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Abstract. The problem of dealing with complexity arises when we fail to achieve a desired
behavior of biological systems (for example, in cancer treatment). In this review | formulate the
problem of tackling biological complexity at the level of large-dimensional datasets and complex
mathematical models of reaction networks. | show that in many cases the complexity can be
reduced by using approximation by simpler objects (for example, using principal graphs for data
dimension reduction, and using dominant systems for reducing complex models). Examples of
dealing with complexity from various elds of molecular systems biology are used, in particular,
from the analysis of cancer transcriptomes, mathematical modeling of protein synthesis and of
cell fate decisions between death and life.
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1. Introduction

We struggle with the complexity of biological systems, which are resistent to our attempts to understand
and, hence, e ciently manipulate them.

The notion of complexity is multi-faceted since many di erent notions hide behind the \complexity"
term: the number of elements or connections between them, number of intrinsic degrees of freedom, non-
triviality of behavior, non-linearity of mathematical equations, di culties with abstraction, etc. Some
researchers associate the notion of complexity with non-linearity or large dimension. Others connect
complexity with emergence and self-organisation [54]. Some point out that the main challenge on this
way is to distinguish complicated and truly complex systems, though no consensus view on the nature of
this distinction exists in the community. Complexity of biological systems is tightly connected to their
robustness and the history of their evolution [1,67].

In his \millennium™ interview, Stephen Hawking said \I think the next century will be the century of
complexity”. What is meant here is that in the XXI century most of scienti ¢ e ort will be devoted
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not to discovery of new scienti c laws; but rather, knowing the fundamental laws, to understanding how
complex systems are assembled and function. Citing another paper on complexity theory, \a new scheme
of actions became dominant in the struggle with complexity. The complexity is recognized as the gap
between the laws and the phenomena. We assume that the laws are true. We can imagine a \detailed"
model for a phenomenon but because of complexity, we cannot work with this detailed model. We can
imagine a detailed kinetic equation for a reaction network but cannot nd reaction rate constants and
cannot work with this large system even if it is true™ [30].

In this view, complexity is presented as an obstacle for the human mind, equipped with modern
technology, to interpret the behavior of complex systems based on a set of simple laws with deductive
reasoning, whether it uses common sense or computational approaches.

From an abstract point of view, there are two methods for dealing with complexity: on the one hand
those based on model or dimension reduction and on the other those based on self-averaging [1,22]. To
understand this dichotomy, we can think of a complex phenomenon as an object existing in a multi-
dimensional space (e.g., a set of points or trajectories or a vector eld). Our perception of this object
is inevitably low-dimensional because our mind is organized by representation of our motion in three-
dimensional space and the convenient static visualisation is two-dimensional. Therefore, we can represent
our perception as a projection of the object from high-dimensional to low-dimensional space. A biological
function can be also considered as a projection of its high-dimensional microscopic detailed description
onto a low-dimensional space where it is manifested at macroscopic level.

The reducible complexity model states that despite the fact that the complex object is embedded
in a high-dimensional space, intrinsically, it remains low-dimensional with a relatively small nhumber of
degrees of freedom (case of injection of a low-dimensional object into multidimensional space). Reducible
complexity of data often means existence of lower-dimensional principal manifolds. Reducible complexity
of dynamical systems is manifested in low-dimensional intrinsic structure of their attracting sets or
existence of low-dimensional invariant manifolds [23,24]. Another frequent type of reducible complexity
is a system’s structure following some relatively simple organisational principle. One of the most common
principles is the hierarchical organisation. In biological networks, this type of hierarchical reducible
complexity is revealed in the existence of modules, compartmentalisation, multiple concentration and
time scales [61]. In physiology, it can be seen as the construction of an organism from organs, tissues and
cells.

By contrast, self-averaging complexity is associated with truly high-dimensional objects that do not
possess any intrinsic low-dimensional simple structure. However, projections of this object on most of the
low-dimensional screens will look very similar. A good mathematical metaphor for this type of complexity
is a multi-dimensional shape (a hypercube, a hypersphere) uniformly sampled by points. After projection
on any two-dimensional plane, most of the points will be located very close to the center of the projection
distribution. Moreover, the distribution of the projected points will be very close to a normal one (i.e.
Gaussian). In statistical physics, this corresponds to the well-known Maxwellian distribution. Generally
speaking, self-averaging is a manifestation of the Gromov’s measure of concentration phenomenon: truly
high-dimensional objects look very small (concentrated) after projection onto a low-dimensional space
and most of the distributions become almost normal after projections on the low-dimensional subspaces
[39].

Wild complexity cannot be simpli ed neither by reduction nor by averaging. There is no good lowdi-
mensional screen to observe objects possessing this property: di erent projections will give di erent
representations of the object, with new features. One cannot dissect this complexity with levels because
there is no clear separation between them, they all coexist and penetrate into each other. There is no
time or space scale separation; most of the processes are happening at the same time and everywhere
with strong between-scale coupling. In wild complex systems, many local perturbations produce global
e ects which might be very di erent from one perturbation to another similar perturbation.

Examples of wild complexity are actually rare, because its de nition comes from a negation: it is a
complexity that cannot be reduced or averaged whereas any simple illustrative example will be already
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reduced or averaged. Probably, one of the few examples can be found in the collective neuron excitation
dynamics of our brain. [45] developed a computer brain model with one million multi-compartmental
spiking neurons and a billion synapses. The model is calibrated to reproduce known types of responses
recorded in vitro in rats. Computer simulations of this model show overwhelmingly complex dynamics
characterised by global excitation-like responses, spontaneous activity, sensitivity to changes in individual
neurons, functional connectivity on di erent scales. The complexity of this model can be tentatively
characterised as wild.

A super cially similar, but actually distinct notion is that of irreducible complexity. As used in
evolutionary theory, this notion is historically associated with intelligent design ideas (in particular,
by Michael Behe). The irreducibly complex systems were de ned as composed of several well-matched,
interacting parts that contribute to the basic function, wherein the removal of any one of the parts causes
the system to e ectively cease functioning, i.e. as extremely fragile systems. The notions of wild and
irreducible complexities are related to di erent problem statements: the rst is related to impossibility
to nd a simple representation while the second is about impossibility to \simplify" by removing a part.

In the eld of systems biology, complex datasets (e.g., genome-wide measurements, omics data) and
complex models (e.g., global interaction networks) are appearing at an increasing rate. An important
question is to what extent we are able to simplify them in order to understand and control the biological
system’s behavior. Below | present several projects in which this question was addressed in di erent
ways, and speci ¢ computational or mathematical tools that have been used to answer it.

2. The Big Data of Molecular Biology

2.1. Curse of data quantity and of data dimensionality

The current state of molecular biology and genetics is characterized by unprecedented in ux of quanti-
tative data. Twenty years ago, bioinformaticians used to deal only with relatively small and fragmented
collections of genetic sequences, to which they applied careful and intellectually challenging analyses (such
as estimation of the mutation rates). Modern biotechnology allows generating data at an exponential
rate, the exponent of which is larger than that in the Moore’s law, which describes the growth of the
computational power in hardware [1]. This growth rate inevitably leads to the situation when storing
and analyzing the data becomes more expensive than producing them.

The technological challenge of e cient storage, compressing and pre-treating the data is accompanied
by the scienti ¢ challenge of using the data in order to extract useful knowledge from them. A biological
sample can be characterized by increasing number of quantitative features. In the beginning of the
microarray era one had few tens of thousands of measurements per sample. Using modern sequencing
techniques, the number of extractable numerical features such as the number of RNA counts, di erent
forms of RNA, mutations or epigenetic modi cations of DNA, variations in DNA sequence, grew by
several orders of magnitude. For example, a sample from tumour biopsy can be characterized by the
corrupted genome sequence and abberant DNA structure in tumoral cells and averaged concentrations of
a hundred of thousands of biologically relevant molecules in cells and their microenvironment. This leads
to a methodological problem known as \small n, big p" problem (where n is the number of samples and
p is the number of quantitative features describing the sample).

Imagine that a biological sample is a point in a multidimensional space whose dimension equals to
the number of measured numerical features. A collection of samples is represented as a cloud (discrete
distribution) of points in this space. If this distribution is truly multidimensional (there is no low-
dimensional subspace around which this cloud is concentrated) then the average distance between a point
and its closest neighbor and the average distance between all pairs of points are comparable. Imagine a
ranking of points from a selected point sorted by distance. In the truly multidimensional situation, adding
a small amount of noise to the position of data points risk to change this ranking drastically. This is the
essence of the curse of dimensionality. Most of the statistical methods, including the simplest k-nearest
neighbors classi ers and linear predictors, performs very poorly in such conditions, their parameters are
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too sensitive to imprecisions in data measurements or to random removal of a small fraction of samples
from the dataset.

One of the manifestations of the curse of dimensionality is di culty of nding recurrent patterns
in the data such as frequently repeated events. In cancer, for example, most of the mutations which
can in principle serve as biomarkers of the treatment success, are present at very small frequencies.
This hampers evaluating their statistical signi cance and requires an enormous (and not always feasible)
amount of biological samples.

Typical methods which were developed to overcome this type of complexity are feature selection
methods, regularization and dimension reduction. | will consider in more detail below a particular family
of methods of dimension reduction, connected to construction of principal manifolds.

2.2. Linear and non-linear data dimension reduction

For data approximation, the notion of the mean point can be generalized by more complex types of
objects. In 1901 Pearson proposed to approximate multivariate distributions by lines and planes [59].
This idea gave born to the Principal Component Analysis (PCA) which nowadays is a basic statistical
tool. Principal lines and planes go through the \middle" of multivariate data distribution and correspond
to the rst few modes of the multivariate Gaussian distribution approximating the data. See application
of the method of principal components to visualize the structure of cancer genome in Figure 1.

Figure 1. Visualization of cancer genome. This is a PCA plot of genome lo-
cuses characterized by their pro les of copy number changes in a series of 160 breast
and ovarian cancer cell lines, available in Broad Cancer Cell Line Encyclopedia
(http://www.broadinstitute.org/ccle/home). Di erent colors designate di erent chro-
mosomes (starting from blue, 1st chromosome, to red, 23rd, or X-chromosome, p and
g signify two chromosome arms). The horizontal PCA axis is approximately associated
with the frequency of gains (on the right) and losses (on the left). The vertical PCA
axis does not have evident interpretation. Those chromosome arms located closely on
the plot have similar pro les of gains and losses. The data for this analysis were kindly
provided by Dr. Tatiana Popova.
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Data approximation methods can be extended for other types of principal objects: rst of all, to
non-linear manifolds of various topologies. Using this principal object type inspired the creation of the
method of elastic maps for constructing principal manifolds [25,31,32,36,69]. The method uses an analogy
between smooth surface and elastic membrane and consists in optimizing a penalized data approxima-
tion functional which can be interpreted as elastic energy of a system of springs. The method is im-
plemented in several software packages available online (http://bioinfo-out.curie.fr/projects/vidaexpert,
http://bioinfo-out.curie.fr/projects/elmap,
http://bioinfo-out.curie.fr/projects/vimida ).

The method of elastic maps was applied in bioinformatics to many di erent tasks. It was used to
visualize the universal 7-cluster structure of bacterial genomes [37,38] and the structure of codon usage
in genomes of various organisms [12,68]. Elastic maps allow approximation of molecular surfaces of
complex molecules and visualizing them [32]. It is routinely used for analysis of microarray data in
cancer biology [34,35,68] and in biology of microorganisms [14]. The method of elastic maps was applied
in quantitative biology for reconstructing the curved surface of a tree leaf from a stack of light miscroscopy
images [19].

In [25] we developed a series of systematic tests to quantify the quality of data projection onto a non-
linear principal manifold in terms of preserving the structure of small and big distances and conserving
class relations between data points. These methods were applied to transcriptomic datasets and it was
shown that two-dimensional non-linear principal manifolds perform systematically better than two- or
three-dimensional linear principal manifolds, which is an indication of the intrinsic non-linear structure
of transcriptomic data.

Recently, the idea of non-linear principal manifolds was revived in molecular biology data analysis:
for example, for describing the progression of colon cancer from hyperplasia to metastasis [18]. Under
di erent names (e.g., Wanderlust algorithm), the idea of principal curves was applied for approximating
the large-scale data in development studies, including applications to single-cell molecular pro ling [2].

Further extension of the method led to the idea of approximating datasets by arbitrary graphs (principal
graphs) [28,29,34,35]. It was suggested to de ne such graphs by applying topological grammars [28]. The
simplest possible grammar leads to the method of principal trees. A principal tree allows approximating
complex datasets having intrinsic branching structure (such as molecular pro les of cell lineage data), see
Figure 2.

Recently, we used approximation of datasets by principal trees in order to evaluate the complexity
of the datasets [73]. We introduced three natural types of data complexity: 1) geometric (deviation
of the data’s approximator from some \idealized" con guration, such as deviation from harmonicity);
2) structural (how many elements of a principal graph are needed to approximate the data), and 3)
construction complexity (how many applications of elementary graph transformations are needed to
construct the principal object starting from the simplest one). We computed these measures for several
simulated and real-life data distributions and showed them using the \accuracy-complexity" plots, helping
to optimize the accuracy/complexity ratio.

Reduction of the data dimension represents the rst step towards controlling biological complexity. Re-
ducing the number of variables by eliminating uninformative ones or lumping the variables into weighted
combinations helps in extracting the knowledge from the data for hypothesizing and further analyses.

2.3. Blind source separation of biological signals

One can be interested in studying the numerical object features (such as expression of a particular gene)
across a number of biological samples. This situation can be represented as a distribution of p points in
n-dimensional space, where p n. Such representation helps answering the following question: which
biological or technical factors a ect the genome-wide measurements (for example, the transcriptome)?
The biological factors can be activities of transcription factors or other various in uences coming from
a particular intercellular context or from the environment. The technical factors can be various biases
connected to the preparation or even extraction of the samples, or to the technology used. The combi-
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