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Abstract. Insect trapping is commonly used in various pest insect monitoring programs as well
as in many ecological field studies. An individual is said to be trapped if it falls within a well de-
fined capturing zone, which it cannot escape. The accumulation of trapped individuals over time
forms trap counts or alternatively, the flux of the population density into the trap. In this paper,
we study the movement of insects whose dynamics are governed by time dependent diffusion
and Lévy walks. We demonstrate that the diffusion model provides an alternative framework
for the Cauchy type random walk (Lévy walk with Cauchy distributed steps). Furthermore, by
calculating the trap counts using these two conceptually different movement models, we propose
that trap counts for pests whose dynamics may be Lévy by nature can effectively be predicted
by diffusive flux curves with time-dependent diffusivity.
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foraging
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1. Introduction

In ecological studies, the dynamics of a population is usually best described in terms of the population
density or population size. Ecological monitoring programs require estimates of pest species abundance.
Important information about population numbers (or trap counts) can be translated and used to make
decisions with regards to pest control, costs and pesticide application [67]. Chemical pesticides have their
obvious drawbacks in additional operator costs, wheeling damage to the crop and general agricultural
produce damage. In another ecological context, accurate information about population abundance is
required to trace the spread of harmful invading species. In the case of insects, their density is usually
estimated based on trap counts [45, 46]. One way to look at the dynamics of trap counts is to simulate
them by modelling the movement of each individual in the field. This approach is known in the literature
as an individual-based model [71]. Furthermore, experimental trap counts can be simulated via computer
algorithms where the properties of the individual movement are fully determined by the step distributions
and turning angle distribution. A comprehensive mathematical framework for individual based modelling
can be found in [46] and also presented below in §(2.2).
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In foraging theory it is often assumed that the step lengths of a forager have a characteristic scale.
The assumption has led to investigations of Gaussian, Rayleigh and other classical distributions with
well defined variances. It is observed experimentally that step lengths tend to follow long tailed power
law type distributions, formally known as Lévy walks. Movement models which incorporate Gaussian
distributed steps fail to explain these experimental observations [10, 11, 24, 55, 66, 70]. Lévy walks are
characterized by a probability density function (p.d.f),

φ (li) ∼ l
−μ
i (1.1)

with relative importance given to the exponent 1 < μ < 3, where li is the step length of the ith step.
This characterization introduces a natural parameter μ, such that we have a family of distributions [72].
Due to the central limit theorem, the Gaussian is the stable distribution for the special case μ ≥ 3.

The best statistical strategy to adopt in order to search efficiently for randomly located objects known
as target sites is provided by a movement model with Lévy distributed step lengths. In particular when the
target sites are sparse an inverse square power-law distribution μ = 2 of step lengths provides an optimal
searching strategy. The optimality is dependent upon searchers being able to profitably revisit targets.
The strategy has been tested and applied to experimental foraging data of various species (insects,
mammals and birds) with relevant consistency. The theoretical arguments and numerical simulations
provided by [72] show that μ = 2 is the optimal value for a search in any dimension. With this biological
relevance, our study comprises of Lévy walks with exponent μ = 2, in particular Cauchy distributed
steps.

General theoretical models of animal movement are stochastic in nature. In some cases, these models
are well known to be effectively approximated via diffusion models. For instance, random walks (1.1) with
μ ≥ 3 are often approximated by advection diffusion type models [9, 43, 71]. The diffusion counterpart
facilitates parametrization and analysis of movement models. Diffusion approximations are simpler to
interpret in comparison to stochastic models of movement (random walks) due to the aggregation of
parameters of a simulation model (e.g distributions of turning angles, step lengths) into relevant summary
statistics (e.g diffusion coefficient). This provides effective comparisons to be made amongst studies [71].
In some simple cases, analytical solutions can be written or even sometimes exact solutions. A concise
introduction to the mathematical theory behind the random walk and its relation to diffusive processes
is given by Codling et al. [12]. Our aim in this paper is to demonstrate that the diffusion approximation
in fact is not limited to the case of Brownian motion (μ ≥ 3) and time dependent diffusion is an accurate
approximation to the Lévy type random walk with Cauchy step distribution. This is done in the context
of trapping, where simulated trap counts are modelled by diffusive flux.

2. The mean field and individual based description

Anomalous diffusion has been known since the treatment of accelerated type turbulent flows [56]. The
hallmark of an anomalous diffusive process is such that the mean squared displacement is proportional
to t2H with H 6= 1

2 , [58, 73, 74]. Theoretical investigations instigated by Scher and Montroll [58] in
their description of dispersive transport in amorphous semi-conductors, found that traditional methods
based on Brownian models failed. In the physical sciences, over the last half century, anomalous diffusion
models have been developed with important contributions from Weiss and Rubin [76] and Shlesinger
[62]. Currently, the list of complex systems displaying anomalous diffusion behaviour is quite extensive
[4, 35, 59, 75, 77], and the problem of trapping (more commonly known as system flux) is well known in
physics. However, most studies are concerned with large-time asymptotics whilst for insect monitoring
short time dynamics are of primary concern [46,50].

In the context of ecological pest monitoring, a consistent theory and robust computational algorithms
exist in the case where insects perform Brownian motion [50]. There is increasing evidence that more
generally, animals may exhibit a more complicated type of movement pattern which deviates from the
usual Brownian movement (standard diffusion) such as Lévy walks [29, 33, 61], however a theory linking
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trap counts to population density is severely lacking. The common approach used in early studies for
population dispersal and basic movement models were entirely based on random walks and diffusion
[21,40,49,64], effectively providing good agreement with empirical data [30,41,71]. Although a diffusion
approach has been used successfully in spatial ecology [9, 27, 34, 42, 47, 60], it has also been recognized
to sometimes provide an oversimplified description of individual movement. Correspondingly, recent
theoretical studies tend to denounce the random walk framework as inappropriate.

The Mean Field Approach (MFA) and Individual Based Model (IBM) have been shown to be consistent
in the context of estimating trap counts [46,50], for a system whose movement dynamics are of a Brownian
nature, corresponding to the constant diffusion case. Individual based models provide information on
the fluctuations in the system and provide a basis for the study of the stochasticity of the system. The
approach allows trap counts to be simulated directly for any given initial distribution, and for any generic
movement pattern whose step lengths are prescribed by a probability distribution. Henceforth, real-world
problems on pest control can be imitated in a simulation setting. Although effective, this treatment
is limiting in the sense that conclusions cannot be generalized for varying parameters. Alternatively,
deterministic systems and mean field approaches reveal parameter dependencies and the generalized
behaviour of the dynamics [1, 12, 47, 71]. It is also known that analytical solutions exist to successfully
describe time dependent diffusive behaviour (see Appendix A) e.g in the 1D case with semi-infinite domain
[14]. Therefore, it must be appreciated that both approaches are very important for the study of pest
movement and trap counts, to facilitate broader interpretation.

2.1. Mean field approach (MFA)

It is well known that the simple diffusion equation has extensively been used to model the spatio-temporal
population density u(x, t) of moving pests. The model assumes that the environment is constant, homo-
geneous and that all individuals are identical and move randomly [30, 42]. The 1D governing diffusion
equation reads,

∂u

∂t
= D

∂2u

∂x2
, 0 < x < η, t > 0, (2.1)

defined over a spatial scale 0 < x < η with time t > 0 and diffusion coefficient D. For time dependent
diffusive processes, D = D(t) is explicitly dependent on time and non-constant. We prescribe the zero
density condition u(x = 0, t) = 0 and no-flux condition ∂u(x=η,t)

∂x = 0 at the left/right hand boundaries,
respectively. The biological significance of the reflective boundary at x = η is such that there is no
migration, and individuals can only exit the system through the boundary at x = 0, consequently the
population density can only decrease with time. The initial profile can be described by u(x, t = 0) =
Nδ(x − x0) for a total population of N individuals, released at a concentrated point x = x0, more
formally known as a Point Source Release (PSR). Here, δ is the Dirac delta function. Alternatively, for
a homogenous system where individuals are uniformly distributed we have that u(x, t = 0) = U0 = N

η .
Numerical solutions can be obtained for (2.1) using a variety of techniques (see [65, 68]). In particular,
the implicit finite difference scheme is advantageous in comparison to explicit schemes since limitations
such as the Courant stability criterion are relaxed [1, 44, 68]. However note that, the initial condition in
the form of a PSR cannot be discretized, therefore these schemes fail to approximate such a condition.
To overcome this, we introduce a Gaussian type formulation with small width σ, normalised over the
finite domain [1],

u(x, t = 0) =
N

ζ
√

2πσ2
exp

(

−
(x− x0)2

2σ2

)

(2.2)

which can be discretized. Here ζ =
∫ η

0
1√

2πσ2
exp

(
− (x−x0)2

2σ2

)
dx is a re-scaling constant used for con-

servation purposes to ensure that the total population N lies within the domain 0 < x < η at t = 0,
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i.e
∫ η

0 u(x, t = 0)dx =
∫ η

0
N

ζ
√

2πσ2
exp

(
− (x−x0)2

2σ2

)
dx = N = U0η. For sufficiently small width σ, (2.2)

successfully mimics the PSR 1

The trap counts or the total flux of the system is defined as,

J(t) =
∫ t

0
D(t′)

∂u(x, t′)
∂x

∣
∣
∣
∣
x=0

dt′, (2.3)

where J(t) represents the number of individuals which exit the system after time t i.e the total number
caught or trapped. Since there is a reflective boundary at x = η, it is evident that the trap counts can
only increase monotonously with time. Here, (2.3) assumes the 1D analogue of the Fickian hypothesis
in isotropic media, that the rate of transfer of diffusing substance through unit area of a section is
proportional to the concentration gradient measured normal to the section [14, 20]. If the analytic form
for u(x, t) is unknown, (2.3) cannot be evaluated and we resort to numerical integration techniques [15,19].

2.2. Individual based model (IBM)

The dynamics of trap counts can also be studied using individual based models [25,71]. The basic idea is to
simulate the movement in the field. Consider a browsing individual over the domain 0 < x < η, we denote
x = Xi, i = 0, 1, 2, ..., s−1, s as the position after the ith step where s is the total number of steps executed.
A standard observation technique usually makes it possible to record the pest position only at certain
moments rather than continuously. The continuous time t thus transforms into a finite set {t0, t1, t2, ..., ts}
and correspondingly, a path is mapped into a broken line {X0, X1, X2, ..., Xs}, [71]. Generally speaking,
the time step Δti = ti+1− ti can be different for different i. In order to avoid unnecessary complexity, we
assume that Δti = Δt = const and does not depend on i, so that ti = iΔt. The absence of correlation
between any two subsequent steps depends on the time step Δt of the observations. The assumption
that subsequent steps are uncorrelated, is not viable for a sufficiently small value of Δt. The movement
direction of the preceding step is preferred for the next step, resulting in the expected values of direction to
be centered about zero, [46]. The corresponding random process is known as the correlated random walk
(CRW), [31]. Remarkably, however, the CRW attains the properties identical to Brownian motion when
Δt becomes sufficiently large [31]. We assume that the walk is isotropic (or unbiased, no-persistence) so
that each individual is equally likely to move in each possible direction, which is totally independent of
the direction at all preceding times. The process is effectively Markovian with respect to location [12,75].

Over the interval Δt, the individual moves along a straight line from Xi−1 to Xi, thus executing a
step ΔXi = Xi −Xi−1 with velocity vi = Xi−Xi−1

Δt , here ΔXi < 0 corresponds to a step in the negative
x direction. The step length is defined as li = |ΔXi| = |ΔXi −ΔXi−1|, which is strictly non-negative.
We assume that there is no correlation between any two subsequent steps 〈ΔXi,ΔXi−1〉 = 0, and the
statistical properties of the movement along the path do not change with time. Therefore, the properties
of the movement are fully determined by the p.d.f for ΔXi, which we denote as φ (ΔXi), and we consider
the case for Brownian movement with zero mean,

φ (ΔXi) =
1

ξ
√

2π
exp

(

−
ΔX2

i

2ξ2

)

(2.4)

where
〈
ΔX2

i

〉
= ξ2 is the variance which characterizes the mobility of the individual. The corresponding

p.d.f for the step lengths li = |ΔXi|, is given by

φ (li) =
2

ξ
√

2π
exp

(

−
l2i

2ξ2

)

, li ≥ 0. (2.5)

1The reader is redirected to Ahmed [1] for a detailed study on how variation in σ can affect the modelling assumption
which replaces the PSR with an adequate Gaussian profile. In fact, we find that 1 ≤ σ

Δx
< 10, suffices, where Δx is the

mesh step size for the spatial scale used in the numerical scheme.
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Here, the environment is isotropic and there is no advection of any kind, so that there is no drift in any
preferable direction; we have assumed in (2.4) that the mean value is zero 〈ΔXi〉 = 0. Once parameter ξ
is known, equations (2.4) can be used to simulate the movement path [46]. It is somewhat important to
note that the dynamics of the movement model are completely determined by ξ2, which can be explicitly
dependent on time. It is well known that for a discrete-time model of an inherently continuous insect
movement the mean squared displacement is dependent on the time scale Δt,

〈
X2
i

〉
= ξ2 = 2DΔt, (2.6)

however this can be extended to a continuous model where ξ and D can be time dependent and non-
constant [26,42,46,50,71], the general case is discussed in §(3). To mimic the configuration discussed in
§(2.1) over the domain 0 < x < η , we install a point trap at x = 0, if an individual has position Xi < 0
at any instant in time, then by configuration it is removed from the system and deemed to be trapped.
The boundary at x = η is impermeable through which no individuals can escape; if Xi > η at any instant
in time, then Xi = η and the next step of this individual is determined by (2.4).

For an initial PSR, N individuals are simply positioned at X0 = η
2 at time t = 0. Note that, the

individual based modelling equivalent of (2.2) is described by

φ(X0) =
1

√
2πσ2

exp

(

−
(X0 − x0)2

2σ2

)

, (2.7)

subject to the following; if the individuals are placed prior to the installation of the trap and reflective
boundary (i.e over an infinite domain −∞ < x < ∞), then those individuals for x < 0 and x > η are
removed and lost prior to the simulations. This is the same as distributing individuals over −∞ < x <∞
and only maintaining those individuals in the finite domain 0 < x < η after removing those individuals
outside this domain. Consequently, we have Ñ < N number of individuals in the system. To reinstate
the ‘true’ counts provided Ñ is known, we assume direct proportionality

J(t) ≈
NJ̃(t)

Ñ
. (2.8)

Here, J̃(t) are the trap counts obtained from the simulation study with J(t) as the corrected count.
Notice that as σ → 0 we have that J̃(t)→ J(t), the limiting value corresponding to the PSR. The initial
conditions which are of ecological significance are either PSR, uniform or of Gaussian type described by
(2.7) with correction given by (2.8), [42, 50].

The governing equation (2.1) and its properties are well understood for D(t) = D = const [1, 14, 46].
An obvious extension to the constant diffusion case is to incorporate a linear type dependency D(t) =
a + bt, the latter case is essentially anomalous provided b 6= 0. In Fig. (1) we choose to plot the trap
counts as opposed to the solution u(x, t) since our primary mode of study and interest lies in trap count
interpretation. The diffusion equation defined over the semi-infinite domain 0 < x <∞ with initial PSR
has analytical solution, see (A.8),

J(τ) = Nerfc

(
x0√
4τ

)

with τ =
∫ t

0
D(t′)dt′

and in the case of initial uniform distribution, see (A.6),

J(τ) = 2U0

√
τ

π
with τ =

∫ t

0
D(t′)dt′.

Both analytic solutions are useful as approximations to the finite domain case for sufficient small time,
[1]. Plot B illustrates identical trap counts for the MFA, IBM and the analytical description, with PSR
relatively close to the trap boundary, i.e the effect of the reflective boundary at x = η is negligible or
unnoticed. In fact, when the time dependent diffusion coefficient is small in comparison to the spatial
scale, we obtain almost identical trap counts.
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Figure 1. Plot A: Trap count comparison between the three approaches mean field
numerical solution (red curve), IBM (black curve) and the analytic solution (blue curve)
J(t) (see (A.8)) whose movement dynamics are time dependent with initial PSR centered
at x0 = η

2 . Fixed parameters include; U0 = N = 104, Δt = 6 × 10−5, η = 1, x0 = 0.5.
Individual based model with mobility parameter ξ =

√
2(a+ bt)Δt and N = 104 indi-

viduals positioned at X0 = 0.5 at time t = 0. Mean field model with time dependent
diffusion D(t) = a + bt and initial population density given by (2.2). Simulation pa-
rameters a = 0.15, b = 0.03 and σ = 0.05. Analytic solution given by (A.8), with D(t)
already described. In these plots and in all following simulations, N is chosen sufficiently
large so that the relative magnitude of stochastic fluctuations decreases as N−

1
2 = 0.01,

a fundamental result in statistical mechanics, [2]. The magnitude of the stochastic fluc-
tuations must be small enough for adequate comparisons with the diffusive flux. The
time step Δt = 6 × 10−5 (fixed for all following random walk simulations) is chosen to
be sufficiently large, so that the assumption that subsequent steps are uncorrelated is
feasible [31, 46]. Plot B: Comparison between the three approaches MFA, IBM and
analytic for domain length η = 10 with initial PSR position centered at x0 = η

20 = 0.5.
All initial/boundary conditions and other parameter values identical to those described
in Plot A. The difference between Plot B and Plot A is the 10 fold increase in domain
length, reducing the effect on the reflective boundary.

3. Anomalous diffusion and Lévy walks

Analogous to standard diffusion, there do exist formally equivalent approaches to anomalous diffusion
[22]. The most well known approach incorporates continuous time random walks (CTRWs) into the
mathematical framework, [37,57,58,62]. Kawai [32] developed a CTRW model as a counterpart to Lévy
walks, however limitations appear, in particular, in terms of statistical inference. In fact, a variety
of challenges arise from continuous time modelling. Often, there is an inevitable tradeoff; analytically
tractable models tend to be statistically unrealistic, whilst models incorporating more statistical features
are too complex. Kawai [32], focuses on Markovian Lévy process models as continuous time counterpart
of Lévy walks. There are non-Markovian features such as directional persistence and autocorrelation
[7, 12, 63, 69] which can also be taken into account. For example, fractional Brownian and Lévy motions
are continuous-time stochastic processes with inherent non-Markovian features, examined by Reynolds
[53] in their discrete time form as alternatives to Lévy walks.

A second formalism for dealing with anomalous diffusion is based on fractional time and space deriva-
tives. The idea is based on the fact that the fractional Laplacian operator of order ω2 has fourier transform
−|k|ω, consequently one can obtain any Hurst exponent in the range 0 ≤ H ≤ 1, [35, 36]. A compre-
hensive treatment of anomalous diffusion and transport can be found in Radons et al. [52]. The above
formalisms are important and effective, with respect to the study of animal movement, however they

10
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can lead to over complications in the context of pest trapping, leaving little room for interpretation. In
fact, some important questions seem to be almost forgotten: which ever pattern occurs, what are its
ecological implications? How much importance should be given to the type of movement pattern in the
context of a specific problem? Lévy walks are thought to be essentially different from Brownian motion
but does it necessarily mean that the corresponding mathematical framework should always be different
too? We aim to address these questions and elaborate on current studies where it has been shown that
in the case of a genuine Lévy walk, the problem of trap count interpretation can still be addressed based
on the diffusion equation [1, 50]. Our base study, exploits the fact that the Lévy parameter 1 < μ < 3
corresponds to the super-diffusive regime [73]. The underlying issue is, what properties must be inherent
in D(t) so that trap counts for Lévy random walkers can be predicted, effectively. What follows in this
section, is a series of test cases, leading to development and providing useful insight to address this issue.

For browsing individuals whose movement mode is of a Brownian nature, the corresponding p.d.f φ is
a solution to the diffusion equation

∂φ

∂t
= D

∂2φ

∂x2
(3.1)

with constant diffusion coefficient D. The solution, subject to the initial condition φ(x − x0, t = 0) =
δ(x− x0), which means that the walker is at x = x0 at time t = 0, is

φ(x− x0, t) =
1

√
4πDt

exp

(

−
(x− x0)2

4Dt

)

. (3.2)

The mean squared displacement2 (MSD) can be computed as
〈
X2
t

〉
= 2Dt, which grows linearly with

time. This property is widely regarded as a ‘finger-print’ of Brownian motion [12, 46, 50, 71, 73]. More
generally, if D = D(t) is explicitly dependent on time, then (3.1) can be transformed by introducing
τ =

∫ t
0 D(t′)dt′, see (A.2). It follows that,

〈
X2
t

〉
= 2τ = 2

∫ t

0
D(t′)dt′. (3.3)

For anomalous diffusive processes the MSD is not linear in time but instead has some other power law
relationship given by

〈
X2
t

〉
∼ t2H , H 6=

1
2
, (3.4)

where H is known as the Hurst exponent. A full comprehensive summary of movement properties with
reference to H is provided below, also see [12,73].

(I) H = 0, Localized and confined random walkers have vanishing H, [73].
(II) 0 < H < 1

2 , This case is known as sub-diffusion since the MSD increases at a slower rate than
in the case of standard diffusion. This case typically occurs when waiting times are incorporated
between steps [74], or if the spatial domain is constrained i.e presence of a barrier [13].

(III) H = 1
2 , This is the standard relation between MSD and time for diffusive movement i.e

〈
X2
t

〉
= 2Dt,

with constant diffusion coefficient D.
(IV) 1

2 < H < 1, This case corresponds to a super diffusive process (known as super-diffusion) since the
MSD increases at a faster rate than in the case of standard diffusion. This typically occurs when
the step lengths are drawn from a distribution with infinite variance.

(V) H = 1, The movement process is ballistic or wavelike. The MSD grows quadratically with time and
this corresponds to the absolute displacement increasing linearly with time, a standard property
of a wave process.

2The subcript t is used in
〈
X2
t

〉
to emphasise that the MSD is a time dependent statistic.

11
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(VI) H > 1, Does not correspond to anything meaningful in the context of insect foraging. From a
physical perspective, this case corresponds to accelerated motion, applicable to turbulent flows [5].
Turbulence is now understood as a multi-scale phenomenon, by large owing to the pioneering paper
by Richardson [56].

More generally, complex dependencies of the MSD can appear which do not necessarily have to be of the
form described by (3.4). A typical well known example is that of logarithmic ultra-slow diffusion given
by
〈
X2
t

〉
∼ tγ logβ(t), in particular known as Sinai diffusion for γ = 0, β = 4, [6].

3.1. Cauchy type random walk

A genuine Lévy walk arises if the p.d.f for the step lengths l behaves at large l as φ (l) ∼ l−μ, (1.1), with
μ < 3. Such stochastic processes have a fat tail with undefined variance, as opposed to the thinner tails
inherent in Gaussian profiles. In mathematical terms, a higher frequency of large steps means a lower rate
of probability density decay at large distances. Notice however, a p.d.f with a ‘fat’ tail is not sufficient for
identifying a Lévy walk. The central limit theorem [26] states that the sum of independent and identical
distributions, with first three moments converges to a normal distribution when the number of steps tend
to infinity. Viswanathan et al. [72, 73] demonstrated that μ = 2 is the optimal parameter for a random
search in any dimension. This justifies our choice to characterize the step lengths according to an inverse
square law. Our study is therefore confined to trap count approximations for insect species which undergo
an optimum searching strategy. Although there are a class of p.d.f’s which can be considered with this
parameter, they are all asymptotically characterized with step length distributions decaying according to
∼ 1
l2 , a typical example of interest is the Cauchy distribution, [26]. The corresponding p.d.f centered at

ΔX = 0 reads,

φ(ΔX) =
k

π(k2 +ΔX2)
. (3.5)

This distribution is strictly stable, has undefined moments and the central limit theorem fails. Here, k is
the parameter of interest. Larger k implies that individuals have a greater probability of executing larger
steps. A biological consequence of this is such that an individual has a greater trap hitting probability i.e
greater chance of being trapped. Therefore, we expect faster convergence of the accumulated trap counts
to the maximal N in a bounded domain with finite N .
For brevity, we denote JA for trap counts obtained from a system whose movement dynamics are governed
by a time dependent diffusive process. Correspondingly, JC denotes trap counts formulated from Cauchy
type random walkers with step distribution φ(ΔX) = k

π(k2+ΔX2) , with varying k. Fig. (2) depicts a
comparison between JA with D(t) = a+ bt against JC with varying k. The idea is to compare counts for
a suitable parameter k for fixed pair (a, b). Any rigorous justification is omitted, for our current purposes
a qualitative observation on patterns and growth rates is sufficient. The trap count profiles are inherently
different for small and large time. For small time, JC depicts larger trap counts (greater flux rate) in
comparison to JA, at least for those values of k which have matching relevance i.e k ≥ 4 × 10−5. For
large time, we realise that JA depicts larger trap counts and in particular exhibits faster flux convergence
to the maximal, total population, N . It has been confirmed from large time simulations with larger k
that the maximal is indeed N ; however not presented in this paper, see [1]. Overall a phenomena of
undershoot-overshoot is observed, when comparing the proposed diffusion model to the stochastic model.
Our approach is pedagogical, for a better matching we need to simulate multiple trap counts JA with
varying a, b for fixed parameter k.

In the following Fig. (3), Plots A and C we fix b = 0.03 and vary a. For small time 0 < t < 0.1
(representing < 25% of total trap counts), a is responsible for effective changes in D(t). In Plots B
and D, we fix the value of a = 0.15 and vary b. For relatively larger time 0 < t < 1.2 (representing ≈
80% of total trap counts) we have that b is the underlying parameter which is responsible for effective
changes in D(t). Plots A and B provide simulations for an initial distribution given by (2.7) (with
corrected trap counts (2.8)) for small and large time, respectively. Plots C and D provide simulations

12



“AhmedMmnp” — 2015/3/16 — 23:08 — page 13 — #9
i

i

i

i

i

i

i

i

D.A. Ahmed, S. Petrovskii Time dependent diffusion as a mean field counterpart of Lévy type random walk
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Figure 2. Fixed parameters include N = 104, η = 1, Δt = 6×10−5, σ = 0.05. Dashed
curve: Trap counts JA obtained from the anomalous diffusive process with D(t) = a+bt,
a = 0.15, b = 0.03, and initial population density of Gaussian type prescribed by (2.2)
with x0 = η

2 . Solid realizations: Single realization trap counts JC for Lévy walk
with step distribution φ(ΔX) = k

π(k2+ΔX2) of Cauchy type with varying k, and initial
position of Gaussian type prescribed by (2.7) with correction given by (2.8). Notice that,
JC converges to the maximal value N , at a slower rate in comparison to JA.
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Figure 3. Fixed parameters include N = 104, η = 1, Δt = 6×10−5, σ = 0.05. Dashed
realization: Single realization trap counts JC for Lévy walk with step distribution
φ(ΔX) of Cauchy type with fixed k = 8× 10−5. Plot A,B: Initial position of Gaussian
type prescribed by (2.7) with correction (2.8) and x0 = η

2 . Plot C,D: Initial position
distributed uniformly i.e φ(X0) = 1

η . Solid curves: Trap counts JA obtained from the
anomalous diffusive process with D(t) = a+ bt. Plot A,B: Initial population density of
Gaussian type prescribed by (2.2) with x0 = η

2 . Plot C,D: Initial uniform population
density, u(x, t = 0) = U0 = N

η . Plot A: b = 0.03 with a = 0.4, 0.6, 0.8. Plot B, D:
b = 0.58, 0.4, 0.3 with a = 0.15. Plot C: b = 0.03 with a = 0.1, 0.15, 0.2.

for an initial uniform distribution for small and large time, respectively. We observe from Fig. (3),
Plots A and B that trap count profiles JA undershoot for small time and overshoot for large time,
an effective matching cannot be maintained. The opposite phenomena is observed in the case of initial
uniform distribution, Plots C and D. Evidently, we have two conclusive messages from this section.

13
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Firstly, the shape of the trap count profiles depend on the initial condition, predominately for small time,
i.e concavity and convexity in the case of the uniform distribution and PSR3, respectively [1]. Secondly
and more importantly, trap counts obtained from a diffusion model with linear D(t) do not satisfactorily
match counts from the Cauchy type Lévy walk. These patterns invoke an introduction of non-linear
time dependencies. For D(t) = a+ bt, the MSD (3.3) is

〈
ΔX2

t

〉
= 2

∫ t

0
D(t′)dt′ = 2at+ bt2 ∼ t2,

with Hurst exponent H = 1. The movement process is ballistic or wavelike. We introduce the following
non-linear model with generalized exponent ν,

D(t) = a+ btν , (3.6)

with analytical flux given by

J(t) =
2U0√
π

(∫ t

0
(a+ b(t′)ν) dt′

) 1
2

=
2U0√
π

(

at+
btν+1

ν + 1

) 1
2

, ν > −1 (3.7)

from (A.6), on a semi-infinite domain with initial uniform density u(x, t = 0) = U0.
The MSD is computed as

〈
ΔX2

t

〉
= 2

∫ t

0
D(t′)dt′ = 2at+

2btν+1

ν + 1
∼

{
t for ν ≤ 0

tν+1 for ν > 0 (3.8)

with Hurst exponent H = ν+1
2 for H > 0. The process is super diffusive provided 1

2 < H < 1 i.e
0 < ν < 1.
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Figure 4. Fixed parameters include N = 104, η = 1, Δt = 6 × 10−5, σ = 0.05. Solid
curve: Trap counts JA obtained from the anomalous diffusive process with D(t) =
a+btν , a = 0.2 and b = 0.3, with varying ν = 0.3, 0.4, 0.5, 0.6. Initial uniform population
density, u(x, t = 0) = U0 = N

η . The process is super diffusive for ν = 0.1, 0.6, 0.95 since
1
2 < H < 1, and sub-diffusive for ν = −0.1, (H = 0.45). Dashed realizations: Single
realization trap counts JC for Lévy walk with step distribution φ(ΔX) = k

π(k2+ΔX2)

of Cauchy type with fixed k = 8 × 10−5, and initial position distributed uniformly i.e
φ(X0) = 1

η , i.e uniformly distributed over the interval

3Recall that the initial condition φ(X0) = 1√
2πσ2

exp
(
− (X0−x0)2

2σ2

)
represents a PSR in the limiting case σ → 0. In

fact φ(X0) effectively models a PSR provided σ is sufficiently small.

14
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Fig. (4) compares the trap count profiles JC against JA with D(t) = a + btν , and varying exponent ν.
We observe an ‘improved’ match for ν = 0.6, with smoothening of the overshoot-undershoot phenomena.
In actual practice we are not interested in a detailed discussion to address the question of ‘how good is
the match?’. A statistical analysis is omitted at this stage, since further development is yet to follow.
For our current purposes, observations on trap count patterns suffices. Apparently, diffusion models with
non-linear D(t) yield better trap count approximations for a system of Cauchy type random walkers.

3.2. Parameter reduction

The proposed non-linear dependency D(t) = a+btν is confined to three parameters (a, b, ν). The matching
process heavily depends on parameter variation, with special importance given to the exponent ν. The
number of parameters can be reduced by approximating the flux rate in the limit t→ 0. Denote Ni as
the number of individuals trapped after i time steps, i.e at time t = iΔt. Ni is in fact stochastic depending
on the parameters inherent in the step distribution φ(ΔX). Intuitively, the approximation reads

lim
t→0

dJ(t)
dt
≈
E(Ni=1)
Δt

. (3.9)

Let ui−1(x) be the population density over space after (i−1) steps of the random walk i.e at time t = iΔt.
Then, for any probability density distribution φ(ΔX) of the step ΔX, the expected number Ni of insects
trapped as a result of the next ith step has integral representation,

E(Ni) =
∫ η

0
ui−1(x)dx

∫ 0

−∞
φ(x− ω)dω (3.10)

Since ui(x) is unknown for arbitrary i, it follows that an explicit analytical expression can not be computed
for E(Ni), except for i = 1, in the case the initial distribution u0(x) is prescribed.

E(Ni=1) =
∫ η

0
u0(x)dx

∫ 0

−∞
φ(x− ω)dω (3.11)

For an initial uniform density u0(x) = U0 with Cauchy step distribution φ,

E(Ni=1) =
∫ η

0
U0dx

∫ 0

−∞

k

π (k2 + (x− ω)2)
dω,

and on evaluation,

E(Ni=1) =
U0η

2
−
U0k

π

(
η

k
arctan

(η
k

)
−

1
2

ln

(

1 +
(η
k

)2
))

= U0Ψ(η, k). (3.12)

We introduce Ψ(η, k) as an alternative notation to emphasise the dependencies on domain length η and
Cauchy parameter k. Alternatively, the flux rate can be obtained from the solution of the diffusion
equation over the semi-infinite domain, assuming that domain length η is large enough, so that the effect
of domain finiteness can be neglected after one time step Δt.

Equation (A.6) states

J(t) =
2U0√
π

(∫ t

0
D(t′)dt′

) 1
2

and on differentiating with respect to t (3.9) reads,

lim
t→0

dJ(t)
dt

= lim
t→0

U0D(t)
√
π
(∫ t

0 D(t′)dt′
) 1

2

≈
E(Ni=1)
Δt

. (3.13)
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For the proposed structure D(t) = a+ btν the approximation (3.13) fails, since the limiting value is not
finite. Consequently, parameter reduction using this methodology is limited. However, to demonstrate
the effectiveness of such a relation, consider D(t) = at+ btν as a test case. The MSD is

〈
ΔX2

t

〉
= 2

∫ t

0
D(t′)dt′ = at2 +

2btν+1

ν + 1
∼

{
t2 for ν ≤ 1

tν+1 for ν > 1
(3.14)

with Hurst exponent H = ν+1
2 provided ν > 1. We find that in the limiting case for ν > 1,

lim
t→0

dJ(t)
dt

= lim
t→0

U0√
π

a+ btν−1

(
1
2a+ btν

ν+1

) 1
2

= U0

√
2a
π
,

and using (3.13) it follows that,

a ≈
π

2

(
E(Ni=1)
U0Δt

)2

=
π

2

(
Ψ(η, k)
Δt

)2

. (3.15)

Notice that this methodology works for diffusion coefficients whose limiting value defined by (3.13) exists
and is finite. There are in fact a class of non-linear type dependencies for which this methodology can be
used to reduce parameters.

Alternatively, the number of insects caught after one time step can be explicitly found from the diffusion
model, leading to the approximation J(Δt) ≈ E(Ni=1). From (A.6) we find that

J(Δt) =
2U0√
π

(∫ Δt

0
D(t′)dt′

) 1
2

≈ E(Ni=1). (3.16)

On substituting the test case D(t) = at+ btν into (3.16), using (3.12) and rearranging for a, we obtain

a ≈
π

2

(
Ψ(η, k)
Δt

)2

−
2b

(1 + ν)(Δt)1−ν
. (3.17)

Here (3.17) forms a stronger approximation, in the sense that the methodology can be used for a wider
class of diffusion coefficients, such as D(t) = a+btν , whereas (3.13) failed. Note however, (3.15) is totally
independent of other parameters in D(t), namely b, ν and therefore can be more useful in some instances.

4. Introducing complex time dependencies

Patterns inherent in the trap count profiles (see Fig. (4)) suggest that the flux rate dJ(t)
dt decreases with

time i.e the rate at which individuals are trapped decreases. Correspondingly, we propose a generalized
diffusion coefficient which grows and decays for small/large time respectively,

D(t) =
M∑

j=0

αjt
βj exp

(
−γjt

δj
)

(4.1)

where αj , βj , γj and δj are positive for all j. The model (4.1) has complex structure and it makes sense
to use the first two leading terms in the expansion,

D(t) = α0t
β0 exp

(
−γ0t

δ0
)

+ α1t
β1 exp

(
−γ1t

δ1
)
. (4.2)

Large time asymptotic behaviour is governed by γj , δj . Relevant simplifications include γ0 = γ1 = γ, so
that different decay rates in (4.2) are determined purely by exponents δ0, δ1. For small time, D(t) ≈ α0t

β0
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provided β1 > β0, therefore set β0 = 1 so that the leading term behaves linearly, subject to exponential
decay. Here, β1 > 1 is a ‘free’ exponent, designed to keep the second term as a ‘correction’ term controlling
deviations from linearity. It follows that,

D(t) = α0t exp
(
−γtδ0

)
+ α1t

β1 exp
(
−γtδ1

)
. (4.3)

In accordance with (A.6), for homogenously distributed individuals at t = 0, it would be advantageous if
(4.3) is written in an integral form, intuitively we propose the following

∫ t

0
D(t′)dt′ =

1
2
α̃0t

2 exp
(
−γ̃tδ̃0

)
+ α̃1t

β̃ exp
(
−γ̃tδ̃1

)
, (4.4)

with analytical flux

J(t) =
2U0√
π

(
1
2
α̃0t

2 exp
(
−γ̃tδ̃0

)
+ α̃1t

β̃ exp
(
−γ̃tδ̃1

)) 1
2

, (4.5)

where α̃0, α̃1, β̃, γ̃, δ̃0 and δ̃1 are new redefined parameters. The flux rate in the limit t → 0 can be
computed as,

lim
t→0

dJ

dt
=

U0√
π

lim
t→0

α̃0

(
1− 1

2 γ̃δ̃0t
δ̃0
)

exp
(
−γ̃tδ̃0

)
+ α̃1t

β̃−2
(
β̃ − γ̃δ̃1t

δ̃1
)

exp
(
−γ̃tδ̃1

)

(
1
2 α̃0 exp

(
−γ̃tδ̃0

)
+ α̃1tβ̃−2 exp

(
−γ̃tδ̃1

)) 1
2

= U0

√
2α̃0

π

provided β̃ > 2 and γ̃, δ̃0, δ̃1 > 0. From (3.13), approximation for α̃0 in model (4.4) is in accordance with
(3.15),

α̃0 ≈
π

2

(
E(Ni=1)
U0Δt

)2

=
π

2

(
Ψ(η, k)
Δt

)2

.

Notice that limt→∞J(t) = 0 for model (4.5) provided γ̃, δ̃0, δ̃1 > 0. For a system with no migration
properties we expect the total population to be conserved, i.e lim t→∞J(t) = U0η = N . Therefore the
model fails in this limiting value and is only applicable for time with validity period t < tmax, found
from simulations. However, most insect monitoring studies are concerned with short time dynamics,
particularly in the context of trapping. The following three cases classify possible scenarios with reference
to D(t).

(I) If limt→∞D(t) =∞ then J(t) > N for some t and it follows that J(tmax) = N.

(II) If limt→∞D(t) = −∞ and J(t) < N for all t, we obtain tmax from the flux rate dJ(tmax)
dt = 0 or

alternatively the first zero of D(tmax) = 0. However, if J(t) ≥ N for some t then J(t̂) = N with
tmax = min

(
t̂
)
, since t̂ is multi-valued.

(III) If limt→∞D(t) = const ≥ 0 and J(t) ≥ N for some t then J(tmax) = N. However, if J(t) < N for
all t then the validity period is questionable.

In Fig. (5), the black curve depicts trap counts for the super diffusive process with D(t) = a+ btν with
a = 0.2, b = 0.3, ν = 0.6, developed in §(3.1) see Fig. (4). The blue curve represents the analytic solution
for diffusion coefficient D(t) = a+ btν given by (3.7),

J(t) =
2U0√
π

(

at+
btν+1

ν + 1

) 1
2

, ν > −1, t < tmax,

17



“AhmedMmnp” — 2015/3/16 — 23:08 — page 18 — #14
i

i

i

i

i

i

i

i

D.A. Ahmed, S. Petrovskii Time dependent diffusion as a mean field counterpart of Lévy type random walk
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Analytic solution for the refined model

Mean field numerical solution with D(t)= a + bt ν

Analytic solution with D(t) = a + bt ν

Figure 5. Comparison of trap count profiles obtained from the system with Cauchy
type random walkers (JC) against time dependent diffusive flux (JA). Fixed parameters
include N = U0 = 104, η = 1, Δt = 6 × 10−5. Analytic solutions are given over the
semi-infinite domain x > 0. The refined model for the diffusion coefficient with structure∫ t

0 D(t′)dt′ = 1
2 α̃0t

2 exp(−γ̃tδ̃0) + α̃1t
β̃ exp(−γ̃tδ̃1) (see (4.5)) provides an improved trap

count matching as opposed to the super diffusive process D(t) = a + btν , 0 < ν <
1, (3.7). Green dashed realization: Trap counts JC for movement process with
Cauchy distributed steps φ(ΔX) (see (3.5)) and parameter k = 8×10−5. Initial position
distributed uniformly i.e φ(X0) = 1

η . Red solid curve: Analytic solution JA given

by (4.5), with parameters α̃0 ≈ π
2

(
E(N1)
U0Δt

)2
= 30.8012, γ̃ = 4, δ̃0 = 0.3, δ̃1 = 0.4,

α̃1 = 5, β̃ = 3. Model only valid for time t < tmax = 2.83, here J (tmax) = N with
limt→∞D(t) = const ≥ 0. Black solid curve: Mean field approach with trap counts
obtained from the numerical solution (via implicit finite difference scheme) over the
domain 0 < x < η with diffusion coefficient D(t) = a + btν , and parameters a = 0.2,
b = 0.3 and ν = 0.6 and initial population density u(x, t = 0) = U0 = N

η . Blue solid
curve: Analytic solution given by (3.7), with parameters a = 0.2, b = 0.3 and ν = 0.6.
Model only valid for time t < tmax = 1.71, here J (tmax) = N with limt→∞D(t) =∞.

with validity period t < tmax = 1.71. Notice here that (3.6) is on the order of the spatial scale for large
time, the reflective boundary has an effect on trap counts and therefore we expect a discrepancy. The
green dashed realization represents the trap counts simulated from a system with uniform initial position,
whose movement dynamics are governed by Cauchy distributed steps. Conclusively, Fig. (5) illustrates
the improvement in matching with the introduction of D(t) proposed in integral form by (4.4),

∫ t

0
D(t′)dt′ =

1
2
α̃0t

2 exp
(
−γ̃tδ̃0

)
+ α̃1t

β̃ exp
(
−γ̃tδ̃1

)
, t < tmax.

The leading coefficient α̃0 ≈ π
2

(
E(Ni=1)
U0Δt

)2
= 30.8012 is approximated using the flux gradient approx-

imation after one time step, see (3.15). Further simplification of (4.4) can be introduced by setting
δ̃0 = δ̃1 = δ̂

∫ t

0
D(t′)dt′ =

(
1
2
α̂0t

2 + α̂1t
β̂

)

exp
(
−γ̂tδ̂

)
, t < tmax, (4.6)

with analytical flux

J(t) =
2U0√
π

((
1
2
α̂0t

2 + α̂1t
β̂

)

exp
(
−γ̂tδ̂

)) 1
2

, t < tmax, (4.7)
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and flux rate in the limit t→ 0,

lim
t→0

dJ

dt
=

U0√
π

lim
t→0

(
α̂0

(
1− 1

2 γ̂δ̂t
δ̂
)

+ α̂1t
β̂−2

(
β̂ − γ̂δ̂tδ̂

))

(
1
2 α̂0 + α̂1tβ̂−2

) 1
2

exp

(

−
γ̂

2
tδ̂
)

= U0

√
2α̂0

π
.

Provided β̂ > 2 and γ̂, δ̂ > 0, an approximation for α̂0 is in accordance with (3.15),

α̂0 ≈
π

2

(
E(Ni=1)
U0Δt

)2

=
π

2

(
Ψ(η, k)
Δt

)2

.
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Figure 6. Comparison of trap count profiles obtained from the system with Cauchy
type random walkers (JC) against time dependent diffusive flux (JA). Fixed parameters
include N = U0 = 104, η = 1, Δt = 6 × 10−5. Analytic solutions are given over the
semi-infinite domain x > 0. Green dashed realization: Trap counts JC for movement
process with Cauchy distributed steps φ(ΔX) (see (3.5)) and parameter k = 8 × 10−5.
Initial position distributed uniformly i.e φ(X0) = 1

η . Blue solid curve: Analytic

solution JA given by given by J(t) = 2U0√
π

((
1
2 α̂0t

2 + α̂1t
β̂
)

exp(−γ̂tδ̂)
) 1

2
, see (4.7), with

parameters α̂0 = π
2

(
E(N1)
U0Δt

)2
= 30.8012, γ̂ = 4.07, δ̂ = 0.32, α̂1 = 5.2, β̂ = 3. Model only

valid for time t < tmax = 2.63, here J (tmax) = N with limt→∞D(t) = const ≥ 0.

For parameters α̂0 = 30.8012, γ̂ = 4.07, δ̂ = 0.32, α̂1 = 5.2, β̂ = 3 with α̂0 defined through (3.15), we find
that D(t) > 0 for sufficient time (see Fig. (7)) over which at least 70% of total individuals are trapped,
here large time simulations are omitted since interest lies in short time dynamics. Conclusively, for this
parameter choice the model (4.7) is successful in predicting at least 70% of total trap counts.
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Figure 7. Plot A: Plot of the diffusion coefficient D(t) proposed by the model
∫ t

0 D(t′)dt′ =
(

1
2 α̂0t

2 + α̂1t
β̂
)

exp(−γ̂tδ̂) described by (4.6) for t < tmax = 2.63, with set

parameters α̂0 = 30.8012, γ̂ = 4.07, δ̂ = 0.32, α̂1 = 5.2, β̂ = 3, identical to those in Fig.
(6). Plot B: The blue curve is a plot of the upper bound D(t) ≤ α̂0t, for a derivation
of the upper bound see [1]. The black curve is the plot of the diffusion coefficient seen
in Plot A over time 0 < t < 0.1, for comparative purposes.

4.1. Non-linear regressional analysis

The following questions remain: Is the diffusive approximation suitable for other values of k? How good
is the fit and can it be statistically quantified? The choice of statistical tools are broad, the recent trend is
to calculate the maximum likelihood function and Akaike weights [8,23] as they are regarded more reliable
than other approaches amongst the literature [50]. However, to avoid any unnecessary complexity, the
latter question can be addressed using non-linear regressional techniques [17]. To obtain a data set, we
generate a single realization for some k. The time t = T can be obtained from simulations for a typical
count JC = mN , where m, is the percentage of total trap counts. The interval is then partitioned into p
parts ti = iT

p for i = 1, 2, ..., p with respective counts JC(ti). Here, T is the trap exposure until m% of
the population is trapped. A second realization is generated with the same parameter k, and another set
of counts are obtained at the same discrete times. Repeating in this manner, we can collect r samples
and compute the average to reduce the magnitude of stochastic fluctuations. Denote JrC(ti) as the trap
counts (for a system of Cauchy random walkers) at discrete times ti for the rth realization. The data set

(ti, 〈J
r
C(ti)〉) =

(

ti =
iT

p
,

1
r

r∑

q=1

JqC

(
iT

p

))

(4.8)

depicts p points along the trap count profile. We use the statistical package NLREG4 and propose (4.7)
as a candidate for parameter estimation. For detailed tabulated values for ti and JrC (see Appendix B
Tables 1,2 for k = 5× 10−5, 8× 10−5, respectively).

Corresponding to Fig. (8), the table below summarises important statistics and measures for trap
counts (ti, 〈JrC(ti)〉), i = 1, 2, ..., p = 20, (see (4.8)) and those counts predicted by the diffusion model
(4.7). Here, ϑ is tabulated solely for the interest of the reader. Commenting on the remaining measures
suffices, and allows us to address the question ‘how well does the diffusion model fit?’ from a quantitative
perspective. Relative to the total population N = 104 the measures

∑
d, 〈d〉, dmax,

∑
d2 and E are very

small, indicating that the diffusion model is successful in predicting trap counts, with better fitting for

4NLREG c©Phillip H. Sherrod; a demonstration version is available from http://www.nlreg.com and the algorithm
description can be found in Dennis et al. [17].
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Figure 8. Comparison of trap count profiles obtained from the system with Cauchy
type random walkers (JC) against time dependent diffusive flux (JA). Fixed param-
eters include N = U0 = 104, η = 1, Δt = 6 × 10−5. Analytic solutions are given
over the semi-infinite domain x > 0. Black/Green dashed realization: Trap
counts JC for movement process with Cauchy distributed steps φ(ΔX) (see (3.5)),
with parameters k = 5 × 10−5, 8 × 10−5, respectively. Initial position distributed uni-
formly i.e φ(X0) = 1

η . Red solid curve: Analytic solution JA given by given by

J(t) = 2U0√
π

((
1
2 α̂0t

2 + α̂1t
β̂
)

exp(−γ̂tδ̂)
) 1

2
, see (4.7), with best fit parameter estimates

via non-linear regression α̂0 = 4.8805, α̂1 = 11.4265, β̂ = 2.2438, γ̂ = 4.1108, δ̂ = 0.2816.
See Appendix B Table (1). Validity period for diffusion model t < tmax = 5.65, here
J (tmax) = N with limt→∞D(t) = const ≥ 0. Blue solid curve: Analytic solution

JA given by given by J(t) = 2U0√
π

((
1
2 α̂0t

2 + α̂1t
β̂
)

exp(−γ̂tδ̂)
) 1

2
, see (4.7), with best fit

parameter estimates via non-linear regression α̂0 = 22.1201, α̂1 = 27.2169, β̂ = 2.2949,
γ̂ = 4.6597, δ̂ = 0.2854. See Appendix B Table (2). Validity period for diffusion model
t < tmax = 3.44, here J (tmax) = N with limt→∞D(t) = const ≥ 0.

k = 5× 10−5 8× 10−5

Sum of deviations
∑
d 0.2223 0.6752

Average deviation 〈d〉 6.023 4.438
Maximum deviation dmax 15.37 11.32

Sum of squared deviations
∑
d2 1021 580.2

Standard Error of estimate E 8.25 6.219
Durbin Watson test for autocorrelation ϑ, (see [18]) 1.903 1.848

k = 8× 10−5. Note that the model is fitted for m = 0.7 i.e 70% of total trap counts. All inferences based
on the measures are up to time T , the trap exposure until 70% of the population is trapped. Evidently,
from Fig. (8), after a longer trap exposure a better fitting is realised for k = 5×10−5. In actual practice,
(4.7) is a better approximation for counts which slowly accumulate.

5. Concluding remarks

In the context of integrated pest management, in particular, trapping studies none of the cases provided
in the ecological literature with evidence of a Lévy walk appear to be free of criticism. In principle, trap
count interpretations can often be subjective [50]. Moreover, there are concerns as to whether concrete
evidence indicating a particular movement pattern can be obtained at all due to the complexity and
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variability of the behavioural response that pests exhibit to inherently stochastic environmental factors.
Standard statistical tools sometimes cannot distinguish between power law and exponential rate of decay
in the step size distribution [51]. The observed movement type can depend on technical details of data
collection such as the time scale of the study [3] and/or the time resolution at which the data are obtained
[32]. Pooling together movement tracks of non-identical individuals (of the same species) can create the
appearance of a Lévy walk [48]. In some cases, a correlated random walk can be mistaken for a Lévy
walk as it results in a similar pattern [54]. Also, animals of different taxa often employ more than one
movement mode [38,39]; if each of those modes is a Brownian walk, their mixture results in a composite
Brownian walk that can have the appearance of a Lévy walk [16,28]. We reiterate those questions raised in
§(3): Which ever pattern occurs, what are the ecological implications? How much importance should be
given to the type of movement pattern in the context of pest trapping and is an alternative mathematical
framework necessary? In this paper, we have shown that diffusion models with complex time dependencies
(4.6) provide an alternative framework for the Cauchy type random walk. In particular, the diffusive
flux (4.7) successfully predicts passive trap catches for pests whose dynamics are Lévy by nature, with
exponent μ = 2. Moreover, better predictions are obtained with the model proposed by (4.7) as opposed
to anomalous diffusive processes in the super diffusive regime (3.7). Evidently, our study indicates that
even in the case of a genuine Lévy walk, the problem of trap count interpretation can be addressed with
a high precision based on the diffusion equation [1, 50].

Appendices

A. Analytic solutions for the 1D diffusion equation

Analytic solutions can be found for the spatio-temporal poulation density u(x, t) over the semi-infinite
domain for the governing equation,

∂u

∂t
= D(t)

∂2u

∂x2
, 0 < x <∞, t > 0 (A.1)

with diffusion coefficient explicitly dependent on time. The prescribed boundary conditions are the zero
density u(x = 0, t) = 0 and arbitrary initial population density u(x, t = 0) = ψ(x). By introducing a
change of variable τ =

∫ t
0 D(t′)dt′, (A.1) transforms to,

∂u

∂τ
=
∂2u

∂x2
, 0 < x <∞, τ > 0. (A.2)

Correspondingly, the boundary conditions are u(x = 0, τ ) = 0 and u(x, τ = 0) = ψ(x).
The fundamental solution [14] is

u(x, τ ) =
1
√

4πτ

∫ ∞

0
ψ(x̂)G(x, x̂, τ )dx̂ (A.3)

where

G(x, x̂, τ ) = exp

(

−
(x− x̂)2

4τ

)

− exp

(

−
(x+ x̂)2

4τ

)

(A.4)

is the Green’s function for the diffusion equation over the semi-infinite domain.

(I) In the case where ψ(x) = U0 is homogeneous, (A.3) reduces to

u(x, τ ) =
U0√
4πτ

∫ ∞

0
G(x, x̂, τ )dx̂

=
U0√
4πτ

∫ ∞

0

{

exp

(

−
(x− x̂)2

4τ

)

− exp

(

−
(x+ x̂)2

4τ

)}

dx̂ =
U0√
4πτ

.
√

4πτerf

(
x
√

4τ

)
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⇒ u(x, τ ) = U0erf

(
x
√

4τ

)

, (A.5)

where erf(z) is the standard error function defined by erf(z) = 2√
π

∫ z
0 exp(−z′2)dz′.

The total flux is computed as

J(τ) =
∫ τ

0

∂u(x, τ ′)
∂x

∣
∣
∣
∣
x=0

dτ ′ = 2U0

√
τ

π
or J(t) =

2U0√
π

(∫ t

0
D(t′)dt′

) 1
2

, (A.6)

which reduces to

J(t) = 2U0

√
Dt

π
. (A.7)

in the constant diffusive case.
(II) In the case of a point source release (PSR) centralised about x0, u(x, t = 0) = ψ(x) = Nδ(x− x0).

From (A.3) it follows that

u(x, τ ) =
N
√

4πτ

(

exp

(

−
(x− x0)2

4τ

)

− exp

(

−
(x+ x0)2

4τ

))

,

with total flux

J(τ) =
∫ τ

0

∂u(x, τ ′)
∂x

∣
∣
∣
∣
x=0

dτ ′ =
Nx0

2
√
π

∫ τ

0

1
τ ′

3
2

exp

(

−
x2

0

4τ ′

)

dτ ′.

By substituting z = x0√
4τ

the integral reduces to

J(τ) =
2N
√
π

∫ ∞

x0√
4τ

exp(−z2)dz = N

(

1− erf

(
x0√
4τ

))

⇒ J(τ) = Nerfc

(
x0√
4τ

)

with τ =
∫ t

0
D(t′)dt′. (A.8)

Here, erfc(z) is the complimentary error function with relation erfc(z) = 1 − erf(z). The analytic
expressions (A.6) and (A.8) represent the total flux for initial uniform distribution and PSR,
respectively.

(III) More generally, for an arbitrary initial distribution ψ(x),

J(τ) =
∫ τ

0

1
√

4πτ ′

∫ ∞

0
ψ(x̂)

∂G(x, x̂, τ ′)
∂x

∣
∣
∣
∣
x=0

dx̂dτ ′

⇒ J(τ) =
∫ ∞

0
ψ(x̂)erfc

(
x̂
√

4τ

)

dx̂. (A.9)

23



“AhmedMmnp” — 2015/3/16 — 23:08 — page 24 — #20
i

i

i

i

i

i

i

i

D.A. Ahmed, S. Petrovskii Time dependent diffusion as a mean field counterpart of Lévy type random walk

B. Simulated trap counts at discrete times ti = iT
p

Table 1. Simulated trap counts JrC(ti) for Cauchy type random walkers for
k = 5× 10−5 over r = 3 realizations, at discrete times ti = iT

p , i = 1, 2, ..., p = 20.
Other typical parameters include U0 = N = 104, η = 1. Here, T = 1.7653 at which
m = 0.7 i.e 70% of total trap counts are registered after the first simulation run.

i ti J1
C J2

C J3
C

〈
JrC

〉

1 0.0882 1018 1087 1043 1049.33
2 0.1765 1741 1775 1770 1762
3 0.2647 2359 2378 2420 2385.67
4 0.3530 2826 2916 2931 2891
5 0.4413 3261 3394 3374 3343
6 0.5295 3667 3808 3790 3755
7 0.6178 4046 4157 4140 4114.33
8 0.7061 4405 4484 4465 4451.33
9 0.7943 4662 4782 4778 4740.67
10 0.8826 4951 5088 5042 5027
11 0.9709 5224 5374 5296 5298
12 1.0591 5489 5604 5519 5537.33
13 1.1474 5716 5839 5741 5765.33
14 1.2357 5953 6042 5965 5986.67
15 1.3239 6150 6236 6197 6194.33
16 1.4122 6334 6429 6394 6385.67
17 1.5005 6512 6597 6589 6566
18 1.5887 6693 6761 6763 6739
19 1.6770 6840 6910 6902 6884
p = 20 1.7653 7000 7062 7045 7035.67

Table 2. Simulated trap counts JrC(ti) for Cauchy type random walkers for
k = 8× 10−5 over r = 3 realizations, at discrete times ti = iT

p , i = 1, 2, ..., p = 20.
Other typical parameters include U0 = N = 104, η = 1. Here, T = 1.0941 at which
m = 0.7 i.e 70% of total trap counts are registered after the first simulation run.

i ti J1
C J2

C J3
C

〈
JrC

〉

1 0.0547 1045 1083 1071 1066.33
2 0.1094 1765 1804 1809 1792.67
3 0.1641 2332 2399 2440 2390.33
4 0.2188 2864 2922 2936 2907.33
5 0.2735 3314 3371 3415 3366.67
6 0.3283 3712 3770 3838 3773.33
7 0.3829 4062 4091 4199 4117.33
8 0.4376 4421 4426 4529 4458.67
9 0.4924 4737 4743 4829 4769.67
10 0.5471 5037 5031 5108 5058.67
11 0.6017 5276 5304 5376 5318.67
12 0.6565 5512 5542 5626 5560.00
13 0.7112 5739 5772 5865 5792.00
14 0.7659 5929 5971 6086 5995.33
15 0.8206 6131 6190 6291 6204.00
16 0.8753 6314 6386 6464 6388.00
17 0.9300 6500 6574 6663 6579.00
18 0.9847 6658 6750 6834 6747.33
19 1.0394 6839 6898 7000 6912.33
p = 20 1.0941 7000 7053 7141 7064.67
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