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Abstract.We study the coarse-grained, reduced dynamics of an agent-based market model due
to Omurtag and Sirovich [18]. We first describe the large agent number, deterministic limit of
the system dynamics by performing numerical bifurcation calculations on a continuum approx-
imation of their model. By exploring a broad parameter space, we observe several interesting
phenomena including turning points leading to unstable stationary agent density distributions
as well as a type of “termination point.” Close to these deterministic turning points we expect
the stochastic underlying model to exhibit rare event transitions. We then proceed to discuss a
coarse-grained approach to the quantitative study of these rare events. The basic assumption
is that the dynamics of the system can be decomposed into fast (noise) and slow (single reac-
tion coordinate) dynamics, so that the system can be described by an effective, coarse-grained
Fokker-Planck(FP) equation. An explicit form of this effective FP equation is not available;
in our computations we bypass the lack of a closed form equation by numerically estimating
its components - the drift and diffusion coefficients - from ensembles of short bursts of micro-
scopic simulations with judiciously chosen initial conditions. The reaction coordinate is first
constructed based on our understanding of the continuum model close to the turning points,
and it gives results reasonably close to those from brute-force direct simulations. When no
guidelines for the selection of a good reaction coordinate are available, data-mining tools, in
particular Diffusion Maps, can be used to determine a suitable reaction coordinate. In the third
part of this work we demonstrate this “variable-free” approach by constructing a reaction coor-
dinate simply based on the data from the simulation itself. This Diffusion Map based, empirical
coordinate gives results consistent with the direct simulation.

Keywords and phrases: agent based modeling, coarse-graining, equation-free computation,
rare events

Mathematics Subject Classification: 35Q91, 37G10, 37H20, 65P30

c© EDP Sciences, 2015

Article published by EDP Sciences and available at http://www.mmnp-journal.org or http://dx.doi.org/10.1051/mmnp/201510307

http://publications.edpsciences.org/
http://www.mmnp-journal.org
http://dx.doi.org/10.1051/mmnp/201510307


“OS˙ABM˙MMMP˙052315” — 2015/5/23 — 21:47 — page 72 — #2
✐

✐

✐

✐

✐

✐

✐

✐

Ping Liu, C.I. Siettos, C.W. Gear, I.G. Kevrekidis Equation-free agent-based computation

1. Introduction

In recent years agent-based modeling has become a powerful mathematical/computational modeling
technique with a broad spectrum of applications, varying from ecology [1,2,10] to economics and financial
systems [23,24,29], and from traffic and supply chain networks [11,19,28] to biological [3,27,30] and social
[9, 12, 17] systems.

In agent-based modeling, agents are treated as unique and discrete entities. They interact with each
other and make their own “decisions” through detailed interaction rules. Modelers expect to study the
macroscopic, population level dynamical behavior (what is called emergent behavior) through extensive
direct simulations in time. Such a bottom-up approach is flexible because fine details of the interactions
can be easily specified at the agent level. On the other hand, the modeler is interested in macroscopic,
population level information, and this information can be much more efficiently extracted from contin-
uum, population level evolution equations (e.g. partial differential equations), for which a wealth of
computational tools and algorithms exists. The derivation of such population-level equations in closed
form is, however, often practically impossible; and even in the cases where accurate macroscopic equations
can be derived, a simple change in a microscopic rule would invalidate them. To overcome this obsta-
cle, over the last years Kevrekidis et al. [13, 14] developed a systematic computer-assisted methodology
aimed at extracting and understanding coarse-grained, emergent dynamics by bridging agent-based sim-
ulations with macroscopic, systems-level, continuum numerical analysis. This methodology is termed the
“Equation-Free approach” as it bypasses the derivation of macroscopic evolution equations when these
equations conceptually exist but are not available in closed form. This is achieved by using appropriately
initialized short bursts of the agent-based simulator to estimate on the fly the coarse-grained numerical
quantities required for continuum algorithms (e.g. residuals, actions of Jacobians, etc.).

In our previous work [25] we have demonstrated how the Equation-Free concept [13–15] can be applied
to perform coarse bifurcation analysis and controller design using agent-based models. Our illustrative
example is a financially motivated agent-based model proposed by Omurtag and Sirovich [18]. It simulates
the behavior of a large population of investors that buy or sell on the basis of information from the external
environment and the action of other agents. In that work, by using what we refer to as the “coarse time
stepper” [22] we constructed the coarse bifurcation diagram of the agent density distribution with respect
to a bifurcation parameter quantifying the strength of interactions between agents. We obtained a stable
branch of coarse stationary solutions and also an unstable stationary branch which cannot be found by
long-term temporal simulations. It was shown that the instability observed in the system dynamics is
the result of a coarse saddle-node bifurcation. A wash-out controller was also designed based on the
information (Jacobian and control matrix) extracted on demand from the coarse time stepper, and was
used to stabilize the open-loop unstable macroscopic system behavior.

Close to the coarse-grained turning points, however, the noise inherent in the stochastic agent-based
model will manifest itself in fluctuations that can eventually “overshoot” the stable branch and cause a
form on intense (explosive) instability; this phenomenon is consistent with the occurrence of rare events in
stochastic differential equations. In this article we extend the scope of our coarse-graining computational
technology, and show how to obtain reduced models capable of quantifying these rare event transitions.

The paper is structured as follows: After a brief description of the financial market model (Omurtag and
Sirovich, [18]) we perform a two-parameter bifurcation study of its dynamics (to be precise, of the dynam-
ics of its continuum approximation) to set the stage for the occurrence of rare events in the neighborhood
of continuum saddle-node (turning point) bifurcations. At selected parameter regimes we construct rep-
resentative one-parameter bifurcation diagrams. We also demonstrate that coarse bifurcation diagrams
of the agent-based model (constructed using the Equation-Free approach) match qualitatively the ones of
the approximate continuum model. By exploring a wide parameter space, we observe several interesting
phenomena: turning points of the unstable solution branch (beyond the ones presented in previous work),
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a special triangle-like probability density profile, as well as so-called “termination points” (beyond which
no steady state solution exists).

We subsequently demonstrate how the Equation-Free approach can be extended to perform rare event
analysis using the agent-based model. Far from the continuum turning points the problem appears to
be well-approximated by a deterministic model, and the coarse-grained dynamics are governed by a
Fokker-Planck-type partial differential equation (PDE). However, at the region near the turning points,
due to the inherent model stochasticity, the very slow one-dimensional dynamics, and also due to the
closeness (in phase space) between the stable and unstable stationary states, the problem is more suitably
modeled by a (one-dimensional) Langevin-type stochastic differential equation (SDE). In this context,
the deterministic stable stationary states are actually metastable ones: it is seen that after some (possibly
long) time the state of the population may escape from the region of attraction of the “stable” stationary
state. This escape is the rare event we study. The distribution of escape times for this rare-event is
analyzed in Section 3.

The implementation of equation-free algorithms requires knowledge of the appropriate coarse-grained
variables (the collective statistics of the agent based model, in terms of which the coarse-grained equations,
whether deterministic or stochastic Markovian, would be formulated). In many cases such coarse variables
are known from physical exprience/understanding, or from an approximate continuum model; in our case,
the Fokker-Planck approximation does suggest a good coarse variable for the one-dimensional effective
Langevin SDE we will study in Section 3. In recent years there have been significant breakthroughs in
using data-mining techniques that pass low-dimensional nonlinear manifolds through high-dimensional
simulation data and simultaneously provide information about the dimensionality of such manifolds. One
can think of techniques such as Isomap [26], or Diffusion Maps [4, 5, 16] that we use here, as nonlinear
extensions of Principal Component Analysis (Proper Orthogonal Decomposition in the model reduction
literature [20]). In the third part of this article we demonstrate how the application of Diffusion Maps to
simulation data detects appropriate coarse-grained variables in terms of which our macroscopic effective
model can be written. In section 4, we conduct the rare event analysis with these coarse variables and
observe that the diffusion map approach gives comparable results to the ones using knowledge-based
coarse variables.

2. The model and its bifurcation analysis

2.1. The agent-based model

In our previous published work [25] we studied an agent-based financial market model initially described in
Omurtag and Sirovich [18]; this model simulates the actions of buying and selling by a large population
of interacting individuals in the presence of mimesis. In this model, each agent’s propensity to buy
or sell is indicated by its scalar preference state. The preference state xi=1,2...N (t) of each individual
i = 1, 2...N evolves with time in the one-dimensional “artificial world” xi(t) ∈ (−1, 1) according to two
coupled processes. The first one is the exponential decay of xi(t) towards the neutral state 0 at the
constant decay rate γ. This decay implements the assumption that each agent tends to gradually forget
its current preference state and tends to be neutral in its preference for buying or selling in the absence
of information.

The second one is a stochastic process denoted by Ii(t) which represents the effect of the incoming
information to each preference state xi(t). Ii(t) basically tells us three things: (1) when the incoming
information arrives; (2) what kind of information (i.e. “good” or “bad”) it is; (3) how this information
affects the state xi(t). The arrival of incoming information is assumed to follow a Poisson distribution
with average arrival frequency (ν++ν−), where ν+ denotes the average arrival frequency for “good news”
and ν− denotes the one for “bad news”. The average arrival frequencies are defined as follows:

ν± = ν±ex + gR± (2.1)
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where the parameter ν+ex (resp. ν
−
ex) represents the contribution of the external information each individual

draws from its environment (e.g. mass media news or opinions of stock market consultants). R+ and R−

are the buy and sell rate respectively, defined as the number of buys or sells that occur in the market
per unit time, normalized by the total number of agents in the market (we assume there is a very large
external pool, so that R+ and R− do not need to be equal). The parameter g is a feedback constant
which tells us to what extent the average arrival frequency is determined by the buy (or sell) rate. Since
the buy or sell rate is a collective property of the population (i.e. all the agents in the market), the second
term of Eq.(2.1) gR± tells us how each individual agent’s preference state is affected by the collective
behavior of the entire population.

Each “quantum” of information that arrives has probability ν+/(ν+ + ν−) to be good news and
probability ν−/(ν+ + ν−) to be bad news. When good news arrives, the value of xi(t) is increased
instantaneously by a fixed amount ǫ+ (ǫ+ > 0); similarly, when bad news arrives, xi(t) is decreased
instantaneously by a fixed amount −ǫ− > 0 (ǫ− < 0). If after a positive jump the value of xi(t) exceeds
the positive boundary (i.e., xi(t) > 1), then a “buy” is considered to occur, and the number of buys
for that time interval is increased by one. Similarly after xi(t) crosses the negative boundary (i.e.,
xi(t) < −1), the number of “sells” is increased by one. In either case xi(t) is set back to the neutral state
(i.e., xi(t) = 0) after the number of buys or sells is updated. In this way, each individual agent’s decision
can also affect the population’s collective behavior.

This discrete jump process and the previously mentioned exponential decay process together form
the evolutionary rule for each agent’s preference state xi, which can be summarized as the following
(stochastic differential) equation

dxi
dt

= −γxi(t) + Ii(t). (2.2)

2.2. Population-level dynamics and the Fokker-Planck approximation

It is possible to derive a concise description of the dynamics of a large assembly of agents by keeping track
of the probability of finding an agent at some preference state, rather than tracking the preference states
of every single agent in the population. This is accomplished by deriving an equation for ρ(x, t), the
probability density of agents at preference state x at time t. We can also imagine ρ(x, t) as the density
of agents averaged over a large number of replicas of the population. From continuity considerations,
Omurtag and Sirovich [18] derived the following population-level equation which describes the evolution
of the probability density ρ(x, t).

∂ρ

∂t
= −γ

∂(xρ)

∂x
+

∑

k=+,−

νk(ρ(x− ǫk, t)− ρ(x, t)) + (R+ +R−)δ(x) (2.3)

For small ǫk, k = +,− by expanding ρ(x − ǫk, t) about ρ(x, t) in terms of ǫk and truncating terms
higher than second order in ǫk, they obtained the following Fokker-Planck approximation:

∂ρ

∂t
= γ

∂((x− p)ρ)

∂x
+

1

2
σ2 ∂

2ρ

∂x2
+ (R+ +R−)δ(x) (2.4)

where p = (ν+ǫ+ + ν−ǫ−)/γ and σ2(t) = ν+(ǫ+)2 + ν−(ǫ−)2. The fact that agents moving to/beyond
x = ±1 are restored to the origin x = 0 dictates that ρ(x = ±1, t) = 0. The buy and sell rates are defined
as fluxes across the boundaries R± = ∓ 1

2σ
2∂ρ/∂x |x=±1. By setting the time derivative to zero, we can

arrive at an analytical solution for the stationary states of Equation (2.4) in the following form:

ρL(x) = f1(x; ǫ
+, ǫ−, ν+ex, ν

−

ex, γ, g, R
+, R−) (2.5)

ρR(x) = f2(x; ǫ
+, ǫ−, ν+ex, ν

−

ex, γ, g, R
+, R−) (2.6)

R+ = h1(ǫ
+, ǫ−, ν+ex, ν

−

ex, γ, g, R
+, R−) (2.7)

R− = h2(ǫ
+, ǫ−, ν+ex, ν

−

ex, γ, g, R
+, R−) (2.8)
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Figure 1. Two-parameter partial bifurcation diagram generated by MATCONT based
on the analytical FP solution. The two parameters are the positive jump size ǫ+ and the
feedback factor g. The negative jump size ǫ− is fixed at -0.072.(CP: cusp point)

where ρL(x) and ρR(x) denote the probability density profiles at the left and right half of the space
domain, respectively. The detailed expressions for f1, f2, h1, h2 are given in the Appendix. By inserting
the above set of nonlinear equations into software like AUTO/MATCONT [6, 7], we can perform the
bifurcation analysis for the Fokker-Planck approximation (Eq.(2.4)) of the model. Fig. 1 shows the
two-parameter bifurcation diagram generated by MATCONT based on the analytical expressions (2.5)
- (2.8). The two free parameters in Fig.1 are the positive jump size ǫ+ and the feedback factor g. We
fix the negative jump size ǫ− at -0.072. A cusp point appears when the positive jump size equals the
negative one. Next, we select two representative regimes in the two-parameter bifurcation diagram to
perform illustrative one-parameter cuts. In addition to ǫ−, we also fix ǫ+ leaving the feedback factor
g as the only free parameter for this one-parameter bifurcation analysis. We study two representative
cases – the symmetric and the asymmetric case respectively. In the asymmetric case, ǫ+ and ǫ− have
different magnitude (ǫ+ = 0.075, ǫ− = −0.072), while in the symmetric case their magnitudes are equal
(in particular, we set ǫ+ = −ǫ− = 0.072). Fig. 2(a) and Fig. 2(b) show the one-parameter bifurcation
diagrams for the asymmetric and the symmetric case respectively. The diagrams are plotted in three
dimensions because we are plotting two observed variables versus one free parameter. The first observed
variable is the mean preference state x̄, while the second is the quadratic mean of the buy and sell
rates [((R+)2 + (R−)2)/2]

1

2 . Fig. 3(a) justifies the stabilities of various branches through plots of the
dominant eigenvalues of the Jacobian matrix associated with the (sufficiently finely) discretized Partial
Differential Equation (PDE). Fig. 3(b) shows the probability density profiles of the preference states at
representative parameter values. Fig. 4 demonstrates that the discretized PDE solution converges to the
analytical solution.

Fig. 4(a) and Fig. 4(b) indicate that in the region of relatively small g values, there exists a pitchfork
bifurcation for the symmetric case; and, as a result of the perturbation of the pitchfork, a saddle-node
type bifurcation for the asymmetric case. The pitchfork bifurcation (branch point, BP) occurs when g
is around 84, while the turning point of the saddle-node bifurcation occurs when g is around 42. For
the symmetric (resp. asymmetric) case, by extending the middle (resp. lower) unstable branch to much
greater g values, we observe an additional turning point which occurs when g is around 276 (resp. 248).
The turning point can be seen more clearly in the side-view. As Fig. 3(a) shows, after passing this
latter turning point the number of eigenvalues greater than zero increases from one to two, meaning
the solution acquires even more unstable directions. The bifurcation diagrams also indicate that, for
parameter values of g greater than the value of this latter turning point, there exist no steady state
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Figure 2. Three dimensional views of one-parameter bifurcation diagrams generated
from the analytical solutions for (a) the asymmetric case (ǫ+ = 0.075, ǫ− = −0.072) and
(b) the symmetric case (ǫ+ = −ǫ− = 0.072). The bifurcation parameter is the feedback
intensity g. The two observable quantities plotted are the mean preference state x̄ and
the quadratic mean of the buy and sell rate [((R+)2+(R−)2)/2]

1

2 respectively. Blue color
indicates stability; purple indicates unstable branches with a single positive eigenvalue;
red indicates the unstable branch with two positive eigenvalues; the green curves are the
various projections of the 3D plot to the corresponding 2D planes. (LP: limit point, BP:
branch point)

solutions, nor even unstable ones. More interestingly (see Fig.3), after this latter turning point, the
probability density profile of the agents’ preference states changes from a more normal-like distribution
to a more triangular-shaped one. This is because in the region close to, and beyond, the additional
turning point, the arrival frequencies ν+ and ν− both have a very large magnitude which leads to a large
σ2 (see Eq. (2.4)) value and, simultaneously, a small p value. These two observations together give rise
to the triangular probability density shape.

By extending the unstable branches towards lower values of g we observed so called “termination
points” – parameter values at which the respective unstable branches terminate. We found that these
termination point for both the symmetric and the asymmetric cases is located between g = 13 and g = 14.
For parameter values less than the critical termination value, no unstable steady state solution exists any
more.

Fig. 5 shows the coarse one-parameter bifurcation diagrams for the agent-based code computed based
on the coarse timestepper x(t+∆T ) = φ∆T (x(t)) constructed in our previous work [25]. At the macro-
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Figure 3. Bifurcation results for the asymmetric case(ǫ+ = 0.075, ǫ− = −0.072): (a)
Stability of various fixed point branches. For each branch the leading eigenvalues of
the discretized PDE system at various fixed points are plotted. (b) Probability density
profiles of the preference states at different representative parameter values. (LP: limit
point)

scopic level, we approximate the distribution of the agents’ states by 37 distinct percentile points of the
cumulative distribution function. The precise number of percentile points we use does not matter so
much (as long as they sufficiently resolve the cumulative distribution), as we rely on the microscopic
simulator to “heal” the discrepancies caused by the approximation. The coarse variables are these 37
percentile points plus the buy and sell rates R+ and R−, i.e. 39 coarse variables in total. The sta-
tionary states on the coarse bifurcation diagram have been obtained as fixed points of the agent-based
timestepper averaged over 1000 realizations. The shape and stability type of various branches are seen
to agree qualitatively well with the bifurcation diagrams shown before for the PDE approximation of the
continuous model. The leftmost inset in Fig. 5b shows that the stationary solution, calculated using our
equation-free methodology (through the coarse timestepper) also agrees well with the results from the
long term agent-based simulation.
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Figure 4. Comparison between the analytical solution and the numerically discretized
PDE solutions for (a) the symmetric case, and (b) the asymmetric case. The numerical
PDE solution, obtained by discretizing in different numbers of bins (N=501 in red dash
dot and N=101 in green dash), approaches the analytical solution (in blue solid line).
Detailed probability density profiles are also compared at specific locations of the various
different bifurcation branches to show this convergence.

3. Rare event analysis

For the asymmetric case of the agent-based problem, at regions close to the coarse saddle-node bifur-
cation point the stable stationary state lies quite close (in phase space) to the “approaching” unstable,
saddle-type stationary state. Due to this fact and also due to the stochasticity of the process itself, a
system starting within the region of attraction of the what is a stable steady state in the deterministic
approximation, will eventually escape from this region. An interesting question naturally arises - how
long (on average) does it take for this escape event to take place for a system at a particular value of the
parameter g? We can run the agent-based code repeatedly to obtain the statistics for the escape times
and then calculate the average value, but that would be too costly. In this section we will apply the
equation-free approach to perform an “economical” coarse-grained rare event analysis to estimate these
escape times and their distribution. We observe that this approach saves a very large fraction of the
“brute force” computational time required by direct simulations while giving quantitatively comparable
results.

This section starts with a brief discussion of the relevant theoretical background; then a “knowledge-
based” 1D coarse reaction coordinate is proposed, and the hypothesis of an effective one-dimensional
Fokker-Planck equation along this reaction coordinate is tested; finally the rare event analysis results are
presented.
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Figure 5. Coarse bifurcation diagram computed by wrapping the Newton-GMRES
scheme around the coarse timestepper of the agent-based code with Nagents =
50000, Ncopies = 1000 and T ime horizon = 0.25× 4. Fig. 5a shows the symmetric case
(ǫ+ = −ǫ− = 0.072) and Fig. 5b shows the asymmetric case (ǫ+ = 0.075, ǫ− = −0.072).
The solid line corresponds to the branch with stable fixed points, while the dotted one
corresponds to the branch with unstable fixed points. The standard error for each fixed
point is estimated based on 20 separate runs. The stability of each branch is deter-
mined based on the algebraically largest eigenvalue calculated by wrapping a matrix-free
Arnoldi algorithm around the coarse timestepper. The rightmost inset compares the
coarse fixed points obtained using the equation free methodology with the ones from
long term microscopic simulations.

3.1. Theoretical background

For a general one-dimensional stochastic process ψ(t), the evolution of the probability density P (ψ, t) of
ψ obeys the following integral equation [21]:

P (ψ, t+ τ) =

∫
W (ψ, t+ τ |ψ′, t)P (ψ′, t)dψ′ (3.1)

where W (ψ, t + τ |ψ′, t) is the transition probability from point ψ′ at time t to point ψ at time (t + τ).
The differential form of this equation, known as the Kramers-Moyal expansion [21], is as follows:

∂P (ψ, t)

∂t
=

∞∑

n=1

(−
∂

∂ψ
)nD(n)(ψ, t)P (ψ, t), (3.2)

where,

D(n)(ψ, t) =
1

n!
lim
τ→0

1

τ
〈[ξ(t+ τ)− ξ(t)]n〉|ξ(t)=ψ (3.3)
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are the moments of the transition probability W . The angular brackets here denote ensemble averaging
and ξ denotes a realization of the stochastic process. At the starting point t this has a δ-function
distribution, ξ(t) = ψ.

If the process is Gaussian and Markovian, then all the higher order terms other than the first two in
Eq. (3.3) will vanish, and the Kramers-Moyal expansion Eq.(3.2) reduces to the forward Fokker-Planck
partial differential equation:

∂P (ψ, t)

∂t
= [−

∂

∂ψ
v(ψ, t) +

∂2

∂ψ2
D(ψ, t)]P (ψ, t). (3.4)

Furthermore, if the stochastic process is temporally homogeneous (i.e. if it is invariant with respect to
shifts in the time origin), which is true for processes without external time-dependent forcing, then the
forward Fokker-Planck equation can be written as

∂P (ψ, t)

∂t
= [−

∂

∂ψ
v(ψ) +

∂2

∂ψ2
D(ψ)]P (ψ, t). (3.5)

where, v(ψ) ≡ D(1)(ψ) is the drift coefficient, and D(ψ) ≡ D(2)(ψ) is the diffusion coefficient. The
drift and diffusion coefficients completely determine the Markov process ψ(t) in the stochastic sense [8].
The forward Fokker-Plank equation is useful in the sense that, with appropriate initial and boundary
conditions, it uniquely determines the evolution of the Markov state density function P (ψ, t|ψ0, t0) of
the process. However, it does not describe the evolution of ψ(t) itself, which we may also want to study.
Fortunately the drift and diffusion coefficients also provide us a way to study the evolution of ψ(t) itself
through the Langevin-type stochastic differential equation:

ψ(t+ dt) = ψ(t) +D1/2(ψ(t))dW (dt) +A(ψ(t))dt, (3.6)

where, A(ψ(t)) and D(ψ(t)) are the drift and diffusion coefficients, dW (dt) is a normal random variable
with mean 0 and variance dt. As long as we obtain the drift and diffusion coefficients, we can essentially
reconstruct both the forward Fokker-Planck equation and the corresponding effective Langevin equation.
After the reconstruction of these two very useful analytical tools, several global characteristics of the
system will be available, such as the potential function G(ψ) (for a scalar problem) as well as the mean
escape time τ (for escapes between potential wells). The potential function G(ψ) can be obtained from
the equilibrium probability distribution which is a solution of the steady-state Fokker-Planck equation,

0 = −
d

dψ
[A(ψ)Ps(ψ)] +

d2

dψ2
[D(ψ)Ps(ψ)]. (3.7)

Substituting the ansatz Peq(ψ) ∝ exp[−G(ψ)] into Eq.(3.7), we obtain the potential function

G(ψ) = −

∫
v(ψ′)

D(ψ′)
dψ′ + lnD(ψ) + const. (3.8)

Another function which is similar to, but different from the potential function is defined as follows,

G0(ψ) = −

∫
v(ψ′)

D(ψ′)
dψ′ + const. (3.9)

G0(ψ) is called the pseudo-potential function (to differentiate it from the actual potential function G(ψ)).
G0(ψ) will be identical to G(ψ) when the diffusion coefficient D(ψ) is constant. Although it is not the
actual potential function, G0(ψ) is useful in mean escape time calculations. In fact, the mean escape
time from a potential well can be written as [8]:

τ(ψ0 → ψe) =

∫ ψe

ψ0

dyeG0(y)

∫ y

∞

dz
e−G0(z)

D(z)
, (3.10)
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where ψ0 is a starting point inside the well and ψe is a point beyond the potential well, where the
probability density is nearly zero. When the y-integrand and z-integrand contribute significantly only
for small regions around ψe and ψ0 respectively, an analytical approximation of Eq.(3.10) is available as
follows [8]:

τ(ψ0 → ψb) ≈ 2π

∣∣∣∣
D(ψb)

D(ψ0)v′(ψb)(v′(ψ0)−D′′(ψ0))

∣∣∣∣

1

2

·e(G0(ψb)−G0(ψ0)). (3.11)

where ψb is the peak of the barrier adjacent to the potential well. For a constant diffusion coefficient,
Eq. (3.11) further simplifies to the well-known Kramers’ escape time:

τ(ψ0 → ψb) ≈ 2π
e[G0(ψb)−G0(ψ0)]

√
G′′

0(ψ0)|G′′
0(ψb)|

. (3.12)

3.2. A knowledge-based reaction coordinate for the agent-based model

In this section we will construct a knowledge-based one-dimensional reaction coordinate for the parameter
regime where the rare event analysis will be performed. After the construction of this reaction coordinate,
a Fokker-Planck equation will be estimated and the mean escape time will be calculated in the following
sections.

In our rare event analysis there are three different levels of description, namely, the microscopic level,
the intermediate (agent density PDE) coarse level and the effective Langevin long-time coarse level. The
microscopic level description refers to the level at which the agent-based simulator operates. At this
level, the microscopic variable X(t) is defined as the input/output variable of the agent-based simulator.
This microscopic variable here was of dimension 25002; 25000 of these refer to the preference states of
the 25000 agents we specified for the system, and the remaining two refer to the current positive and
negative information arrival frequencies (i.e. ν+ and ν− respectively). Next, the intermediate coarse level
refers to the level the coarse, agent density PDE-based timestepper operates. The intermediate coarse
variable(s) x(t) are the input/output variables of the coarse timestepper. This level is 39-dimensional; 37
of these coarse variables refer to our discretization of the single agent density function: they are the 37
percentile points of the cumulative probability distribution of the agents’ preference state; the remaining
two are the current positive and negative information arrival frequencies. The intermediate coarse level
is a population-level description of the agents.

The long-time coarse level is a one-dimensional description of the escape of the collective system state
from metastable wells. The scalar variable associated with this level is denoted as ψ(t) - a single reaction
coordinate.

The rare events are studied in the parameter regime close to (just before) the deterministic saddle-
node turning point. In this parameter region, the single unstable eigenvector of the Jacobian matrix
of the coarse timestepper at the saddle is close to the dominant stable eigenvector (i.e. the eigenvector
corresponding to the eigenvalue with smallest real part) of the Jacobian matrix of the coarse timestepper
at the stable node. These two eigenvectors approach each other closer and closer as the parameter g comes
closer to the turning point. Eventually as g reaches the turning point these two eigenvectors coincide
with each other and form the center eigendirection of the turning point. Based on this knowledge, for
parameter values slightly before the turning point, the collective behavior of the agent population can be
approximately described as moving along the vector pointing from the saddle xsaddle to the node xnode.
This assumption implies that all other variables quickly approach a slow, attracting, one-dimensional
manifold parametrized by the projection on this direction; the statistics of the simulation quickly become
functions of a single long-time coarse variable. Our candidate one-dimensional reaction coordinate ψ can
thus be defined as follows:

ψ = (xnode − x)T
(xsaddle − xnode)

‖(xsaddle − xnode)‖
. (3.13)
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3.3. Validity of the Fokker-Planck equation assumptions.

Based on the coarse reaction coordinate proposed in the last section, we will briefly validate two impor-
tant assumptions behind the effective Fokker-Planck equation description: that the stochastic process is
(approximately) Gaussian and Markovian.

The process ψ(t) is demonstrated qualitatively to be Gaussian in the following way:

1. by initializing many (in this case, 20000 copies of) separate microscopic configurations corresponding
to the same coarse coordinate value ψ0, we construct a “pseudo-delta function” at some specific coarse
coordinate value ψ0;

2. we then propagate this pseudo-delta function by running the microscopic simulator for each of those
20000 microscopic initial configurations for some time t, and throughout this process we record the
microscopic configurations at different transient times ti with i = 1, 2, 3...n;

3. at each ti by restricting the microscopic configurations to their corresponding coarse coordinate values
ψj(ti), j = 1, 2, 3, ...20000, we construct the evolutionary probability density distributions of the coarse
variable ψ(t) at different times ti.

As Fig. 6 shows, the propagated distributions of the coarse variable are well fitted (in the eye norm)
by Gaussian distributions, which validates the assumption that the stochastic process ψi(t) is (approxi-
mately) Gaussian.
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Figure 6. Probability density distributions of the coarse variable ψ(t) after several path
realizations initialized at ψ0 = −0.25.

Showing that the process is (approximately) Markovian is tantamount to showing that the noise term
(the second term) in the Langevin Eq. (3.6) has zero correlation time. Manipulation of the Langevin
equation shows that the correlation time of the noise is proportional to the correlation time of dψ̂(t)/dt,
where

ψ̂(t) = ψ(t)− 〈ψ(t)〉 (3.14)
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Figure 7. Autocorrelation function C(t) of the noise term in the effective Langevin
equation normalized so that C(0) = 1. The function shown is computed for an initial
coarse variable value of ψ0 = −0.25 and is typical of all coarse coordinate values in the
interval between ψnode and ψsaddle, the region we are interested in for our rare event
analysis.

is the fluctuation of ψ(t). Therefore, to show that the noise term has zero correlation time we just need to
show that dψ̂(t)/dt has zero correlation time. The term dψ̂(t)/dt is estimated using forward differences,

dψ̂(t)

dt

∣∣∣∣∣
t=ti

≈
ψ̂(ti+1)− ψ̂(ti)

∆t
, (3.15)

where ∆t is the step size of the coarse time stepper. A normalized autocorrelation function of dψ̂(t)/dt
(and therefore of the noise) for the initial coarse variable value ψ0 = −0.25 is shown in Fig. 7. This
clearly supports the hypothesis that the coarse stochastic process ψ(t) is Markovian.

3.4. Mean escape time results – based on the empirical coordinate.

In this section, we will first demonstrate how the drift and diffusion profiles (see Eq. (3.13)) can be
estimated as functions of the reaction coordinate through short time simulations of the agent-based code.
Then, based on these approximate drift and diffusion coefficients, the mean escape time will be calculated.

The coarse reaction coordinate was discretized into 30 bins of fixed size 0.15. The grid points range
from ψ = −3.3 to ψ = −1.2 in order to span the coordinate space between the saddle and node (and
slightly beyond them). Since the drift and diffusion coefficients are actually the first two moments of
Eq.(3.3), at each grid point ψi, they can be approximated from data obtained through multiple parallel
runs via the following equations:

ν(ψi) ≈
1

∆t
〈ξ(t0 +∆t)− ξ(t0)〉|ξ(t0)=ψi

, (3.16)

D(ψi) ≈
1

2∆t
〈[ξ(t0 +∆t)− ξ(t0)]

2〉|ξ(t0)=ψi
, (3.17)

where the angular brackets denote ensemble averaging, and ξ denotes a realization of the stochastic
process with a δ-function distribution at the starting point t0, ξ(t0) = ψi.

In practice, the initial delta function is approximated in the following way: for each coarse grid point
ψi, first we find its corresponding intermediate coarse variable xi along the direction from the saddle
xsaddle to the node xnode using Eq.(3.13); then we initialize 4000 copies of microscopic configurations
Xj , j = 1, 2, ...4000 consistent with the intermediate coarse variable xi by randomly allocating agents’
preference states between each two adjacent percentile points stored in xi.
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After the initialization, we run the agent-based simulator for each copy of the 4000 microscopic config-
urations for a short time ∆t (one coarse time interval); we then restrict the evolved microscopic variables
back to the corresponding intermediate coarse variables xj(t0 + ∆t), and finally further restrict each
intermediate coarse variable to the corresponding long-time coarse coordinate value ξj(t0 +∆t). We can
now use Eq.(3.16) and Eq.(3.17) to estimate the drift and diffusion coefficients at grid point ψi. The
above procedure is repeated for each grid point. Next, the profile of the effective potential function G(ψ)
and the pseudo-potential function G0(ψ) can be approximated by numerical integration using Eq.(3.8)
and Eq.(3.9). The results are shown in Fig.8.
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Figure 8. Profiles of estimated coarse drift and coarse diffusion coefficient as a function
of the knowledge-based reaction coordinate (as well as of the effective potential and
pseudo-potential) obtained through ensembles of short time agent-based simulations.
The error bars are estimated based on five simulation runs.

Based on these estimated characteristic functions, we can apply the equations mentioned at the end
of section 3 to estimate the mean escape time. Because Eq. (3.10) is computationally more expensive to
apply, and requires data beyond the potential barrier, which are difficult to properly estimate, we decided
to apply Eq.(3.11) for our coarse grained calculation. We specify the starting state ψ0 for the rare event
as state at the bottom of the effective potential well (as Fig.8(c) shows); the mean escape time obtained
using Eq.(3.11) is τ = 788, which compares reasonably well with the mean escape time τ = 599 observed
from the full-scale agent-based simulations (see Fig.9). Fig. 8(b) shows that the variation of the diffusion
coefficient is relatively small between ψb and ψ0. If we treat the diffusion coefficient as constant with
D ≈ (D(ψ0) +D(ψb))/2, and then apply Kramers’ Eq.(3.12), we obtain a mean escape time of τ = 725,
in even better agreement with the brute force simulation result.
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Figure 9. Histogram of escape times based on 6860 computational experiments with
the full-scale agent-based simulator. The mean escape time is 599, with sample standard
deviation 6.3 estimated based on the mean escape times of four samples, each consisting
of 1715 computational experiments.

In terms of computational cost, the full-scale simulation requires 1.64 × 107 steps of agent-based
simulation, while the coarse grained approach only takes 5.28× 105 steps, as little as 3.2% of the amount
required for the full-scale simulation.

4. Data-based (Diffusion Map) construction of the coarse reaction coordinate.

In this section, we will construct a candidate coarse reaction coordinate using a data mining tool –
diffusion maps [5]. This technique is especially useful when physical intuition/prior knowledge of the
system is not available. The diffusion map technique is based on the construction of a Markov matrix
describing a random walk over a data set, where the probability for one data point to “hop” to another
is described by a pairwise similarity metric. The similarity kernel is defined as follows:

K(xi, xj) = exp(−
‖xi − xj‖

2

ε
) (4.1)

where ε > 0 is a measure of the local neighborhood of the points in the dataset over which the Euclidean
distance is meaningful [5] Next one defines pε(x) =

∑
j K(x, xj) and constructs the following generic

kernel:

K̃(xi, xj) =
K(xi, xj)

pαε (xi)p
α
ε (xj)

(4.2)

where the parameter α depends on the application. In our case we use α = 0.5 which corresponds to
Fokker-Planck diffusion [5]. After normalization by the sum of each row Di =

∑
j(K̃(xi, xj)), the Markov

matrix M is constructed with elements of the form

Mi,j =
K̃i,j

Di
. (4.3)

Some of the first dominant eigenvectors of this Markov matrix will help parametrize the low-dimensional
manifold underlying (intrinsic to the geometry of) the original data set. In our example, where we already
know that the relevant space is one-dimensional, it is the component of a data point in the first nontrivial
eigenvector of M that coarsely describes the data point itself. The Euclidean distance in diffusion map

space corresponds to the diffusion distance [5] in the original space.
In our study of the agent-based problem, the first step is to generate data to build the Markov matrix

Eq.(4.3). The data is sampled over the potential well -and slightly beyond- by running simulations
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Figure 10. The first two nontrivial eigenvectors of the diffusion map matrix M; the
strong correlation is indicative of one-dimensional coarse data.
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Figure 11. Top 10 dominant eigenvalues.
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Figure 12. Comparison between the knowledge-based coarse coordinate and the diffu-
sion map-generated one. The correlation with an arbitrarily chosen coarse observable,
the positive information arrival frequency ν+, is also shown.

starting from the lifted microscopic configuration Xsaddle up to one of the two “stop” points: one at the
microscopic configuration corresponding to xsaddle + δ1(xsaddle − xnode); and the other at a microscopic
configuration corresponding to xnode − δ2(xsaddle − xnode) (both δ1 and δ2 are small positive numbers).
In our case, this sampling process takes 893 steps of the microscopic agent-based simulator, a relatively
inexpensive computational effort.
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After the construction of the Markov matrix outlined above, the first several dominant eigenvectors of
that matrix are computed. The plot for the first and second dominant eigenvectors is shown in Fig.10.
It reveals that the top two dominant eigenvectors actually both lie along the same one-dimensional
space (they are very strongly correlated, indeed the second is a function of the first). Fig.11 shows
the plot of the top 50 dominant eigenvalues. We observed a spectral gap between the first (nontrivial)
dominant eigenvalue and the remaining ones (eigenvalue 1 is the trivial eigenvalue). The existence of a
single dominant eigenvalue confirms the existence of an underlying one-dimensional slow manifold for the
dynamics of our coarse grained system. In fact, the dominant slow time scale in this case corresponds to
the time scale of the “rare event” while the remaining fast time scales correspond to the relaxation times
within the well. Fig.12 compares three possible coarse reaction coordinates. It shows a good correlation
between the diffusion map-generated coordinate and the knowledge-based coordinate we have discussed.
It also shows a poor correlation between these two and a somewhat arbitrarily chosen coarse observable
- the positive information arrival frequency ν+.

We applied this diffusion map-generated coordinate to the same data set (the short time simulation
data) we used in the previous section to estimate the effective drift and diffusion coefficient profiles –
ν(ψdmap), D(ψdmap), G(ψdmap), and G0(ψdmap). We then calculated the mean escape times based on
these profiles. Eq.(3.11) then gives τ = 862; using Kramers’ Eq.(3.12) and assuming constant diffusion
coefficient gives τ = 596, both reasonably close to the results arrived at with the knowledge-based
coordinate as well as the brute force simulation.

5. Summary

In this article we first presented a detailed two-parameter bifurcation study of the continuous version of
a financial market model introduced by Omurtag and Sirovich. Several nontrivial dynamical phenomena
were observed: turning point on the unstable branch, a “special” triangular probability density profile, and
so-called “branch termination” points. We then discussed a coarse-grained approach to the computation
of rare events for the detailed agent-based model of the system. The underlying one-dimensional effective
Fokker-Planck equation was estimated from ensembles of short bursts of microscopic simulations with
judiciously chosen initial conditions. The resulting mean escape time leading to a “bubble burst” (a rare
event for the problem) compares reasonably well to the actual mean escape time from costly temporal
agent-based simulations. A data-mining based approach – Diffusion Maps – was successfully applied to
detect a good coarse coordinate, which then was used to obtain escape-time results that were consistent
both with direct simulation and with knowledge-based coarse graining.

Appendix: Steady State Solution of the Continuum Model

We use subscripts ‘L’ and ‘R’ to denote the properties at the two sides of the spatial domain - [−1, 0]
and [0, 1] - respectively.

The boundary conditions of the continuum model Eq.(2.4) are:

ρL(t,−1) = 0 (5.1)

ρR(t, 1) = 0 (5.2)

ρL(t, 0) = ρR(t, 0) (5.3)

R− =
1

2
σ2 ∂ρ

∂x
(t,−1) (5.4)

R+ = −
1

2
σ2 ∂ρ

∂x
(t, 1). (5.5)

The integral condition reads, ∫ 1

−1

ρ(x)dx = 1. (5.6)
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At steady state, the continuum model is written as follows,

0 = γ
∂((x− p)ρ)

∂x
+

1

2
σ2 ∂

2ρ

∂x2
. (5.7)

Integrating Eq. (5.7) in space,

(x− p)ρ+
1

2

(
σ2

γ

)
∂ρ

∂x
= c. (5.8)

Let

β =
σ2

γ
; (5.9)

Eq.(5.8) then becomes

(x− p)ρ+
1

2
β
∂ρ

∂x
= c. (5.10)

The solution of the homogeneous part of Eq.(5.10) (i.e. with c = 0) is

u(x) = αe−(x−p)2/β . (5.11)

Looking for a polynomial expression w(x), Eq.(5.10) has the following general solution:

ρ(x) = u(x) + c · w(x) (5.12)

where w(x) is given by

w(x) = (x− p)

(
1−

z

3
+

z2

3× 5
−

z3

3× 5× 7
+ ...

)
(5.13)

with z = 2(x− p)2/β. Substituting Eq.(5.12) into Eq.(5.1) and (5.2),

cL = −
αL

w(−1)
e−(−1−p)2/β (5.14)

cR = −
αR
w(1)

e−(1−p)2/β . (5.15)

The probability density profiles at the two sides of the domain can be expressed as,

ρL = αL

(
e−(−x−p)2/β + cLw(x)

)
(5.16)

ρR = αR

(
e−(x−p)2/β + cRw(x)

)
. (5.17)

Substituting Eq.(5.16) and Eq.(5.17) into Eq.(5.3) we obtain

αL = F · αR (5.18)

with

F =
e−

p2

β − cRw(0)

e−
p2

β − cLw(0)
. (5.19)

Substituting Eq.(5.18) into Eq.(5.16) and Eq.(5.17), and then applying the integral condition Eq.(5.6),
we have:

αL = A+B + F (D + E) (5.20)

αR =
A+B

F
+D + E. (5.21)
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By defining a function G(x) = 1
2

∑∞

i=1
xi

i((2i−1)!!) , A,B ,D ,E are expressed in terms of p and β as follows,

A = −

√
βπ

4
erf(p ·

√
1

β
)

+

√
βπ

4
erf

(
(p+ 1) ·

√
1

β

)
(5.22)

B =
cRβ

2

(
G

(
2(1− p)2

β

)
−G

(
2p2

β

))
(5.23)

D = −

√
βπ

4
· erf

(
(p− 1)

√
1

β

)

+

√
βπ

4
· erf

(
p

√
1

β

)
(5.24)

E =
cLβ

2

(
G

(
2p2

β

)
−G

(
2(−1− p)2

β

))
. (5.25)

So far, we have expressed cL, cR, αL, αR in terms of p and β. Recall that

ν+ = ν+exgR
+ (5.26)

ν− = ν−exgR
− (5.27)

σ2 = ν+(ǫ+)2 + ν−(ǫ−)2 (5.28)

p =
ν+ǫ+ + ν−ǫ−

γ
. (5.29)

From Eq.(5.26-5.29) and Eq.(5.9), we can see that p and β are functions of the model parameters ǫ+, ǫ−,
ν+ex, ν

−
ex, γ, g, and variables R+, R−. Therefore, cL, cR, αL, αR are functions of these model parameters

and variables as well. According to Eq.(5.16-5.17), the density profiles can be written in the following
form,

ρL(x) = f1(x; ǫ
+, ǫ−, ν+ex, ν

−

ex, γ, g, R
+, R−) (5.30)

ρR(x) = f2(x; ǫ
+, ǫ−, ν+ex, ν

−

ex, γ, g, R
+, R−). (5.31)

Finally, by substituting Eq.(5.30-5.31) into boundary conditions Eq.(5.4-5.5), we obtain a set of nonlinear
equations as follows:

R+(x) = h1(ǫ
+, ǫ−, ν+ex, ν

−

ex, γ, g, R
+, R−) (5.32)

R−(x) = h2(ǫ
+, ǫ−, ν+ex, ν

−

ex, γ, g, R
+, R−). (5.33)

Eq.(5.32-5.33) can then be plugged into AUTO/MATCONT for the fixed point computation and bifur-
cation analysis. For each fixed point pair (R+, R−), the associated probability density profile can be
obtained using Eq.(5.16-5.17).
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