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Abstract. This work is devoted to analyze a numerical scheme for the approximation of the
linear heat equation’s controls. It is known that, due to the regularizing effect, the efficient
computation of the null controls for parabolic type equations is a difficult problem. A possible
cure for the bad numerical behavior of the approximating controls consists of adding a singular
perturbation depending on a small parameter ¢ which transforms the heat equation into a
wave equation. A space discretization of step h leads us to a system of ordinary differential
equations. The aim of this paper is to show that there exists a sequence of exact controls of the
corresponding perturbed semi-discrete systems which converges to a control of the original heat
equation when both h (the mesh size) and ¢ (the perturbation parameter) tend to zero.
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1. Introduction

Let 2 be a bounded open smooth set from R™ and I be a nonempty open part of its boundary. The
following boundary null-controllability property for the linear heat equation is know to hold:given any
T > 0 and u® € L?(£2) there exists a control v € L2((0,T) x Iy) such that the solution of the heat equation

w'(t,x) — Au(t,z) =0 (¢t,z) € (0,T) x 2

u(t,z) =0 (t,x) € (0,T) x (902\ I}) .
u(t, ) = v(t) (t,z) € (0,T) x I (1.1)
u(0,2) = u’(z) T €,
satisfies
uT,z) =0  (z€) (1.2)

In the one dimensional case, the controllability problem (1.1)—(1.2) is known to be solvable since the
seventies: we refer to the early contributions [5,6] for proofs based on spectral methods. For more recent
and general results, based on duality arguments and Carlemman type estimates, we refer to [7,13]. In
these articles, the controllability property is reduced to a suitable observability inequality for the adjoint
system. Moreover, in the spirit of the celebrated Hilbert Uniqueness Method (HUM) introduced by J.-L.
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Lions [14], a duality method leads to a practical way of obtaining controls of minimal L?—norm. Indeed,
these controls are given by a solution of the homogeneous adjoint equation which minimizes a suitable
quadratic cost functional. Since we shall use this approach in our numerical computations, let us briefly
describe it. Given T' > 0 and ¢° € L?(£2) we consider the backward heat equation

—¢' — Ap(t,z) =0 (t,x) € (0,T) x 2
p(t,z) =0 (t,z) € (0,T) x (002 \ Ip) (1.3)
o(t,z) =0 (t,x) € (0,T) x Iy '
p(T,2) = ()  we .
In view of the regularizing properties of the heat equation, the map
T 2
7 — / / 9 (t, z)dzdt, (1.4)
0 T 81/

which is well defined and continuous in some Sobolev space (for instance H}(§2)), by unique continuation,
is a norm in L2({2) (see, for instance, [19] and the references therein). We define the Hilbert space H as
the completion of L?(£2) with respect to norm (1.4). Now, we introduce the functional J : H — R given

by
J(wO)Z;/OT/FO

where ¢ is the solution of (1.3) with initial data ¢°.

For all 4° € L?(£2), J is coercive in H and has a unique minimizer 3" € H. Moreover, the solution @
of (1.3) with initial data @° gives the control v = %‘l—b of minimal L?((0,T) x Ip)—norm of (1.1) (see,
for instance [19]). Hence, a control for (1.1) is obtained by minimizing the functional J. Since there
exist several efficient numerical methods for minimization processes, the duality method described above
became a serious candidate to provide the numerical approximation of the controls for (1.1).

A first intent to use these ideas may be found in the seminal article of Carthel-Glowinski-Lions [4].
This paper studies the numerical implementation of the Hilbert Uniqueness Method for solving exact and
approximate boundary controllability problems for the heat equation by reducing them to a minimization
problem similar to the one described above. However, the numerical experiments have shown that the
efficient computing of the null controls for the heat equation is a difficult problem. The very weak
coercivity of the functionals under consideration and the low regularity of the minimizers make the
approximation problem exponentially ill-posed and the functional framework far from being well adapted
to standard techniques in numerical analysis (see [20,21, 23] for analyzes of these problems). For these
reasons, how to construct robust numerical approximations of exact null controls for parabolic systems
remains a challenging problem.

Since then, many alternative methods have been proposed and analyzed. For instance, in [3] the
controls of the heat equation are found by minimizing a cost functional with weights that blows up near
the control time T'. The weights reinforce the controllability requirement and regularize the behavior of
the control near t = T'. In [22] a least squares type method is analyzed. Instead of working with solutions
of the underlying state equation, and looking for one that may comply with the final desired state, they
consider a suitable class of functions complying with required initial, boundary, and final conditions, and
seek one of those that is a solution of the state equation. Finally, in [23] a numerical version of the
so—called transmutation method is developed. This approach allows writing the control of a heat process
in terms of the corresponding control of the associated wave process, by means of a “time convolution”
with a one—dimensional controlled fundamental heat solution. In spite of this interesting studies, there
are still relatively few results of convergence in the literature. We mention here the recent paper [2] in
which special Carlemman estimates are used to obtain uniform observability inequalities for semi-discrete
semi-linear parabolic equations.

2
5 adadt — [ 1 @)p(0,0)as,
v 0
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Regularization can also be performed by modifying the heat equation with the aim to restore the
stability of the corresponding backward system. This approach is considered in detail in [12] in the
framework of optimal control theory by introducing the so-called quasi-reversibility methods and in
[15,16] in the context of controllability. In this way, instead of (1.1), the null controllability of the
following damped, singularly perturbed, wave equation is considered:

eu(t,x) +u'(t,x) — Au(t,z) =0 (t,z) € (0,T) x 2

u(t,z) =0 (t,x) € (0,T) x (002 \ Ip) 15
u(t, ) = ve(!) (t2) € (0,7) x Iy (15)
uw(0,z) = u®(z), v'(0,2) =0 x € {2,

In (1.5), € is a small parameter devoted to tend to zero. It can be shown that, given any 7' > 0, (1.5)
is uniformly (with respect to &) controllable in time 7: the control of minimal L?—norm corresponding
to (1.5) converges, as & goes to zero, to the minimal L?—norm control of (2.1). We refer the interested
reader to [18] in which the interior control case is studied.

The aim of this paper is to show that the same property holds for the semi-discrete version of (1.5), at
least in the one dimensional case. More precisely, we discretize in space (1.5) and we show that, for any
T > 0 and any discrete initial data, there exists a sequence of exact controls of the system which converges
to a control of (1.1), when the mesh size h and the perturbation parameter £ go simultaneously to zero.
To show this we use a technique which is different from the one in [18] and it is close to the spectral
approach from [5,6]. Firstly, we reduce the controllability problem to a moment problem. Nextly, we
solve this problem by constructing a biorthogonal sequence to the family of complex exponential functions
(e’\jt)j, where \; are the eigenvalues of the matriceal operator corresponding to the discrete version of
(1.5). By a careful estimate of the biorthogonal sequence we are able to show the existence of a sequence
of uniformly bounded discrete controls and to deduce the desired convergence result. The perturbation
parameter ¢ will depend on h, the mesh size. We shall provide explicit bounds for the smallness of the
parameter £ with respect to A which ensure this convergence. A second step, and a very interesting
one, in the analysis of (1.5) would be to study the regularity of the minimizers obtained by applying to
(1.5) the duality method explained before. Even in the one dimensional case, this study is much more
complicated than the one in [21]. Indeed, the complex nature of the spectrum of the differential operator
corresponding to (1.5) introduces new difficulties in the study of the associated Gramm matrix. This
problem remains open.

Let us finally remark that this singular perturbation method has been used before in the context of
ill-posed parabolic problems. Indeed, in [26] a similar idea is used to approximate numerically an ill-posed
inverse heat problem. There the author first introduces a regularizing second time derivative term and
then reverses the space and time variables. This leads to a well-posed hyperbolic problem whose solution
is close to the desired one.

The rest of the paper is organized as follows. In Section 2 we present the continuous one-dimensional
boundary control problem for the heat equation and we transform it into a moment problem. Section
3 is devoted to study some of the controllability and spectral properties of the semi-discrete system
corresponding to the perturbed equation. In Section 4 we introduce the discrete moment problem and in
Section 5 we construct a uniformly bounded biorthogonal sequence to a particular family of exponential
functions. Finally, Section 6 is devoted to show the convergence properties of the discrete controls and
Section 7 to show several numerical computations.

2. Null-controllability of the continuous heat equation

In this section we recall some well-known properties concerning the boundary null-controllability problem
for the continuous 1—D linear heat equation and we characterize the control by using the moment theory.
More precisely, given any 7" > 0 and u® € L?(0,1) we look for a control v € L?(0,7) such that the

67



I. F. Bugariu, S. Micu A numerical method for the controls of the heat equation

solution of the heat equation

' (t,x) — ug(t,z) =0 (t,z) € (0,T) x (0,1)
u(t,0) =0 te(0,7)
u(t,1) = v(t) te(0,7T) (2.1)
u(0,7) = u®(z) x € (0,1),
satisfies
u(T,z) =0 (x € (0,1)). (2.2)

If for any u® € L%(0,1) there exists a control v € L?*(0,T) for (2.1)—(2.2), we say that the problem
(2.1) is null-controllable in time T.

In order to provide a control v for (2.1)—(2.2) we deduce an equivalent moment problem whose solution
is given in terms of an explicit biorthogonal sequence to the family of exponential functions (6”2”2t)neN*.
We recall that, given Z C Z*, (0,,)mer C L? (a,b) is a biorthogonal sequence to the family of exponential

functions (e**) __in L*(a,b) if and only if

b _
/ O ()M tdt = 6y (n,m € T). (2.3)

The moments method was used by Fattorini and Russell in the pioneering articles [5,6] to solve one
dimensional control problems for parabolic type equations even more general than (2.1). Since then, this
method has been widely used to solve a large variety of linear control problem. We refer to [1,11,25] for
a detailed discussion of the subject.

It follows easily that (2.1) is null-controllable in time 7 if, and only if, for every initial datum u® €
L?(0,1) with the Fourier expansion

u’(z) = Z anV2sin(mnz), (2.4)

n>1
there exists a solution v € L?(0,T) of the following moment problem:

1
V2 nr

To fully understand the method that we use in this paper, let us briefly describe the steps needed to
obtain a solution for (2.5). Firstly, we construct a biorthogonal sequence ((,)men+ in L?(0,T) to the

(—1)"/0 v(t)e” ™ tdt = an  (n€N*). (2.5)

family (e"zwzt)neN* which verifies the following estimate
[Cmllz2(0,7) < Meom (m € N¥), (2.6)

where M and & are two positive constants. The existence of such sequence ((,,)men- is a consequence of
Miintz’s Theorem (see [5,6,19] for full details). Once we have the biorthogonal sequence ((pn)men+, an
explicit solution of (2.5) is given through the formula

vty =Y (=)™ \/‘%:me—mzﬁ%m(t) (t € (0,T)). (2.7)

Note that the absolute convergence in L?(0,T) of the right hand side of (2.7) is ensured by estimate
(2.6) and the fact that u® € L?(0,1). Consequently, this method allows us to prove that, for any time
T > 0 and initial data (2.4), the moment problem (2.5) has at least a solution and the null-controllability
property of (2.1) holds.
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3. The discrete problem

In this section we study the controllability properties of a semi-discrete version of (2.1) by using the
method described above. Let us consider N € N*, a step h = ﬁ and an equidistant mesh of the
interval (0,1), 0 =z¢ <21 < ... < a2y < xn41 = 1 with ; = jh, 0 < j < N 4+ 1. The classical central
finite-difference approximation of the space derivates leads to the following semi-discretization of (2.1)

u;(t) B uj+1(t)+ujh—21(t)*2uj(t) =01 S] < N7 te (O,T)
uo(t) =0 te (0,7) (3.1)
un+1(t) = vp(t) te(0,7)
u;(0) = uf 1<j<N.
System (3.1) consists of N linear equation with N unknowns wui, us,... ,un. In other words, u,;(t)

approximates u(t,z;), the solution of (2.1), if (u})o<j<nyt1 is an approximation of the initial datum in
(2.1). In fact, we shall choose

uf =u’(jh)  (0<j<N+1). (3.2)

It is not difficult to see that equation (3.1) has the following controllability property: given T > 0 and
(u)1<j<n € CN, there exists a control vy, € L?(0,T) such that the corresponding solution (u;)1<j<n of
(3.1) wverifies

ui(T)=0 (1<j<N). (3.3)
The controllability problem for (3.1) was studied in [17], where the convergence of the controls (vj)n>0
to a control v of (2.1) is proved. However, as it was remarked in [23], the efficient numerical computation
of controls with the above discretization by the duality method described above is a very delicate issue.
This is mainly due to the fact that we need to solve the adjoint system of (3.1) with very irregular
initial data which do not belong to any Sobolev space of negative exponent (see [21]). In [23] several
cures are proposed. One of them will be studied in details in this paper. More precisely, we study the
null-controllability of the following discretization of (2.1), different from (3.1),

Eu;—l(t) + u;(t) _ “j+1(t)+ujh—21(t)—2“1(t) =01<j<N,te(0,T)

uo(t) =0 te(0,7)

un1(t) = vp(t) te(0,7) (3.4)
u;(0) = u) 1<j<N

u}(0) = u; 1<j<N,

where the parameter ¢ depends of h and }llirr%) e(h) = 0. Hence, eu” represents a singular perturbation
—

term which eventually vanishes in the limit as h tends to zero. Note that (3.4) is no longer a first order
differential system as (3.1), but a second order one. As a consequence of this fact, a second initial data,
ul, is introduced. Its election will be made later on. Now, the null-controllability problem for (3.4) turns
to: given any T >0, & > 0 and any initial data (uf,uj)i1<j<n € C2N | there ewists a control v, € L*(0,T)
such that the corresponding solution (uj,u})i1<j<n of (3.4) verifies

w(T) =u}(T)=0  (1<j<N). (3.5)

If the null-controllability problem (3.4)—(3.5) has a solution v, € L?(0,T) for every initial data

(ul)1<j<n € CV and (u})i<j<n € CV, we say that (3.4) is null-controllable in time T. In order to

write (3.4) in an abstract Cauchy form, we define the matrix A € My« n(R)

2-1 0 0 ... 0 0

-12 -1 0 ... 00

) 0-1 2 -1 ... 0 O
Ah:ﬁ U
0 0 .—-1 2 -1 0

0 0 0 -1 2-1

0 0 0 0 -1 2
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If we denote by

uf ul w(t) X
0 1
u ug ua(t
Ug: . ,Ué: . ,Uh(t): : anth(t):# s
0
u® uk un(t) on(t)
then system (3.4) may be written vectorially as follows

€U}Ill(t) + U;L(t) + AhUh(t) = Fh(t) te (O,T)
Un(0) = Uy (3.6)

Ul (0) = Uj.

In (3.6) we have taken into account that uyy1 = v (t) and ug(t) =0 for all t € (0,T).
Let us define in C" the inner product

N
(f,9) =1 fiG (3.7)
k=1

where the vectors f = (fi)1<k<n and g = (gx)1<k<n belong to CV.
It is well known that (see, for instance, [10]) the eigenvalues of the self-adjoint matrix A; are given by

Wi = %sin2 (‘T) (1<j<N), (3.8)
and the corresponding eigenvectors are
@ = \/ﬁ(sin(njhw))lgngjv e RY (1<j<N).
The following property holds.

Lemma 3.1. The set of vectors (gpj)lngN forms an orthonormal basis in CN with respect to the inner
product given by (3.7).

Proof. We notice that

N N
(¢, ¢7) =2h Y sin(njhm)sin(nihw) = h'» _ (cos((i — j)nhm) — cos((i + j)nhm)).

n=1 n=0

Nextly, for any ¢ € Z, we have that
N
N+1 ¢g=0
Zcos(qnhw) = { 1— (1)1 .
"0 s — qc Y/
It follows that (%, ¢’) = 0ij, for any 4, j € N* and the proof of this lemma is over. O

4. The moment problem

The aim of this section is to transform the null-controllability problem of (3.4) into a moment problem.
In order to do this we introduce the following homogeneous adjoint system

W/ (t) — W) (t) + Ay Wi(t) =0t € (0,T)
Wi(T) = Wy (4.1)
where (WQ, W}) € C?V are given. We have the following result.
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Lemma 4.1. Given any T > 0, system (3.6) is null-controllable in time T if and only if, for any
(U2, U}) € C2N | there exists vy, € L*(0,T) which verifies

. o
/Ovh(t)Wh’;LV(t)dt e(Up, Wi(0)) + (U, W} (0) — W,(0)) (Wg, W) e c®N), (4.2)

where (Wy, W)) is the solution of (4.1) with initial data (W2, W).

Proof. If we multiply (3.6) by W}, and we integrate by parts over (0,T), we obtain that v, € L?(0,T) is a
control which leads to zero the solution of (3.6) if and only if (4.2) takes place for any (W2, W}l) € C2V.
O

Now, let us suppose that the initial data, are given by

(Wi, W) = Zb]hw Zblhso : (4.3)

and the solution of (4.1) is written as

= ijh(t)gaj. (4.4)

We have the following result.

Lemma 4.2. If the initial data (W), W}) of (4.1) are given by (4.3), then the corresponding solution of
(4.1) is given by (4.4), where

by — A0 D = At 5

b'h(t) _ —J37jh N (t=T) _ ;(t=T) (45)
J Aj— A Aj— A
and .
1+ sgn(j)\/1 — depyj i 1
2 ol = 4e
A = (L <ljl <), (4.6)
L+ isgn(j)./4epj| — i s 1
2¢ Hil = g

The values ()\;)1<|jj<n defined by (4.6) are the eigenvalues of the operator corresponding to the adjoint
problem (4.1).

Remark 4.3. For e < 1t follows that all the eigenvalues \; are given by
1 +sgn(j)\/1 —4epy; _
A = L <l

which are purely real values. In this case the introduced perturbation is very small and problem (4.1)
has a behavior similar to the continuous heat equation, (2.1).

On the other hand, if ¢ >

16, we introduce the positive integer

ih h?
”Ezm{j HiEIE Sinz(jg)%ae}’

and note that the eigenvalues A\; with 1 < j < n. are purely real and given by

71—1—\/1—45‘/1]‘ and )\ '71—\/1—45/1]‘
B 2 - ’

2e
71
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whereas the eigenvalues \; with n. < j < N are complex (with constant real part) and given by

A.71+i‘/48uj—1 and )\ '71—1'1/46#]‘—1
J —j — — .

2e 2e

Moreover, n. has the following property

1 1
— < < —F.
47r\@_n6_4\@

(4.7)

The spectrum of the operator corresponding to (4.1) has been schematically depicted in Figure 1 in the
case N = 999 and £ = h'3. The real eigenvalues are represented by circles whereas the complex ones,

which have a constant real part, are represented by dots.

x 10" The eigenvalues of the “adjoint” problem
15 T \ T

1+ -
0.5 i
8 Qpoo o0 o O o e} o o e} X o o o o o O O 00006
—05 i
1 i

-15 1 1 1 51 1 L L

1000 2000 3000 4000 5000 6000 7000

Ox

FIGURE 1. The eigenvalues of the operator corresponding to (4.1) for e = h!3.

Remark 4.4. The eigenvalues A;, have the following elementary properties
pi <A <2u;  (1<j<ne),
Al <IN (<) <ne),

iy .
AP =" (e <lil < V),

: 1
)\M—j:% and A +Ay;=— (JEZ [jl<N).

(4.8)
(4.9)

(4.10)

(4.11)

We have now all the ingredients needed to characterize the null-controllability property of (3.6) in

terms of a moment problem.

Theorem 4.5. Let T > 0 and € > 0. System (3.6) is null-controllable in time T if and only if, for any

initial data (UY,U}L) € C*N of form

N N

(U;?,U;%) = Zag’h@j?za’;h@j )

j=1 j=1

72
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there exists vy, € L*(0,T) such that

z T
2

z TN 3¢ (—1)7he™ 1 S 0 ,
vp | T+ et dt = EQis — ENjQps;, + ars 1 <|j| < N), 4.13
/_Z h( 2) asin(j|nh) ( 1|k 5 Q51h mh) (L<|jI<N) (4.13)

|

where \; are given by (4.6).

Proof. The proof of this theorem follows immediately from Lemma 4.1. Indeed, it is sufficient to verify
(4.2) for the initial data (W2, W}l) = (ol \;ol1) for any 1 < || < N. By taking into account (4.3)—(4.4),
we obtain that in this case W (t) = e(*=T)Ai©lil and consequently

Whn(t) = (—1)7 T V2sin([j|wh)e=T (4.14)

Moreover, by using (4.12) and the left hand side of (4.2) we deduce that, for 1 < |j| < N,

— (U, Wa(0)) + (UR,eW;(0) = Wi(0)) = = (ealy — eXjalyy +aly, ) e VT (415)
Thus, from (4.14) and (4.15) it follows that (4.13) takes place and the proof of the theorem finishes. [

As mentioned before, a solution vy, to (4.13) may be obtained from a biorthogonal sequence (6, )jm|<n

m##0
to the family of exponential functions (e’\"t) In|<N D L? (f%, %) Indeed, such a solution vy, is given by
n#0
the formula
Z (—D)"he % 5 .0 0 r
vp(t) = — (ea h— EAnGL @ h) O, <t - ) (t€(0,7)). (4.16)
Sz VEsinlfalaty \ T 2
n#0
In the following section we construct an explicit biorthogonal sequence (6,,)/m<n to the family
m##0
(eA"t) In|<n- Moreover, since we are interested in the behavior of vy, as h tends to zero, we shall evaluate
n#0
carefully the dependence of (6,,,)|,,,|<x on the discrete parameters h and e. This analysis will allow us to

m##0
pass to the limit as h and € go to zero in (4.16) and to obtain a control for (2.1).

5. Construction of a biorthogonal sequence

As mentioned before, this section is devoted to construct and evaluate a biorthogonal sequence to the
family (e’\"t)wgé\, in L2 (-Z,T), where ()\n)‘nI;%ON are given by (4.6). Since (e/\"t)mgé\, is a finite
n n n
family of exponential functions, it follows immediately that it has infinitely many biorthogonal sequences

T T

in L? (—5, 5). However we are interested not only on their existence, but also on their dependence of
the parameters h and . Therefore, we shall construct an explicit biorthogonal sequence and we shall
evaluate its L>°—norm. Firstly, we construct an entire function of exponential type, P,,, and we evaluate
it on the real axis. Secondly, by taking into account the estimates for P,,, we construct another entire
function M,,, called multiplier, such that the product P,,M,, is an entire function of arbitrarily small
exponential type bounded on the real axis. This construction allows us to obtain a biorthogonal element
0y, through the inverse Fourier transform. Such a method was used for the first time by Paley and
Wiener [24] and, in the context of controllability problems, by Fattorini and Russell [5,6]. The main
difficulties in our analysis is to obtain good estimates for the behavior of P, on the real axis and to

construct an appropriate multiplier M,,.

73



I. F. Bugariu, S. Micu A numerical method for the controls of the heat equation

5.1. A Weierstrass product

The aim of this subsection is to construct a Weierstrass product, vanishing in all but one of the eigenvalues
(4.6), and to study his properties. For any m € Z*, such that |m| < N we define the product

Pu(z)= ][] (1+Z) <AHA_"Am> (5.1)

1<|n|<N
n#m

The basic properties of P, are described in the following proposition.

Proposition 5.1. For any m € Z* such that |m| < N, P,,(z) is an entire function of exponential type

(1+7r)\/£
2

at most with the following property

Proof. Property (5.2) is evident. In order to show that P,,(z) is an entire function of exponential type,
we evaluate separately the products

= I (1+5) we o= T (525)
1<|n|<N 1<|n|<N
n#m n#Em

Now, we evaluate E,,(z) by taking into account (4.11). We have that

AnAcn +i2(An + Aln) —

. N N
iz |z|+5\z|2
En2)l =] ] (1+A)’:|| - ll( EEE).
1<|n|<N " n=1 nomn n=1
n#Em n#m

In order to complete the analysis we have to treat separately the following cases:

— |2[ < L. In this case we have that

ﬁ(HW)S,ﬁ(H?') eXp(Zl <1+|Z|)> <

gexp</oN1 (1+2|Z;>dt> gexp<<1+;)ﬁ\/ﬁ>.

— |z| = 1. Tt follows that

N 2 N 2
1 2
T0 (1 By oo [ 1o Y ) <o (022 )
4n2 0 2t2 2

n=1

Consequently, we obtain that there exists a positive constant C' such that

|Ep(2)] < Cexp <W| |> (z € C). (5.3)
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Secondly, we have to evaluate |Qp,|.
N N
AnA_p Hn
o= T |2 - I
| m| 1<];1_[<N An — Am T]L;[ AnA_p — (>\—n + /\n))\m + >‘r2n };[1 |,Un - ,um|
_n;«éﬁ n# n#m
1+ )
n
2m n
N n? e Nl_([ 1)
n+=m n m
< H 2 —m2|  N-m m-1 Ntm Ntm <2
n=1 n=1 n=m-+1 n=N+1
n#2m

(5.4)

Therefore, we have that
|Qum| <2 (meZ", |m| <N).

By using (5.3) and (5.4) we deduce that P,,(z) is an entire function of exponential type at most

O

% and the proof finishes.
The following result gives us the behavior of the product P, on the real axis
|m| < N, there exists a positive constant w

Proposition 5.2. Giwven h > 0, ¢ > % and m € 7~
independent of h, € and m, such that
| P (z)] < 2exp (wp(x)) (z e R), (5.5)
where  is given by
Vil el < 2
p(z) =4 Vel 1<l <5z (5.6)
Ve 4
TFEL V || e =
Proof. Since |P,(x)| = |Em(z)||Qm] it follows from (5.4) that it is sufficient to evaluate |E,,(z)]
the sequel, C' denotes a generic constant witch may change from one row to another but it is always
independent of h, ¢ and m. We begin the evaluation of E,,(z)
N ix ix s ix N ix
|Em(z)] =[] 1+‘1+:H 1+ — II 1+— 1+ .
n=1 An >\—n n=1 An n=nc+1 ” A_”
n#Em ;ém
EZ, (2)

n#m
B (z)

1
—L n
= X

By taking into account that both E! and EZ2, are even functions of z, it is sufficient to consider only

2

the case x > 0. Firstly, we estimate the product E} ()
—3 M. 72 2
1+(+A2 ) 11 Lt 37—

1 B = ix i x
Em(:z:)_nl;[luE L+ <1+A2> H ) 1
n#m ﬁx—’
Epf () By ()
Now, by taking into account (4.9) it follows that
B (@) < B (5)  (220),

()
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therefore in order to evaluate E. () it is enough to study E}~(x). By using, (4.8) and the inequality
sin(t) > 2¢, which holds for any ¢ € (0, %), we deduce that

Ne $2
H < Iy s
—n n=1 n
1 Ne xg 1 Ne $2
Sexp<2Zln<1+16n4>>§exp<2/o ln(1+16t4>dt>§
n=1

< l/fl 1 Va2 7 ) < eV
xp | = — = — X :
=P\ 9, 16¢4 2 )z 16087 ) = TPEVE
Thus, we have that
E}! (z) < exp (Cvz) (x >0). (5.8)
Consequently, from (5.7) and (5.8) we obtain that
E} (z) < exp (Cy/x) (x >0). (5.9)

Secondly, we evaluate E2, (z) as follows

N 2 N 2 . 2 2
|E2 ()] H 1_’_7 H [An]? + 2ziR(N,) — 2 _
n=ns+1 n=n.+1 |AI’L|2

n;ém n#m
ﬂ (Anl? = 22)2 + 422R2(\,) ﬂ (1+x +4x2%2(/\n)—2x2|)\n2>
4 - 4 :
n=n 5 1 |>\n‘ n:;léval |>\"|

In order to complete the analysis of E2, we have to treat separately the following two cases.

Case I. z < 1. By using (4.10) we obtain that

N 292 - 2 2
EAGIE || (HM*W) 2 |An>S

4
n:?éf+1 |An|
N 83:23?2()\n) N x?
< exp Z In 1+W < exp In 1—|—8 dt
n=nc+1 Ne

vz 72 N
exp /n ln< 84>dt+/\f84dt < exp (CV/z).

Case II. If z > % it results that

N 4 2902 9.2 2 N 4
[ (1 20 20y (50 (10 2))
n 1 n

n=n.+1 n=n.+

n#m

S

To estimate S we have to study the following cases.
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we have that
n e2xt oVE g2t B g2zt
< In{l4+ —|dt= In(1+4+—|dt In{l4+ —|dt=
S/1n<+16t4) /L n(+16t4> +/Ngn<+16t4>
Ve Ve
2.4\ |TVE x\/E 2.4 £ 2.4
:t1n<1+i6j4> +4/ de/ ST dt < Caye.

S LT et T,
4.
2. For zv/e > 7 it follows that

4

n g2zt g2zt |* B 4e2gt VeT
S< | m(1+Zi Vdat=tn {1+ dt < C
—/}n< +16t4) n< +16t4>‘1+/1 1664 + 224" =T g

Ve Ve

EIIN

where we have used the inequality In(1 + z) < 8+/z, which holds for any = € (1, c0).

Therefore, for any > 0 we obtain that

|2 (z)] < { &P (CavE)  C<z<yiz (5.10)
VeV 4
exp(C \E/E )w> NG
Finally, from (5.9) and (5.10) we deduce that (5.5) takes place and the proof finishes. O

Similarly, the following simpler result can be proved.

Proposition 5.3. Given h > 0, ¢ < }112 and m € Z*, |m| < N, there exists a positive constant w,
independent of h, ¢ and m, such that

[P ()] < 2exp(we(z)) (2 €R), (5.11)

where p is given by

pl@) =zl  (z€R). (5.12)
Remark 5.4. Note that, in the case ¢ < }1%7 the second branch of the function given by (5.6) disappears
and the expression from the third one is bounded from above by /z. Hence, in this case, the function
(5.6) is replaced by the simpler one given by (5.12). This result confirms the first part of Remark 4.3,
in which we have said that, for ¢ < '1’—2, our problem is close to the continuous heat equation. Indeed,
an estimate of the form (5.11) with ¢ given by (5.12) is obtained for the continuous heat equation by
Fattorini and Russell [5].

5.2. A multiplier

In this subsection we construct a multiplier M,, which will compensate the grow on the real axis of the
Weierstrass product Py, given by (5.5).

We introduce the class 7" of continuous, increasing and onto functions ¢ and we provide some technical
results that we will be needed later on. Given ¢ € 7" and r € N*, we introduce the function

5:00,00) = [0,00),  Plx) = {2(@ . %g o (5.13)

7
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and we define the sequences (ap)nen+ and (nm,) ez by
Im|<N

plea,) =n—+r (n e N"), (5.14)

(meZ*, |m| <N). (5.15)

NN

oo 1 wlefAy]) <r
L e(elAmD)] =+ 1 p(e[Am]) = 7
We have the following result.
Lemma 5.5. Let © > a,,, and define n, := [p(ex)] —r. Then

I e

jzn’ﬂL nm
where A(u) = #{an < u} = [p(ew)] — 7.
Proof. We have that

" AW N[O AW " Adw) N[
— du = — — du— — du=— 2 du—
[ AP [T e [ S 3 [T

nm j:n"L An g

T Ne—1 7 n T N
n a; a,” Ny — 1 a;
—/ —du=1In H jj — :—/ uu du—i—Zln(—J),
Ing “ J=nm a-]+1 v Anm u J=Nm v
which completes the proof of the lemma. O

Now, we can prove a general result which will give our desired multiplier function.

Proposition 5.6. Given p € T and r € N*, let (an)nens and (M) mezs be given by (5.14) and (5.15),
|m|<N
respectively. Suppose that, for each m € Z*, |m| < N, the following hypotheses hold:

Z ai <L, (5.16)

n>ng,

1 14+ [R(Am)|

— <D 5.17
2 <PTInE (5:17)

where L and D are two positive constants independent of m. Then, for each m € Z* such that |m| < N,
there exists M, : C — C with the following properties:

1. M, is an entire function of exponential type at most L.

2. | My, (2)| <exp(—e(|z]) + ele|An]) +7+1) for all x € R.

3. M) 2 exp (— (14 RO )

Proof. By adapting an idea from [9], we define the function M, : C — C as follows

oo §in (f)
n
Min(2) = H =
N=MNm Qn

(5.18)

where the sequence (ay)n,>1 is given by (5.14) and n,, by (5.15).
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M, is an entire function of exponential type. Indeed, this is a consequence of (5.16) and the following

estimate
o0

- ) S > o
B A I H e|an‘ — e n=nm §6L‘Z‘.
N="Nm n N=Nm,
To prove the second property of M,, we have to treat separately the following two cases:
Case 1. |z| < eay,,. Taking into account that ¢ € 7 it follows from the monotony of @, given by
(5.13), that
o(|z]) < @(ean,,) < p(e[Am]) +1,

and consequently, we have that

°o |sin (ﬁ)
M) = [T |[—="| <1
N=Nm, An
< exp (=@(|z]) + (el Am]) + 1) < exp(=p(|]) + (e[ Am]) + 7+ 1).
Case 2. |z| > eay,, . By using Lemma 5.5 we deduce that
o a; B - a; TOA) —ngy + 1
| M., (2)] < H ‘x'—exp<.z In (33)) < exp (—/a Tdu .
j=nm j=nm nm
Since ay,,, < £ and A(u) — ny, + 1> @(eu) — o(e[An]), we obtain that

o) <exp (7 AT IL) < oxp (e + ptenl) 474 ).

[E]

Hence, the second property of M,, is proved. Now, we pass to study the last property of M,,. We notice
that

—

1 _ _
an,, = g@ 1(nm +r) > g@ 1(@<6|>‘m‘) —r+7)=|Anl,

which implies that
[ Am|

Qp

<1 (n > ny,).

Thus, by taking into account (5.17) and the inequality

=2 z1-ca? (2l <),
x
we deduce that
o | sin (Zim> > sin 2—” 00 1 |/\m|2
wuida)l = 1 || 2 ] o > HjPGGQ _
= 1 Am|? Anl? o= 1 D

= exp <n_zn: ln< "6 a2 > exp | ——¢ n:Zn: pt 2 exp | =% (L+ RO |-

This gives the third property of M,, and completes the proof of the proposition. O

In the following lemma we show that (5.16) and (5.17) are verified for the function ¢ from (5.6).
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Lemma 5.7. Let h, r >0, ¢ > }1’—; and ¢ be given by (5.6). For every m € Z* such that |m| < N, the
sequence (ap)nen+ defined by (5.14) has the following properties

> 1<e< +\[ln<4\[>+\[>,

a 4
>Ny, "

(5.19)

1 1 Ve 14 R

— <33 —4+4h+ — | ———. 5.20
T gswn(raf) HG 20
Proof. Since ¢ is defined by (5.6), the sequence (a,),>1 will be given by

(n+r)2n< {i} —r

1 = [ve
an:g L\E [ﬁ}frgng [%]—r (5.21)
h(n+r)? 4
= Al -rsn
To prove the first property we only have to remark that
| [l W ~ s
2
_ - <
DI SN > ot X e
n>nm, N=Nm :[%] —r+1 n:[fb]—r—‘rl
e BT VE L E WEY , VE
—2 2
dt — t dt < — In -
/ +/¢,Tt+r /Lr(”) FVE ( h )+ 1
NG n
which gives (5.19).
Now, we pass to study property (5.20). Firstly, we have that
[ﬁ]ﬂ, 1 [t € = € 1
62 Z a2: _Z: (n—i—r)‘*Jr Z (n—l—r)Q+ Z h2(n+r)t =
>Ny, N=MNm ne [%] 1 n_[%]irJrl
ﬁ—r £-r o
§/ (t+r)_4dt+5/l (t+r)” 2dt+ﬁ (t+r)"tdt <
N — 1 =T -
1 1 n 193eh
3\ (nm —1+7)3 64 /)
Since L(lg)‘ > m and eh|\,| < /€ + h, inequality (5.20) takes place if
[Am] 27r
AN 5.22
(npm —147r)3 — 62 + Ve ) (5-22)

To show (5.22), we analyze separately the following two cases

Case 1: If @(e[An|) < r it follows from (5.15) that n,, = 1. In this case from the definition of the function ¢,
properties (4.8) and (4.8) we deduce that pi),,,| < 2 and

[Am] _ Pl

2,U|m‘ 2
< —
(N —1+7)3 3 =

r3 ~ er’

which gives (5.22).
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Case 2: If p(e|\,]) > r, by using again the definition of ¢, relation (4.10) and (4.7) we have that

Pl Pl 2wl E
O e W)

which gives again (5.22).
This completes the proof of the lemma. O

Similarly, the following simpler result can be proved.

Lemma 5.8. Let h, r >0, ¢ < % and ¢ be given by (5.12). For every m € Z* such that |m| < N, the
sequence (an)nen+ defined by (5.14) has the following properties

1 e
— < = 2
E an = 7”7 (5 3)

n>nm

1 e 14+ |R(A\n)
— < — 5.24
a2 ~ 3r (A |? ( )

Now, we have all the ingredients needed to construct the desired multiplier function. This is done in
the following proposition.

Proposition 5.9. Let T > 0. There exist hg,co € (0,1) and 19 > 0 such that for each h € (0, hy),

€ (0,coh), r > ro and m € Z* such that |m| < N, there exists a function M,, : C — C with the
following properties:

1 M, is an entire function of exponential type at most 32w

2. |Mpm(2)] < Cexp (—¢(|7]) + 555 |R(Am)|) for all z € R.

3. | My (idm)| > exp (=555 (IR(Anm)| + 1)),
where w is the constant from (5.5), the function ¢ is given by (5.6) or (5.12) and C is a positive constant
independent of h, ¢ and m.

Proof. Firstly, let us remark that there exist ho,co € (0,1) and rj > 0 such that

( L e (4f> . f) <L e (0.ho), £ € (0,c0h), 1> 1), (5.25)

4 32w
1 NG T /
337 (r +4h + 4> <555 (BE€(0ho), €€ (0,coh), 1> 1), (5.26)
T
e?meg < — (5.27)

~ 32w
By taking into account Proposition 5.6, Lemmas 5.7 and 5.8, relations (5.25) and (5.26) it follows

immediately that properties 1 and 3 of M, are verified. In order to obtain the second property of M,,,
it is sufficient to prove that, there exists ro > r{, such that the following inequality holds for r > r

ole|ldm]) < 32%|§R()\m)| + 7. (5.28)

To show (5.28) we note that, if ¢ < ’fﬁ, the following inequality holds

T
\/ 6|>\m| S m|)\m| + r,
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which gives (5.28) for r sufficiently large. The same argument can be used to obtain (5.28) in the case
€> }1’% and e[\, | < L.

Finally, if ¢ > ?2 and <elAn| < then we have that

h\f’

T
< e2eve|l | < *meg < ——

Vaeln| 32w

1
R(Am)

which completes the proof of (5.28).
Consequently the proof of the second property of M, and of the entire proposition ends. O

5.3. The biorthogonal sequence

Now, we have all the ingredients needed to show the existence of a biorthogonal sequence to the family
of exponential functions (eA"t) Inj<N in L2(0,T).
n#0

Theorem 5.10. Let T > 0. There exist ho, ¢o € (0,1) such that for any h € (0, hg) and € € (0,coh) there
exists a biorthogonal sequence (0,)|m|<n to the family (e’\"t)|n|§N in L? (—%, %) such that (0 )mj<n C
m#0 n#0 m#0
ct [—77 %} and
Omlle-z 27 < Cexp (aR(An)])  (m e Z7, |m| < N), (5.29)

where a < % and C' is a positive constant independent of h, € and m.

Proof. For each m € Z*, such that |m| < N, let P,, and M,, be the functions from Propositions 5.1 and
5.9, respectively. We define the function

My (2) \* sin(8(z — idm))
)) (5.30)

Un(2) = Fn(2) (Mm(i)\m 3(z — idm)

where § € (0, %) is an arbitrary constant and w is the same as in Proposition 5.2 (if € > T—;) or Propo-
sition 5.3 (if e < %) Let

i/ 7, (x)eirt dz (jm| < N). (5.31)

From Propositions 5.1 and 5.9 and formula (5 31) we deduce that ¥, is an entire function of exponential

type at most (1+7T)\ﬁ —|— 5 T 0. Since 0 < g 1t follows that there exist hg,co € (0,1) such that for any
h € (0,hg), € € (O coh) We have that ¥, is an entire function of exponential type at most %

By using Paley-Wiener Theorem [27, Theorem 18, Sec. 2.4] and the decay properties of ¥, on the

real axis we deduce that 6,, € C* [—%,%}( in fact 6, € C* [—5,5] for any k € N* ). From the

Inverse Fourier Theorem and (5.2), we deduce that (,,)|,,<xn is biorthogonal to the family (e n )‘n|< N
m##0 n#0
T T

in L2 (—5, 5). Moreover, from the estimate of the function P,, on the real axis given by Propositions

5.2 and 5.3, the properties of the function M, from Proposition 5.9 and taking into account that

. <k
sin z e3(2)

3(2)
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we obtain that the following estimates hold

1 .
— / W, (z)e™ dx
2 R

< Cexp (gm(xm)) /R sin(d(z — iAm))

5(z — iAm)
< %exp ((g + 5) |%(Am)|) /Re—wﬁd:c < Cexp (aR(An)])

<

10m Ol oo~z 2y =

‘ e @) dy (5.32)

where a = % +0< % and C is a positive constant independent of A, € and m.

Moreover, similar to (5.32), the following estimates take place

< Cexp (alR(Am)]).- (5.33)

1 ; 1T
”0;n(t)”Lw(,%’%) = ‘%/wa@m(x)e td,r

From (5.32) and (5.33) it results that (5.29) holds and the proof of the theorem finishes. O

6. Controllability results

The aim of this section is to use the biorthogonal sequence from Theorem 5.10 in order to construct a
uniformly bounded sequence of controls for the discrete perturbed equation (3.4) with the property that
any weak limit of it is a control for the continuous problem (2.1). We have the following result concerning
the uniform boundeness of the family of discrete controls.

Theorem 6.1. Let T > 0. There exist ho, co € (0,1) such that for any h € (0,ho), € € (0,coh) and any
initial data (UY,UL) € C?*N of the form

N N
O, UD) = | Do adue’. Y ajue’ |, (6.1)
j=1 J=1
such that
2 2
T T HRO) <‘a|1n|h’ + ’a?nlh‘ ) < o0, (6.2)
[n|<N
n#0

there exists a control v, € C*[0,T] of the discrete perturbed wave equation (3.6) with the property that the
family (vp)p, is uniformly bounded in C*[0,T).

Proof. For any initial data (U2, U}) € C?V we construct the function vy, € C'[0,T] as follows

xr
2

o« (C)the™E
on(t) = EN Vasin(nlmh)

n#0

— T
<5a‘1n|h — eal,pha + a?nlh) 0, <t - 2) (te(0,7),  (6.3)

where (0,,)|m|<n is the biorthogonal sequence to the family (eA"t) Inj<n given by Theorem 5.10. Let us
m##0 n#0
show that vy, is the control we are looking for. In results from Theorem 5.10 that v;, € C! [0, T]. From the

properties of the biorthogonal sequence (6,,),, it is easy to see that v, verifies (4.13). To conclude that
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vy, is a control for (3.6), we only have to prove that the right hand side of (6.3) is bounded in C'[0,T].
This follows immediately from Theorem 5.10. Indeed, we have that

he— 51RO

leron <€ 3 1 e

[eabuin = g in + afuyn| (180l + 184]12) <

[n|<N
n#0
-z R(An 1 0 0
<C ) NI e(=ta) RO (E‘Q\nlh a|n\h’+‘a|n\h’) <
<N \sm nmh)|
n#0
(—T4aa) RO (|1 12 ] 0 e~ 2alR00)|
_T4da .
|y (b + ot )] [ S [ <
[n|<N [n|<N
n#0 n#0
where C'is a positive constant independent of h, € and m. 1

The main result of this paper reads as follows.

Theorem 6.2. Let T > 0 and u® € L*(0,1) given by (2.4). There exist hg, co € (0,1) such that for any
h € (0,ho), € € (0,coh) and any initial data (UD,U}L) € C*N of the form

Uha Uh ZaghQD ) ) (64)

and with the property that
(a2)n — (an)n in €* when h — 0, (6.5)

there exists a family of exact controls (vi)nso C CY[0,T] for problem (3.4) which converges to a null-
control for (2.1) in C[0,T] when h tends to zero.

Proof. Firstly, we note that (6.5) implies that (6.2) is verified. Now, we consider the family (vp,); defined

in Theorem 6.1 which is uniformly bounded in C'[0,T]. By using Arzela-Ascoli Theorem, it follows that

there exists a subfamily of (vg)s, denoted in the same way, which converges to a function v in C[0,T].
Since vy, is a control for (3.4) it follows from Theorem 4.5 that

/Tv (t) e Midt = _EDmh (—eal +ednal,, — al) ) (—1 <n< —1) (6.6)
o ~ V/2sin(|n|xh) Inlh nHinlh - Finfh T '

Now, by passing to the limit as A — 0 in (6.6) and taking into account that ¢ — 0 too, we deduce that

T
1
-1 "+1/ o(t) €t = — a n e N¥).
Sl S (el
Finally, from (2.5) we obtain that v is a null-control for (2.1) and the proof of the theorem ends. O

Remark 6.3. The usual discretization by points

U8.U1) = (00R) sy (5 G) 1)

leads to a convergence property of the Fourier coefficients sequence that depends on the regularity of
(u®, ut). Indeed, it is not difficult to prove the follo8x¥l1ng
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(i) If u® and u! are piecewise continuous functions in [0, 1] then

(ao ) N (ao) <al"h> — (ai) when h — 0 in 1!
nn)p = (an),, M ) " \ami '

(ii) If u® and u' are one time derivable with continuous derivative in [0, 1] then

0 0 Ay, a, ol
(anh)n — (an)n ) - ) when h = 0inl".

nm

7. Numerical results

Approximate values of the control with N=79 Approximate values of the control with N=99
0.01, T T T T T T T 0.01, T T T T T T T T
0.008 b 0.008-
0.006 1 0.006r
0.004 R 0.004r
0.002, b 0.002-
-0.002! 4 —o.oon
-0.004; b -0.004-
-0.006 1 -0.008-
-0.008 1 -0.008-
0% 01 0z 03 04 05 05 07 08 09 % 01 0z 03 04 05 06 07 08 09
t t
Approximate values of the control with N=129 Approximate values of the control with N=299
0.0, T T T T T T 0.01, T T T T T T
0.008f b 0.008
0.006; R 0.006;
0.004f 1 0.004
0.002; b 0.002

v(t)
=)
v(t)
4

-0.002 -0.002
-0.004 b -0.004
-0.006 b -0.006
-0.008 1 -0.00:
_0'010 0‘.1 0‘.2 0‘.3 0‘.4 0‘.5 0‘.6 0‘.7 0‘.8 0.9 0 010 0‘.1 0‘.2 0‘.3 0‘.4 0‘.5 0‘.6 0‘.7 018 0.9

FIGURE 2. Numerical example 1 - Approximations of the control vy, for N=79,99, 129, 299.

In this section we present two numerical experiments to approximate the control of (2.1) based on
discretization (3.4), with the singular perturbation, eu”. More precisely, we approximate the HUM
control v for (2.1) (the control of minimal L?—norm with respect to some weight if required, see [4,19])
by using (3.4) as discretization of (2.1).

The algorithm we have used to compute the approximate controls is based on a conjugate gradient
implementation of the HUM method inspired in [4]. To this end, by considering approximation U, ,? of uY,
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300 Control’'s approximation with g=h11 T

250 H Control’s approximation with e=h1° E

200

150

100

-50

—-100

—-150

—200 *

0.05 0.06 0.07 0.08 0.09 0.1

FI1GURE 3. Numerical example 2 - Approximations of the control vj, for two different
values of €.

we minimize the functional .J : C?2Y — C defined by

0 1y I Wh,N(t) ’ 0 0 /
J(Wh,Wh) - 5 0 19(t) T dt+<Uh,Wh(O)> 7€<Uh7W}L(O)>7 (71)
where (W}, W}) is the solution of (4.1) with the initial data (W7, W}l). In (7.1) 9 € C*°[0,T] is a cut-off
reqular function with the property that there exists a positive number e < % such that

supp(9) C (¢/2,T —¢€/2), 0<v(t)<1lforallte[0,T], 9(t)>1/2forallte[e,T — €.

The function ¥ has the role to improve the numerical approximations of the controls, avoiding incompat-
ibility between the initial data and the nonhomogeneous term at the origin.

The minimizer (W2, W}!) of J provides the control o, of the discrete system (3.4) with minimal
L?—norm with respect to the weight ¢. The weak limit of the family (3),., is the control of (2.1)
mention before.

In the algorithm several wave equations have to be solved. In order to solve the differential equations
in ¢t we use the Newmark Method with the parameters v = 0.5 and 3 = 0.25 (see [8]).

Numerical example 1: In this example we take T = 0.9, ¢ = h''! and the initial data to be controlled

u’(z) = 102(1 — z) (x € (0,1)).

The approximations of the control, for different values of N, are presented in Figure 2 in which the
convergence of the controls v, when h and e go to zero can be immediately observed.
Numerical example 2: In this case we take T'= 0.15, N = 3999 and the initial data

u®(z) = sin(m x) (x € (0,7)).

The approximation of the control, for two different values of ¢, are presented in Figure 3.
Note that, at least in this case, the introduction of the perturbation su/ has improved the numerical
results in the approximations oy. Indeed, if ¢ = k¥ the perturbation is very small and we are close to the
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case of the unperturbed situation (3.1). If ¢ = h''! the perturbation has a stronger influence, regularizes
the controls and produces better numerical results.
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