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Abstract. The projection method is a simple way of constructing functions and filters by in-
tegrating multidimensional functions and filters along parallel superplanes in the space domain.
Equivalently expressed in the frequency domain, the projection method constructs a new func-
tion by simply taking a cross-section of the Fourier transform of a multidimensional function.
The projection method is linked to several areas such as box splines in approximation theory and
the projection-slice theorem in image processing. In this paper, we shall systematically study
and discuss the projection method in the area of multidimensional framelet and wavelet analysis.
We shall see that the projection method not only provides a painless way for constructing new
wavelets and framelets but also is a useful analysis tool for studying various optimal properties
of multidimensional refinable functions and filters. Using the projection method, we shall explic-
itly and easily construct a tight framelet filter bank from every box spline filter having at least
order one sum rule. As we shall see in this paper, the projection method is particularly suitable
to be applied to frequency-based nonhomogeneous framelets and wavelets in any dimensions,
and the periodization technique is a special case of the projection method for obtaining periodic
wavelets and framelets from wavelets and framelets on Euclidean spaces.
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1. Basics and Motivations on the Projection Method

Since we frequently take a Fourier-based approach in this paper, let us recall the definition of Fourier
transform first. For an integrable function f € L;(R?), its Fourier transform is defined to be

&) = | fx)eTdy, ¢ e R
Rd

The above Fourier transform can be naturally extended to Ly(R?) and tempered distributions through
duality. Note that Fourier transform is a bijection on the space of tempered distributions on R?.
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Let P be a d x D real-valued matrix such that d < D and P has full rank d. We call such a matrix P
a projection matriz from dimension D to dimension d. For an integrable function f € L;(RP), we define
a projected function Pf on R¢ by

Pf(€) == f(PT¢), €eR™ (1.1)

In other words, 15}” is obtained by taking a cross-section of f on the additive subgroup PTR? of RP.
Even though the set PTR? has Lebesgue measure zero in RP if d < D, since f is a continuous function
on RP by f € Li(RP), the function Pf is a well-defined continuous function on R¢. Moreover, in the
space domain, the projected function Pf can be expressed as follows:

[Pf](x) fds,  zeR% (1.2)

T
 /det(PPT) Jiyero : py—s}

where S refers to the surface element on the superplane {y € RP : Py = z}. The above relations in (1.1)
and (1.2) are related to the projection-slice theorem in image processing. For the special case d = D, it is
straightforward to deduce from (1.1) that Pf(x) = |det(P~1)|f(P~'x). For a general projection matrix
P, using singular value decomposition of P, we have P = UXVT, where U is a d x d real-valued unitary
matrix, V' is a D x D real-valued unitary matrix, and X' is a d x D matrix whose only nonzero entries
appear in the diagonal and are denoted by A1, ..., Ag (such Ay,..., \; are called the singular values of P
and must be positive since P has full rank). Then [V f](z) = f((VT)"!z) and

[(Zg)(21,. .. 2q) = A7t~ )\;1 / g\t /\glzd,xcu_l, c.o,xp)dxgry - -drp, x1,...,24 €R.
RD—d
Therefore,

Pf=UV )= (2FVH)NO™).

As a consequence, since f € L1(RP), we have Pf € Ly(R%). Similarly, if f € L,(RP) with 1 < p < o0
has compact support, then the above argument also shows that Pf is a well-defined compactly supported
function in L,(R?). Let x[o,1j» denote the characteristic function of the unit box [0,1]”. Then Px/o 1o
is a well-defined compactly supported function, which is a piecewise polynomial and is called a box spline
in approximation theory ([1]), where P is often taken to be an integer matrix. Therefore, box splines are
special cases of functions obtained through the projection method by projecting the particular function
X[0,1)> to lower dimensions. If the projection matrix P is the particular 1 x D row vector [1,...,1] with all
entries being 1, then Px|o 1)p is simply the one-dimensional B-spline function of order D in approximation
theory.

We now discuss projection for filters. A d-dimensional filter (or mask) is simply a sequence on Z<. By
lo(Z4) we denote the space of all finitely supported sequences u = {u(k)}ezq : Z¢ — C. For 0 < p < oo,
by 1,(Z%) we denote the space of all sequences u on Z% such that [lull; za) == (3 ,cz0 lu(k)[P)V/P < oo
with the usual modification for p = oo. For u € l3(Z?), its Fourier series (or symbol) is defined to be

u(€) == Z u(k)e12mkE £ e RY. (1.3)

kezd

Since u € [1(Z%), u is a Z%-periodic (i.e., u(¢ + k) = 6(€) for all k € Z4) continuous function. Let P be a
d x D integer projection matrix. For u € [;(ZP), we define the projected d-dimensional filter Pu by

Pu(¢) :=a(PT¢),  £eR (1.4)
Since ¥ is continuous, Pu is a well-defined continuous function. Moreover, we have Pu € I;(Z%) and

[Pu](m) = > u(k), meZzs (1.5)

ke{ne€zZP : Pn=m}
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For d = D, we have [Pu](k) = u(P~'k) if k € PZ? and [Pu](k) = 0 otherwise. That is, Pu is obtained
from u through upsampling using the square integer matrix P. If u € lo(ZP”) is finitely supported, then
the projected filter Pu € lo(Z?) is finitely supported.

We now discuss some motivations for studying the projection method in wavelet analysis. To do so,
we first recall some definitions and notation. For a d x d invertible real-valued matrix U and a function
f: R4 — C, we shall adopt the following notation throughout the paper:

fukn(x) == J1Uk.ml () :=U; k,n]f(z) := |det(U)|1/2e*i2”"'UIf(Ux — k), k,n,x € R, (1.6)

In particular, we define
fog = foao = | det(U) Y2 f(U - —k).

By duality, the definition in (1.6) can be naturally extended to a tempered distribution f.

Let M be a d x d invertible real-valued matrix. In many applications M is often taken to be 21, where
I, is the d x d identity matrix. Let @ and ¥ be subsets of Ly(R%). A (stationary) nonhomogeneous affine
system is defined to be

ASo(®;0) :={p(-— k) : k€ Z" ¢ € P} U {tbwsn : j € No,k € Z% 4 € ¥},

where Ny := NU {0}. Recall that {®; ¥} is a (d-dimensional) tight M-framelet in Ly(R?) if ASq(®;¥) is
a (normalized) tight frame for Lo(R?), that is,

1Ay = D D HFoC =R+ D3 [(fdmal®, YV f € Ly(RY).

PEP kezd J=0¢Yev kezd

If ASo(®;¥) is an orthonormal basis for Ly(RY), then {®;¥} is called an orthonormal M-wavelet in
Ly (RY). Wavelets and framelets are often derived from refinable (vector) functions and (matrix) filter
banks. In fact, if {®; ¥} is a tight M-framelet in Ly(R?) with & = {¢[1,... ¢["1} and & = {91 ... ll}
then it is not difficult to prove that ¢ and ¥ must have the following refinable structure:

S(MTE) =a(€)p(€) and  Y(MTE) = b(€)e(€) (1.7)

for almost every & € R?, where ¢ := (ol1,...,¢")T, ¥ = (M, ... DT G is an 7 x 7 matrix of
Z%-periodic Lebesgue measurable functions, and bis an s x 7 matrix of Z%periodic Lebesgue measurable
functions. The vector function ¢ is called an M-refinable (vector) function with a (matrix) low-pass filter
a and v is an M-wavelet vector function derived from ¢ with a (matrix) high-pass filter b. Let P be an
n X d integer projection matrix such that PM = NP for some n X n invertible integer matrix N. If (1.7)
is satisfied for all £ € R?, then it is trivial to deduce from (1.7) that

PH(NT¢) = Pa(C)Py(¢) and Po(NTC) = Pb(Q)P((), ¢ €R™

Hence, the projected function P¢ is an N-refinable function with the projected low-pass filter Pa and Py
is a projected function derived from P¢ with a projected high-pass filter Pb. Therefore, the projection
method has a natural connection to refinable functions in wavelet analysis. This also motivates us to
study under which conditions that {P®; P¥} is a tight N-framelet in Lo(R™).

There are two purposes of this paper. On one hand, results on the projection method (mainly developed
by the author) in wavelet analysis are scattered through various papers in the literature and are not widely
known by researchers in applied harmonic analysis. Therefore, it is appropriate for us to outline some
known results and a detailed list of references on the projection method in wavelet analysis available
so far in the literature. This also motivates us to further develop the projection method in wavelet
analysis in this paper. On the other hand, we shall present new results on the projection method for
frequency-based nonhomogeneous affine systems and frequency-based dual framelets. We shall see that
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the projection method is particularly suitable to be applied to wavelets and framelets in the frequency
domain. We hope that this paper will provide the reader a self-contained introduction to and a state-of-
the-art picture on the projection method in wavelet analysis.

The structure of the paper is as follows. To motivate the reader, in Section 2 we shall first study
applications of the projection method to interpolatory filters and dual framelet filter banks. Several
examples will be presented to illustrate the projection method. In particular, we show that we can always
easily construct a tight framelet filter bank via the projection method from every d-dimensional box spline
filter having at least order one sum rule. In Section 3, we shall look at applications of the projection
method for analyzing optimal properties of multidimensional refinable functions and subdivision schemes.
In Section 4, we first recall the notion of frequency-based dual framelets from [9,10]. Then we study
applications of the projection method to frequency-based dual framelets. In Section 5, we shall investigate
multidimensional wavelets and framelets in Ly(R?) by the projection method. It is well known in the
literature that periodic wavelets and framelets on T? can be easily obtained by a periodization technique
from wavelets and framelets on the Euclidean space R?. At the end of this paper, we shall see that
periodization technique for constructing periodic wavelets and framelets can be regarded as a particular
application of the projection method and can be easily generalized using a frequency-based approach.

2. Interpolatory Filters and Dual Framelet Filter Banks by the Projection
Method

To have some rough ideas about the projection method, in this section we shall provide some motivations
for introducing the projection method and then discuss its usefulness and applications in wavelet analysis.
In particular, we shall study how to construct scalar interpolatory filters and dual framelet filter banks
by the projection method.

For a d x d invertible integer matrix M, we frequently use the following notation:

du :=|det(M)|,  Iw:= MO, D)HNZ* and  Qy:=(M")'ZHN[0,1)% (2.1)
In other words, I'm = {71,...,7d,} denotes a complete set of representatives of the distinct cosets of
the quotient group Z¢/[MZ%, while 2y = {wi,...,wq,} denotes a complete set of representatives of

the distinct cosets of the quotient group [(MT)~1Z%]/Z%. Note that 2y = (MT)"1Ir. By & we denote
the sequence on Z< such that §(0) = 1 and §(k) = 0 for all & € Z%\{0}. Recall that for v € lo(Z%),
0(§) := Y ez v(k)e ™€ In particular, we have o=1.

For an integer j such that 1 < j < d, by 0; we denote the partial derivative with respect to the jth
coordinate of R?. Define Ny := NU {0}. For o = (pu1,...,ua)" € N¢, we define |u| := |p1| + -+ + |pd]
and 0" the differentiation operator 91" ---95*. For m € Ny and two smooth functions f, g, we shall use
the following big O notation

£§) =g +O0(€-&l™), &= &

to mean the following relation:
o*f(&y) = 9"g(&o), V u € N¢ satisfying |u| < m.

For a scalar filter u € lo(Z?), we say that u has order m sum rules with respect to M if G(£+w) = O(|¢|™)
as & — 0 for all w € 2v\{0}, or equivalently (see [8, Theorem 3.5] and [26]),

> uly+ME)p(y+ME) = > u(Mk)p(ME) VY p Py 1,y € Tu,
kezd kezd

where IP,,,_; denotes the space of all d-variate polynomials having total degree less than m. If m is the
largest such nonnegative integer, then we define sr(u, M) := m. Similarly, we say that u has order n
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vanishing moments if w(§) = O(|¢]™), £ — 0, that is, Y, ;s u(k)p(k) = 0 for all p € P,,_y. If n is the
largest such nonnegative integer, then we define vin(u) := n. We say that « has order m linear-phase
moments with phase ¢ € R? if 4(€) = e~27¢ 4+ O(|¢|™) as € — 0. If m is the largest such integer, then
we define lpm(u) := m. For an integer projection matrix P, it is trivial that lpm(u) < lpm(Pu).

The study of the projection method in wavelet analysis initially originated from the study of optimal
multidimensional interpolatory filters in [20, Lemma 4.1 and Corollary 4.3]. We say that a € lo(Z%) is a
(scalar) interpolatory M-wavelet filter if

a(Mk) = |det(M)|~18(k)  for all k € Z,

or equivalently, > o @a(§ +w) =1 forall { € R?. For a,a € lp(Z?), we say that (a,a) is a pair of
(scalar) biorthogonal M-wavelet filters, or simply a is a dual M-wavelet filter of a, if

Y a+wia+w)=1 forall € RY
wWENM

In particular, we say that a is an orthonormal M-wavelet filter if a is a dual M-wavelet filter to itself,
that is,
Y la¢+w)lP =1 forall¢ e R™

we Ny

Define 4(¢) := a(£)a(). Then it is trivial to observe that (a,a) is a pair of biorthogonal M-wavelet filters
if and only if w is an interpolatory M-wavelet filter.

Recall that the L, smoothness of a function f € L,(R?) with 1 < p < oo is measured by its L, critical
smoothness exponent sm,(f), which is defined by

smy,(f) = sup {n +7 0 ||O*f =0 f(- — t)HLP(]Rd) S Cylt|™, VY |pl =n,t e Rd} . (2.2)

Let M be a d x d integer matrix such that lim,, ., M~ = 0. Let a be a low-pass filter in [ (Zd) such
that @(0) = 1. The standard M-refinable function associated with the filter/mask a is denoted by ¢* and
is defined through

¢ (&) = [[aMmMT)Te),  ceRr™
j=1

In wavelet analysis and computer aided geometry design, it is of great interest to construct certain desired
filters a such that the support of the filter a (or equivalently, the support of the refinable function ¢%)
is very short while its standard refinable function ¢ is as smooth as possible. Mathematically speaking,
let K be a given finite subset of Z%; one often takes K = [my,ny] X --- x [mg,ng] for some integers
Mmi,...,Mg,N1,...,ng € Z. Let Fg denote all the filters a € lo(Z?) such that each filter a vanishes
outside K and a satisfies certain prescribed property, for example, a is an interpolatory M-wavelet filter,
or an orthonormal M-wavelet filter, or a dual M-wavelet filter of a given filter a. The key problem is to
determine or estimate sup,¢ . sr(a, M) and sup,¢ g, sm,(¢®) for 1 < p < oo, where

Fr :={a €1p(Z% : supp(a) C K and a satisfies certain given prescribed properties}.

If we construct some filter a € Fp such that sm,(¢?) = or ~ sup,cp, smy(¢"), then a achieves the
optimal smoothness with respect to its support. The quantities sup,¢ g, sr(a, M) and sup,¢p, smy(¢%)
can be analyzed in dimension one for a short support set K because (1) the filters in F often have few free
parameters and therefore, the structure of Fi is relatively simple, and (2) the analysis of the smoothness
exponent smy,(¢®) and sr(a, M) through the filter a is relatively simple in dimension one. However, for
high dimensions, quite often there are many free parameters involved in describing the set Fix even for a
very short support set K. It is also much more computationally expensive for estimating the smoothness
exponent smy(¢®) for a high-dimensional (even two-dimensional) filter a. As a consequence, finding or
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estimating the quantity sup,cp, smy(¢®) is often a very challenging problem in dimensions greater than
one.

In computer aided geometric design for generating smooth surfaces using subdivision schemes, it is of
great importance to find ¢?(R) interpolating 2/,-refinable functions ¢* whose interpolatory filters a are
supported inside [—3,3]? and ¢%(k) = §(k) for all k € Z2. So, it is natural to ask whether there exists
an interpolatory 2I,-wavelet filter a such that a is supported inside [—3,3]? and smy.(¢®) > 2. This
problem has greatly motivated the author to discover the projection method in [20]. Since we require
S (¢%) > 2, the underlying interpolatory 2Is-wavelet filter a must have at least order 3 sum rules (see
[20]). Let K :=[—3,3]? and Fi be the set of all interpolatory 2Is-wavelet filters a such that each filter
a is supported inside K and sr(a,2l3) > 3. By solving a system of linear equations, we can describe
all elements in Fi as a parameterized family of filters. Let P = [1,0]. Despite the fact that there
are infinitely many filters in Flx, it has been observed through experiments by the author in 1997 that
the projected filter Pa is the unique interpolatory 2-wavelet filter 3—12{71,0,9, 16,9,0, —1}_3,3 for all
a € Fi. That is, after projection, there is a unique one-dimensional filter in PF := {Pa : a € Fk}.
This led to the discovery of the projection method by linking multidimensional filters and wavelets with
one-dimensional filters and wavelets through projection. As proved in [20] (also see Proposition 3.1),
we have sm,(¢?) < sm,(¢F?) and sr(a,21;) < sr(Pa,2). Therefore, we have a natural upper bound:
SUPgep, SMyp(¢%) < SUPgep, sy (7). The quantity sup,ep, smy,(¢7*) can often be obtained through
direct analysis of one-dimensional filters Pa,a € Fi. More importantly, as we shall see by many examples
in this paper, quite often sup, ¢z, sm,(¢*) = sup,¢ g, smy, (¢F%). In other words, the projection method
provides us an effective upper bound sup ¢ g, s, (¢F'?) for the sought difficult quantity sup,c Fre S (0%).

We now explain another motivation for introducing the projection method. It is often relatively
easy to construct one-dimensional filters or filter banks such as one-dimensional interpolatory wavelet
filters, orthonormal wavelet filters, biorthogonal wavelet filters, as well as tight or dual framelet filter
banks. One simple way of constructing high-dimensional filters, wavelets and framelets is to use tensor
product. That is, for a € o(Z™) and b € o(Z"), a ® b € lo(Z™"™) is a filter on Z™*", which is
defined to be a ® b(j,k) = a(j)b(k), j € Z™,k € Z". Similarly, for f € L,(R™) and g € L,(R"),
f®g € L,(R™™) is a function on R™*", which is defined by f ® g(z,y) := f(x)g(y),z € R™,y € R"™.
The filter @ ® b and the function f ® g are called tensor product (or separable) filters and functions,
respectively. Though separable filters and separable wavelets/framelets can be easily constructed from
lower-dimensional ones, they give preference to directions along coordinate axes and therefore, may not
be desirable/preferable in applications. On the other hand, it is much more difficult and challenging
to construct nonseparable filters and nonseparable wavelets/framelets. Therefore, a natural question is
whether it is possible to use tensor products of one-dimensional filters and wavelets/framelets to construct
nonseparable filters and nonseparable wavelets/framelets in any dimensions. This problem has motivated
us in [18] to initiate the applications of the projection method for constructing nonseparable filters and
nonseparable wavelets/framelets in any dimensions. See Theorems 2.1 and 2.3 for details.

Multidimensional wavelets and framelets are an integrated important part of wavelet theory and
there has been a continuous considerable effort in the literature to construct nonseparable wavelets and
framelets. From the viewpoints of theory and application, it is of fundamental importance to understand
(at least mathematically) in which sense nonseparable wavelets and framelets have advantages over tensor
product ones. [17] has been greatly motivated by this problem. Using the projection method, it has been
shown in [17] (see Theorem 3.12) that though most known multidimensional wavelets are nonseparable,
they often essentially carry the tensor product (more precisely, projectable) structure and therefore, they
cannot be better than their corresponding tensor product wavelets, in terms of smoothness exponents
within a given (rectangular) support size of the wavelets.

In this section we discuss how to employ the projection method to construct nonseparable filters and
filter banks. A simple observation, which allows us to use the projection method to construct new
scalar interpolatory filters, lies in that for scalar filters, all the definitions of sum rule order, scalar
biorthogonal /orthonormal filters, and scalar interpolatory filters only depend on the lattice MZ¢ instead
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of the matrix M. In other words, if u is an interpolatory (or orthonormal) M-wavelet filter and if
MZ? = NZ? for some integer matrix N, then u is also an interpolatory (or orthonormal) N-wavelet filter
and sr(u, M) = sr(u, N).

The following result has been established in [17,18] for constructing new nonseparable scalar filters
from known ones by a generalized projection method.

Theorem 2.1. ([18, Theorem 3.2] and [17, Lemma 2.1]) Let M be a d x d invertible integer matriz and
N be a D x D invertible integer matriz with d < D. Let P be a d x D real-valued matriz such that

PNZP c MZ?  and (y+ MZY) N PZP # 0, vy ezl (2.3)

Let {n,...,n;} be a complete set of representatives of the distinct cosets of the quotient group [PTZ4] /7" .
For any filter u € lo(ZP), define a projected filter Pu € lo(Z%) by

J
=Y A(PT¢+m;), £eR (2.4)

j=1
or equivalently [Pul(n) := J 3y ctmezp . pmeny u(k) forn € Z2. Then sr(u,N) < sr(Pu,M). Moreover,

(1) If@(¢) = 0 for all ¢ € RD, then Pu(€) >0 for all £ € RY.
(2) If u is an interpolatory N-wavelet filter, define a finitely supported filter v on Z% by

v(k) == Pu(k), VkeZN\MZY and v(n):=|det(M)|"18(n), VneMZ?,
then v € lo(Z%) is an interpolatory M-wawvelet filter and sr(v, M) > sr(u,N). In particular, if
{mezP . Pm e Mz} C NZP (2.5)

is satisfied, then v = Pu, where Pu is defined in (2.4).
(8) If P is an integer matriz satisfying (2.3) and if (a,a) is a pair of scalar biorthogonal N-wavelet filters
such that the filter a is projectable with respect to (P,N,M), that is,

Aa(PT¢+w)=0 VEeRYwe [(ND)TIZPN\[PT(MT)1Z + ZP), (2.6)
then (Pa, Pa) is a pair of biorthogonal M-wavelet filters.

If P is an integer matrix in Theorem 2.1, then Pu in (2.4) agrees with the projected filter given in (1.2).
The condition in (2.3) is equivalent to saying that P : ZP /[NZP] — Z4/[MZ] (essentially P : I'y — ')
with v — P~ is a well-defined onto mapping. As an application of Theorem 2.1, we have the following
example on constructing interpolatory M-wavelet filters with arbitrarily high sum rule orders.

Example 2.2. ([18, Corollary 3.4]) Let M be a d x d invertible integer matrix. Then there exist integer
matrices F, X F' such that M = EX'F| | det(E)| = | det(F)| = 1, and X is a diagonal integer matrix. Let
a be any tensor product interpolatory X-wavelet filter. Take D = d, N = X and P = E. Then all the
conditions in (2.3) and (2.5) are satisfied. By Theorem 2.1, Pa is an interpolatory M-wavelet filter and
sr(Pa,M) = sr(a, X). Since many diagonal entries of X' may be 1, the constructed interpolatory filters
may not have symmetry. Another choice is to take D = d,N = | det(M)|I; and P = EX/| det(M)|. Then
all the conditions in (2.3) and (2.5) are satisfied. For any (tensor product) interpolatory N-wavelet filter
a, we see that Pa is an interpolatory M-wavelet filter and sr(Pa,M) > sr(a,N). Also see [14,24] and
references therein for other methods of constructing scalar interpolatory filters.

We now discuss the projection method for constructing filter banks. For completeness, we directly
discuss matrix filter banks. In the following u € (Io(Z%))"** simply means that u : Z¢9 — C"™* is a
matrix-valued filter. We first recall the definition of sum rules for a matrix filter. For a (matrix) filter
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u € (Io(Z%))™" with multiplicity r (that is, @ is an r x r matrix of Z?-periodic trigonometric polynomials),
we say that u has order m sum rules with respect to M ([15]) if there exists a moment matching filter
v € (Io(Z%)*" with ©(0) # 0 such that

SMTEU(E +w) = 8(w)B(E) + O(lE]™), € =0, YVwe 2. (2.7)

Recall that sr(u, M) denotes the highest order of sum rules satisfied by u in (2.7) among all possible
v € (1o(Z%)*" with ©(0) # 0. Note that (2.7) depends only on 9#%(0), |iz| < m. For the scalar case r = 1,
under the additional condition %(0) = 1, we see that the definition which we discussed before for scalar
filters agrees with the above definition in (2.7) by choosing v € lo(Z%) satisfying ¥(¢) = 1/(}5\(5) +O(¢]™)
as £ — 0, where ¢ is the standard M-refinable function/distrubution associated with the low-pass filter u
and is defined through ¢(€) := []22, 4(MT)~7¢),¢ € RY.

Let ©,a,b,...,bs,a,by,...,bs € (Io(Z*))™" be finitely supported matrix-valued sequences on Z9.

Recall that ({a;b1,...,bs}, {a@;b1,...,bs})e is a (matrix-valued) dual M-framelet filter bank if

~

G T2 OMTORE) + 3 e +w) bi(€) = 8()B(E),  Vwe (2.8)
/=1

for all ¢ € R?. For the special case © = I,§ which is often used in wavelet analysis, we simply write
({a;b1,...,bs}, {asby,...,bs}) instead of ({a;b,...,bs},{a@;b1,...,bs})r,5. We say that {a;by,...,bs}e
is a tight M-framelet filter bank if ({a;by1,...,bs},{a;b1,...,bs})e is a dual M-framelet filter bank. When
O = I,.8, we write {a; by, ...,bs} instead of {a; b1, ...,bs}1.6. Wesay that {a;b1,...,bs} is an orthonormal
M-wavelet filter bank if it is a tight M-framelet filter bank and s = | det(M)| — 1.

We have the following result on projected dual framelet filter banks.

Theorem 2.3. Let M be a d x d invertible integer matrixz and N be a D x D invertible integer matrix.
Let P be a d x D integer projection matriz such that

PN=MP and PT(ZN\[MTZ%))C ZP\[NTZP]. (2.9)

Then sr(u, N) < st(Pu, M) for any matriz filter u € (Io(ZP))™". If ({a;b1,...,bs},{a@;b1,...,bs})e is
a finitely supported (matriz) dual N-framelet filter bank with ©,a,by, ..., b, a,bi,....bs € (Io(ZP))r>r,
then ({Pa; Pby,...,Pbs}, {Pa; Pby, ... 7PBS})p@ s a finitely supported dual M-framelet filter bank with
sr(a,N) < sr(Pa, M) and sr(a,N) < st(Pa,M). In particular, if {a;b1,...,bs}e is a tight N-framelet filter
bank, then {Pa; Pby,..., Pbs}po is a tight M-framelet filter bank.
Proof. Since PN = MP, we have PTMT = NTPT. Hence, PT(ZI\IMTZ?)) C ZP\[NTZP] if
and only if PTMT([(MT)~1Z4\Z?%) C NT([(NT)~1ZP]\ZP) if and onmly if NTPT([(MT)~1ZI\Z?) C
NT([(NT)~1ZP]\ZP) if and only if PT([(MT)~1Z4\Z?) C [(NT)"1ZP]\ZP. On the other hand, since
PTMT = NTPT and P is an integer matrix, we also have PT[(MT)~1Z4] = (NT)=1PTZ4 C (NT)~1ZP.
Therefore, by (2.9), for any w € 2\{0}, we must have PTw € (NT)71ZP but PTw ¢ ZP.

We first prove sr(u, N) < sr(Pu, M). By definition of sum rules for matrix filters, that u has order m
sum rules with respect to N simply means

BINTOR(C + 1) = 8()B(Q) + O(C™), ¢ =0, Ve, (2.10)
where v € (Io(ZP))1*" with T(0) # 0. Since PN = MP, we have NTPT = PTMT and
Po(MTE)Pu(¢ +w) = 5(PTMTEa(PT¢ + PTw) = 6(NTPTE)a(PTE + PTw).
For w € Oy, setting ¢ = PT¢ and n = PTw in (2.10), since PTw # 0 for all w € 2u\{0}, we deduce that
Po(MT€) Pu(€ +w) = 5(NTPTE)A(PTE + PTw) = 8(w)Pu(€) + O(€]™), € — 0.
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This proves that Pu must have at least order m sum rules with respect to M. Hence, we proved sr(u, N) <
sr(Pu, M). } )
Since ({a;b1,...,bs},{@;b1,...,bs})e is a dual N-framelet filter bank, by definition we have

~

D) BINTORQO + S hC ) b(Q) =8mB(),  ¥neQwCeRP.  (211)

=1
For w € 2, we now deduce that
-

Palc +w) POMTEPa(E) + 3 Phi(é +w)
/=1

Phy(€)

—GPTET PTw) B(PTMTERPTE) + 3 he(PTE + PTw) h(PTE)
/=1

E—N —~ e T~
=a(PTEé+ PTw) O(NTPTEa(PTE) + > by(PTE + PTw) by(PT¢).
=1

Setting ¢ = PT¢ and n = PTw in (2.11), since PTw # 0 for all w € 2u\{0}, we have

Pa(¢ +w) POMTE)Pa(E) + S Phie+ ) Phe(€) = 6(@)B(PT) = 6(w) POE).

=1

Therefore, we verified that ({Pa; Pby, ..., Pbs},{Pa; Pby, ..., PI;S})p@ is a dual M-framelet filter bank.
We have already proved at the beginning that sr(a, N) < sr(Pa, M) and sr(a, N) < sr(Pa, M). O

As an application of Theorems 2.1 and 2.3, in the following we present several examples of scalar tight
framelet filter banks. The following example constructs a family of scalar orthonormal M-wavelet filter
banks with increasing orders of vanishing moments.

Example 2.4. ([18, Corollary 3.4]) Let M be a d x d invertible integer matrix. Then there exist integer
matrices F, X, F such that M = EXF, |det(E)| = |det(F)| = 1, and X' is a diagonal integer matrix. Let
{a;b1,...,bs} be any tensor product scalar orthonormal X-wavelet filter bank with s := |det(M)| — 1.
Take D = d, N = ¥ and P = E. Then the condition in (2.9) is satisfied. By Theorem 2.3 with
r = 1, {Pa; Pby,..., Pbs} is a scalar orthonormal M-wavelet filter bank. In particular, Pa is a scalar
orthonormal M-wavelet filter and sr(Pa, M) = sr(a, X).

We now discuss how to construct scalar tight framelet filter banks derived from box spline filters. Let
ag = {%, %}[071] and by = {%7 —%}[0’1]. Then {ag;by} is the well-known Haar orthonormal 2-wavelet
filter bank in dimension one ([4]).

Theorem 2.5. Let P be a d X D integer matrix such that d < D and P has full rank d. Define the
D-dimensional Haar orthonormal 21p-wavelet filter bank {a;by, ..., bop_1} :={am;bp}® - @{amg;by}
by taking D times tensor product here. Then ap := Pa is the filter for the box spline function Pxio1)p

satisfying Pmo (26) = C/ll\D(g)PmD (€) for &€ € RY. More explicitly,

—i27k-&

. 14 e—i2mh:€ — 1—c¢
(&) = [ —5— and Pxpuo(©) =[] cerR, (212)
S

2 i2rk-&
kep P

where k € P means that k is a column vector of P and k goes through all the columns of P once and only
once.
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(i) If PT(Z\[2Z%)) C ZP\[2ZP] (or equivalently, st(ap,21y) > 1), then {ap; Pby, ..., Pbyp_1} is a finitely
supported scalar tight 21;-framelet filter bank such that all the high-pass filters Pby, ..., Pbyp_1 have
support no larger than the support of the low-pass filter ap.

(i) If PT(Z4\[2Z%]) ¢ ZP\[2ZP] (or equivalently, sr(ap,2l4) = 0) , then there does not exist finitely
supported filters ©,uy, ..., us € lo(Z%) with s € N and @(0) # 0 such that {ap;uq,...,usto is a tight
21,-framelet filter bank.

Proof. We first show that PT(Z%\[2Z%)) C ZP\[2ZP] if and only if sr(a,,2l4) > 1. Suppose that
PT(24\[2Z24]) C ZP\[2ZP] holds. As we discussed in the proof of Theorem 2.3, for every w € §227,\{0},
P'w ¢ ZP and PTw € 27'ZP. Therefore, since the Haar filter a has order 1 sum rule (that is,
st(a,2Ip) = 1 and by definition @(n) = 0 for all n € 257, \{0}), we must have ap(w) = a(PTw) = 0.
Hence, sr(ap,2l4) > 1. Suppose that PT(Z4\[2Z4]) C ZP\[2ZP] fails. Then there exists w € 227,\{0}
such that PTw € ZP. Hence, ap(w) = a(PTw) = @(0) = 1. Therefore, we must have sr(ap,2l,;) = 0.
This proves the equivalence between PT(Z\[2Z4]) C ZP\[2ZP] and sr(ap, 21,) > 1 for box spline filters.

Let M = 2I; and N = 2Ip. For item (i), the matrix P satisfies the condition (2.9) in Theorem 2.3.
Since the D-dimensional Haar orthonormal 21 p-wavelet filter bank is a special case of tight 214-framelet
filter banks, it now follows directly from Theorem 2.3 that {Pa; Pby, ..., Pbyp_;} is a finitely supported
tight 21;-framelet filter bank.

For item (ii), since PT(Z9\[2Z%]) C ZP\[2ZP] fails, there exists w € §257,\{0} such that PTw € ZP.
Then ap(0) = ap(w) = 1. Suppose that there exists a finitely supported tight 274-framelet filter bank
{ap;ui,...,us}o. By definition we have

0(28)|ap (&) + [T () + - + @ (&) = B(€)

and

Tp (€ +w)O(26)ap(€) + Ui (€ + Wi (€) + - + s (€ + w)ids(€) = 0.

Plugging ¢ = 0 into the above two identities, we must have

O(0)[ap(O0)* + [@(0)f + - + @ (0)]* = 6(0) (2.13)

and
ap(w)0(0)ap(0) + w (W)ur(0) + - - - + (W) (0) = 0. (2.14)
Since ap(0) = 1, we deduce from (2.13) that u7(0) = --- = u;(0) = 0. Consequently, we deduce from
(2.14) that ap(w)©(0)ap(0) = 0. Since ap(w)ap(0) = 1, this forces ©(0) = 0, which is a contradiction
to our assumption @(0) # 0. This completes the proof of item (ii). O

In the following we provide three examples of tight framelet filter banks which are derived from box
spline filters through Theorem 2.5.

Example 2.6. Let d =2, D = 3, and P be the projection matrix

p— {é (1) ﬂ _ (2.15)

Then ap is the filter for the box spline Px[p,1js (i.e., the three-directional hat function taking value 1 at
the point (1,1)). A tight 2Is-framelet filter bank {ap;uy,...,ur} constructed by Theorem 2.5 is given
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by
(o1 (o1 - [0 -1-1
ang 1214, ulzé 10 -1}, u2:§ -1 0 1],
110 1-10 1 10
1’()*11' 1'()*1*1 L [o-11
uz= (=1 2 =1}, wu=-|10 -1, us=—|1=-21},
811 21 o 8111 0 1-10
1’014’ 1'014
ug = 3 -1-2-1|, ur =g -10 1
1 1 0 1 -10

with all filters supported inside [0, 2]2.

If {a;b1,...,bs}o is a scalar tight M-framelet filter bank having s high-pass filters b1,...,bs such
that by = cby for some constant ¢ € C, then it is a trivial fact that the two high-pass filters by, by can
be replaced by a single high-pass filter /1 + |c|?bs, that is, {a; /1 4+ |c|2ba,bs,...,bs}eo is also a tight
M-framelet filter bank with the total number of high-pass filters reduced by one.

Example 2.7. Let d = 1 and P be the 1 x D projection matrix P = [1,...,1]. Then ag := ap is the
filter for the B-spline Px[g 1jp of order D. A tight 2-framelet filter bank {aB;uq,...,uyp_ 1} constructed
by Theorem 2.5 actually has only D essentially different high-pass filters (since many projected high-pass
filters are multiple to each other) instead of 2P — 1 high-pass filters. The resulted tight 2-framelet filter
bank {aB;v;,...,vp} constructed by the projection method in Theorem 2.5 is exactly the same as the
B-spline tight 2-framelet filter bank constructed in [30]. More explicitly, aB(£) =27 (1 + e=%2™)P and
the D high-pass filters are given by
a2 P e PP e =1, D.

Example 2.8. Let P be the projection matrix given in (2.15). Let a be a filter for the two-dimensional
box spline whose direction matrix has the column vectors (1,0)T,(0,1)7,(1,1)T with each appearing

exactly D times. It is known ([3,6]) that we can construct a finitely supported tight 2-framelet filter
bank {aB;uy,us} with only two high-pass filters derived from the B-spline filter a8 of order D. Then

{af ®ap @ apivn, ... vae} = {afiur, uz2} ® {apsur, ua} @ {ap; ur, ua}

is a three-dimensional tight 2/3-framelet filter bank. Applying the projection method and noting that
P(aB ®aB ®aB) = a, we see that {a; Pv1,..., Pvag} is a tight 2/5-framelet filter bank derived from the
box spline filter a through Theorem 2.5.

See [2,3,5-7,16,21,27,30] for many other constructions of tight framelet filter banks. See Section 5
for the connections between dual/tight framelet filter banks and dual/tight framelets in Lo(R?).

3. Optimal Properties of Multidimensional Refinable Functions and Filters by
the Projection Method

In this section we shall employ the projection method to study some optimal properties of multidimen-
sional refinable (vector) functions and (matrix) filters.

Recall that the L, smoothness exponent sm,(f) of a function f € L,(R%) is defined in (2.2). For
a vector function f = (fIU,...) fINT we define sm,(f) := min;coc, sm,(fI). Using (1.2) and the
definition of smy,(f), the following result has been proved in [17, Lemma 2.4].
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Proposition 3.1. ([17, Lemma 2.4]) Let P be a d X D real-valued projection matriz and f be a vector
of compactly supported functions in L,(RP) with 1 < p < oo. Then Pf is also a vector of compactly
supported functions in L,(R?) and sm,(f) < sm,(Pf).

We now analyze the optimal smoothness property of a filter using the projection method. We first
recall the definition of a quantity sm,(u, M) with 1 < p < oo from [15]. Let u € (Io(Z4))™*" be a finitely
supported matrix filter with multiplicity r. Let m = sr(u, M) and assume that (2.7) holds for some
v € (Ip(Z3))*" with ©(0) # 0. We define the following quantity sm,(u, M) as in [15] by

smy,(u, M) := —log ) [I det(M)[" 1P p(u, M,p)} , (3.1)

where p(M) denotes the spectral radius of the matrix M and

p(u, M, p) = sup { Timn sup [ b/ by o 5 0 € Vi }

n—oo

with @, (€) = [[/_, @((MT)" 7€) = a((MT)"1€) - GMTE)(E), un * b(E) = T (€)D(E) and

Vo = {b € (lo(ZH)™" : B(E)b(E) = O(IE|™), € — 0}.

We say that M is isotropic if M ~ diag(\1,...,Ag) with |[A;| = .-+ = |\4|. By an expansive matrix M,
we mean that all the eigenvalues of M are greater than one in modulus. The quantity sm,(u, M) plays a
critical role in characterizing the convergence of a (vector) cascade algorithm (or subdivision scheme) in
a Sobolev space and in characterizing the L, smoothness of a refinable (vector) function. For example,
for an isotropic matrix M, a cascade algorithm associated with a filter © and an isotropic expansive
integer matrix M converges in the Sobolev space W"(R?) := {f € L,(R?) : o*f € L,(R) V |u| < m}
(More precisely, the cascade sequence {R" f}7°; converges in W;" (R9) for a suitable initial function f,
where Rf = |det(M)| >, cza u(k)f(M - —Fk)) if and only if sm,(u, M) > m. Moreover, if the integer
shifts of the refinable (vector) function ¢, associated with the filter u and an expansive integer matrix
M through ¢(MT-) = @ip with ¢(0) # 0, are stable in L,(RY), then sm,(¢) = sm,(u, M). The relation
sr(u, M) > smy,(u, M) is always true. The reader is referred to [15] and many references therein on cascade
algorithms and refinable functions.
The following result links the smoothness property of a matrix filter with that of its projected filter.

Theorem 3.2. (25, Theorem 4]) Let M be a d x d invertible integer matriz and N be a D x D invertible
integer matrix. Let P be a d x D integer matriz such that

PN=MP and PZP =7% (3.2)
Let u € (Io(ZP))™" be a finitely supported filter with multiplicity v. Then sr(u,N) < sr(Pu, M) and
[det (M)~ /7 p(Pu, M, p) < | det(N)[*"Y7p(u,N,p) ¥ 1< p < oo.

In particular, if p(M) = p(N) (that is, the spectral radii of M and N are the same), then sm,(u,N) <
smy,(Pu, M) for all 1 < p < oo.

Theorem 3.2 has been proved in [20, Lemma 4.2] for the special case r = 1 and M = 21, and in [17,
Theorem 2.2] for r = 1 and a general expansive integer matrix M. As pointed out in [11, Proposition 4.2],
(3.2) implies (2.9).

We now provide examples to illustrate the projection method for analyzing optimal properties of mul-
tidimensional refinable functions and filters. To do so, let us recall the definition of Hermite interpolants
([15]). Define A, := {z € Nd : |u| < n} and #4,, the cardinality of the set A,. We order A,, according
to = (g1, pa)T <v=(v1,...,vq)" if either |u| < |v| or if |u| = |v| with p; = v, for j=1,...,t -1
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and p; < vy for some 1 < t < d. For a d x d matrix F, we define the (#A4,) x (#4,) matrix S(E, A,,)
([14]) by (B
Ezx)* ¥
0 V; [S(E,Am)]#yl,ﬁ, wE Ay

For a column vector ¢ = (¢[“])ueAn of functions on R? and n € N, we say that ¢ is an order n Hermite
interpolant if ¢ € (€™ H(R?))#An)x1 and

[0 (k) = 8(n—v)8(k) Y p,ved, ke (3.3)

When n = 1, we simply say that the scalar function ¢ is interpolating, more explicitly, ¢ is continuous
and ¢(k) = 8(k) for all k € Z4.
The following result in [15, Corollary 5.2] completely characterizes M-refinable Hermite interpolants.

Theorem 3.3. ([15, Corollary 5.2]) Let n € N and M be a d x d expansive integer matriz. If n > 1, we

Jurther assume that M is isotropic. Let ¢ be a compactly supported M-refinable vector function satisfying
H(MTE) = a(&)p(&) for some matriz filter a € (lo(Z3))#A)XF#A) - Then ¢ is an order n Hermite
interpolant if and only if

(1) ¢l01(0) = 1, where ¢l is the first component of the vector ¢.
(2) The filter a is an order n Hermite interpolatory M-wavelet filter, that is,

(i) a(0) = |det(M)|~1S(M~1, A,,) and a(Mk) = 0 for all k € Z4\{0};

(i) the filter a has order n sum rules satisfying (2.7) with respect to M and with a sequence v €
(Lo (Z4))*F#An) sych that %@(0) = e}, i € Ayn, where e, denotes the p-th coordinate unit
vector in R#AR)

(3) smo(a,M) >n —1.

Symmetry plays an important role in Hermite subdivision schemes in computer graphics and wavelet
analysis. We say that ¢ is a symmetry group compatible with M ([14,18]) if ¢ forms a group under matrix
multiplication and each element E € ¢ is an integer matrix such that |det(E)| = 1 and M~'EM € 4.
Two commonly used symmetry groups in wavelet analysis are D4 and Dg:

v lod] = o) = ol =l
e R R et R e e

We say that a filter a with multiplicity #4,, is -symmetric (with the symmetry center 0) if
a(EBk) = SIMT'EM, A,))a(k)S(E~*,A,) VYkeZl Ec9. (3.4)

We now study optimal refinable Hermite interpolants using the projection method. To do so, we first
recall a family of univariate Hermite interpolatory filters which have been obtained in [19, Theorem 4.3].

Proposition 3.4. ([19, Theorem 4.3]) Let m > 1 be an integer and n € N. For any positive integers ¢
and h, there exists a unique order n Hermite interpolatory m-wavelet filter am n.on such that Gm n.en is
supported inside [1 — ml,mh — 1] and G, n.e,n has order n(€ + h) sum rules with respect to the dilation
factor m (in fact, st(am nyen, m) =n(l+h)). Moreover, if { = h, then the order n Hermite interpolatory
m-wavelet filter am n.e.n is {1, —1}-symmetric with the symmetry center 0.

The above result in Proposition 3.4 generally fails in high dimensions by losing the uniqueness property.
Nevertheless, as a generalization of [20, Lemma 4.1], we have the following result.
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Proposition 3.5. Let m > 1,{,h be positive integers. Suppose that u is a scalar filter such that u is
supported inside [l —mtl,mh—1]% and st(u,mly) = €+h—1. If u has at least order £+ h—1 linear-phase
moments with phase 0 (for example, this condition is satisfied if u is a scalar interpolatory ml -wavelet
filter and sr(u, mIy) > £+ h—1), then [1,0,...,0lu = am1.0h-

Proof. We first show that if u is a scalar interpolatory ml;-wavelet filter and sr(u,mly) > ¢+ h — 1,

then u has at least order £ + h — 1 linear-phase moments with phase 0. Indeed, since u is a scalar

interpolatory mly-wavelet filter, by definition we have > .,  @({+w) = 1. On the other hand, by
mlg

st(u,mly) > £+ h — 1 we must have u(¢ + w) = O(|¢|*+"71) as € — 0 for all w € 2,,7,\{0}. Therefore,
it is straightforward to deduce from Zweﬂmzd (€ +w) = 1 that (&) = 14+ O(|¢*"~1) as € — 0, that
is, v must have at least order £ + h — 1 linear-phase moments with phase 0.

Since P :=[1,0,...,0] satisfies the condition in (3.2) with N = mI; and M = m, we have sr(Pu,m) >
sr(u,mlqg) > £+ h—1. Since v must have at least order £+ h — 1 linear-phase moments with phase 0, we
see that Pu also has at least order £ + h — 1 linear-phase moments with phase 0. On the other hand, by
a similar argument as in Proposition 3.4 and noting that #([1 —m¢,mh —1]N[mZ]) = £+ h — 1, we can
easily prove that Pu = am,1.0,5- O

We now study some optimal multidimensional scalar interpolatory filters.

Example 3.6. ([20, Corollary 4.3]) Let a be a d-dimensional scalar interpolatory 2I;-wavelet filter (that
is, order 1 Hermite interpolatory 2I;-wavelet filter) such that a is supported inside [—3,3]%. Then
sm (a,21;) < 2 and therefore, there is no ?(R?) interpolating 2,-refinable function ¢ whose filter can
be supported inside [—3,3]?. When a is {—1I4, Is}-symmetric, we further have [1,0,...,0la = az 1,22 =
35{—1,0,9,16,9,0, —1}[_5 3.

Proof. Suppose smy(a,21) > 2. Let P =[1,0,...,0] be the 1xd projection matrix. Since smq(a,21;) >
2, we must have sr(a,2I;) > 3. By Proposition 3.5, Pa must be an interpolatory 2-wavelet filter. As
proved in [20, Theorem 3.5, we must have smo. (Pa, 2) < sineo(a2,1;2,2,2) = 2. By Theorem 3.2, we must
have smq(a, 214) < sme(Pa,?2) < 2, a contradiction. Hence, smo(a, 21;) < 2. O

Using a similar idea and the projection method as in Example 3.6, we have

Example 3.7. ([23, Theorems 3.1 and 3.3]) Let a be a {—Iy, I4}-symmetric interpolatory 3I;-wavelet
filter such that a is supported inside [—5,5]%. Then smu(a,314) < smoo (a3 1.2,2,3) = logs 11 ~ 2.18266.
Moreover, if smq(a, 314) = logs 11, then we must have

[1,0,...,0la = ag 122 = 5={—4, —7,0,34,76,99,76,34,0, ~7, —4}(_s5 5.

Several optimal two-dimensional interpolatory 3I>-wavelet filters a have been reported in [23] such that
each filter a is supported inside [—5,5]?, is Dy-symmetric or Dg-symmetric, and smq(a, 312) = logg 11.

Example 3.8. ([28]) Let a be a {—I4,1;}-symmetric interpolatory 4I;-wavelet filter such that a is
supported inside [—7,7]%. Then smy(a,4l;) < smoo(a41.02,4) = log, 24 ~ 2.29248. Moreover, if
s (a,414) = log, 24, then we must have

[1,0,...,0la = a4 1,22
= ~is{—5,—12,-13,0,45,108, 165,192, 165, 108,45,0, =13, =12, =5} _7,7.

Several optimal two-dimensional interpolatory 4Is-wavelet filters a have been reported in [28] such that
each filter a is supported inside [—7,7]2, is Dy-symmetric or Dg-symmetric, and smq,(a,4l3) = log, 24.
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Example 3.9. ([12, Theorem 6] and [25, Theorems 8 and 9]) Let a be a Dy-symmetric or Dg-symmetric
order 2 Hermite interpolatory 2Is-wavelet real-valued filter such that a is supported inside [—1, 1]2. Then
smy(a,2l5) < 24 1/p for all 1 < p < co. Moreover, smy(a,2lp) =2+ 1/p for all 1 < p < oo if a is the
Dg-symmetric order 2 Hermite interpolatory 2I>-wavelet filter given by

L [200 L [4-84
a(0,0)==1010| and a(1,0)=— (1-22],
81001 32100 2

or the Dy-symmetric order 2 Hermite interpolatory 2Is-wavelet filter given by

200 L [4-80 L [4-8-8
0.0)==lo10 1.0) = — |[1-20 d al1) = — |[1-2-2
(0.0 8001’a<’) 320002 “(L1) 64 |1 o5 o

Therefore, there is no order 2 2I-refinable Hermite interpolant in 4?(R?) whose D4 or Dg-symmetric
filter can be supported inside [—1,1]?.

Example 3.10. ([12, Theorem 7] and [25, Theorems 11 and 12]) Let a be a D4-symmetric or Dg-
symmetric order 3 Hermite interpolatory 2Is-wavelet real-valued filter such that a is supported inside
[~1,1]2. Then smy(a,2l2) < 3. Therefore, there is no order 3 2Is-refinable Hermite interpolant in
%3 (R?) whose D4 or Dg-symmetric filter can be supported inside [—1, 1]2.

We now look at applications of the projection method to multidimensional biorthogonal or orthonormal
wavelets. Nonseparable multidimensional wavelets are claimed to have advantages over tensor product
(separable) wavelets in numerous papers in the literature. However, as shown in [17], many nonseparable
multidimensional wavelets essentially carry the tensor product structure and therefore, cannot be essen-
tially better than tensor product wavelets. The following result is well known in the literature (e.g., see
[15] and references therein).

Theorem 3.11. Let M be a d x d expansive integer matrir. Let a,a € (Io(Z4))™ " be finitely supported
filters with multiplicity r and let ¢, ¢ be compactly supported r x 1 wvector functions such that

—~ —~ T~
.~ ~ o~ o~

SMTE) =a()(€).  HMTE) =a()(€). and §(0) H(0) = 1.
Then (¢, $) is a pair of biorthogonal functions, that is, ,¢ € (La(R%))™! and

(6,0¢ = k)= | Fa)dw = B do = 8(k)I,,  VkeZ

if and only if sma(a, M) > 0, sma(a, M) > 0, and (a, a) is a pair of biorthogonal M-wavelet filters, that is,
=~ T
Ywen, W+ w)alE +w) =1, for all & € RY.

As a direct consequence of Theorems 3.2 and 3.11, we have

Theorem 3.12. ([17, Theorem 2.5] and [11, Theorem 4.3]) Let M be a d x d expansive integer matriz
and N be a D x D expansive integer matriz. Let P be a d x D integer projection matriz satisfying (3.2).

Let (J), @) be a pair of biorthogonal functions such that <;~S(NT~) = 5(,5, (Z(NT~) = 'dg/b\ with a,a € (Io(Z%))">",
=~ 1= ~

and $(0) ¢(0) = 1. If the filter a is projectable with respect to (P,N,M) (see (2.6)), then (P¢, Po) is a

pair of biorthogonal functions such that Po(MT-) = PaP¢ and ]?\gb(l\/lT-) = Ez]sa) Moreover, sr(a,N) <

sr(Pa, M), sr(a,N) < sr(Pa, M), smp(¢) < sm,(P¢), and smy(¢) < smy(P¢) for all 1 < p < oo. If in

addition p(M) = p(N), then we further have sm,(a,N) < sm,(Pa, M) and smy(a,N) < sm,(Pa, M) for

all 1 < p < oo.
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As pointed out in [17, Theorem 3.2], many multidimensional filters are projectable. For example, most
box spline filters are projectable with respect to ([1,0,...,0],214,2). In the following, we present two
examples to illustrate applications of the projection method to multidimensional wavelets.

Example 3.13. Let a € ly(Z?) be a finitely supported real-valued orthonormal 2I;-wavelet filter. Let
P =[1,0,...,0]. For some c € $Z%, if a(2c — k) = a(k) for all k € Z? and the filter a is projectable with
respect to (P, 214,2), then sm,(a,2Iy) < 1/p for all 1 < p < oo, sr(a, 214) < 1, and Pa must be a shifted
version of the Haar filter ag := {1/2,1/2}9 1

By Theorem 2.1, Pa is a real-valued orthonormal 2-wavelet filter having symmetry. This forces Pa to
be a shifted version of the Haar filter ([4]) and now all the claims follow directly from Theorem 3.12. In
fact, though many multidimensional filters may be nonseparable (that is, not tensor product filters), they
however are often projectable. For example, a filter a is projectable with respect to ([1,0,...,0],214,2)
if one of the following conditions holds:

(1) @ contains a projectable factor such as Hj:1(1 + €727 e.g., this is true if a(E(k —c) +c) = a(k)
for all k € Z¢ and all E = diag(£1,...,+1) with ¢ = (1/2,...,1/2) (see [13, Theorem 4.3]);

(2) a is a filter on Z? such that sr(a,2I;) > m and a is supported inside [n,n +m] x Z4~1 for some n € Z
(see [17, Theorem 3.2]);

(3) ais an interpolatory 21 -wavelet filter such that sr(a,2I4) > 2m and a is supported inside [1—2m, 2m—
1] x Z3=1 (see [17, Theorem 3.2));

(4) a is an orthonormal 2 -wavelet filter such that sr(a,2l4) > m and a is supported inside [n,n + 2m —
1] x Z4=1 for some n € Z (see [17, Theorem 3.2]).

Example 3.14. ([17, Proposition 3.4]) Let a € lo(Z?) be a filter such that sr(a,2I) > 4 and a vanishes
outside the set [—2,2] x Z9~1 (one such example is the box spline filter a for the Loop subdivision scheme
given by a(&1, &) == 270(1 + e 2761)2(1 4 ¢127€2)2(] 4 27(&1+£2))2) Then there does not exist a dual
filter @ of a such that the support of @ can be supported inside [—4, 4] x Z?~! and smy(a,21) > 0.

Let P =[1,0,...,0]. By item (2) of Example 3.13, the above condition implies that a is projectable
with respect to (P, 214,2). If there exists such a dual 2I;-wavelet filter a, then (Pa, Pa) must be a pair of
biorthogonal 2-wavelet filters. However, we must have P/’Zt(«f) = e"m¢(1 4 e727€)4 /16 and there does not
exist such a dual 2-wavelet filter u to Pa such that u is supported inside [—4, 4] and smy(u,2) > 0. A dual
21,-wavelet filter a of the box spline a for the Loop subdivision scheme is reported in [17, Example 3.5]
such that a is supported inside [—5, 5]2, is Dg-symmetric, and smo(a, 215) ~ 0.10707.

We complete this section by an example of two-dimensional orthonormal 215-wavelet filters.

Example 3.15. The following orthonormal 2I-wavelet filter a having support [0,3]? is given in [20,

Example 4.5]:
V3-3-1t2-2V/35-3V3+t 0
o LVB-14t 4 T-3V3-12-2V3
T332 |54 V34t4+4V3 1+V3 -t 2-2V3
34V3 12423 V3-14t 0 ] 4

with ¢ := \/6v/3 — 10. Let {a;b1,bs,b3} be an orthonormal 2I-wavelet filter bank derived from a. By
item (4) of Example 3.13 and sr(a, 2I2) = 2, a is projectable with respect to (P, 2[3,2), where P := [1,0].
Indeed, Pa = £{14/3,34V/3,3—V/3,1—v/3}(9 3 is the Daubechies orthonormal 2-wavelet filter ([4]) and
{Pa; Pby, Pby, Pb3} is a tight 2-framelet filter bank. By calculation, sma(a, 215) = smy(Pa,2) = 1. Hence,
a is an optimal orthonormal 215-wavelet filter. This example shows that nonseparable orthonormal filters
may have smaller support while achieve the same smoothness exponent and sum rules as the corresponding
tensor product orthonormal filters. Let @ := [1, 1]. Then the condition in (3.2) is also satisfied. Therefore,
{Qa; Qb1, Qba, Qbs} is a tight 2-framelet filter bank. By calculation, we have sma(Qa, 2) =~ 1.98482 and
sr(Qa, 2) = 2. Therefore, sms(a, 215) < smy(Qa, 2).
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4. Frequency-based Affine Systems and Dual Framelets by the Projection
Method

In previous sections we have studied the projection method for constructing and analyzing multidimen-
sional filters and refinable functions. In this section, we shall investigate the application of the projection
method for frequency-based affine systems and frequency-based dual framelets.

Following the standard notation, we denote by Z(R?) the linear space of all compactly supported
€ (test) functions on R%. For 1 < p < oo, by Léoc(Rd) we denote the linear space of all Lebesgue
measurable functions f such that [, |f(z)[Pdz < oo for every compact subset K of R?. For f € Z(R)
and 1 € L¢(R?), we shall use the following pairing

€)= [ @@ and ()= 0 = [ wOFEEs (1.1)

Rd

Let J be an integer and M, j > J be d x d invertible real-valued matrices. Let @ and ¥;, j > J be finite
subsets of L¢(R?). A frequency-based affine system is defined to be

FAS;(2:{¥; | M;}72,) ={¢ (MT)=150,k kel ¢ € P}
@] UOO ]{'(/J MT —1. 10,k k c Zd, 'l,b c !pj} (42)

For the particular case M; = M? and ¥; = W for all j > J, a frequency-based affine system in (4.2)
becomes a frequency-based stationary M-affine system:

FAS!\]A(QS, W) = {SO(MT)—J;O}]C ke Zd, Y E Sp} U U {'lp(MT)—j;O,k ke Zd, P e W} (43)
j=J
We now recall the definition of frequency-based dual framelets introduced in [9,10]. Let

&=, .o} and &= (g, .. ¢l (4.4)

and _ _ ~ N N

w; = {pl Uiy and @y = (@il plieil) (4.5)
be finite subsets of Ll“(Rd) for all integers j > J with r, s € No. Let FAS ;(®;{¥; | M;}32 ;) be defined
in (4.2) and FAS ;(&; {&; | M; }32 ;) be defined similarly. We say ([9,10]) that the pair

(FAS ;(®; {; | M;}52 ), FAS 1 (®; {F; | M;}52 ) (4.6)

is a pair of frequency-based nonstationary dual {M; };";J—fmmelets if for every f,g € 2(R%), the following
limit exists:

: [0
im (Z > (Fe MT) vk Pty 10,47 8)

=1 kezd
+ ZZ >R o B 100 8)) = (£ 8- (4.7)

j=J l=1 kezd

Since all &, P, ¥;,¥;,j > J are finite subsets of LY°(R?), as shown in [9,10], the series/summations
> keze on the left-hand side of (4.7) converge absolutely. Consequently, we often write (4.7) as

DD (el )r04) (B -10.58) +ZZZ 10k><1/31ﬁ)10,€,g> (f.g)  (4.8)

L=1 kecZ4 j=J =1 kezd

99



B. Han The projection method for multidimensional framelet and wavelet analysis

for all f, g € Z(R?), where the convergence of the summation Zoi s isin the sense of (4.7). In particular,

we say that ({®; @}, {®;W}) is a frequency-based dual M-framelet if (FASY (®; @), FASY(®;W)) is a pair
of frequency-based stationary dual framelets.
Let P be a d x D projection matrix. For a continuous function f : RP — C, we define the frequency-

based projection operator P by R
Pf(&):=f(PT¢), ¢eRL (4.9)

If f € Li(RP), it follows from (1.1) and (4.9) that ﬁ}“ = ﬁf We have the following result on the
projection method for frequency-based nonstationary dual framelets.

Theorem 4.1. Let Nj,j > J be D x D invertible real-valued matrices such that

oo

Ay = U [N]TZD] has no accumulation point (4.10)
j=J
and
{J€Z : 5=, (N]T)_lk € ZPY s a finite set for every k € Any\{0}. (4.11)
Let My, 5 = J be d x d invertible real-valued matrices with d < D. Define Ay = U;‘;J[M}Zd]. Let

P P, j > J be d x D real-valued projection matrices such that
(1) all projection matrices P; are integer matrices and P;N; = M; P for all j > J;
(2) for every k € Am\{0} and j > J, (M])~'k € Z% if and only if (N])"'PTk € ZP.

Let &, P, !I/j,ﬁj,j > J in (4.4) and (4.5) be finite subsets of continuous functions on RP. Assume that
{Hn; }?‘;J converges uniformly on every compact subset of R, where

T

Hy;(¢) =Y @lI(NT) 1)@l (N])~ +ZZ¢"” ND-IOp™ (N0, ¢ eRP.

(=1 n=J (=1

If
(FAS;(®; {; | N;}525), FAS (&5 {@; | N;}52 ) (4.12)

is a pair of frequency-based nonstationary dual {N; }?‘;J—fmmelets on R, then
(FAS;(Py®: {P;®; | M;}52. ), FAS (P ®: {P;%; | M;}52.))) (4.13)
is a pair of frequency-based nonstationary dual {M; };?';J-fmmelets on R?,

Proof. Under the conditions in (4.10) and (4.11), by [9, Theorem 11], (4.12) is a pair of frequency-based
nonstationary dual framelets if and only if

lim (Hy;,h) = (1,h)  Vhe 2(RP) (4.14)
Jj—+oo
and -

T2 NN TO+ 3T NNDTIO =00 Vke Av{o} (4.15)

for almost every ¢ € RP, where

s

750 => (¢ + k), kezZP and IE():=0, keRP\ZP, (4.16)
=1

75 (<) ;:iw[ﬂ"”(C)@W”(<+k), keZP and I§ (¢):=0, keRP\ZP. (4.17)
=1
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Due to our assumption in (4.11), the infinite summation in (4.15) is in fact finite. Since all involved
functions in (4.15) are continuous, we conclude that (4.15) holds for all ¢ € R” (instead of a.e. ¢ € RP).

By item (1), we see that PJTZd C ZP and PT(M]TZd) = NJTP]»TZd C NJTZD. Therefore, we must have
PTAy C Ay. Since P has full rank, the mapping PT : Ay — Ay with v — PTy is one-to-one. We
now conclude from (4.10) that Ay has no accumulation points as well. Similarly, for every k € Au\{0},
noting that PTk € An\{0} and P (M])~" = (N])~'PT, we have

. .3 T\—1 d . . T Ty—1 DY _ (. . T\—-1pT D
ez j=2J, M) keZyC{j>J : P(My) " keZy={j>J : (Nj)" P keZ"},

from which and (4.11) we see that {j € Z : j > J, (M]T-)_lk; € Z%} must be a finite set for every
k € Am\{0}. Hence, the similar technical conditions as in (4.10) and (4.11) are satisfied for M;, j > J.
Let k € Av\{0}. If (M]) "'k € Z%, by definition in (4.17) and item (1) we have

7R (M) 1g) = 3 Pl A(MT) 1) Bl (MT) e + (MT) k)

P;w;
{=1

= Z YUA(PT (M)~ 1)U I(PT (M)~ + PT(M])~'k)
{=1

= 3 GA(ND)TPTOFI (N PTe + (N]) " PTh).

(=1

Since PTAy C An and (N]T)_lPTk = PJ-T(I\/IJT-)_lk: € ZP, we have PTk € An. Therefore, we conclude
that

M)~k _ NPTk —
T, (M) =1, THNDTIPT, veeRr” (4.18)

If (M))"'k ¢ 2% for k € Au\{0}, by our assumption in item (2), we see that (NJ)~'PTk ¢ ZP.
Consequently, it follows directly from the definition in (4.17) that (4.18) still holds since both sides are
identically zero. For every k € Apm\{0}, we now deduce from (4.15) (which holds for every ¢ € RP) that
for every ¢ € R?,

M7y~ (M ) 1k -
T (D)) +Z M) ')

T\—1pT e NDY-1pTE
=29 RN PTe + Yz TR IND) TP =0
j=J
On the other hand, since we assumed that {Hy ; }‘7"; ; converges uniformly on every compact subset of

RP. Tt is quite trivial to deduce that (4.14) is equivalent to saying that lim; ,., Hy ;(¢) = 1. By item
(1) we have

M“

Hy;j(€) =T 5 (M))71€) + Iﬁl ((M7)7e)

n=J

=Zg(PF(M))TIE) + ) Ty, (P71 (My)71€) = Hy;(PTE).

MQ.

n=J

Since {Hy;}32 ; converges uniformly to 1 on every compact subset of R”, we conclude that {Hw,;}52 ;

also converges uniformly to 1 on every compact subset of R%. Consequently, lim;_,o (Hwm,;,h) = (1,h)
for every h € 2(R?). Now by [9, Theorem 11], we conclude that the pair in (4.13) must be a pair of
frequency-based nonstationary dual {M;}22 ;-framelets on R4, a
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We now study the projection method for a sequence of frequency-based dual framelets.
Theorem 4.2. Let Jy be an integer. Let N;,j = Jo be D x D invertible real-valued matrices such that
{J€Z : j>Jo, [(N )_1BC(O)] NZP #{0}} is a finite set for every c € [1,00), (4.19)

where B.(0) denotes the ball in RP with center 0 and radius c. Let M;,j > Jo be d x d invertible
real-valued matrices with d < D. Let P, P;j,j > Jy be d x D real-valued projection matrices such that

(1) all projection matrices P; are integer matrices and P;N; = M; P for all j > Jo;
(2) for every j = Jo,

PT(MJZN\M],Z) C INFZPNINTLZP), PT(ME ZY\MTZ9) C INJ L ZPNINJZP]. (4.20)

Let W;, ¥, as in (4.5) and

b, = {(P[j,l]7 e (p[jmj]}7 jsj - {@[J}l], el @[jm]‘]} (4.21)
be finite subsets of continuous functions on RP. Assume that {Hj}‘;’;JO converges uniformly on every
compact subset of RP, where H;(¢) :== > 2, cp[jvé]((NJT)—lg)cﬁ[j*é]((N;)_lé). If the pair

(FAS;(®;{®; | N;}52 ), FAS (P {F; | N;}52 ) (4.22)

18 a pair of frequency-based dual {Nj};?';J-fmmelets on RP for every J > Jy, then the pair
(FAS; (Py5: (P | M Y32)). FAS 5 (Pr i (P | M2 ) (4.23)
is a pair of frequency-based nonstationary dual {M; };?';J-fmmelets on R? for every integer J > Jy.

Proof. Under the condition in (4.19), it has been shown in [9, Theorem 13] that the pair in (4.22) is a
pair of frequency-based nonstationary dual {N; }°° -framelets on R” for every integer J > Jy if and only

if lim;_, 4o (H;,h) = (1,h) for all h € Z2(RP) and for all integers j > Jo,
(ND)™'k _ (ND)™ 'k _ (NI~
Ig,” (N)TIO+Zg” (N7 =TI (N j+1) 710, YkeINJZPJU NG, ZP) (4.24)

J+1

for almost every ¢ € R”, where Zj , k € R” are defined in (4.17) and
Z U@V A(C+k), keZP and T (¢):=0, keRP\ZP. (4.25)

Since all functions in (4.25) are assumed to be continuous, we see that (4.24) holds for all ¢ € RP.
For every ¢ € [1,00), since P; is an integer matrix, by item (1) and (4.19) we see that

{(GeZ : j=Jo, (M) 'B(0)]NZ* £ 0} C{j €Z : j=Jo,[P](M])"'B.(0)] N Z" # 0}
={j€Z :j>Jo[(N])" 1PTB (0)] NZP # 0}
C{jeZ : j=Jo,[(N])"'Be(0)]NZ" # 0}

is a finite set, where ¢’ is a positive number such that PTB.(0) C B.(0). Hence, the similar technical
condition in (4.19) holds for M;, j > Jo.
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For n € I\/ITZd7 since P; is an integer matrix, it is trivial to see that PTn ¢ PTMTZd NTPTZd
NIZP and hence (NJ)~ 1PTn € ZP. Let k € [M]Z\[M],,Z). By definition in (4. 17) we have

(M~ n -
(e ZPdJ A(MT) PRI I(M]) e+ (M) k)

= Ziﬂ“’“ (P](M])=1)gp P I(PT(M]) e+ PT(MT) k)
(=1

= ZJ:w“*”((N})flPTﬁ)@E“’”((N})*IPTE +(NI)"'PTk)
{=1
I(NT) LpTk

((NJ)~'PTe),

where we used (NT)~'PTk € ZP. Similarly, we have ILM ST = 29T TR (NPT,
j

Consequently, by (4.24) and the first assumption in (4.20), for all k € [M}Zd]\[MJTHZ ], we have

M)k _ M)k _ (N)™'PTk _ (N)™'PTk _
Tsp, ((MDTO+TH, (M))76) =T, (N))T'PTE) + Ty, ((N)"'PTe) = 0.
Let k € [M]THZd]\[MJTZd]. By definition in (4.17) we have
M, )™ TR = —
Iﬁ;m (M710) M) = D Pl La((MT, ) 1) Py @V MM ) 71+ (MTL0) )
=1
Ti+1
= 3 QU LA((NT, ) PTG (NT,,) T PTe + (NT,,) 7 PTh)
=1
(NJ,)"'PTk
=15 ((NJ1)"'PTE) =0,

where in the last identity we used (4.24) and the second assumption in (4.20).

Let k € [MIZ9 N [M],,Z. By item (1) we have that PTk € [NJZP] N [NT ,ZP]. By a similar
calculation, we have

(M) Ty~ (N)) T PTh Ty~ (M)~ (N PTh,
Is, (M7 =I5 " HIN)TIPTE. Ioo (M) =T, (N))'PT¢),
and M, )7k 1 NI )Pk T 1oT
Ty, (M J41) ) = QJ; ((Nj,)7'PT¢).

Consequently, it follows from (4.24) that for every k € [MJTZd] [MJTHZ 1,

(MDH) ™'k _ (M) ™k _ (N))™'PTE _ (N))™'PTk _
Try, ((MDTO+TH, 0 (M))TE) =T, (N))7'PTE) + 1, (N])7'PTe)
(N} ) 'PTE _ M7 )"k _
=T (NS T PTO =22 (M) ).

Since {H,}32 ;, converges uniformly on every compact subset of R”, we see that lim;_, 4 o (H;, h) = (1, h)
for all h € 2(RP) if and only if {H; }32 5, converges uniformly to 1 on every compact subset of RP.
Therefore, {H;(PT- )}52 5, converges uniformly to 1 on every compact subset of R?. As a consequence,

we have lim;_, 4 (H; (PT ), h) = (1, h) for all h € Z(R%). Now by [9, Theorem 13], we conclude that the
pair in (4.23) must be a pair of frequency-based nonstationary dual {M; };‘; s-framelets on R? for every
J = Jo. O
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As a direct consequence of Theorem 4.2, we have

Corollary 4.3. Let N be a D x D expansive real-valued matriz and M be a d x d invertible real-valued
matriz with d < D. Let P be a d X D integer projection matrix satisfying

PN=MP and PY(z\M'Z%)C ZP\[N"ZP], PT(MTz\z%) C [NTZP\ZP. (4.26)

Let ®,® and W, ¥ be finite subsets of continuous functions on RP. If {®;w}, {43,!!:'}) s a frequency-
based dual N-framelet on RP, then ({P®; P}, {P®; P¥}) is a frequency-based dual M-framelet on R?.

Proof. As known in [9, Corollary 16], since ({®;®},{®;¥}) is a frequency-based dual N-framelet,
(FASY (®; ), FASY (®; @)) is a pair of frequency-based dual N-framelets for every .J € Z. Set N; := N’ and
M; := M’. Then we can directly check that the condition in (4.26) implies (4.20) in Theorem 4.2. Since
N is expansive, it is easy to directly check that the condition in (4.19) is satisfied. Let ®; := &, ®; := &P
and ¥, := ¥, ¥, := ¥ in Theorem 4.2. Note that H;(¢) = >j_, @@ ((NT)=3¢)@(NT)~7¢). Since all
functions in the finite sets & = {o ... o1} and & = {B1, ..., g1} are assumed to be continuous
and since N is expansive, it is quite easy to see that {H,}52 converges uniformly to >;_; ¢l4(0)@!(0)
on every compact subset of RP. Now the claim follows directly from Theorem 4.2. This completes the
proof. ([l

As discussed in [9,10], dual framelet filter banks have a close relation to frequency-based dual framelets.
This connection naturally links the projection method in Theorem 2.3 for projected dual framelet filter
banks and the projection method in Corollary 4.3 for frequency-based dual framelets. For the convenience
of the reader, we present such a connection here for a particular simple case.

Theorem 4.4. ([10, Theorem 2] and [9, Theorem 17]) Let M be a d x d expansive integer matriz. Let
0,a,by,...,bs,0,a,by,....bs € 1lo(Z%) such that 4(0) = a(0) = 6(0)6(0) = 1. Define

oo

e(&) = [Ja(M)™¢) and @(€) :=

j=1 J

a((M7)~ig),  cemr?

—

Il
-

~

and (&) = B(E)p(€), 7(€) = D(E)B(E). Define

~
~

PIMTE) 1= b (E)p(€), PUIMTE) :=be(€)p(E), E€R £=1,...,s.

Then ({$; %}, {D;¥}), with & := {n}, ¥ := {Ppl, ... ¢} & = {7} and & := {$pIV,... ¢PI}, is a

frequency-based dual M-framelet if and only if ({a;b1,...,bs},{a;b1,...,bs})e is a dual M-framelet filter

bank, where O is defined to be O(E) = H(£)A(€).

If N and M are integer matrices, then it is trivial to see that the condition in (4.26) becomes exactly
(2.9). Consequently, the connection in Theorem 4.4 explains that the conditions on the projection matrix
in Theorem 2.3 and Corollary 4.3 with N and M being integer matrices are the same.

5. Multidimensional Wavelets and Framelets in L2(R9) by the Projection
Method
Since most results on wavelet analysis are often stated in the space domain for the square integrable

function space Lo(R?), built on results in Section 4, in this section we shall investigate multidimensional
wavelets and framelets in Lo(R?) by the projection method.
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Let J be an integer and M;,j > J be d x d invertible real-valued matrices. Let ¢ and ¥;,j > J be
finite subsets of Ly(R?). A nonstationary affine system is defined to be
AS (B {5 | M;}52 ) = {omyun : k€ Zh ¢ € BYU | {m,u ¢ k€ Z% ¢ € 7). (5.1)
j=J

For the particular case M; = M7 and ¥; = ¥ for all j > J, the affine system in (5.1) becomes a stationary
M-affine system:

ASM(®;0) = {ppoy = K€LY, p€PIU U {Ymin © k€ ZY Y € W}, (5.2)
j=J
For f € L1(R?), by the notation in (1.6), it is straightforward to check that

-

fU;k,n _ 67i2ﬂ—k.nf(UT)*1;—n,k'
In particular, we have ﬁ]\k = ‘]/C\(UT)—l;OJC. Now it is trivial to observe that

FAS (0 {T; | M;}32 ) = {f : f € ASH (D {F; | M;}2 )}
and R R
FASM (&, ) = {f : f e ASY(&;0)}.
That is, the frequency-based affine system FASJ(@ {@; | M;}52 ;), which is defined in (4.2), is simply the
image of AS;(®;{¥; | M;}22 ;) under the Fourier transform.

We say that AS;(2;{¥; | M;}52 ;) is a frame for Lo (R9) if there exist positive constants C; and Cy
such that

Cul ey < Do Do WhomumP+ D0 D0 D0 W vmwd* < Call 112, gays

HED kezd j=J pev; kezd
V f € Ly(RY). (5.3)

If only the right-hand side inequality in (5.3) holds, then we say that AS;(®;{¥; | M;}52 ;) is a Bessel
sequence in La(R%). If C1 = Cy = 1 in (5.3), then we say that AS;(®; {¥; | M, }327) is a normalized tight
frame for Ly(R?). We say that {®; W} is a tight M-framelet in Lo(R?) if ASY (®;¥) is a normalized tight
frame for Ly(RY).

We now generalize the projection operator in (1. 2) from integrable functions to tempered distributions.
Let f be a tempered distribution on R” such that f is a continuous function on R? (this requires that f
should have no more than polynomial growth). Define P f as in (1.1). Then P f is a continuous function
having no more than polynomial growth. Thus, 15} can be regarded as a tempered distribution and
consequently, Pf is a well-defined tempered distribution. In particular, if >, ;o | f(- + k)| € Ly ([0,1]7)
for some 1 < p < 0o and if P is a d x D rational projection matrix (that is, all entries of P are rational
numbers), then it has been proved in [11, Proposition 2.1] that >, .. [P f(- + n)| € L,([0,1]%).

For nonstationary tight framelets in the space of square integrable functions, we have
Theorem 5.1. Assume the same notation and conditions as in Theorem 4.1 for Nj,M;, P, Pj,] J.
Suppose that AS ;(P; {¥; | N;}52 ;) is a normalized tight frame for Lo (RP). If all elements in &, y'/ > J
are continuous and {Hy ; }‘j";, converges uniformly on every compact subset of R, where

Hy,;(¢) =Y |6((N])~ mzzw (NDTIOPP,

PP n=J YpeW¥,
then AS;(P;@; {P;¥; | M;}52 ;) is a normalized tight frame for Lo(RY).
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Proof. 1t has been shown in [10, Corollary 14] and [9, Corollary 16] that AS;(®;{¥; | N;}32 ;) is
a normalized tight frame for Lo(RP) if and only if (FASJ(QE; {@; | Nj}ﬁ]),FASJ(éE; {@ | Nj};i,l))
is a pair of frequency-based dual framelets on RP. Now it follows directly from Theorem 4.1 that
(FAS;(Py®; { P30y | M;}52 ), FAS (P @; { P35 | M;}52 7)) is a pair of frequency-based dual framelets on
R<. By [9, Corollary 16], AS ;(P;®; { P;¥; | M;}22 ;) is a normalized tight frame for Ly (RY). O

Similarly, we have the following result.

Theorem 5.2. Assume the same notation and conditions as in Theorem 4.2 for N;,M;, P, P;,j > Jo.
Suppose that AS (P {¥; | Nj}jo-iJ) is a normalized tight frame for Lo(RP) for every J > Jo. If all
elements in @;,¥;,j = Jo are continuous and {Hj}‘;‘;JO converges uniformly on every compact subset of
RP, where H;(¢) := > pes; |<;AS((N]T)_1C)\2, then AS ; (P {P;j¥; | M;}52 ;) is a normalized tight frame
for Lo(R?) for every J > Jy.

Corollary 5.3. Let N be a D x D expansive real-valued matriz and M be a d X d invertible real-valued
matriz with d < D. Let P be a d X D integer pmjectzon matrix satisfying (4.26). Let & and ¥ be finite

subsets of Ly(RP) such that all the elements in ® and U are continuous. If {®; ¥} is a tight N-framelet
in Lo(RP), then {P®; PU} is a tight M-framelet in Ly(R?).

We now discuss dual framelets in Ly(R?). Let M;, j > J be d x d invertible real-valued matrices. Let

o={sM .. oM} and &={o!, .. ¢ (5.4)
and ‘ A . o o
7; = {pb1 . b} and 7, = {pBl . plisil} (5.5)
be finite subsets of Lo(R?) for all integers j > J with r, s € Ng. Let AS ;(&; {¥; | M; 7132 ;) be defined in
(5.1) and AS;(d; {¥; | M;}22 ;) be defined similarly. We say that the pair

(AS (D {T; | ;352 5), AS 5 (@5 {F; | M; 152 )

is a pair of nonstationary dual {M;}32 ;-framelets for Lo (RY) if

(1) AS;(P;{¥; | M;}52 ;) is a frame for Ly(R%) and AS;(&; {7 | M;}32 ;) is a frame for Ly (RY);
(2) for every f,g € Lo(R?), the following identity holds:

Z S (L 00, ) (00 9) +ZZ S @i 9) = (1.9) (5.6)

=1 kezd j=J =1 kez4d

with the series converging absolutely.

In particular, we say that ({@; @}, {®;¥}) is a dual M-framelet in Ly(R?) if
(AS (D5 {W | M} ), AS (@ { | MT}52 ;)

is a pair of nonstationary dual {MJ © ,-framelets for Lo(R?).

Under the additional condition on Bessel sequences in Ly(R?), similar results hold for dual framelets
in Ly(R%). For simplicity, we only present the simplest case here.

Theorem 5.4. Let N be a D x D expansive real-valued matriz and M be a d x d invertible real-valued
matriz with d < D. Let P be a d x D integer projection matrix satisfying (4.26). Let &, P and ¥, ¥ be

finite subsets of Lo(RP) such that all elements in .0, 0,0 are continuous. If ({®; ¥}, {®;¥}) is a dual
N-framelet in Ly(R”) and if both ASY (P®; PW) and ASY(P®, PU) are Bessel sequences in Ly(R?), then
({P®; PUY, {P®; P¥}) is a dual M-framelet in Lo(R?).
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Proof. By [9, Theorem 9], that ({®; W}, {®;¥}) is a dual N-framelet in Ly(RP) if and only if
(1) both AS) (®; %) and ASY(®; ¥) are Bessel sequences in Ly (RP);
(2) (FASY (5/5, @), FASY (&; %)) is a pair of frequency-based dual framelets.

By Corollary 4.3, we see that (FASY' (P; ﬁ@),FASgA(I?’QE;ﬁi/)) is a pair of frequency-based dual
framelets. Note that P¥ = PW¥. Since both AS}' (P®; P¥) and ASY (P®; P¥) are Bessel sequences
in Ly(R%), by [9, Theorem 9], we see that ({P®; PU}, {P®; P¥}) is a dual M-framelet in Ly(R9). O

So far, we are not clear about whether the extra assumption on Bessel property in Theorem 5.4-
ASY (P®; PW) and ASY (P$; P¥) are Bessel sequences in Ly(R%)-can be removed or not. But as shown
by the following result, the Bessel property often holds.

Theorem 5.5. Let N be a D X D expansive integer matriz. Let ¢ and QNS be two r x 1 wvectors of

compactly supported functions in LQ(RD) such that ¢(NT<) = a(C)¢(C) and é(NTC) = 5(()(;3(() for all
¢ € RP for some r x r matrices @ and a of ZP -periodic trigonometric polynomials in D-variables. Let

0,0,by,....bs,by, ... by € (Io(ZP))™ " such that ({a;by, ... b}, {@:by,...,bs})e with O(C) := (C) 5(()
s a dual N-framelet filter bank. Suppose that

20) BOH0) =1 and H0)30) = by(0)3(0) =0, V=1, ... (5.7)
Define M, .. bl g1 4ls] by

PANTC) == 0(OB(C) and PANTC) == bo(OD(C),  L=1,...,5. (5.8)
Define 7(¢) = BQ)FQ) and i(c) 0(Q)D(0).  Then (&0}, {&;0}), with & = {n}, & := {7}

and W = {1, .. @B}, &= P QY is a dual N-framelet in Lo(RP). Let M be a d x d
invertible integer matriz and let P be a d X D integer projection matriz satisfying (2.9). Then
({Pa; Pby,..., Pb,},{Pa; Pb, ..., Pb,})po is a dual M-framelet filter bank and ({P®; P}, { P®; P¥})
is a dual M-framelet in Ly(RY).

Proof. Since ¢ and ¢ are vector functions in Ly(RP), by[16, Theorems 2.2 and 2.3] or [11, Theorems 3.2
and 3.4] and (5.7), ASY (®; ¥) and ASY (®; ¥) are Bessel sequences in Ly(RP). By Theorem 4.4, we see that
(FASY (®; W), FASN(&; ) is a pair of frequency-based dual framelets. Now it follows from [9, Theorem 9]
that ({®; W}, {P;¥}) is a dual N-framelet in Ly(RP).

By Theorem 2.3, we see that ({Pa; Pby, ..., Pb,},{Pa; Pby,..., Pb,})pe is a dual M-framelet filter
bank. Since ¢ and é are vectors of compactly supported functions in Ly(RP), we see that P¢ and Pé
are also vectors of compactly supported functions in Ly(R?). Note that (5.7) implies

Po0) POO)PH0) =1 and Ph(0)PH(0) = Phy(0)PH(0) =0,  Ve=1,...,s.

By the same argument, we see that ({P®; P¥}, {P®; P¥}) is a dual M-framelet in Ly (R%). O

Closely related to a nonhomogeneous affine system ASY (#; W) in Ly(R?), a homogeneous affine system
is defined to be
ASMW) = {msg : J € L,k € 24,4 € W),

We say that ¥ is a homogeneous tight M-framelet in Lo (R?) if ASM( ) is a normalized tight frame for
Ly(RY). We say that (¥, %) is a homogenous dual M-framelet in Ly(RY) if (ASM(), ASM(#)) is a pair
of dual frames for Lo(R?). The application of the projection method to homogeneous affine systems has
been addressed in [11]. Since the paper [11] is not easily accessible, we recall two results here from [11]
on applications of the projection method on homogeneous affine systems in Lo (R?). For the convenience
of the reader, we give a sketch of proof here.
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Theorem 5.6. (11, Theorem 2.2]) Let M be a d x d expansive integer matriz and N be a D x D expansive
integer matriz. Let P be a d x D integer matriz having rank d such that (2.9) holds. If {y!M ... 1} is
a homogeneous tight N-framelet in Lo(RP) and if

(i) all w are continuous on RP and Pyl¥ € Ly(RY), £ =1,...,L;

(1) oy ZJ.GZWV] ((NT)7-) ’2 converges uniformly on any compact subset of RP\{0},
then {Pyl, ... Py} is a homogeneous tight M-framelet in Ly(R?).
Proof. By our assumption in (2.9), we see that for any 8 € Z4\[MTZ9], we must have PT3 € ZP\[NTZP].

For a finite subset W = {y1, ... 4[]} of Ly(RP), it is known in [21, Theorem 2.7], [22, Theorem 2.8]
and [30] that ¥ is a homogeneous tight N-framelet in Lo(RP) if and only if

S5 RE(NTOR =1,
JET £=1

oo

SOS T WA(NTIQUE(NTY (¢ +7)) =0, Yy e ZP\NTZP)

=0 ¢=1

for almost every ¢ € RP, with all series converging absolutely. By our assumption in item (ii), we conclude
that the above two identities must hold for all ¢ € RP\{0}. Consequently, we have

ZZIW] (MTYi€)|? ZZW (NTYPTe)? =

JEZ =1 JEZ L=1

and for every 3 € Z\[MTZ%), we have P73 € ZP\[NTZP] and

SN PYEI((MT)ie) PUIA(MTY (€ + 8)) = S 3 GlI((NT)i PTE)S I (NT) (PTE + PT8)) = 0

§=0 =1 =0 ¢=1

for all ¢ € R¥\{0}. By our assumption in item (i), we have P¥ C Ly(R?). By [21,22,30], we conclude
that {Pyl, ... Pylsl} must be a homogeneous tight M-framelet in Lo(R%). O

By a similar argument, we have

Theorem 5.7. ([11, Theorem 2.3]) Let M be a d x d expansive integer matriz and N be a D x D
ezpansive integer matriv. Let P be a d x D integer matriz having rank d such that (2.9) holds. Suppose
that ({1, ... Y {0 4pls1}) is a homogeneous dual N-framelet in Lo(RP). If
(i) all W z/;m are continuous on R RP and Piﬁm,PiE[e] € Lo(RY) forallt=1,...,s;
it 2y converges uniformly on any compact subset o ;
jer Lim G (T ) ges uniform bset of RP\{0
and if in addition
(i) ASM({P¢[1], .., PYllY) and ASM({Pzﬁ[”, cl, P@[s]}) are Bessel sequences in Ly(RY),
then ({PyU ... Pylsly, {P1/~)[1], el Pzﬁ[s]}) is a homogeneous dual M-framelet in Lo(R?).
We complete this paper by some remarks on the periodization technique for obtaining periodic wavelets

and framelets from wavelets and framelets on a Euclidean space RY. For f € L;(R%), the periodization
operator & : L1 (R?) — L;(T%) is defined to be

Pf(x):=fr"(x)=> fle—k), zeR™ (5.9)

kEZ
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If f € Ly(R?) has compact support, then Zf is a well-defined function in Ly(T?).

Let M be a d x d expansive integer matrix. Suppose that {®;¥} is an orthonormal M-wavelet in
Ly(R9Y), that is, AS(';/I (@;¥) is an orthonormal basis of Lo(R?). If all the elements in @ and ¥ are
compactly supported, then it is well known ([29]) that

{2(9) : 6€PUUZ AL (Wmi)(- — k) : k€T, eV}

is an orthonormal basis for Ly(T?).
For f € Li(R?), it is easy to directly check that 2 f € Li(T%) and for every n € Z4,

~

Piw) = | Pl@e = | @) = o),

[0,1]¢

that is, @? = f\zd. In other words, in the frequency domain, the sequence & f is obtained from fby
restricting ]?on the additive (discrete) subgroup Z? of R%. Therefore, the periodization operator & in
(5.9) can be regarded as a particular case of the projection method. Consequently, similar results in
Sections 4 and 5 can be established for frequency-based periodic wavelets and framelets, for which we
shall provide the detail elsewhere.
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