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Abstract. The purpose of this paper is to implement nonlinear particle interactions into subd-
iffusive transport, involving chemotaxis and nonlinear effects such as volume filling and adhesion.
We systematically derive nonlinear subdiffusive fractional equations with chemoattractant de-
pendent forcing. We consider the diffusion limit of the master equation and analyse the role of
nonlinear tempering in the stationary case. We study the interaction between attractive forces
of anomalous aggregation and chemotaxis, with repulsive forces induced by nonlinear reactions.
We show that this nonlinear interaction can prevent the phenomenon of anomalous aggregation
when the local particle concentration grows too high. We also show that the effect of nonlinear
tempering is to suppress the intermediate subdiffusive behaviour which results in a nonlinear
advection diffusion equation in the long time limit.
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1. Introduction

Anomalous subdiffusive behaviour is characterised by a sublinear growth of the mean squared displace-
ment in time 〈x2(t)〉 ∼ tν , 0 < ν < 1. The parameter ν is known as the anomalous exponent. Subdiffusion
in an observed natural phenomenon seen in areas as varied as transport of lipids on cell membranes [21],
transport on fractal geometries [10], financial futures prices [18], signalling molecules in spiny dendrites
[9,20], and dispersive transport on amorphous semiconductors [22]. The standard model for subdiffusive
transport is the continuous time random walk (CTRW) [1,16,17].

CTRWs which include waiting time distributions with infinite mean lead to fractional equations in the
diffusive limit, including the fractional Fokker-Planck equation (FFPE),

∂ρ(x, t)

∂t
= −

∂(vν(x)D
1−ν(x)
t ρ)

∂x
+
∂2(Dν(x)D

1−ν(x)
t ρ)

∂x2
, (1.1)
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see equation (38) in [4]. Equation (1.1) involves fractional diffusion coefficient Dν(x) and fractional
advection coefficient vν(x), as well as the Riemann-Liouville fractional derivative order 1− ν(x),

D
1−ν(x)
t ρ(x, t) =

1

Γ (ν(x))

∂

∂t

∫ t

0

ρ(x, τ)dτ

(t− τ)
1−ν(x)

. (1.2)

It has been shown that the fractional equations are not structurally stable with respect to spatial fluctu-
ations in the anomalous exponent [4]. Fluctuations lead to the breakdown of the stationary behaviour,
and the phenomenon of anomalous aggregation [2], where particles accumulate in a small region of space
where the anomalous exponent is small compared to the surrounding region. To counteract this, models
have been proposed which temper the anomalous waiting time of the CTRW in a physically justifiable
way [5, 6]. One such way is through nonlinear reactions which redistribute particles when the local con-
centration grows too high [15]. This normalises the subdiffusion, and allows for stationary behaviour to
be realised once more.

The main aim of this paper is to implement nonlinear particle interactions into subdiffusive transport
involving chemotaxis and nonlinear effects such as volume filling and adhesion. Chemotaxis describes
a bias in the random movement of biological cells due to the concentration of an external signalling
molecule. Volume filling and adhesion describe a bias in the movement either towards areas of either
lower or higher cell concentrations. Several attempts have been made to take into account these effects
in [3, 23] We introduce the additional nonlinear escape rate of particles which acts as a tempering to
the anomalous trapping, characteristic of subdiffusion, and redistributes particles depending on the local
mean field density. In this paper we use a rate based nonlinear random walk model involving residence
time dependent escape rates and structural density of particles [15, 24, 25]. We apply standard model
reduction procedure: starting from microscopic Markov model we managed to derive mesoscopic non-
Markovian master equations and then considered macroscopic (diffusion) limit. For the first time we
derive generalised master equations, and diffusion approximations thereof, from the nonlinear random
walk model involving separate modified nonlinear escape rates to the right and left. We introduce an
additional instantaneous escape rate of particles dependent on the local mean field density. Here though
the local mean field density is able to influence particles at any time, rather than just at the end of
trapping events. Our flexible model allows for ease of extension to CTRW models which include more
general transport operations than nearest neighbour jumps.

2. Nonlinear interaction of non-Markovian random walkers

In this paper we use a rate based nonlinear random walk model. A particle performs a random walk
on a 1-D lattice, making instantaneous jumps from its location x of length l after random waiting times
Tx. Here we consider the waiting times preceding jumps to the right and left as being separate and
independent random variables, denoting the waiting time preceding a jump to the right Tλ

x and a jump
to the left Tµ

x . If T
µ
x < Tλ

x the particle jumps to the left x→ (x− l), and if Tλ
x < Tµ

x the particle jumps
to the right x→ (x+ l). The actual time a particle rests for is then

Tx = min{Tµ
x , T

λ
x }. (2.1)

Tλ
x and Tµ

x are drawn from the random waiting time PDFs ψλ(x, τ) and ψµ(x, τ). The parameter τ is
the residence time parameter, representing the length of time a particle has remained at the location x.

One can generalise this to allow transitions to other sites. Denote the waiting time of a transition from
x → (x + il) as Tλ

x,i and from x → (x − il) as Tµ
x,i. Then the actual transition time happens at Tx and

is the minimum amongst the possible transitions to the left and right Tx = min{. . . , Tµ
x,n, . . . , T

λ
x,n, . . .}.

Some details are presented in Section 4 In general, this random walk process is non-Markovian and
known as a semi-Markov process, or generalised renewal process [14]. If Tx is drawn from the exponential
distribution, only then will the process be Markovian.
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The transition from one state to another can also be represented in the form of rates of escape, defined
as instantaneous transition probabilities. The key fact of these escape rates is that they are dependent on
the residence time variable τ , making the process non-Markovian. The rate of transition from x→ (x+ l)
is denoted by λ(x, τ), and from x→ (x− l) is denoted by µ(x, τ):

λ(x, τ) = lim
∆t→0

Pr{Tλ
x < τ +∆t|Tλ

x > τ}

∆t
, µ(x, τ) = lim

∆t→0

Pr{Tµ
x < τ +∆t|Tµ

x > τ}

∆t
. (2.2)

In survival analysis theory, this is known as the hazard rate function [19]. This way of thinking differs from
standard random walk formulations involving the waiting time distribution. For escape rates which are
constant with respect to residence time τ , you have the classical Markov process which in the diffusive limit
is approximated by the standard advection diffusion equation. If the escape rate is inversely proportional
to the residence time,[4]: µ, λ ∼ ν/τ , 0 < ν < 1, then the diffusive limit of such a process is the
subdiffusive FFPE (1.1). Escape rates of this form mean walkers have a lower probability of escape
for increasing residence time. This implies walkers experience long trapping events, with mean length
T̄x = ∞. During these long trapping events it is an, implicit, assumption in other non-Markovian random
walk models that walkers are protected from the influence of any external factors which would otherwise
affect their transport. In the following subsection we describe a particle random walk model where the
mean field density ρ may influence the rate of escape of particles.

2.1. Nonlinear interaction

In this Subsection we will modify the escape rates of particles to the right and left. This is quite a flexible
generalisation which allows for several macroscopic nonlinear effects to be described. We introduce
another stochastic process acting independently of the non-Markovian trapping. This process allows the
mean field density to influence the transport of particles even during long trapping events. This acts to
counter the anomalous aggregation of particles present in subdiffusive random walk models [2, 4]. We
modify the escape rates λ(x, τ) and µ(x, τ) as follows:

λα = λ(x, τ) + αλ(ρ), µα = µ(x, τ) + αµ(ρ), (2.1)

where αλ(ρ) and αµ(ρ) are the additional nonlinear escape rates to the right and left, with unspecified
dependence upon x and t. The probability of escape due to the nonlinear term is independent from the
anomalous trapping, and in a time interval ∆t the probability is α(ρ)∆t, where

α(ρ) = αλ(ρ) + αµ(ρ). (2.2)

The exact dependence of these nonlinear escape rates upon the mean field density leads to different
qualitative macroscopic effects. Volume filling effects can be introduced with the following choices for λα
and µα:

λα = λ(x, τ) + αλ(ρ(x+ l, t)), µα = µ(x, τ) + αµ(ρ(x− l, t)).

Volume filling effects describe the model where diffusing particles have a non-zero volume, and that by
occupying an area they may prevent other particles from doing the same. Volume filling describes the
effect where diffusing particles have lower probability of jumping to the location where the density is
higher [11,12]. This is modelled by imposing a dependence of the escape rate on the mean field density
at the location the particle would escape to. The escape rate of a particle from x→ (x+ l) is dependent
on the density of particles at (x + l), with an increasing density lowering the escape rate. For example
α(ρ) = 1− ρ

N
, where N represents the maximum density.

Adhesion effects can be introduced with the following choices for λα and µα:

λα = λ(x, τ) + αλ(ρ(x− l, t)), µα = µ(x, τ) + αµ(ρ(x+ l, t)).
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Adhesion effects describe the sticking together of particles [13]. The escape rate of a particle from
x → (x + l) is dependent on the density of particles at (x − l), with an increasing density lowering the
escape rate.

A dependence upon the local gradient of density [12] could be modelled also:

λα = λ(x, τ) + κ(αλ(ρ(x+ l, t))− αλ(ρ(x, t))), µα = µ(x, τ) + κ(αµ(ρ(x, t))− αµ(ρ(x− l, t))).

In the subdiffusive case, where λ, µ ∼ 1/τ the nonlinear terms αµ and αλ have the effect of tempering
factors preventing particles from being trapped for infinite times.

2.2. Structured density of particles

In order to derive a master equation for the evolution of the non-Markovian process let us introduce the
structured number density of particles [15, 24, 25] ξ(x, t, τ) at location x, at time t, with residence time
τ . The described random walk model above leads to the balance equation for ξ,

∂ξ

∂t
+
∂ξ

∂τ
= −(λ(x, τ) + αλ(ρ))ξ(x, t, τ)− (µ(x, τ) + αµ(ρ))ξ(x, t, τ), (2.1)

and the objective is to derive a master equation for the unstructured density ρ(x, t)

ρ(x, t) =

∫ t

0

ξ(x, t, τ)dτ. (2.2)

This approach has been used by many authors [2,4,7,15,24,25] for the study of non-Markovian random
walks, and has recently been found to be one of the most suitable for further nonlinear generalisations [3,
6, 8, 23].

Firstly, we define some key quantities from the random walk model. The survival functions PDFs for
jumps to the right and left are denoted,

Ψλ(x, τ) = Pr{Tλ
x > τ}, Ψµ(x, τ) = Pr{Tµ

x > τ},

and define the probability a particle remains at x for a time τ . These are related to the waiting time
PDFs through,

Ψλ(x, τ) =

∫

∞

τ

ψλ(x, s)ds, Ψµ(x, τ) =

∫

∞

τ

ψµ(x, s)ds, (2.3)

where,

ψλ(x, τ) = lim
∆t→0

Pr{τ < Tλ
x < τ +∆t}

∆t
, ψµ(x, τ) = lim

∆t→0

Pr{τ < Tµ
x < τ +∆t}

∆t
, (2.4)

are the PDFs for the waiting times for jumps to the right and left, respectively. Bayes’ Theorem allows
us to relate the escape rates to both the waiting time PDFs,

λ(x, τ) =
ψλ(x, τ)

Ψ(x, τ)
, µ(x, τ) =

ψµ(x, τ)

Ψ(x, τ)
, (2.5)

where from the definition of Tx = min{Tλ
x , T

µ
x }, we can write the total survival PDF as

Ψ(x, τ) = Pr{min{Tλ
x , T

µ
x } > τ}

= Ψλ(x, τ)Ψµ(x, τ)

= e−
∫

τ

0
(λ(x,s)+µ(x,s))ds,

with the final equality following from (2.3) and (2.5). Differentiation of this equation with respect to τ
gives the total waiting time PDF,

ψ(x, τ) = ψλ(x, τ) + ψµ(x, τ), (2.6)
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where waiting time densities ψλ(x, τ) and ψµ(x, τ) are related by,

ψλ(x, τ) = −
∂Ψµ(x, τ)

∂τ
Ψλ(x, τ), ψµ(x, τ) = −

∂Ψλ(x, τ)

∂τ
Ψµ(x, τ).

In the next Section we will derive the non-Markovian master equation for the random walk model.

3. Nonlinear master equation

The balance equation (2.1) is written in terms of a sum of the two types of escape rates, the anomalous
escape rates λ(x, τ)+µ(x, τ) and the additional escape rate αλ(ρ)+αµ(ρ). The initial condition at t = 0
is given by:

ξ(x, 0, τ) = ρ0(x)δ(τ),

where ρ0(x) is the initial density. The boundary condition for ξ(x, t, τ) at zero residence time τ = 0 is:

ξ(x, t, 0) =

∫ t

0

[λ(x− l, τ) + αλ(ρ)]ξ(x− l, t, τ)dτ +

∫ t

0

[µ(x+ l, τ) + αµ(ρ)]ξ(x+ l, t, τ)dτ. (3.1)

The number density of particles with residence time τ escaping from x → (x + l) per unit time is
[λ(x, τ)+αλ(ρ)]ξ(x, t, τ), from x→ (x− l) is [µ(x, τ)+αµ(ρ)]ξ(x, t, τ). The total escape rate to the right
and left, respectively, is found by integrating over all τ ,

iλ(x, t) =

∫ t

0

[λ(x, τ)ξ(x, t, τ)dτ + αλ(ρ)]ρ(x, t), (3.2)

iµ(x, t) =

∫ t

0

[µ(x, τ)ξ(x, t, τ)dτ + αµ(ρ)]ρ(x, t), (3.3)

with the second terms in both equations due to equation (2.2). Solving equation (2.1) by method of
characteristics yields, for τ < t,

ξ(x, t, τ) = ξ(x, t− τ, 0)e−
∫

τ

0
(λ(x,s)+µ(x,s))ds e

Φ(x,t−τ)

eΦ(x,t)
, (3.4)

where,

Φ(t) =

∫ t

0

[αλ(ρ) + αµ(ρ)]ds.

Let us denote the integral arrival rate of particles arriving at x exactly at t as j(x, t), equal to boundary
condition (3.1),

j(x, t) = ξ(x, t, 0), (3.5)

which, with equations (3.2), can be written as,

j(x, t) = iλ(x− l, t) + iµ(x+ l, t). (3.6)

With characteristic solution (3.4) this becomes,

j(x, t) = e−Φ(t)

∫ t

0

ψλ(x− l, τ)j(x− l, t− τ)eΦ(t−τ)dτ + ρ0(x− l)ψλ(x− l, t)e−Φ(t)

+ αλ(ρ)ρ(x− l, t)

+ e−Φ(t)

∫ t

0

ψµ(x+ l, τ)j(x+ l, t− τ)eΦ(t−τ)dτ + ρ0(x+ l)ψµ(x+ l, t)e−Φ(t)

+ αµ(ρ)ρ(x+ l, t),
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with second terms ρ0(x) coming from the contribution of ξ(x, t, τ)|τ=t due to the singularity of the initial
condition. Inserting the expression (3.4) for ξ(x, t, τ) into the expression for the unstructured density (2.2)
ρ:

ρ(x, t) = e−Φ(t)

∫ t

0

Ψ(x, τ)j(x, t− τ)eΦ(t−τ)dτ + ρ0(x)Ψ(x, t)e
−Φ(t). (3.7)

Using equation (3.4) one can write the integral escape rates to the right and left respectively as

iλ(x, t) = e−Φ(t)

∫ t

0

ψλ(x, τ)j(x, t− τ)eΦ(t−τ)dτ + ρ0(x)ψλ(x, t)e
−Φ(t) + αλ(ρ)ρ(x, t),

iµ(x, t) = e−Φ(t)

∫ t

0

ψµ(x, τ)j(x, t− τ)eΦ(t−τ)dτ + ρ0(x)ψµ(x, t)e
Φ(t) + αµ(ρ)ρ(x, t).

(3.8)

To eliminate j(x, t), Laplace transforms of these equations (3.8) together with equation (3.7) yield ex-
pressions for integral escape rates:

iλ(x, t) = e−Φ(t)

∫ t

0

Kλ(x, t− τ)ρ(x, τ)eΦ(τ)dτ + αλ(ρ(x, t))ρ(x, t),

iµ(x, t) = e−Φ(t)

∫ t

0

Kµ(x, t− τ)ρ(x, τ)eΦ(τ)dτ + αµ(ρ(x, t))ρ(x, t).

(3.9)

Here Kµ(x, t) and Kλ(x, t) are the space dependent memory kernels, defined in terms of their Laplace
transforms as,

K̂λ(x, s) =
ψ̂λ(x, s)

Ψ̂(x, s)
, K̂µ(x, s) =

ψ̂µ(x, s)

Ψ̂(x, s)
. (3.10)

By differentiating equation (2.2) and using the balance equation for ξ(x, t, τ) (2.1), we find that the
master equation for the unstructured density can be written as a balance of escape and arrival rates:

∂ρ

∂t
= j(x, t)− iλ(x, t)− iµ(x, t).

Due to conservation, the arrival rate of particles to x is the sum of escapes from (x ± l), equation (3.6)
for j(x, t)

∂ρ

∂t
= iλ(x− l, t) + iµ(x+ l, t)− iλ(x, t)− iµ(x, t).

This is simply the balance of particles arriving at and leaving the point x. So that by inserting expres-
sions (3.9) for iλ and iµ we can write the full form of the generalised master equation for our random
walk scheme,

∂ρ(x, t)

∂t
= e−Φ(t)

∫ t

0

Kλ(x− l, t− τ)ρ(x− l, τ)eΦ(τ)dτ + αλ(ρ(x− l, t))ρ(x− l, t)

+ e−Φ(t)

∫ t

0

Kµ(x+ l, t− τ)ρ(x+ l, τ)eΦ(τ)dτ + αµ(ρ(x+ l, t))ρ(x+ l, t)

− e−Φ(t)

∫ t

0

K(x, t− τ)ρ(x, τ)eΦ(τ)dτ − α(ρ(x, t))ρ(x, t)

(3.11)

4. Multiple escape rates

In this section we show how we can generalise the model easily to allow transitions to occur not only
between neighbouring lattice sites. Assuming the same procedure, that is the particle jumps a length il
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to one of the n sites to the left or n sites to the right after a time Tλ
x,i or T

µ
x,i. The total waiting time in

this case would be, analogously to (2.1),

Tx = min{Tµ
x,n, T

µ

x,(n−1), . . . , T
λ
x,(n−1), T

λ
x,n}.

The random waiting times Tλ
x,i and Tµ

x,i are distributed as ψλ
i (x, τ) and ψµ

i (x, τ) respectively. The
transition rate, in addition, is defined to be µi(x, τ) for jumping from x → (x − il) and λi(x, τ) for
jumping from x→ (x+ il), i = 1, . . . , n. These are again modified:

λα,i = λi(x, τ) + αλ,i(ρ(x, t)), µα,i = µi(x, τ) + αµ,i(ρ(x, t)).

Then the balance equation for the structured density ξ(x, t, τ) now reads,

∂ξ

∂t
+
∂ξ

∂τ
= −

n
∑

i=1

[λi(x, τ) + αλ,i(ρ(x, t))]ξ(x, t, τ)−

n
∑

i=1

[µi(x, τ) + αµ,i(ρ(x, t))]ξ(x, t, τ).

All other relevant quantities can be defined in an analogous way as previously.
There are now 2n memory kernels, for 1 ≤ i ≤ n:

K̂λ
i (x, s) =

ψ̂λ
i (x, s)

Ψ̂(x, s)
, K̂µ

i (x, s) =
ψ̂µ
i (x, s)

Ψ̂(x, s)
,

where the total survival PDF Ψ(x, τ) defined by:

Ψ(x, τ) =
n
∏

i=1

Ψλ
i (x, τ)×

n
∏

j=1

Ψµ
j (x, τ)

= e−
∫

t

0
[
∑n

i=1
λi(x,s)+

∑n
j=1

µj(x,s)]ds.

The integral escape rates to the right and left iλ(x, t) and iµ(x, t) are sums of the escape rates to each
site to the right and left of x:

iλ(x, t) =

n
∑

i=1

(

e−Φ(x,t)

∫ t

0

Kλ
i (x, t− τ)ρ(x, τ)eΦ(x,τ)dτ + αλ,i(ρ(x, t))ρ(x, t)

)

,

iµ(x, t) =

n
∑

i=1

(

e−Φ(x,t)

∫ t

0

Kµ
i (x, t− τ)ρ(x, τ)eΦ(x,τ)dτ + αµ,i(ρ(x, t))ρ(x, t)

)

.

So the master equation is written in terms of a sum over the escape related quantities of the memory
kernel and additional escape tempering term:

∂ρ

∂t
=

n
∑

i=1

(

e−Φ(x−il,t)

∫ t

0

Kλ
i (x− il, t− τ)ρ(x− il, τ)eΦ(x−il,t−τ)dτ

+ αλ,i(ρ(x− il, t))ρ(x− il, t)

)

+
n
∑

i=1

(

e−Φ(x+il,t)

∫ t

0

Kµ
i (x+ il, t− τ)ρ(x+ il, τ)eΦ(x+il,t−τ)dτ

+ αµ,i(ρ(x+ il, t))ρ(x+ il, t)

)

− e−Φ(x,t)

∫ t

0

K(x, t− τ)ρ(x, τ)eΦ(x,t−τ)dτ + α(ρ(x, t))ρ(x, t),

where α(ρ(x, t)) =
∑n

i=1(αλ,i(ρ(x, t)) + αµ,i(ρ(x, t))).
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5. Tempered Anomalous Subdiffusion

In this section we derive the fractional master equation as a special case of equation (3.11). When escape
rates are inversely proportional to residence time τ the memory kernel becomes a time fractional operator.
We assume that the jumping rates are defined as:

λ(x, τ) =
νλ(x)

τ0(x) + τ
, µ(x, τ) =

νµ(x)

τ0(x) + τ
.

Using the definition of the survival function (2.5), we find the survival functions have a power-law de-
pendence,

Ψλ(x, τ) =

[

τ0(x)

τ0(x) + τ

]νλ(x)

, Ψµ(x, τ) =

[

τ0(x)

τ0(x) + τ

]νµ(x)

,

and thus the total survival probability can be written as:

Ψ(x, τ) =

(

τ0(x)

τ0(x) + τ

)ν(x)

, (5.1)

where ν(x) = νλ(x) + νµ(x) depends on the spatial variable x. The total waiting time pdf defined in
equation (2.6) has the Pareto form:

ψ(x, τ) =
ν(x)τ0(x)

ν(x)

(τ0(x) + τ)
1+ν(x)

. (5.2)

Let us introduce the probabilities of jumping to the right and left, as the ratio of λ(x, τ) and µ(x, τ) to
λ(x, τ) + µ(x, τ), that are independent of the residence time τ , as:

pλ(x) =
νλ(x)

ν(x)
, pµ(x) =

νµ(x)

ν(x)
.

The transition PDFs ψλ(x, τ) = λ(x, τ)Ψ(x, τ) and ψµ(x, τ) = µ(x, τ)Ψ(x, τ) can be rewritten in terms
of the jumping probability as:

ψλ(x, τ) = pλ(x)ψ(x, τ), ψµ(x, τ) = pµ(x)ψ(x, τ).

In the limit of t → ∞, by the Tauberian theorem, the memory kernels (3.10) have asymptotic approxi-
mations in Laplace space as s→ 0:

K̂λ(x, s) ≃
pλ(x)s

1−ν(x)

g(x)
, K̂µ(x, s) ≃

pµ(x)s
1−ν(x)

g(x)
, (5.3)

where,

g(x) = Γ (1− ν(x))τ0(x)
ν(x)

.

A combined memory kernel can be defined from (5.1) and (5.2),

K̂(x, s) = K̂λ(x, s) + K̂µ(x, s)

=
s1−ν(x)[pλ(x) + pµ(x)]

g(x)
=
s1−ν(x)

g(x)
.

Using the expressions for the memory kernels (5.3), the integral escape rates to the right and left are:

iλ(x, t) = a(x)e−Φ(x,t)D
1−ν(x)
t

[

ρ(x, t)eΦ(x,t)
]

+ αλ(ρ(x, t))ρ(x, t),

iµ(x, t) = b(x)e−Φ(x,t)D
1−ν(x)
t

[

ρ(x, t)eΦ(x,t)
]

+ αµ(ρ(x, t))ρ(x, t),
(5.4)
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where D
1−ν(x)
t is the space dependent Riemann-Liouville fractional derivative (1.2) of order (1 − ν(x))

and a(x) and b(x) are the anomalous rate coefficients,

a(x) =
pλ(x)

g(x)
=

νλ(x)

ν(x)Γ (1− ν(x))τ0(x)
ν(x)

, b(x) =
pµ(x)

g(x)
=

νµ(x)

ν(x)Γ (1− ν(x))τ0(x)
ν(x)

.

The fractional master equation then can be found:

∂ρ(x, t)

∂t
= a(x− l)e−Φ(x−l,t)D

1−ν(x−l)
t

[

ρ(x− l, t)eΦ(x−l,t)
]

+ αλ(ρ(x− l, t))ρ(x− l, t)

+ b(x+ l)e−Φ(x+l,t)D
1−ν(x+l)
t

[

ρ(x+ l, t)eΦ(x+l,t)
]

+ αµ(ρ(x+ l, t))ρ(x+ l, t)

− (a(x) + b(x))e−Φ(x,t)D
1−ν(x)
t

[

ρ(x, t)eΦ(x,t)
]

− α(ρ(x, t))ρ(x, t).

(5.5)

6. Diffusion limit

In the limit as l → 0 we can find, by Taylor series expansion, the nonlinear fractional Fokker-Planck
equation

∂ρ(x, t)

∂t
= −l

∂

∂x
[iλ(x, t)− iµ(x, t)] +

l2

2

∂2

∂x2
[iλ(x, t) + iµ(x, t)] , (6.1)

for iλ(x, t) and iµ(x, t) defined in (5.4).
In what follows, let us consider the model for which the jump probabilities pλ(x) and pµ(x) depend on

the chemotactic substance S(x) as follows:

pλ(x) = Ae−β(S(x+l)−S(x)), pµ(x) = Ae−β(S(x−l)−S(x)),

where the parameter A satisfies the probability conservation pλ(x)+pµ(x) = 1. These jump probabilities
describe the bias of cells’ movements with respect to the difference of local concentration of chemotactic
substance. The difference satisfies:

pλ(x)− pµ(x) =
e−βS(x+l) − e−βS(x−l)

e−βS(x+l) + e−βS(x−l)
,

and in the limit l → 0 we have the standard chemotaxis model,

a(x)− b(x) =
pλ(x)− pµ(x)

g(x)
= −

lβ

g(x)

dS(x)

dx
+ o(l).

We now choose particular escape rates simply based on the local mean field density. The effect is particles
will be more likely to escape from an area of high concentration, and this will counteract any crowding
effects:

λα(x, τ) = λ(x, τ) + αλ(ρ(x, t)), µα(x, τ) = µ(x, τ) + αµ(ρ(x, t)).

We can organise the difference between αλ and αµ in an analogous manner. If we write,

pα,λ(x, t) =
αλ(ρ(x, t))

α(ρ(x, t))
, pαµ

(x, t) =
αµ(ρ(x, t))

α(ρ(x, t))
,

and choose αλ and αµ such that,

pα,λ(x, t) = Be−κ(ρ(x+l,t)−ρ(x,t)), pαµ
(x, t) = Be−κ(ρ(x−l,t)−ρ(x,t)),

where B satisfies pα,λ(x, t) + pαµ
(x, t) = 1. We can approximate the difference:

pα,λ(x, t)− pαµ
(x, t) = −lκ

∂ρ

∂x
+ o(l).
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We then obtain the nonlinear fractional equation written in full:

∂ρ(x, t)

∂t
=

∂

∂x

[

l2β

g(x)

dS

dx
e−Φ(x,t)D

1−ν(x)
t ρ(x, t)eΦ(x,t) − l2κ

∂ρ

∂x
α(ρ(x, t))

]

+
∂2

∂x2

[

l2

2g(x)
e−Φ(x,t)D

1−ν(x)
t ρ(x, t)eΦ(x,t) + α(ρ(x, t))ρ(x, t)

]

.

(6.2)

Notice here that it is not possible to separate the additional escape from the subdiffusive transport terms,
with the former appearing as a convolution under the fractional derivative operator. The transport and
diffusion are controlled both by the chemotaxis and the local gradient of the mean field.

6.1. Linear tempering

In this subsection, we wish to find the stationary version of equation (6.1) when the additional nonlinear

escape rates αλ(ρ(x, t)) and αµ(ρ(x, t)) are independent of ρ. Now Φ(x, t) =
∫ t

0
α(ρ(x, s))ds = α(x)t and

the fractional escape rates (5.4) become:

iλ(x, t) = a(x)e−α(x)tD
1−ν(x)
t

[

ρ(x, t)eα(x)t
]

+ αλ(x)ρ(x, t),

iµ(x, t) = b(x)e−α(x)tD
1−ν(x)
t

[

ρ(x, t)eα(x)t
]

+ αµ(x)ρ(x, t).
(6.3)

The stationary density is defined in limit s→ 0 as,

ρst(x) = lim
s→0

sρ̂(x, s),

and the stationary escape rates as,

iλ,st(x) = lim
s→0

ŝiλ(x, s), iµ,st(x) = lim
s→0

ŝiµ(x, s).

By the shift theorem, the Laplace transforms of equations (6.3) are:

îλ(x, s) = a(x)[s+ α(x)]1−ν(x)ρ̂(x, s) + αλ(x)ρ̂(x, s),

îµ(x, s) = b(x)[s+ α(x)]1−ν(x)ρ̂(x, s) + αµ(x)ρ̂(x, s).

Then the stationary escape rates can be written in the Markovian form,

iλ,st(x) = λν(x)ρst(x),

iµ,st(x) = µν(x)ρst(x),

where

µν(x) = b(x)α(x)
1−ν(x)

+ αµ(x),

λν(x) = a(x)α(x)
1−ν(x)

+ αλ(x).

The stationary limit of nonlinear fractional equation (6.1) reduces to the 2nd order ODE

∂

∂x
(vν(x)ρst(x)) =

∂2

∂x2
(Dν(x)ρst(x)) , (6.4)

where,

Dν(x) =
l2

2

(

(τ0(x)α(x))
1−ν(x)

Γ (1− ν(x))τ0(x)
+ α(x)

)

, vν(x) = Dν(x)2β
dS(x)

dx
,

with,
dS(x)

dx
=

2

l

λν(x)− µν(x)

µν(x) + λν(x)
.
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6.2. Nonlinear tempering

If a stationary distribution exists, then the tempering parameter e−
∫

t

0
α(ρ(x,s))ds can be written e−α(ρst(x))t

as t → ∞. Following the same procedure as for the linear case in the previous subsection, we arrive at
the stationary nonlinear fractional equation:

∂

∂x
(vν(ρst, x)ρst(x)) =

∂2

∂x2
(Dν(ρst, x)ρst(x)) , (6.5)

where,

vν(ρst, x) =
lβ

g(x)

dS(x)

dx
α(ρst)

1−ν(x)
+ lκ

dρst
dx

α(ρst), (6.6)

and,

Dν(ρst, x) =
l2

2

(

(τ0(x)α(ρst))
1−ν(x)

Γ (1− ν(x))τ0(x)
+ α(ρst)

)

. (6.7)

Note that the velocity depends on the difference αλ(x)− αµ(x) = −lκdρst

dx
α(ρst(x)). So the shape of the

mean field density can influence the transport.

This equation can be solved by direct Monte Carlo simulation of fractional master equation (3.11), or
by simulation of Markovian evolution equation from which balance equation (2.1) is derived:

ξ(x, t+∆t, τ +∆τ) = ξ(x, t, τ)(1− λ(x, τ)∆τ − µ(x, τ)∆τ)(1− αλ(ρ)∆t− αµ(ρ)∆t). (6.8)

The simulated result is shown in Fig. 1. In this particular case, chemotaxis forces drive particles from
the right to the left. In the absence of tempering, case A, we have the decaying aggregation pattern with
maximum at the boundary x = 0. In the nonlinear cases B and C we observe the interesting phenomena
of the particles being driven to the right and finding a new local maximum. The is purely a result of the
nonlinear interaction.

7. Conclusion

In this paper we studied a non-Markovian random walk model which included nonlinear particle interac-
tions and chemotactic forcing. The nonlinear particle interactions were introduced to the model through
the modified escape rates (2.1). We derived the general non-Markovian master equation which included
the exponential factors involving the nonlinear escape rates. In the subdiffusive case, the master equation
includes the Riemann-Liouville fractional derivative with the nonlinear factors acting as a tempering to
the anomalous trapping mechanism.

In the diffusive limit, l → 0, we have a nonlinear fractional equation (6.2). In the long time stationary
limit, the diffusion coefficient includes both the rate of additional escape α and subdiffusive anomalous
exponent ν(x). We find that if the rate α is independent of the mean field density, the stationary solution
can be found to be of Boltzmann type, and anomalous aggregation is not observed. In the case of nonlinear
dependence of α upon ρ we have also derived a stationary nonlinear equation (6.5). The main result of
this paper is that the nonlinear tempering due to nonlinear escape, (2.2), leads to nonlinear advection
and diffusion. One can see from (6.6) and (6.7) that advection and diffusion depend on nonlinear escape
rate α(ρ). In Section 2.1 we discuss how α(ρ) relates to volume filling and adhesion.

This nonlinear fractional equations could be solved by direct Monte Carlo simulation of the master
equation (5.5). We have simulated a particular case of tempered anomalous subdiffusion, in Fig 1.
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Figure 1. Simulated stationary profiles ρst(x) for non-Markovian random walk eq. (6.8)
in quadratic stationary chemotactic profile, D, S(x) = 0.5x2 on bounded domain [0, 1]

with no-flux boundary conditions. Rates: λ(x, τ) = ( 12 − l dS(x)
dx

) ν
τ0+τ

, µ(x, τ) = ( 12 +

l dS(x)
dx

) ν
τ0+τ

. With parameters l = 0.1, t = 106. Chemotactic substance profile, D,

scaled for illustration. A: Approximate simulated solution to eq. (6.4) with no nonlinear
tempering. B: Simulated results of eq. (6.5) with nonlinear tempering terms αλ(ρ(x, t)) =
0.9ρ(x, t), αµ(ρ(x, t)) = 0.1ρ(x, t). C: Effect of stronger nonlinear tempering terms to
eq. (6.5) αλ(ρ(x, t)) = 9ρ(x, t), αµ(ρ(x, t)) = ρ(x, t).
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