sition 5.3
(
if ε ≤ h2

16

)
. Let

θm(t) =
1

2π

∫

R

Ψm(x)eixtdx (|m| ≤ N). (5.31)

From Propositions 5.1 and 5.9 and formula (5.31) we deduce that Ψm is an entire function of exponential

type at most (1+π)
√
2ε

2 + T
16 + δ. Since δ < T

8 it follows that there exist h0, c0 ∈ (0, 1) such that for any
h ∈ (0, h0), ε ∈ (0, c0h) we have that Ψm is an entire function of exponential type at most T

2 .

By using Paley-Wiener Theorem [27, Theorem 18, Sec. 2.4] and the decay properties of Ψm on the
real axis we deduce that θm ∈ C1

[
−T

2 ,
T
2

]
( in fact θm ∈ Ck

[
−T

2 ,
T
2

]
, for any k ∈ N

∗ ). From the
Inverse Fourier Theorem and (5.2), we deduce that (θm)|m|≤N

m 6=0

is biorthogonal to the family
(
eλnt

)
|n|≤N
n6=0

in L2
(
−T

2 ,
T
2

)
. Moreover, from the estimate of the function Pm on the real axis given by Propositions

5.2 and 5.3, the properties of the function Mm from Proposition 5.9 and taking into account that

∣∣∣∣
sin z

z

∣∣∣∣ ≤
eℑ(z)

ℑ(z) (z ∈ C),
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we obtain that the following estimates hold

‖θm(t)‖
L∞(−T

2
,T
2 )

=

∣∣∣∣
1

2π

∫

R

Ψm(x)eixtdx

∣∣∣∣ ≤

≤ C exp

(
T

8
|ℜ(λm)|

)∫

R

∣∣∣∣
sin(δ(x− iλm))

δ(x− iλm)

∣∣∣∣ e−ωϕ(x)dx

≤ C

δ
exp

((
T

8
+ δ

)
|ℜ(λm)|

)∫

R

e−ω
√
xdx ≤ C exp (α|ℜ(λm)|) ,

(5.32)

where α = T
8 + δ < T

4 and C is a positive constant independent of h, ε and m.

Moreover, similar to (5.32), the following estimates take place

‖θ′m(t)‖
L∞(−T

2
,T
2 )

=

∣∣∣∣
1

2π

∫

R

ixΨm(x)eixtdx

∣∣∣∣ ≤ C exp (α|ℜ(λm)|) . (5.33)

From (5.32) and (5.33) it results that (5.29) holds and the proof of the theorem finishes. �

6. Controllability results

The aim of this section is to use the biorthogonal sequence from Theorem 5.10 in order to construct a
uniformly bounded sequence of controls for the discrete perturbed equation (3.4) with the property that
any weak limit of it is a control for the continuous problem (2.1). We have the following result concerning
the uniform boundeness of the family of discrete controls.

Theorem 6.1. Let T > 0. There exist h0, c0 ∈ (0, 1) such that for any h ∈ (0, h0), ε ∈ (0, c0h) and any
initial data (U0

h , U
1
h) ∈ C

2N of the form

(U0
h , U

1
h) =




N∑

j=1

a0jhϕ
j ,

N∑

j=1

a1jhϕ
j


 , (6.1)

such that
∑

|n|≤N
n6=0

e(−T+4α)|ℜ(λn)|
(∣∣∣a1|n|h

∣∣∣
2

+
∣∣∣a0|n|h

∣∣∣
2
)

< ∞, (6.2)

there exists a control vh ∈ C1[0, T ] of the discrete perturbed wave equation (3.6) with the property that the
family (vh)h is uniformly bounded in C1[0, T ].

Proof. For any initial data (U0
h , U

1
h) ∈ C

2N we construct the function vh ∈ C1[0, T ] as follows

vh(t) =
∑

|n|≤N
n6=0

(−1)nhe−λn
T
2

√
2 sin(|n|πh)

(
εa1|n|h − εa0|n|hλn + a0|n|h

)
θn

(
t− T

2

)
(t ∈ (0, T )), (6.3)

where (θm)|m|≤N
m 6=0

is the biorthogonal sequence to the family
(
eλnt

)
|n|≤N
n6=0

given by Theorem 5.10. Let us

show that vh is the control we are looking for. In results from Theorem 5.10 that vh ∈ C1 [0, T ]. From the
properties of the biorthogonal sequence (θn)n, it is easy to see that vh verifies (4.13). To conclude that
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vh is a control for (3.6), we only have to prove that the right hand side of (6.3) is bounded in C1[0, T ].
This follows immediately from Theorem 5.10. Indeed, we have that

‖vh‖C1[0,T ] ≤ C
∑

|n|≤N
n6=0

∣∣∣∣∣
he−

T
2
|ℜ(λn)|

√
2 sin(nπh)

∣∣∣∣∣
∣∣∣εa1|n|h − εa0|n|hλn + a0|n|h

∣∣∣ (‖θn‖L∞ + ‖θ′n‖L∞) ≤

≤ C
∑

|n|≤N
n6=0

h√
2 |sin(nπh)|

e(−
T
2
+α)|ℜ(λn)|

(
ε
∣∣∣a1|n|h

∣∣∣+ ε|λn|
∣∣∣a0|n|h

∣∣∣+
∣∣∣a0|n|h

∣∣∣
)
≤

≤ C

[ ∑

|n|≤N
n6=0

e(−T+4α)|ℜ(λn)|
(∣∣∣a1|n|h

∣∣∣
2

+
∣∣∣a0|n|h

∣∣∣
2
)] 1

2
[ ∑

|n|≤N
n6=0

∣∣∣∣
h2e−2α|ℜ(λn)|

2 sin2(nπh)

∣∣∣∣
] 1

2

≤ C,

where C is a positive constant independent of h, ε and m. �

The main result of this paper reads as follows.

Theorem 6.2. Let T > 0 and u0 ∈ L2(0, 1) given by (2.4). There exist h0, c0 ∈ (0, 1) such that for any
h ∈ (0, h0), ε ∈ (0, c0h) and any initial data (U0

h , U
1
h) ∈ C

2N of the form

(U0
h , U

1
h) =




N∑

j=1

a0jhϕ
j , 0


 , (6.4)

and with the property that

(a0nh)n ⇀ (an)n in ℓ2 when h → 0, (6.5)

there exists a family of exact controls (vh)h>0 ⊂ C1[0, T ] for problem (3.4) which converges to a null-
control for (2.1) in C[0, T ] when h tends to zero.

Proof. Firstly, we note that (6.5) implies that (6.2) is verified. Now, we consider the family (vh)h defined
in Theorem 6.1 which is uniformly bounded in C1[0, T ]. By using Arzela-Ascoli Theorem, it follows that
there exists a subfamily of (vh)h, denoted in the same way, which converges to a function v in C[0, T ].

Since vh is a control for (3.4) it follows from Theorem 4.5 that

∫ T

0

vh (t) e
λntdt =

(−1)n+1h√
2 sin(|n|πh)

(
−εa1|n|h + ελna

0
|n|h − a0|n|h

) (
−1 ≤ n ≤ − 1

4
√
ε

)
. (6.6)

Now, by passing to the limit as h → 0 in (6.6) and taking into account that ε → 0 too, we deduce that

(−1)n+1

∫ T

0

v(t) en
2π2tdt = − 1√

2nπ
an (n ∈ N

∗) .

Finally, from (2.5) we obtain that v is a null-control for (2.1) and the proof of the theorem ends. �

Remark 6.3. The usual discretization by points

(
U0
h , U

1
h

)
=
((

u0(jh)
)
1≤j≤N

,
(
u1(jh)

)
1≤j≤N

)
,

leads to a convergence property of the Fourier coefficients sequence that depends on the regularity of
(u0, u1). Indeed, it is not difficult to prove the following:
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(i) If u0 and u1 are piecewise continuous functions in [0, 1] then

(
a0nh
)
n
⇀
(
a0n
)
n

(
a1nh
λn

)

n

⇀

(
a1n
nπ i

)
when h → 0 in l1.

(ii) If u0 and u1 are one time derivable with continuous derivative in [0, 1] then

(
a0nh
)
n
→
(
a0n
)
n

(
a1nh
λn

)

n

→
(

a1n
nπ i

)
when h → 0 in l1.

7. Numerical results
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Figure 2. Numerical example 1 - Approximations of the control v̂h for N=79, 99, 129, 299.

In this section we present two numerical experiments to approximate the control of (2.1) based on
discretization (3.4), with the singular perturbation, εu′′. More precisely, we approximate the HUM
control v for (2.1) (the control of minimal L2−norm with respect to some weight if required, see [4, 19])
by using (3.4) as discretization of (2.1).

The algorithm we have used to compute the approximate controls is based on a conjugate gradient
implementation of the HUM method inspired in [4]. To this end, by considering approximation U0

h of u0,
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Figure 3. Numerical example 2 - Approximations of the control v̂h for two different
values of ε.

we minimize the functional J : C2N → C defined by

J(W 0
h ,W

1
h ) =

1

2

∫ T

0

ϑ(t)

∣∣∣∣
Wh,N (t)

h

∣∣∣∣
2

dt+
〈
U0
h ,Wh(0)

〉
− ε

〈
U0
h ,W

′
h(0)

〉
, (7.1)

where (Wh,W
′
h) is the solution of (4.1) with the initial data (W 0

h ,W
1
h ). In (7.1) ϑ ∈ C∞[0, T ] is a cut-off

regular function with the property that there exists a positive number ǫ < T
2 such that

supp(ϑ) ⊂ (ǫ/2, T − ǫ/2), 0 ≤ ϑ(t) ≤ 1 for all t ∈ [0, T ], ϑ(t) ≥ 1/2 for all t ∈ [ǫ, T − ǫ].

The function ϑ has the role to improve the numerical approximations of the controls, avoiding incompat-
ibility between the initial data and the nonhomogeneous term at the origin.

The minimizer (Ŵ 0
h , Ŵ

1
h ) of J provides the control v̂h of the discrete system (3.4) with minimal

L2−norm with respect to the weight ϑ. The weak limit of the family (v̂h)h>0 is the control of (2.1)
mention before.

In the algorithm several wave equations have to be solved. In order to solve the differential equations
in t we use the Newmark Method with the parameters γ = 0.5 and β = 0.25 (see [8]).
Numerical example 1: In this example we take T = 0.9, ε = h1.1 and the initial data to be controlled

u0(x) = 10x(1− x) (x ∈ (0, 1)).

The approximations of the control, for different values of N , are presented in Figure 2 in which the
convergence of the controls v̂h when h and ε go to zero can be immediately observed.
Numerical example 2: In this case we take T = 0.15, N = 3999 and the initial data

u0(x) = sin(π x) (x ∈ (0, π)).

The approximation of the control, for two different values of ε, are presented in Figure 3.
Note that, at least in this case, the introduction of the perturbation εu′′ has improved the numerical

results in the approximations v̂h. Indeed, if ε = h1.9 the perturbation is very small and we are close to the
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case of the unperturbed situation (3.1). If ε = h1.1 the perturbation has a stronger influence, regularizes
the controls and produces better numerical results.
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