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Abstract. We study the structure of the spectrum of the infinite XXZ quantum spin chain,
an anisotropic version of the Heisenberg model. The XXZ chain Hamiltonian preserves the
number of down spins (or particle number), allowing to represent it as a direct sum of N-
particle interacting discrete Schrodinger-type operators restricted to the fermionic subspace. In
the Ising phase of the model we use this representation to give a detailed determination of the
band and gap structure of the spectrum at low energy. In particular, we show that at sufficiently
strong anisotropy the so-called droplet bands are separated from higher spectral bands uniformly
in the particle number. Our presentation of all necessary background is self-contained and can
serve as an introduction to the mathematical theory of the Heisenberg and XXZ quantum spin
chains.
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1. Introduction

Quantum spin systems have been widely used in theoretical physics and more recently in information
theory as models in the study of many-body quantum systems. Single non-interacting quantum spins
are very easy to describe, as they act in low finite-dimensional Hilbert spaces (C? in case of a 1/2-spin).
Quantum spin systems thus become models which allow to almost exclusively focus on the complicated
effects of interactions. In this spirit, our personal interest in quantum spin systems arose from trying to
identify quantum many-body systems in which disorder effects (such as localization) can be rigorously
studied. From this point of view the work presented here can be considered as a preliminary investigation
of the quantum XXZ chain subject to an exterior magnetic field, which we plan to continue in future
work by studying the case of random magnetic field.

The XXZ chain is a one-dimensional anisotropic version of the spin-1/2 Heisenberg (or XXX) model.
One of the XXZ chain’s key properties, making it accessible to rigorous investigation, is that it preserves
the particle number, i.e. the number of, say, down spins in a spin configuration.
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One of our goals here is to reiterate that this property can be understood in terms of the fact that
the Hamiltonian describing the XXZ spin chain is unitarily equivalent to a direct sum of N-body dis-
crete Schrodinger-type operators, each restricted to the fermionic subspace of anti-symmetric states and
involving attractive nearest neighbor interactions. While many aspects of this have been used at least
implicitly in the physics and mathematics literature on the XXX and XXZ chain (in particular, the re-
sulting representation (4.24) below is well known), this connection seems to be widely unknown among
mathematicians working in the spectral theory of Schrodinger operators. Thus we hope that our work can
trigger further applications of the wealth of knowledge in Schriodinger operator theory to quantum spin
systems. It is mostly for this reason that we have written this paper from the pedagogical perspective
of not only presenting some new results, but also surveying known facts from a somewhat different point
of view and with self-contained proofs, trying to make this knowledge accessible to a new and wider
audience.

Much of the mathematical interest in the Heisenberg and XXZ chains has arisen from the fact that
their infinite volume versions provide examples of exactly solvable systems. This was accomplished by
rigorous implementations of the Bethe ansatz, originating from [6], leading to an exact diagonalization in
terms of a Plancherel formula or complete generalized eigenfunction expansion. For the Heisenberg chain
this is done in the series of papers [2—4,22], which also discusses consequences for the scattering theory
of the Heisenberg chain and that it provides an example of a completely integrable system. Later, the
extension of the completeness result to the anisotropic XXZ chain was discussed in [5,11,12].

As far as we can see, some of the technical details of these results have never been published. But
note that [7] announces a new proof of completeness of the Bethe ansatz for the XXZ chain as work in
preparation. Among recent works on the Bethe ansatz for the Heisenberg chain we also mention [14]
which provides many additional references.

Our main interest here, motivated by future applications to the XXZ chain in exterior magnetic field,
lies in the structure of the low energy bands and gaps of the spectrum of the infinite volume XXZ
Hamiltonian and its restrictions to the N-particle subspaces. Mathematical results on the ground state
properties and low energy spectrum of the XXZ chain can be found in [15-18,20], where further references,
including to the physics literature, are provided. These works, as well as ours, are generally concerned
with the Ising phase of the XXZ chain, where the Z-term (Ising term) dominates the X and Y-terms in
the Hamiltonian.

Our approach in this paper could be characterized as “semi-hard”. Following the approach in [18§],
we use a rigorous version of the Bethe ansatz to study the low lying spectrum of the infinite XXZ
chain, in particular the so-called droplet bands. In a sufficiently strong Ising regime this indeed gives the
full spectral resolution of the XXZ Hamiltonian at the bottom of its spectrum. Then we use “softer”
methods, in particular an HVZ-type theorem, to identify higher energy bands without attempting to
prove completeness or explicitly describing all generalized eigenfunctions.

We start in Section 2 by introducing the finite XXZ chain and recalling some basic facts, specifically
particle number preservation and the structure of ground states. What we present here can be considered
common wisdom, which we learned in private communication from B. Nachtergaele. Logically Section 2
is independent from the rest of our paper, which is concerned with the infinite XXZ chain, but Section 2
serves to motivate what follows.

In Section 3 we essentially follow [18] in the definition of the infinite XXZ chain, also including an
exterior magnetic field of variable strength in the Z direction. This can be understood as an explicit
construction of the GNS Hilbert space for the infinite volume XXZ chain relative to the all-spins-up
vacuum vector and is enabled by particle number preservation (i.e. we may first introduce the restriction
of the infinite XX7Z chain to states with fixed particle number and then take a direct sum).

Then we show in Proposition 4.1 of Section 4 that the restriction of the infinite XXZ chain to the
N-particle sector is unitarily equivalent to an N-body discrete Schrodinger operator restricted to the
fermionic subspace. Due to working with the one-dimensional XXZ chain, this operator can also be
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directly expressed as a Schrédinger-type operator over the subgraph of ordered lattice points x1 < z9 <
... <y of ZV, as pointed out in (4.24) below.

Much of the rest of our work, Sections 5 to 7, is devoted to a thorough study of the spectrum of the free
infinite XXZ chain (i.e. in the absence of an exterior field). In this, based on the insights from Section 4,
we are strongly guided by ideas from N-body scattering theory.

The construction and exact determination of the droplet spectrum for each N-particle sector of the
XXZ chain in Section 5, while quite closely following [18] in the details and using a rigorous version of
the Bethe ansatz, thus is seen as determining the spectrum corresponding to one particular scattering
channel, namely the one in which all N particles form a single cluster. Then in Section 6, via a classical
approach from scattering theory, we use an HVZ-type theorem to determine other contributions to the
spectrum corresponding to more complicated cluster decompositions of the N particles. We do this for
a general class of discrete N-body Schrodinger operators, only assuming that the interaction potential
decays to zero and the kinetic energy operator is translation invariant. Proposition 6.1 provides an HVZ-
type theorem for the full N-particle Hilbert space, which is then shown in Proposition 6.2 to also hold
for the restrictions of the N-body operators to the symmetric and anti-symmetric subspaces.

When applying the results of Section 6 to our particular model, in light of the attractiveness of the
interaction, it is to be expected that the droplet band is the lowest band of the spectrum. As far as the
ground state is concerned this is seen already in Section 5, e.g. Corollary 5.2 (and also contained in [18]),
which says that the bottom of the droplet spectrum gives the spectral minimum of the XXZ chain in
each N-particle sector.

What we consider much more important for potential later applications is Proposition 7.3 in Section 7,
which can be thought of as the main result of our paper: If the anisotropy parameter A characterizing
the Ising phase is sufficiently large (A > 3 will suffice), then the entire droplet band is strictly separated
by a gap from the rest of the spectrum in the N-particle sector and this gap can be chosen uniform in
the particle number N. In fact, A > 3 will be needed to cover the somewhat trivial case N = 1. For
all other particle numbers, A > 2 suffices to create a uniform gap and we will see that these values are
sharp.

This also means that for A > 3 the infinite XXZ chain has a non-trivial spectral gap above the union
of all N-particle droplet bands. This may be considered an analogue to a result for the finite XXZ chain
proven in [17] (where, however, the size of A required for this is not explicitly quantified).

In Section 8 we conclude with some remarks on the consequences of exposing the XXZ chain to an
exterior magnetic field and, in particular, to a random field. We mention some initial results on this which
were proven in the thesis [10]. The latter also contains most of the other results presented here, often
with more detailed proofs. We will also comment on perspectives provided by our results for proving
localization properties of the XXZ chain in random field near its spectral minimum.

2. The finite XXZ spin chain in transversal field

For much of our work we will consider the infinite XXZ chain, but it is instructive to start by recalling
the finite XXZ chain and review some of its properties.
The canonical basis vectors in C? will be denoted by

w=(5) =11 md a=()=1v (21)

L 2
. C

r=

interpreted as “up-spins” and “down-spins”. For L € N consider the Hilbert space H[ 1) = X
with product basis given by

{e;, ®...®¢€;, : i €{0,1}, k=1,...,L}. (2.2)
For these basis vectors we will also use symbols such as | 1), | 11 ... 7)1z, etc.
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Let / / /
L (0 12 s (0 —i/2 s (12 0
5= (1/2 0 ) , 57 = (i/? 0 ) , 8= ( 0 1/2) (2:3)
be the standard spin-1/2-matrices and

bl e (01 ~ w1 .2 (00
St =" +iS _<00>7 S~ =8'—is —(1()) (2.4)

be the spin raising and lowering operators.
The X X Z chain is the self-adjoint Hamiltonian

L—-1
H[LL] = Z hx,x+1 (25)
=1

on Hpy,r], where

1

1
hy w1 = 7(11 - 8282.1) A(‘Sal:S;Jrl +525%11) (2.6)
1 1 1 1
= _Z(Sw “Seq1— ZI) —(v- Z)(S;)Sg—i-l - EI)
1 1 1
= _ﬁ(tw,w—&-l —1I)—- 1(7 - Z)(”w,wﬂ —1).

Here, as usual, the notation A, indicates that a matrix A acts on the z-component of the tensor product.
The exchange operator t; ;11 acts on a product state by exchanging its components at the sites = and
x + 1, while 7, 541 acts on the basis vectors (2.2) as the identity if the sites  and x + 1 have the same
spin and as the negative identity if these sites have opposite spins.

The parameters v and A are assumed non-negative, which is often referred to as the ferromagnetic
case. Special cases include the Heisenberg chain (y = 1/A), the Ising chain (A = oo) and the isotropic
XY (or XX) model (v =0).

Here we generally consider the Ising phase of the XXZ chain, i.e. we assume v > 1/A > 0. In fact, in
this case nothing will be gained by keeping v flexible, thus from now on we set

y=1 and 1< A<o0. (2.7)

Working with the renormalized form of the XXZ chain, given by the extra i[ terms in the first line of
(2.6), has the consequence that in the Ising phase the two terms in the last line of (2.6) are non-negative
(this renormalization is also needed to extend the definition of the XXZ chain to infinite volume in the
next section). From this one can see that the ground state energy of Hyy ) is 0 and that the corresponding
eigenspace is two-dimensional, spanned by | 11 ... 1)1z and | |} ... )1 1), the all-spins-up and all-
spins-down states (justifying the use of the term “ferromagnetic”, as it is energetically optimal for all
spins to be parallel). This is well known and sometimes referred to by saying that the XXZ chain in
the Ising phase is “frustration free”, allowing to find ground states as the intersection of null spaces of
non-negative terms. Details on this are provided in [10].

Let v = (v,)L_; such that all v, > 0 and define

r=1
L
Hypy(v) = Hpoy + Z VN, (2.8)
r=1
where
1
N, = S SF = (8 ?) = 51— 52 (2.9)
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Thus, up to an energy shift H r)(v) is the Hamiltonian of the XXZ chain in an external transversal
magnetic field of variable strength v. Choosing the field v, non-negative makes | 1 ... 1) a ground state
of Hyy,r)(v) to energy Eo = 0. If v, > 0 for at least one =, then | 1 ... 1) is the unique ground state (as

the energy of | | ... ])is >, va).
Let

S 253 (2.10)
be the total magnetization operator. Then
[Hi1,L) (), Sf1 1] = 0. (2.11)

Sﬁ,L] has eigenvalues {% —N:N=0,1,...,L}, with eigenspace corresponding to % — N given by

’Hf\{’L] := span HS;J,\T...T)DL] 1< <ay<...<zy<Lj}, (2.12)
j=1

i.e. the subspace of H[; ) spanned by all the states with N down spins, called the N-magnon space or
N-magnon sector. By (2.11), ’Hf\{ 1) 1s invariant under Hpy 7)(v) and we define

HY (V) = Hup () Ty, - (2.13)

[1,L]

Note that we may also think of ’H[I\{,L] as the N-particle sector of Hjy 1], where 2 = | 1 ... 1) is the

vacuum vector and the lowering operators S take the role of creation operators. Observe that (2.11) is
equivalent to [Hpy 1j(v), N] = 0, where

L
N:=> N, = 51— S 1 (2.14)

is the total particle number operator, characterized by Nf = Nf for f € 7—[[1 L In this interpretation
the N, take the role of local particle number operators.
Thus Hpy, L]( v) is the restriction of the XXZ-Hamiltonian to the N-particle states.

3. The infinite XXZ chain

Here we essentially follow [18] in the introduction of the infinite XXZ chain. This can be understood as
a direct definition of the GNS representation of the infinite volume limit of the finite XXZ chain relative
to the all-spins-up ground state (or vacuum vector).

We start with the countable set of all finite subsets of Z,

M :={J CZ : J finite}
and let Hz = ¢?(M) be the space of all square-summable functions from M to C,
) . N\ 1/2
CM) =4 f: M= C with || e = ( S 1) ) <o
JEM

We denote its canonical basis by {¢s}senm, ie. ¢y : M — C is given by ¢;(J') = d55.. We also have
(g, b01) =00

Represent these basis vectors as infinite arrays

br=| T dor) (3.1)
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with“]” in the finitely many positions € J and “1” otherwise. In this representation the all-spins-up
vector

do=1...111...) (3.2)

takes the role of the vacuum vector from which all basis vectors ¢; can be generated by successive
application of the spin lowering operators,

¢r= ] S0 1. (3.3)

xzeJ

By the rules described in Section 2 we let the operators t; ;+1, Ty »+1 and thus, via the last identity
in (2.6), hy x4+1 act on the basis vectors ¢ in the representation (3.1).

In the following, we denote by ¢2(M) the finite linear combinations of elements of {¢; : J € M} or, in
other words, the subspace of finitely supported vectors in ¢2(M). Note that

(i) hazi10s € L3(M) for all z € Z, J € M, and

(ii) hypr10s =0if {z,z+1}NJ = 0.

In particular, for any given J € M we have h; z11¢; = 0 for all but finitely many z.

This shows that we may define a linear operator Hz, o on ¢3(M) by

Hyof =)  hawi1f € G(M). (3.4)

TEL

By checking that the operators ¢, ;11 and m; 1 are hermitean and isometric on E% (M) it can be verified
that Hz o is hermitean and non-negative. As ¢Z(M) is dense in Hz = ¢*(M), Hz o is symmetric in Hz.
For N =0,1,2,... consider the subspaces

HY = span{¢; : J € My} (3.5)

of Hy, where My :={J € M : #(J) = N}. Intuitively, it is clear that ’HJZV corresponds to the N-particle
spaces for the finite case, but, with the exception of the one-dimensional vacuum space 19, all of them
are infinite-dimensional. We have

Mz =EPHy - (3.6)

N>0

Also, the sets £3(My) = span{¢; : J € My} are invariant under Hz o, which is seen in the same way
as for finite systems. Thus the restrictions

N
Hz o= Hzo le2(my) (3.7)
are non-negative symmetric operators in Hév .

Proposition 3.1. For every N =0,1,2,..., and every f € £3(My), we have

(F HST) < N+ )P (39)

Proof. Tt is clear how the local particle number operators A, act on the basis vectors ¢; represented by
(3.1) and thus on f € ¢2(M), where N, f = 0 for all but finitely many x. Thus we can also let the total
particle number operator N'= Y, N, act on £5(M) and get N'f = N f for all f € (3(My).

Next we claim that for any x € Z and for any f € ¢3(M) it holds that
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For this purpose, it is justified to consider just the actions of these operators on C? ® C?, representing
the sites © and x + 1, as they leave the other entries unaffected and we only sum over finitely many basis
elements. Thus, let us look at the C? @ C? eigenbasis

[T+ [t =14
V2 o V2 o
of hy z+1, which is an eigenbasis of N, + M;4+1 as well. Thus in this basis (3.9) becomes a claim for

diagonal matrices, which one can check explicitly.
Now, for f € £3(My) we may sum (3.9) over x (with only finitely many non-trivial terms) and get

(f, H3of) = <f72hx,x+1f> < % (1 + i) <f,Z(Nx +Nx+1)f> = (3.11)

= (14 5 ) trwn=n (14 5 ) WP, (3.12)

[ 11), ) (3.10)

which completes the proof. |

As the Hg o are symmetric (in particular densely defined) operators in H%', we can now conclude from
Theorem 4.4(b) in [23] that the H}', are bounded with ||[H} || < N(1+ %) and thus can be uniquely
extended by closure to bounded symmetric and non-negative operators defined on all of ’HJZV . We write
HY = Hé\,,O’

It now follows from general facts on direct sums (see e.g. Exercise 5.43 in [23]) that Hy  is essentially
self-adjoint in Hz and that its self-adjoint closure Hy := Hy ( is non-negative and satisfies

Hy, = P Hy . (3.13)
N>0

It is easy to incorporate a bounded exterior field v = (Vy)aez, 0 < vy < Ve for all o € Z, in the
above construction of the infinite XXZ chain: On £3(M) let

HZ,O(V)f = Z(hz,w-‘rl + VwNw)f7 (314)

T€EZ
which, as before, leaves the subspaces ’H’ZV invariant. By modifying the proof of Proposition 3.1 one sees

that the restrictions Hy'((v) of Hzo(v) to £(My) satisfy

1
(f HZo(r)f) < N(1+ 3+ vmaa)LfI (3.15)
Thus the Hz () have bounded self-adjoint closures H2 (v) in ¢2(My) and

Hy(v) = Hzo(v) = ) HE (v). (3.16)
N>0

4. The relation of the XXZ chain to discrete Schrodinger operators

We will now show that H2 (v), the restriction of the XXZ Hamiltonian to the N-particle subspace, is
unitarily equivalent to an N-body discrete Schrédinger operator restricted to the antisymmetric subspace
CZN) = NN 2(Z) of 2(ZN) = @ £2(Z), i.e. the set of those f € (2(ZN) such that
f(xo(l)a"'axa(N)) :Sgn(o—)f(xlvu-;xN) (41)
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for all permutations ¢ € Sy. In fact, the equivalence will arise by simply identifying the basis vectors
Gfar,wm,on}s T1 < ... 2N, of Hj with the canonical basis vectors of £2(Z") given by

(a1, w2y yzn) = €y NCgy Noor Negy = Z sgn(o ema(l) ® €rpm) Q@ Q€pyin- (4.2)
UES’

Here e, are the usual canonical basis vectors of ¢*(Z). To accomplish this more formally, let U : H2 —
?2(ZN) be the unique unitary operator with Ublar,zo,ont = C(o1,m,.an) for all oy < ... <azp.
Let hgz be the discrete Laplace operator on ¢2(Z),

(hozu)(z) =u(x —1)+u(r+1) foralxeZ, (4.3)

and hoz(v) = hoz + v be the discrete one-particle Schrédinger operator with bounded potential v =
(V2)wez. For any N € N let

N
h’Z = 77A Z h() Z (44)

on ®§v:1 (%(Z) = ¢*(ZN). Here (hoz(v)); acts non-trivially as hg z(v) on the j-th component of simple
tensors and W is the multiplication operator by

Wi(zi,...,on) = —#{j : zj11 =x; + 1}). (4.5)
Notice that the latter can be written as
W, an) = Y, Qax—ml), (4.6)
1<k<I<N
with @) given by
Q(r) = { é Z : By 1 . (4.7)

Thus h]ZV (v) is a discrete N-body Schrodinger operator in exterior potential v and next-neighbor attractive
pair interaction Q.

Finally, let hJZ\{ () be the restriction of h} (v) to the antisymmetric subspace ¢2(Z").

Up to an energy-shift by the particle number N, the operators H2 (v) and hg .(v) are unitarily
equivalent:

Proposition 4.1. For all N =0,1,2,..., we have
HY (v) =U""(hf,(v) + N)U . (4.8)

Proof. Due to the boundedness of the operators on both sides of (4.8), we only need to check that this
identity holds when applied to the canonical basis vectors. This is how all the following calculations are
to be understood.

At first, we need the following two identities of operators:

1 1
,I S3Sm+1 —NIJ\[x+1 + iNx + iNerh (4.9)

SaSpi1+ 5252 = (S;Swtrl +5,1157) (4.10)

which can be checked by direct inspection. The two—site Hamiltonian h; ;41 can therefore be written as

1 1
hx,z+1 - _NxNx+1 + 5./\[;5 + 5./\/3;4,_1

o1

M (S St +5,,.55). (4.11)
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Summing over z and including the magnetic field yields

HY (v) = Z BNI + %NZH — NoNpy1 — i (S; S0+ S5 + VINI} (4.12)
rEZ
=N=-) [N Noyi = velNo + 54 (S S+ SxHSj)] :
TEZ

Now, let J € My and observe that NoN, 165 = ¢y if {z,z + 1} C J, while it vanishes otherwise.

Carrying out the summation over x and writing J = {z1, 2, ..., 2y} therefore yields
D NeNet16(orsaaan) = #  Ti1 = 25+ 100 s (4.13)
TEZ

Combining this with

N
<N+Zl/m~/\/z> ¢{x1,...,x1\]} = N+Zl/zj ¢{x1,---,3¢N} (414)
T j=1
yields that, as operators on H',
N = S WNaais = vao) = ULV 4+ W 4+ M), (4.15)
TEZ
where
V(zg, ... ,&N) =Vgy + oo+ Vay - (4.16)
Moreover, it holds that
(S;S;’]rl + S;+1Sm+)¢{z1,...,x1v} (4.17)
0 ife=a;,2+1=uwxj, forsomeje{l,...,N},
_Jo ift{z,z +1}n{zy,...,2n} =0,
Blar,ay 1w+ lassrszy) T =Tj, Tjp1 > 2+ 1 for some j € {1,..., N},
Plar,op; 1 aj—Lajprsan) T+ 1=z x5 1 < forsomeyje{l,..., N}.
Summing this expression over x therefore yields
N
2(5;5;4-1 + x+1 )(b{xl ..... :EN} = Z Z ¢{£E1 ,,,,, Tj—1,Y, T4 1y IN} . (4'18)
TEL j=1 \ye{z;—1l,2;+1}\{z1,....an}
To finish the proof, it remains to show that
N N
Z(hOZ)j g($17---7IN) = Z Z g(”«'l7--<7Ij—17y755j+17~~-7$N) : (4.19)
Jj=1 J=1 \ye{z;—1z;+1}\{z1,....zn}

For this purpose, let P, be the orthogonal projection onto ¢2(ZY), which is explicitly given by P,f =
Zm1< <$N<e($1, LEN) f)e(xh Lan)s FOU €(qy on) 1= €5y @ ... ® ey one checks that Peew, . ay) =
\/Le(ml ~) if z1,..., 2N are pairwise disjoint and 0 othervvlse

Moreover, the N-particle operator ZJ 1(hoz); preserves anti-symmetry, i.e. it commutes with the
projection P,.
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Thus we can calculate

N
Z(ho,z)jg(zl,“.,m) (4.20)

j=1

N N
= N' Z(ho’z)jPae(m’...’zN) =V N!Pa Z(hO’Z)je(mh...,zN)

=1 =1
N
v g
= N-Pa (e(zl,...,a:j,l,a:j+1,a:j+1,...,mN) + e(zl,...,a:j,l,wj—l,ijFl,..A,a:N))
i=1
N
— § E e(zl ..... Ij_l,y,1j+1 ..... CEN) b
=1 \y€{az;—Laz;+1}\{z1,....an}

which is the desired result. O

The identity shown in (4.20) can be used further to identify the restriction of E;V:l(ho,z)j to the
anti-symmetric subspace with the adjacency operator on a suitable graph. Namely, let

AN = {(z1,29,...,an) €ZN L xy <ap <--- <N} (4.21)

be the set of ordered integer N-tuples, which we think of as a subgraph of Z", i.e. edges are given by
next neighbors with respect to the ¢'-distance.

N
Moreover, let h(()X ) denote the adjacency operator on XV, i.e., for any f € ¢?(XY) and for any
e XN,

(N @@= Y fw. (4:22)

yeX N |z—yl1=1

Next neighbors of a point (z1,...,zy5) € XY are exactly the points

(1, Tjo1, Y Tjg1, - -52n), Je{l,....,N}, yed{r; —1Lzj+1}\{z1,...,an} (4.23)

Thus, by (4.20), under the identification of the basis vectors €., . ,y) and €4, .. ), the restriction of
N
Z;\;(hO,Z)j to (2(ZN) is unitarily equivalent to héX ),

Including also the terms in (4.15) we thus have

1

VW N (4.24)
270 ’ '

Hy) (v) =

as operators on £2(XN), where W and V are given by (4.5) and (4.16). Here we slightly abuse notation by
not renaming a unitarily equivalent operator (which arises by simply identifying canonical basis vectors).
For the rest of this paper the notation HY (v) will refer to (4.24).

In summary, we have shown that the Hamiltonian of the infinite XXZ chain in exterior magnetic field
is unitarily equivalent to an infinite direct sum (over N) of discrete interacting N-body Schrodinger
operators or, equivalently, of the Schrodinger-type operators (4.24).

This is easily seen to extend to the finite XXZ chain (2.8), where instead of the discrete Laplacian
(4.3) on Z one uses its truncation to the discrete interval [1, L]. In this case the direct sum (3.16) is finite,
ranging from N = 0 to N = L, and all spaces are finite-dimensional.
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5. The droplet spectrum

The purpose of this section is the computation of the lowest energy band of the operators HY = HL¥ (0),
given by (4.24) with V' = 0 and corresponding to the restriction to the N-particle subspace of the infinite
XXZ chain without exterior field. For reasons that will become clearer in the following this band will be
called the droplet band.

Much of the content of this section is due to [18]. In fact, what we do here can be considered as a re-
organized presentation of material from [18]. Instead of reasoning within the framework of spin systems
we take a more “Schrodinger operator point of view”, made possible by the connections pointed out in
Section 4 above.

One important observation is the fact that in the absence of an exterior field our system shows transla-
tion invariance. Thinking of the N particles (or down-spins) as located along the Z-axis and interacting
with each other, we understand that it is only their relative distance that matters, which allows us to
reduce the problem by one dimension.

As a result, we are going to obtain low energy states that — because of the attractive interaction
potential W — are localized at small particle distances, i.e. they form a droplet.

5.1. A coordinate change

For N > 2 (with N = 1 being trivial) the translation invariance of our system becomes clearer after the
unitary coordinate change Vp : £2(XN) — (2(Z x NN~1) given by

Vof)(x,ny,...,ny—1) = fx,c+ni,x+ny+ng,...,c+n +no+ - +nn_1). (5.1)

Note that (Voflf)(asl, cooxn) = f(x1,x2—21,. .., 2y—2N_1) and that as new variables (x,n1,...,ny_1)
we use the position z of the first particle and the distances n; between the i'" and (i + 1)** particle.
To simplify notation, set m := N — 1. Let us consider the unitarily equivalent operator

ﬁN:%mﬁﬁ:—iﬂ?wﬂ+W+M (5.2)
(ZXN™,I") | _ (X)) r—1 W o— -1
where hy =VWohy™ 'V, and W= VoWV, .

Here h(()ZXNm’F) is the adjacency operator for the graph with vertices Z x N and edges I'. However,
the edges are not ¢'-next neighbors, but images of pairs of next neighbors on XV under V. This means
that (z,n1,...,ny) and (2/,n},...,n.,) form an edge in I' if and only if (z,z+n1,...,c+n1+...+np)
and (2,2’ +nf,..., 2" +nf +...+n’,) are £*-next neighbors.

Let us illustrate the effect of the change of variables Vj for the simplest case N = 2. Figure 1 visualizes
the action of HZ. Each edge is weighted with —i and the vertices are labeled by the value of the
potential W + 2. N

Compare this with Figure 2 which shows the action of H?, i.e. after the change of coordinates. Again,
the edges have a weight of —ﬁ and the potential depicted is now W + 2.

Let us now give an explicit formula for the action of héZXNm’F) in terms of a “hopping operator”, i.e.
as a combination of translations. To this end, let T be the right-shift on ¢?(N),

uln—1),n > 2,

(Tu)(n) = {O, — (5.3)

Observe that its adjoint T is then just given by the (properly truncated) left-shift operator, i.e.
(T*u)(n) = uw(n + 1) for all n € N. By T}, T, j = 0,1,...,m, we denote the corresponding shifts
which act on the j-th variable of functions in ¢?(Z x N™) with the understanding that Ty and T corre-

spond to (non-truncated) shifts of the first coordinate in Z. Then h(()ZXNm’F) is given by
m—1
h N = N LTy + T Tyn) + T + T (5.4)

Il
=)

J
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FIGURE 2. H2 = — ;L a0 LW 42

Equation (5.4) could be shown by a direct calculation. However one could also be convinced that this
equation holds true by a short picture-proof. For example, consider a particle hopping to its left (the
second particle in the sketch).

et Wentes . (5.5)

This operation is described by the operator 71735 . The fact that a particle cannot hop if the neighboring
site is occupied is reflected by the truncation of the right-shift operator, i.e. (T'f)(1) = 0.

The interaction potential (W(p)(ﬂ?,nl, cooynm) = —#{i i n; = 1}) o(z,nq, ..., ny) decomposes into
the sum of m two-particle interactions,

T e (5:6)
i=1
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with @ from (4.7) and @Q; the operator acting as @ on the i-th coordinate. Moreover, let us define
N = N\ {1}. For j € {1,...,m} let P; be the orthogonal projection onto the space of functions
¢ € (?(Z x N™) with

supp(p) C Z x N~ x N x N™ 77 | (5.7)

Then it is easy to observe that Q; = P; — I, which enables us to write

W+N=I+> P. (5.8)

i=1
5.2. Fourier transformation in xz-direction

Observe that, w only depends on the relative distances between the particles and therefore is independent
of z. Thus HY is invariant under translations in z-direction and, analogously to [18], we can reduce the
dimension by one with a Bloch expansion. In the new coordinates this simply becomes a Fourier transform
in the x variable.

For this purpose, we identify ¢?(Z x N™) = (?(Z;¢*(N™)) and apply the Fourier transform

F  3(Z;*(N™)) — L([—m, 7); £2(N™)) (5.9)

given by
1 ]
(fg)(ﬂ,nl,...,nm) = \/—27_ E eg(z,ny,. .. ) (5.10)

TEZ

and inverse

(}'*lf)(x,nl,...,nm e*iwf(ﬁ,nl,...,nm)dﬂ. (5.11)

vl

By translation invariance, the operator HY := FHNF ! acts as a generalized multiplication operator

(or direct integral) on L?([—m,m); (2(N™)) = f[aim) 2(N™)dd,

(HN £)(0,n1, .. 1) = (ﬁN(ﬁ)f(ﬁ)) (N1, 1) s (5.12)

where E[N(ﬁ) has domain ¢?(N™). The concrete action of HN (9) can be obtained from equation (5.4)

by observing that the translation operators Ty and 7§ are transformed into multiplication operators by

a complex phase, FTjF ! = e and FTyF~' = e, while T and T} for j > 1 commute with F.
Thus

-1

N 1 ) ) m
HN () = “5A Ty + e T+ Y (Tr T+ Ty i) + T+ Ton | + > P+ 1 (5.13)
j=1 j=1

3

For N = 2 these operators take the form of Jacobi matrices

H*(9) = L+ eIy + (L+e ™)) + P+ 1 (5.14)

1
—54
on (2(N). Figure 3 visualizes the operators H3(9) on ¢2(N2).

Again, the edges have a weight of —i and the vertices are labeled with the values of P, + P> + I,
which now are 1, 2 or 3. As a special feature, the horizontal edges of this graph are directed now. Moving
along these edges one picks up a phase e**, depending on the direction.
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T

FIGURE 3. The action of H3(d).

5.3. Computation of the droplet spectrum

In this section, we will use the Bethe ansatz to determine an eigenvalue En(9) of HN (9). As ¥ varies,
these eigenvalues yield the droplet band of H2 introduced in (5.40) below.

Proposition 5.1. For m > 2 and 9 € (—7,m) let oy be a function from N™ to C, which is defined as

po(n1,m2, .. nm) = ar ()™ - ag(9)™ - .. - am ()" = [ a:(0)", (5.15)
i=1
where the numbers {a;(9)}~, are determined by the following Jacobi matriz equation:
2A —1 a1 (1) e~
1241 as(¥) 0
-1 | . (5.16)
P | : :
“12A 1| | am_1(9) 0
—-12A A (9) 1
Then
(a) there exists a number En(¥) such that pyg is a solution to the equation
HY ()9 = En(0)gs , (5.17)

(b) o is non-trivial and square-summable, i.e. 0 # py € (>(N™), and therefore En (V) is an eigenvalue
of HN(99).

Here we have excluded the cases m = 0 and m = 1 as well as ) = —m, which will be commented on at
the end of this section. Note that (5.17) is initially understood as a difference equation, in which H™ (¥9)
acts on general functions ¢ : N™ — C formally via (5.13). That this can also be understood as a Hilbert
space equation follows from (b).

Proof. (a) We show this part by an explicit construction of the solution. First, observe that for A > 1,
equation (5.16) has a unique solution, since the matrix on the left side of this equation is positive definite
in this case. This means that ¢y is well-defined.
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The proof of part (b) below will also show that a;(¢) #0 for all i =1,...,m.
We have to distinguish two cases.

— First case: Alln; > 1. In this case, all of the shift operators of the form 777, | as well as all projections
P; yield a contribution and we obtain from (5.13) and (5.15) that

(ﬁN(ﬁ)m) CT e (5.18)

1 i —iw L a2 a1
—[ 2A<e ay +e a1—|—a1—|—a2+...

Am Gm—1

1
o + +am+a>+(m—|—1)

o1y ynm),
Am—1 am m

where we have omitted the argument 1.

— Second case: For some ¢ € I C {1,...,m} we have that n; = 1. This means that all terms in (5.13),
which are operators of the form T;* | T; and T} | T; for i € I as well as all projections {P; }ier give zero
contribution in this case. Thus for n; = 1, terms of the form

1 —iv 1 as .
b w4+ = 1 f =1 5.19
2A (e a1+a1>+ o ’ (5.19)
1 fai—1  ai .
ﬁ <CL¢ + a ) +1 forl<i< m, (520)
1 m— 1 .
7& (aaml + a7n> =+ 1 fori=m (521)

will not occur in the prefactor of ¢y as it did in the first case. The condition that equation (5.17) holds
for the same number En(9) at all sites (nq,...,n,) € N™ therefore requires that all the m terms in
(5.19), (5.20) and (5.21) vanish. But this is easily seen to be equivalent to (5.16).

(b) The proof of this claim mainly consists in explicitly solving equation (5.16) and showing that

0 < |a;(¥9)| < 1 for all ¢ and ¢, which implies square-summability. For this purpose, multiply equation
(5.16) by €"?/? and define

bi(9) = eiﬂ/Qak+L+1(19) (5.22)

for k € {—L,...,L}, where L := m74 Observe that the k’s are half-integer for even m and integer for

odd m. Now, equation (5.16) looks like

2A —1 b_r (V) e~ /2
—12A -1 b_(1_1)(0) 0
-1 - . (5.23)
R | : ;
~12A -1 br_1(0) 0
~12A b (9) eiv/2

Again we are going to omit the argument . Using only the homogeneous part of (5.23), i.e. the rows
corresponding to —(L — 1) < k < L — 1 shows that the solution is of the form

by =cye’ +c_e P —-L<n<L, (5.24)

where +p = log(A + v/ A? — 1) are the logarithms of the eigenvalues of the transfer matrix

T = (_01 22) . (5.25)
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As (5.23) is symmetric up to complex conjugation we have b, = b_,, for all n, and thus ¢, = ¢_. Therefore
we may write
by, = cpef™ +tre " = 2Re (¢4 ) cosh(pn) + 2iIm (c4 ) sinh(pn) (5.26)

and
b,]> = 4 (Re (c4))? cosh(pn)? 4 4 (Im (c4))? sinh(pn)? , (5.27)

which is monotonically increasing in |n|. The constant ¢ can be determined by the boundary condition
given by the first line of the matrix equation (5.23):

2A (crelt + e PE) — (cpePED) 4 e PL=1)) = ¢—19/2 5.28
+ + + + )

which yields

B cos /2 . sin /2
“ 7 YA cosh(pL) — 2cosh(p(L — 1)) ' 4Asinh(pL) — 2sinh(p(L — 1)) -

(5.29)

To give an upper bound for the |b,|’s we use the already observed fact that |b,| is monotonically increasing
in |n|. Tt therefore suffices to estimate |by|:

b2 = 4cos(19/2)? cosh(pL)? N 4sin(¥/2)? sinh(pL)? (5.30)
U7 (4Acosh(pL) — 2cosh(p(L — 1)))2 ' (4Asinh(pL) — 2sinh(p(L — 1)))2 '
As we have 2 cosh(p(L — 1)) < 2Acosh(pL) and 2sinh(p(L — 1)) < 2Asinh(pL) it is clear that
4A cosh(pL) — 2 cosh(p(L — 1)) > 2Acosh(pL) , (5.31)
4Asinh(pL) — 2sinh(p(L — 1)) > 2Asinh(pL) . (5.32)

This and (5.30) readily imply that [bz|? < 1/A? < 1.

Moreover, observe that for 9 # +m we have that cos(9/2)? > 0 and therefore (Re (c+))? > 0, which
implies |b,| > 0 for all n € {—L,..., L} according to equation (5.27). This completes the proof of (b).
O

Using equations (5.22), (5.26) and (5.29), we are now able to give an explicit formula for ay(¢). Observe
that the definition p = log(A + v A% — 1) is equivalent to A = cosh p, which allows to simplify

4A cosh(pL) — 2 cosh(p(L — 1)) = 2cosh((L + 1)p) , (5.33)
4Asinh(pL) — 2sinh(p(L — 1)) = 2sinh((L + 1)p) . (5.34)

This and (5.26), (5.29) yield
cos(1¥/2) cosh(kp) n _sin(¥/2) sinh(kp)

be(?) = cosh((L +1)p) ! sinh((L + 1)p) (5:35)
and with (5.22),
» cos(9/2) cosh ((k — §) p) | sin(9/2)sinh ((k— ) p)
a = ¢ /2 2 ¢ ’
R e R & o

for k € {1,..., N — 1}, where we have resubstituted m +1 = N.
Finally, let us compute the eigenvalue Ey(19). This is most easily done by evaluating (5.17) at the site

ni =...=nm, =1, because at this site H(9) acts simply as — 5 (e"Ty + Tp) + 1. This yields

(ﬁN(ﬁ)W) 1,...,1) = {_22(@“9@1(19)+am(19))+1 oo(l, ..., 1) = Ex(0)es(l,...,1).  (5.37)
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With the values from (5.36) and after some simplification we arrive at

_cosh(Np) — cos(¥)

Ex(9) = tanh(p) - = 0

(5.38)

where, as before, p is the positive number such that cosh(p) = A.

The reason that ¥ = —m had to be excluded in the above construction is that in this case the eigen-
function given by (5.15) may vanish identically. Nevertheless, the formula (5.38) gives an eigenvalue of
HN (9) also for ¥ = —r. This is seen as follows:

— If N is odd, than nothing changes in the above construction, as it still holds that 0 < |ag(9)], 1 < k <
N — 1 (note that the imaginary part of the second factor in (5.36) is non-zero).

— If N is even, then (5.36) yields ax/2(—m) = 0 so that ¢, given by (5.15) would vanish. In this case
the correct eigenfunction is given by

N/2-1 N-1
Y_r(n1,...,nN_1) = H ap(—m)"™ - 51(nny2) - H ag(—m)"™. (5.39)
k=1 k=N/2+1

Note that this eigenfunction is supported on the hypersurface ny/, = 1 in NN-1,

The operators HY (1) are a Bloch decomposition for HYN . Thus the union of their eigenvalues En ()
is contained in the spectrum of H" (and thus of HY),
cosh(Np) — 1
sinh(Np)

cosh(Np) + 1

dn = [tanh(p) sinh(Np)

,tanh(p) Co(HY). (5.40)

We refer to dn as the droplet band or droplet spectrum of Hév . Let us discuss the reasons for this ter-
minology. Via the Bloch decomposition the eigenfunctions g of H¥ (1) yield generalized eigenfunctions

fl?(xvnlv"'7nm) = eiiﬁz(pﬁ(nl,“-;nm) (541)

for ﬁN, ie. o )
HN fy = Ex(9)fs (5.42)

in the sense of a difference equation on Z xN". After undoing the change of variables V[ we get generalized
eigenfunctions

—119.L1

folzy,...;xn) =e wo(re — 21,23 — X9, ..., EN —TN_1) (5.43)

of HY corresponding to energies in the droplet band. These functions attain their maximal absolute
value if and only if ;41 — 2; = 1 for all ¢ and decay exponentially in x;,.1 — x; for all 2. In our N-
body interpretation this means that all N particles (or down spins in the XXZ chain) are tightly packed
together, forming a droplet, with corrections decaying exponentially in all the particle distances.

While we assumed m > 2 and thus N > 3 in Theorem 5.1, the formula (5.40) holds true also for N =1
and N = 2. This is trivial for N = 1 as H} = —55h{” + I, whose spectrum is

[1—1/A1+1/A] = 6,. (5.44)

Thus in this case §; covers the entire spectrum, although the interpretation as droplet spectrum does not
make sense in the presence of a single particle.

For N = 2 we have the Bloch decomposition (5.14), but defining the coefficients in the Bethe ansatz
by (5.16) does not make sense in this case. Instead, observe by direct inspection that, for ¥ € (—m, ),

po(n) = (1;5”)"
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is an exponentially decaying eigenfunction of H2(9) to the eigenvalue Ey(¥) =1 — H%Z(ﬂ). For ¥ = —7
we have the eigenfunction ¢_,(n) = &;(n) with eigenvalue 1 (note that H2(—r) is the diagonal matrix
Py + I). The union of these eigenvalue over —m < 1 < 7 is the droplet band

[1 - %, 1} =6, (5.46)

with corresponding droplet generalized eigenfunctions fg(x1,z2) = e~ %1 py(xy — 1), as in (5.43).

Corollary 5.2. The minimum of o(HZ) is given by

. cosh(Np) —1
HN = E~(0) = tanh - 7 5.47
ming (1) = Ex(0) = tanh(p) - 2 0 (547
Proof. For ¥ = 0 look at the eigenfunction pg. From equation (5.36) we see that
cosh ((k — &
ax(0) = ( NQ)p) >0 forall N,k (5.48)
cosh (7 p)
and therefore ¢g > 0. From (5.43) we see that H2' has positive generalized eigenfunction fo(z1,...,2n) =

wo(re —x1,...,2n —2xN_1) to En(0). By the Allegretto-Piepenbrink Theorem (see Theorem 3.1 of [13]
for a version for Laplacians on general graphs) this implies that

En(0) < mino (HY) . (5.49)

But we already know that En(0) € o (H2'), which means that Ex(0) has to be the spectral minimum.
g

6. An HVZ type theorem

Our next goal is a more thorough description of the spectrum of the restrictions H2 of the free XXZ chain
to the N-particle subspace. Having identified these operators as discrete N-body Schrodinger operators
in Section 4 will allow us to do this in terms of cluster decompositions of the N-particle system and a
related HVZ type theorem. In this section we will consider a more general class of N-body operators,
followed by an application to our specific model in Section 7 below.

While HVZ theorems and the underlying methods are very classical and it is unlikely that our particular
result is entirely new, we have not found a proper reference for this in the context of discrete Schrodinger
operators. We start with a result for the “full” N-particle Hilbert space, i.e. without symmetry restric-
tions, and then show that a similar result holds for the symmetric and anti-symmetric subspaces. As
we are only dealing with bounded Hamiltonians in ¢2-spaces, the proofs are quite straightforward and
considerably simpler than the technically more involved arguments in proofs of HVZ theorems for clas-
sical (continuum) Schrédinger operators, see e.g. Section XIIL5 in [19], where also many references can
be found, including to the original works by Hunziker, Van Winter and Zhislin.

6.1. An HVZ type theorem
As one-particle operator we choose an arbitrary bounded, self-adjoint and translation invariant operator
hin (*(Z), i.e.

[h,T,] =0 forallx€Z, (6.1)

where (T, f)(y) = f(y — ) for all y € Z.
For the interaction potential @ : {0,1,2,...} — R we assume that

lim Q(r) = 0. (6.2)

r—00
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The interacting N-particle Hamiltonian on (2(ZY) = @™ ¢2(Z) is given by

N
Hy =Y hi+ Y  Qi, (6.3)
=1

1<i<j<N
where
hiy =1 - QIR h RIR---R1 (6.4)
ithentry
and
Qij(z) = Q(|Zz — Zj|), for z € ZN . (65)

Proposition 6.1. For any N € Z let Hy be the N-particle Hamiltonian defined by (6.3) with assump-
tions as above. Then, for any m € {1,2,...,N — 1}, we have

o(Hp)+0o(Hy—m) Co(Hy) . (6.6)

Proof. Let A € o(Hy,) and p € o(Hy_p,). As Hy, and Hy_,, are bounded, there are finitely supported
and normalized Weyl sequences v, € £2(Z™) and ¢,, € £2(Z¥~™) to X and pu, respectively, i.e.

[(Hp — NYn|l =0, [[(HN—m — p)@nll =0 asn — oo, (6.7)
see, e.g., Theorem 7.22 in [23]. Thus there are finite integers oy, n/mar and T:{Lm/ "M% guch that

min maz]m
)

supp ¢, C [0, oy, min pmar)N=m (6.8)

supp @, C [1,""", 7,

To e > 0 let R € N be such that

Q(r)] < 3m(N€f ] forallr > R. (6.9)
For all n € N choose ¢,, € Z such that
dist ([o]"™, o7 ], [T + ¢, T + ¢a]) > R . (6.10)

Write z = (z,y) € Z with z € Z™, y € ZN¥~™ and let

Xn(2) = wn(x)(T(cn ,,,,, cn,)ﬂon)(y) (6.11)

where T{., . ,) denotes a multi-dimensional translation along the diagonal in ZN—™_ Note that the y.,
are normalized in ¢2(ZN).
We may write

Hy=H, QI +1Q Hy_ + Z Qij, (6.12)

i<m, j>m+1
which, together with [T, . ..y, HNv—m] =0, yields

1N = A+ w)xall < I(Hm = Noall + 1 Hyom = weall + D5 1Quxall - (6.13)

i<m,j>m+1

By (6.9) and (6.10) cach term in the sum on the right hand side is less than ¢/(3m (N —m)), and thus
the sum less than e/3, uniformly in n. For n sufficiently large the other two terms on the right hand side
will also be less than ¢/3 and thus [|[(Hx — (A + u))xx| < &, proving that A+ p € o(Hy). O
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6.2. Extension to symmetric and antisymmetric subspaces

In Proposition 4.1 we have shown that, when considered on the N-particle subspace, the infinite XXZ
spin chain is equivalent to the restriction of a discrete N-body Schrodinger operator to the antisymmetric
subspace (2(ZN) of £2(Z"™). In order to apply the result of Proposition 6.1 to our specific problem,
we therefore have to extend its result to antisymmetric subspaces. This will also work for symmetric
subspaces.

Let ¢2(Z") be the antisymmetric subspace of £2(Z" ) as introduced in Section 4 above, and also consider
the symmetric subspace ¢2(ZY) given by all f € ¢2(Z") such that

f(‘ra(l)a"'axo'(N)):f(xlw")xN) (614)

for all o € Sy. The symmetric and antisymmetric subspaces are invariant under Hy. Let HJ(\f) and H ](\?)

denote the restrictions of Hy to £2(Z") and ¢2(ZY), respectively.

Proposition 6.2. For allm € {1,...,N — 1} we have

o(H®) +o(HS ) co(HY) (6.15)
and
o(H) +o(H ycoHY). (6.16)

Proof. For i € {m,N —m,N} and o € S; consider the unitary permutation operators U, on ¢?(Z*)
defined by

(Ugw)(xl’...’xi) = ¢($g(1),...7$0(i)). (617)
Then the orthogonal projections P{” onto (2(Z%) and P onto (2(Z%) in (?(Z") are given by

PO = i > U, PY= i > sgn(o)U, (6.18)
T oeS; T oes;

With this one can formally check that [Hy, PﬂEN)] =0, x € {s,a}, i.e. the invariance of the symmetric and
antisymmetric subspaces under Hy claimed above (which also could be considered as physically evident).
Observe that

(N —m)! 1
) = AV =m) iy o pvem) L
PN = T e P + 3 > U, (6.19)
o€eSY,
m!(N —m)l .. o 1
PWN) — Tp(g )@ PIN-™) 4 N > sgn(o)Us (6.20)
oesy
where S C Sy are the permutations which do not decompose into separate permutations of {1,...,m}

and {m+1,..., N}, ie.
oceSy if o{1,2,....m}HN{m+1,...,N} #0. (6.21)

To see that this is true, consider permutations o € Sy \ S%, which can be decomposed as U, = U, ® U,,,
where pu € S,,, and v € Sy_,,. Thus

Z sgn(o)U, = Z Z sgn(p) sgn(v) U, @ U, = m{(N —m)! P{™ @ pN=—m) (6.22)
O'ESN\Sg\] HESm VESN —m

which gives (6.20). The same works for (6.19).
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A bit of care is needed in constructing finitely supported Weyl sequences. To \ € U(Hy(;f)), let ¢, €
(2(Z™) be a normalized Weyl sequence, i.e. (Hy(;f) — A9, = 0. Due to the boundedness of HS we can

find sufficiently large cubes A,, C Z™ such that (Hf,f ) )\)XA,ﬂ;n — 0. Using that the A,, are cubes we

can see that 1, 1= XATﬂ[)n/HXAJZn” is a normalized finitely supported Weyl sequence in £2(Z™) to \ for
)

—m"

H,(,j). Similarly we construct a normalized finitely supported Weyl sequence ¢,, to p for H](\}k
Similar to the proof of Proposition 6.1, we define

Xn = PaSN) (77[}71 & (T(cn,...,cn)@n)) (623)

with ¢, sufficiently large to guarantee a wide separation of the supports of 1, and T, .. .. ¢n. But note
that the tensor product of the symmetric (or antisymmetric) states does not have the full symmetry in
N variables, so that in (6.23) we need to project into the symmetry subspace.

As a result y,, is not normalized. However, if we can show that

IXnll >c>0 (6.24)

uniformly in n, then the arguments in the proof of Propostion 6.1 would go through as before (as the x,,
could be renormalized). Thus it remains to show (6.24).
To simplify notation let us set

K, :=supp v, and L, :=supp (T(mecn)gpn) .

Write 2z = (z,y) € ZY with x € Z™ and y € ZN~™ and consider the symmetric case (the same argument
works for the antisymmetric case). Using (6.19) we find

vl = 3 ha@P > Y ey (6.25)

2€ZN z€Kn, yEL,

= Z |PS(N) (’(/Jn @ (T(cn,.“,cn)()pn» (.’IJ, y)|2
K., Ly

_ m'(N — m)' (m) (N—m) 1
Kn, Ly oSy,

2
(wn oy (T(cn,...,cn)@n))] (xa y)
It is clear that
(Pgm) ® PS(Nim))(¢n @ (T(c",‘.wcn)()on)) =Yp ® (T(c,,L,...,c,,L)QOn)~ (626)

Moreover, we only sum over the supports of the Weyl sequences, which are disjoint by application of the
shift operator. Thus it is easy to see that for any o € S},

Us(Vn @ (Tiey,....cypn))(@,y) =0 forallz € Ky, y € L, . (6.27)
So, we conclude that
m!(N —m)!
Ixnll > — 0 (6.28)
independent of n. O

By repeated application this extends to decomposition into arbitrarily many clusters:

Corollary 6.3. Let Hy be defined as above. Then for any partition of N, i.e. positive integers
(n1,n2,...,ng) such that Zle n; = N we have
o(HY) + o(H) + ...+ a(HS)) C o(HY) (6.29)

Nk

where x € {s,a}.

64



C. Fischbacher, G. Stolz The XXZ Quantum Spin Chain

7. The structure of the spectrum

In this section we return to the study of the structure of the spectra of the operators

Loy
54 h
This was initiated in Section 5 by identifying the droplet spectrum §y C o(HZ'), which in the sense of
scattering theory corresponds to the channel in which all N particles form a single cluster and can be
exactly calculated as (5.40) using the Bethe ansatz. We can now combine this with the general results of
the previous section to find additional subsets of the spectrum corresponding to scattering channels for
other cluster decompositions of the particles. Here the knowledge of the exact form of the droplet bands
(5.40), in particular the monotonicity and convexity properties of its endpoints as functions of N, will
allow for a very explicit and simple characterization of the arising cluster bands, see Section 7.1.

We will not attempt to prove for general N that the union of cluster bands gives the entire spectrum
of Hé\' . In particular, from the existence of gaps between the cluster bands we can not conclude that
o(HY') has gaps. Nevertheless, In Section 7.2 we will use other methods to prove the existence of gaps
in the spectra of HY as well as in the spectrum of Hy, requiring that A is sufficiently large.

HY = +W + N on 2(xN). (7.1)

7.1. Cluster bands

In Section 6.1 choose h = —ﬁho,z from (4.3) for the single particle operator and the next-neighbor
interaction potential @ from (4.7). Then, as established in Section 4, HY is unitarily equivalent to
the restriction of the N-body Hamiltonian from (6.3) to the antisymmetric subspace ¢2(Z"). Thus
Proposition 6.2 and Corollary 6.3 apply. In particular, using that d,,, C o(H,") by (5.40), we conclude
that

Sy rmg) = Ony & Ony 4+ 4 0py, C o(Hy') (7.2)

for every partition (n1,ns,...,nx) of N.
Each d(,,, ... n,) is an interval. As the number of possible partitions increases rapidly in NV, this might
lead to the idea that the total cluster spectrum

N
c(N)=J U S(nr.my) C o(HY) (7.3)
k=1 (ny,...,n;) € NF
n+...+np =N

might become very complicated for large N. However, we will show next that C(IN) is a union of N
bands, each corresponding to partitions with a given number k € {1,..., N} of components. To this end,
let

k
Pr(N) = {(nl,nQ,...,nk) eN’“:ZniN} (7.4)
i=1
be the set of all partitions of N with exactly k components. Define the k-cluster band Ci,(N) as
Cr(N) := U S(ry iz - (7.5)

(n1,e.mp) EPR(N)

The following proposition will justify the name “cluster band” and also provide a simple formula for
Cr(N). In particular, this verifies that the total cluster spectrum C(N) = Ugil Cr(N) is a union of at
most N bands.

Proposition 7.1. Let C,(N) be the k-cluster band for N particles. Then Cr(N) is an interval given by

1 1
Ck(N)=51+51—|—+51 +5N—k+1 e (k—l)(l—z),(k—l)(l—I—Z) +5N—k+1- (76)

k—1 times
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Proof. First, we show that Ci(N) is an interval. To this end, observe that the lower /upper boundary of
Oy as given by (5.40) is increasing/decreasing in N,

anh(p)
cosh(Np)qu) g thz(N 5 >0

—— ( tanh(p) - ——————F— | = cos p/2) : 7.7

dN ( ) = un(Np) £ mmhle) < 0 .7

which shows that all 65 have the point

= 1
b0 ::NﬂlaNz{ 1_42} (7.8)

in common. Thus, for any d(,, ... ,,) we know that

/ 1
k- 1-— F S (5(77’17“_7”%) . (79)

But a union of intervals, which all have at least one point in common has to be an interval itself.

It remains to prove (7.6), which will be done by explicitly determining the minimum and maximum of
Cr(N). The cases k =1 and k = N are trivial.
At first, we argue that for any ¢ € {1,..., N — 1} it holds that

min (67 + dy—1) < min (0 + dy—¢) and max (61 +0ny—1) > max (dg + In_r¢) , (7.10)

which corresponds to the case of k = 2 clusters. To see this, just observe that the function for the lower
boundary of the droplet bands is concave, respectively convex for the upper boundary,

d? cosh(Np) F1\  _ p?tanh(p) (1 F cosh(Np))® [ <0

Proceeding inductively, assume that (7.6) holds for up to k clusters. Then for any combination of k + 1
droplet bands with Zfill n; = N, we see that

(7.12)

min 6, + mind,, + -+ +mind,, +mind,,,

>mind; +mind; + - +mindy +mindy_p, ., —(k—1) + Mind,,

k—1 times

>mind; + mind; + -+ -+ mind; + mind; + mindy_y ,

k—1 times

where (7.10) was used on the last two terms. This is the desired result for the minimum. The argument
for the maximum works analogously. ]

The identities (5.40) and (7.6) give explicit expressions for the droplet bands dn and total cluster
spectra C(N) in terms of N and p. We find it instructive and useful for later reference to also provide
these formulas in terms of the anisotropy parameter A = coshp, at least for particle numbers up to
N = 3. In addition to the formulas (5.44) and (5.46) for §; and d5 we find from hyperbolic identities that

1 1
1—
2A2 — A7 242+ A
66
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which yields the cluster spectra

[ 1 1

c(1) = _1 — ol A] , (7.14)
[ 1 2 2
[ 1 1 2 1 2

3 3
Ul3——,34+—1|.
-3+
Note, in particular, that for NV = 2 and N = 3 the droplet band is not separated from the rest of the
cluster spectrum, unless A is sufficiently large.
We can also use the above results to identify a large subset of the spectrum of the Hamiltonian Hy, of
the infinite XXZ chain, which by (3.13) is the direct sum of the H2.

Corollary 7.2. For every A > 1 it holds that

e = {k;(l - %),k(u— %) C o(Hz), (7.17)
N=0 k=0

where we have set C(0) := {0}.

Note that we are not claiming that C(IV) coincides with [N(1 — %), N(1 + %)] and that this is indeed
not true.

Proof. As C(N) C o(H2') we have by (3.13) that |Jy~oC(N) C o(Hz), where N = 0 corresponds to the
vacuum energy F = 0. It remains to show equality of the two unions in (7.17), where we only need to
consider N > 1 and k£ > 1. One of the necessary inclusions follows from

1 1
{k(l — Z)’ k(1+ A)] =0 + -+ 6 =Cr(k) C C(k). (7.18)
k times
On the other hand, as 6, C 7 for all k,
N
C(N)Z Ck(N)=5NU(51+5N71)U-~-U((51+"'+51) (7.19)
kL:Jl N times
C(51U(51+(51)U-~-U((51+"'+(51)
—_———
N times
N
1 1
= U [ra- a3
k=1
which yields the second inclusion. O

It remains an open problem if equality holds in (7.3), i.e. C(N) = o(H2) for all N € N, and thus
(7.17) gives the entire spectrum of the infinite XXZ chain. The only cases where we can verify this are
the trivial case N = 1 and the slightly less trivial case N = 2. In the latter one can use tools from
the theory of Jacobi matrices to determine the exact spectrum of the fiber operators H?(¢J) from (5.14),

namely
~ 1+ cos? 1+ cos 1+ cosd
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for all ¥ € [—m, ), whose union o(H2) is indeed C(2) as given by (7.15).

The validity of C(N) = o(HZ) for all N should certainly be a consequence of completeness of the Bethe
ansatz for the XXZ chain. The latter is understood to mean much more, namely an explicit diagonalization
of the XXZ chain Hamiltonian in terms of a Plancherel formula, and therefore the identification of all
generalized eigenfunctions and thus also the spectrum of Hy and its N-particle restrictions. For work on
this, which we haven’t been able to completely verify, we refer to the papers mentioned in the introduction.

7.2. Separation of energy levels

In this section we will prove the existence of spectral gaps for Hé\’ and Hz. Such results would follow
from completeness of the Bethe ansatz and the resulting formulas C(N) = o(H2), N = 1,2,..., and thus
Uy C(N) = 0(Hz), given our explicit knowledge of the cluster bands. To keep our arguments “soft” we
will instead provide more direct arguments for the existence of spectral gaps.

We start with a simple perturbation theoretic observation, where the kinetic energy term fihéXN)
is considered as a perturbation of the potential W+ N in (7.1). The latter only takes the values 1,..., N

and thus

oW+ N)={1,...,N}L (7.21)
On the other hand it is easy to see that HhéXN) || < 2N, for example by using the representation (5.4)
of the unitarily equivalent operator h{"" ") and that |71l = |T}]| = 1. In fact, using a Weyl sequence
N
argument it is not much harder to see that Hh((JX )| =2N.

Thus we can apply the general fact that for two self-adjoint operators A, B it holds that (A + B) C
o(A) + [—||B||, | B]|] to conclude that

N
o(HY) kL=J1 [k — %,k + Z} . (7.22)

Let us compare this with the lower bound C(N) = ngl Cr(N) C o(HZL) which we found above. It is
indeed easy to see that

k+—

LA (7.23)

N N
for all k and N (use (7.6) and dnx_r4+1 C 1), which is an equality for the highest energy band Cn(N).
Thus we find that for any fixed N and A > 2N the spectrum o(H2') decomposes into N non-trivial
parts oy, 1 < k < N, separated by gaps such that

N N
Ck(N)COkC[k‘—A,k‘—FA]. (7.24)
We see that oy = [N — N/A, N + N/A], but generally can not identify o (or even argue that it is an
interval).

Also, (7.22) does not establish the existence of gaps in o(Hyz), independent of how large A is chosen,
as the union of the right hand sides over N covers all of R. All we can say about gaps of Hz so far is
that for every A > 1 is has a gap of size 1 — 1/A above its ground state energy Ey = 0: By (5.47) we
have min O’(Hév) = min ¢y, which is increasing in N as shown in the proof of Proposition 7.1. Thus

1
min (o(Hz) \ {0}) = mind; =1 — A (7.25)
Our final goal of this section is to show that Hy has an additional gap above the union of the droplet
spectra if A is sufficiently large. In the proof of this we will have to go beyond the simple norm estimates
which led to (7.22).
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Proposition 7.3. For A > 3 the spectrum o(Hyz) has a gap of width 1 — % above the first band, i.e.
(H2) - ) _qopufi= L4t (7.26)
o\i1z, — 00, = A y Al .

Proof. We know that o(Hz) = Uno(HY), o(HY) = {0}, o(H}) = [1 —1/A,1+1/A] and oy C [1 —
1/A,;1+ 1/A] for all N. This reduces the proof of the theorem to showing that

o(Hy )\ oy C [2 - %, oo> for all N > 2. (7.27)

As HY is unitarily equivalent to the direct integral of HN (9) over ¥ € [—7,7) and 0y is the union of the
En (V) given by (5.38), the proof of (7.27) reduces to

o(HN (0)) \ {Ex(9)} C [ Z,oo) for all 0 € [~ ), N > 2. (7.28)

Recall here that HY(9) acts in £2(N™), m = N — 1, via (5.13). We will prove (7.28) by a rank-one
perturbation argument. For this let A = (ex,1,... 1), ->6(1’1 ,,,,, 1) be the orthogonal projection onto the
span of the canonical basis vector e(; 1. 1) in (2(N™). We will show that

~ 2

HYN(W)+A>2— B (7.29)
for all N and ¥. That A is rank-one then implies that HN () has at most one simple eigenvalue below
2 — 2/A, which by Proposition 5.1 is Exn () (the latter lies in o5 C [1 — 1/A, 1+ 1/A] and thus indeed
below 2 — 2/A due to A > 3).

The quadratic form of Hy(¢) + A is given by

(u, (Hn (0) + A)u) = (7.30)
m—1
1
— o e T e T ) + > (u (T Ty + Ty Ty )u) + (u, (T, + T Ju)
j=1
+ Z<u7 P]u> + <u7u> + <U,A’U,> :
j=1
Observe that
(u, (eTy + e "T)u) = 2Re (u, e T u) < (u,u) 4+ (TFu, Tju) (7.31)
(u, (T51 T + T} Ty )u) = 2Re (T u, T u) < (TFu, Tju) + (T qu, T u) (7.32)
(u, (T, + T )u) = 2Re (u, Thu) < {(u,u) + (T u, Tru), (7.33)

where we have used in the second line that 77" j+1 and T; (as well as Tj41 and 7)) commute. Now, we use
these inequalities to estimate the kinetic term in (7. 30) from below and, after some simplification, get

(, (B (9) + AY) > () + 30T, Ty |+ 30w Py + () + (o, Awy . (7.34)
j=1 j=1

The operator T} truncates after a left shift in the j-th coordinate, so that (T7u, T/ u) = (u, Pju). There-
fore

(u, (Fne(9) + Ay > (1 - i) (, ) + <1 - i) i@,pju) +(u, Au) . (7.35)
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The quadratic form on the right hand side is diagonal, i.e. of the form Y, _m anlu,|?. Thus for the
proof of (7.29) it remains to be shown that a,, > 2 — 2/A for all n € N™.

Forn = (1,1,...,1) we get contributions from the first and last terms on the right hand side of (7.35),
showing that a(; ;... 1) > 2 — 1/A. For all other n we have n; > 2 for at least one j € {1,...,m}. Thus
(u, Pju) > |uy,|?, so that contributions from the first and second term in (7.35) yield o, > 2 —2/A. O

We conclude this section with some remarks:

(i) We already know that 61 U (61 +01) = [1 —1/A, 1 +1/AJU[2—-2/A,2+2/A] C 0(Hz). For A <3
this is a single interval without gap. Thus the condition A > 3 for the existence of a gap above the first
band of o(Hy) is sharp.

(ii) Let us ignore the somewhat trivial case N = 1, for which the spectrum of H} consists of the single
band 0; = [1 — 1/A,1+ 1/A]. For N > 2 the above argument shows that

o(HY) N <_oo,2 - Z) — {0} Uby C {0} U [1 - %, 1} , (7.36)

so that (1,2 —2/A) is a spectral gap of H2' uniformly for all N > 2. For this to be non-trivial we only
need A > 2.

(iii) The following result has been proven in [17] (while it is stated there somewhat differently): For
all A > 1 there exist Ny and a non-trivial open interval I such that, for all N > Ny, I lies in a spectral
gap above the droplet band x of H2 . This is done in [17] by first proving a corresponding result for
the finite XXZ chain with suitable boundary conditions and with constants uniform in the length L of
the chain, and then taking the L — oo limit.

With our argument above, using that 5 — {1/1 — 1/A2}, we can reproduce this result for A > 5/3.
For smaller A this would require more refined quadratic form bounds in the above proof (which, while
looking different, would likely be close in spirit to the reasoning in [17]).

8. Concluding Remarks

As mentioned in the Introduction, our motivation for looking at the XXZ spin chain stems from our belief
that it provides a promising model for the investigation of many-body localization phenomena. While
this will be left to future work, we will use this concluding section to elaborate some more on our reasons
for this belief.

Specifically, one might want to consider the infinite XXZ chain Hz(v) in exterior field given by (3.16),
where v = (V) ez are 1.i.d. random variables with common distribution g such that

supp ¢ = [0, Vimaz)- (8.1)

Hz(v) is unitarily equivalent to the direct sum of the operators HYY () given by (4.24). As explained in
Section 4, the latter are Hamiltonians of interacting N-particle Anderson models with attractive next-
neighbor interaction @) given by (4.7) and restricted to the fermionic subspace.

A first observation is that each H2'(v) is ergodic with respect to the translation 7" on £2(X?) given
by Te(z,,...xn) = €(z1+1,...ay+1) and the shift (Sv), = v, of the random parameters, that is

T HY (V)T = HY (Sv). (8.2)
Thus H2 (v) has deterministic spectrum, i.e. there exists X C R such that
o(HY (v) = XN for ae. v, (8.3)

see Chapter V.2 of [8].
One can actually say more and, under the assumption (8.1), explicitly describe the almost sure spec-
trum of HY (v) as
N = U(Hg) + [0, Nvimaz)- (8.4)
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A detailed proof of this is given in [10] and follows arguments well known from the study of the Anderson
model, e.g. Proposition V.3.5 of [8] or Theorem 2 [21].
As a consequence, the spectrum of the infinite random XX7 chain is almost surely given by

o(Hz(v)) = {0}yu [ J =V (8.5)
N=1

oo

= {0} U {J (o(HZ) + 10, Nvinaa))
N=1

:{O}U{l—ipo),

where the latter uses 65 C o(H2'), the nesting property of the droplet bands 6y and mind; =1 — 1/A.
Thus, for any vmax > 0, the randomness smears out all the spectral gaps of Hyz(v) other than the ground
state gap.

However, for fixed N > 2, v,,4, > 0 sufficiently small and A sufficiently large, (8.4) and the inclusion
(7.27) shown in the proof of Proposition 7.3 implies that o(HZ () has an additional spectral gap above
the extended droplet band dn + [0, NVinaz].

Regarding localization properties, a first question to ask is if for fixed N the spectrum of Hév (v) is
localized near the almost sure spectral minimum, which, by (8.4), is given by the minimum of the droplet
band. This is a question about localization for the interacting fermionic N-body Anderson model, but
the localization regime considered here is not covered by known results on the N-body Anderson model,
e.g. [1,9]. Nevertheless, we believe that the explicit knowledge we have about the droplet spectrum and
its generalized eigenfunctions and the fact that the low lying spectrum of H2 (v) can be considered as
one-dimensional surface spectrum (compare with Figure 1 for the case N = 2) provide tools which will
allow to tackle this problem.

Moreover, one could hope that the generalized eigenfunctions for the droplet bands obtained via the
Bethe ansatz provide enough quantitative information to control the N-dependence in the localization
proof for HY (v). One goal could be to show that the infinite random XXZ chain Hz(v) has a region of
pure point spectrum which extends above v/1 — A~2, the limiting point of the droplet bands as N — oo.
This would mean the existence of localized states of arbitrarily large particle number (or droplet size),
which can be considered as a form of many-body localization.
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