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1. Introduction

Geometric methods in multi-particle systems are based on partitions of unity of the configuration space
X. These methods are very successful in studying bound states for multi-particle systems. Given a
partition of unity (wi)i of L

2(X) with wi ∈ C2(X; [0, 1]) and
∑

i(wi)
2 = 1, the localization formula for

Schrödinger operators H = −∆+ V is

H −
∑

i

wiHwi = −
∑

i

|∇wi|2, (1.1)

where the term on the right hand side is called localization error term.

The identity (1.1) reduces the study of H on the whole configuration space to the study of localized
operators wiHwi, if one can derive good estimates for the localization error term.

The first result based on partition of unity of the configuration space was established at the beginning
of 1960’s. A localization formula for Laplace operator appeared for the first time, at least implicitly, in
[5]. In [19] and later in [14], some types of localization error estimates were used to prove the so-called
HVZ theorem.

Simple scaling arguments show that if the size of the region where we make a localization, namely the
region where the supports of the functions wi overlap, is proportional to R, then the localization error
is proportional to 1/R2 in the case of Laplace kinetic energy. The HVZ theorem requires rather rough
estimates on localization error, and the above argument is sufficient.
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In the context of the study of discrete spectrum, refined estimates on the localization error are necessary.
In [15] and [20] such refined estimates were established. What was observed in [20], is that for arbitrary
small ǫ, it is possible to construct localization functions wi (i = 1, 2) for separation of two regions such
that the localization error in one of the regions is ǫ/R2 and in the other region is c(ǫ)/R2.

In [9] and [10], localization formula was rediscovered. It was applied to systems with potential having
two centers in [9], and to the study of molecules in Born-Oppenheimer approximation in [10].

The next step was done in [16], [17] and [18]. There, the study of multi-particle systems with resonances
at the bottom of the essential spectrum required a much better estimate of the localization error. It was
proved in [17] and [18] that given ǫ > 0, using localization “inside” a region of radius a/R for w1 (in the
sense that w1(x) = 1 for |x| ≤ a/R) and “outside” a ball of radius b/R for w2 (in the sense w2(x) = 1 for
|x| ≥ b/R), then the localization error is ǫ/R2 assuming that the ratio a/b is sufficiently small.

A systematical use of nonrelativistic localization formula was done to derive spectral properties of
bound states of multi-particle Schrödinger operators by several authors, see e.g. [13], [8] and [12] and
references therein.

Similarly to the Schrödinger case, to apply geometric method to relativistic many-body operators, the
derivation of a relativistic localization formula was necessary. Such an identity was derived in [7] for the
study of stability and instability of relativistic matter, yielding the following localization formula for the
operator |∇|,

〈ψ , |∇|ψ 〉 − 〈w1 ψ , |∇|w1 ψ 〉 − 〈w2 ψ , |∇|w2 ψ〉

= − 1

2π2

2∑

i=1

∫

R3×R3

ψ(x)ψ(y)

|x− y|4 (wi(x) − wi(y))
2 dx dy, (1.2)

for nonnegative w1 and w2 in C2(R3; [0, 1]) such that w2
1 +w2

2 = 1. The right hand side of (1.2) is called
relativistic localization error.

Subsequently, this formula was applied in various cases to multi-particle models with relativistic par-
ticles, in order to derive estimates on the localization error (see [6], [2], [3], [4], [1] and [11] and references
therein).

In the work at hand we derive an estimate for the relativistic localization error term in the case of
relativistic massless particles. We show that the localization error for |∇| can be controlled by an arbitrary
small part of the kinetic energy.

2. Main result

Theorem 2.1. Pick arbitrary numbers a > 0, ǫ ∈ (0, 3−3/2) and κ ∈ R. Then, for γ = ǫ2/3a, there exist
b > a and two real spherically symmetric functions v1(x), v2(x) ∈ C2(R3), such that for wi(x) := vi(αx)
(i = 1, 2), we have for all α small enough

– w1(x)
2 + w2(x)

2 = 1
– w1(x) = 1 for |x| ≤ a

α and w1(x) = 0 for |x| ≥ b
α ,

and for all ψ ∈W 1,2(R3)

|〈ψ, |∇|ψ〉 − 〈w1ψ, |∇|w1ψ〉 − 〈w2ψ, |∇|w2ψ〉|

≤ ǫ
(α
a

)1−κ ∥∥∥1(|x| ≤ γ

α
) (1 + |x|)−κ/2ψ

∥∥∥
2

+ ǫ
∥∥∥1(|x| ≥ γ

α
) |x|− 1

2ψ
∥∥∥
2

, (2.1)

where 1(A) denotes the characteristic function of the set A.

Corollary 2.2. Pick arbitrary numbers a > 0 and ǫ ∈ (0, 3−3/2). Then, there exist b > a and two real
spherically symmetric functions v1(x), v2(x) ∈ C2(R3) such that for wi(x) := vi(αx) (i = 1, 2), we have
for all α small enough
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– w1(x)
2 + w2(x)

2 = 1
– w1(x) = 1 for |x| ≤ a

α and w1(x) = 0 for |x| ≥ b
α ,

and for all ψ ∈W 1,2(R3)

〈ψ, |∇|ψ〉 ≥ (1− ǫ)〈w1ψ, |∇|w1ψ〉+ (1− ǫ)〈w2ψ, |∇|w2ψ〉. (2.2)

Remark 2.3. The proof of Theorem 2.1 can be adapted so that for arbitrary b > 0 and ǫ ∈ (0, 3−3/2),
one can find a ∈ (0, b), and two real spherically symmetric functions v1(x), v2(x) ∈ C2(R3), such that for
wi(x) := vi(αx), we have for α small enough, w1(x)

2 +w2(x)
2 = 1, w1(x) = 1 for |x| ≤ a

α and w1(x) = 0

for |x| ≥ b
α , and inequality (2.2) holds.

Proof of Corollary 2.2. Kato’s inequality yields

π

2
〈ψ, |∇|ψ〉 ≥ 〈ψ, 1

|x|ψ〉 = 〈w1ψ,
1

|x|w1ψ〉+ 〈w2ψ,
1

|x|w2ψ〉. (2.3)

Since for all γ > 0 and α > 0 we have

‖1(|x| ≤ γ

α
)(1 + |x|)−κ/2ψ‖2 + ‖1(|x| ≥ γ

α
)|x|− 1

2ψ‖2 ≤ 2〈ψ, 1

|x|ψ〉 , (2.4)

then, applying theorem 2.1 with κ = 1, and using the above inequalities (2.3) and (2.4) yields the result.
�

Proof of Theorem 2.1. According to Lieb-Yau in [7, Theorem 9], the localization error for the operator
|∇| is given by (1.2).

Our goal is to show that the functions w1(x), w2(x) and the numbers b and γ can be chosen so that
the r.h.s. of (2.1) is greater than the absolute value of (1.2).

We take ṽ1(.) a real function from [0, ∞) to [0, 1], with ṽ1(r) = 1 for r < a, strictly decreasing in some
interval [a, a+ δ], δ ∈ (0, a), in such a manner that

lim
r→a+0

ṽ′1(r)
2

1− ṽ1(r)2
= 0. (2.5)

Let ṽ2(.) be the real function from [0, ∞) to [0, 1] such that ṽ21 + ṽ22 = 1, and let us define w̃i(r) :=
ṽi(αr).

Pick ǫ1 > 0. Therefore, using (2.5) and the identity w̃2 = (1− w̃2
1)

1
2 , we can pick δ ∈ (0, a) independent

of α and sufficiently small such that for any r ∈ [ aα ,
a+δ
α ] holds

w̃′
1(r)

2 + w̃′
2(r)

2 ≤ w̃′
1(r)

2 +
w̃′

1(r)
2

1− w̃1(r)2
≤ ǫ1α

2. (2.6)

We define, for i = 1, 2,
wi(x) := w̃i(|x|) and vi(x) := ṽi(|x|).

Because of symmetry in x and y, we can write

2∑

i=1

∫
ψ(x)ψ(y)

|x− y|4 (wi(x)− wi(y))
2 dx dy

= 2Re

2∑

i=1

∫

|x|≤|y|

ψ(x)ψ(y)

|x− y|4 (wi(x)− wi(y))
2 dx dy = 2 (I1 + I2 + I3), (2.7)

where, for γ ∈ (0, a):
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– I1 is the integral over the region

{
(x, y) ∈ R

3 × R
3
∣∣∣
γ

α
≤ |x| ≤ |y|, |y| ≤ a+ δ

α

}
.

– I2 is the integral over the region

{
(x, y) ∈ R

3 × R
3
∣∣∣
γ

α
≤ |x| ≤ |y|, |y| > a+ δ

α

}
.

– I3 is the integral over the region
{
(x, y) ∈ R

3 × R
3
∣∣∣ |x| ≤ γ

α
, |y| ≥ a

α

}
.

– On the remaining region
{
(x, y) ∈ R

3 × R
3
∣∣∣ |x| ≤ γ

α
, |y| < a

α
, |x| ≤ |y|

}
,

the integral is zero, because wi(x)− wi(y) = 0 in this region.

• Estimate of I1. For |x| < |y| ≤ a+δ
α the inequality (2.6) implies

2∑

i=1

(wi(x)− wi(y))
2 ≤ max

|x̃|≤ a+δ
α

(
w̃′

1(|x̃|)2 +
w̃′

1(|x̃|)2
1− w̃2

1(|x̃|)
)
|x− y|2

≤ ǫ1 α
2 |x− y|2. (2.8)

Moreover, {
γ

α
≤ |x| ≤ |y|, |y| ≤ a+ δ

α

}
⊂
{
γ

α
≤ |x| ≤ 2a

α
,
γ

α
≤ |y| ≤ 2a

α

}
. (2.9)

Therefore since the set in the right hand side of (2.9) is symmetric in x and y, then with (2.8) and (2.9),
we obtain

|I1| ≤ ǫ1 α
2

∫

|y|≤ a+δ
α

; γ
α
≤|x|≤|y|

|ψ(x)| |ψ(y)|
|x− y|2 dx dy

≤ ǫ1 α
2

∫

|x−y|≤ 3a
α

d(x− y)

|x− y|2
∫

γ
α
≤|x|≤ 2a

α

|ψ(x)|2 dx

≤ 12π ǫ1 αa ‖ψ(x)‖2γ
α
≤|x|≤ 2a

α

≤ 24π ǫ1a
2‖1(|x| ≥ γ

α
) |x|−1/2 ψ(x)‖2.

Taking ǫ1 = ǫ/(96πa2), we arrive at

|I1| ≤
ǫ

4
‖1(|x| ≥ γ

α
) |x|−1/2 ψ(x) ‖2. (2.10)

• Estimate of I2. We note that w̃1(
a+δ
α ) ≤ 1, and for |y| > a+δ

α , |y| ≥ |x|, we have

(w2(x)− w2(y))
2 =

(√
1− w2

1(x)−
√
1− w2

1(y)
)2

=

(
(w1(x)− w1(y)) (w1(x) + w1(y))√

1− w2
1(x) +

√
1− w2

1(y)

)2

≤ 4

1− w̃2
1(

a+δ
α )

(w1(x)− w1(y))
2

= C0

(
w1(x)− w1(y)

)2
,
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with C0 independent of α (since w̃1(
a+δ
α ) = ṽ1(a+ δ)). The last inequality implies

|I2| ≤ (C0 + 1)

∫

γ
α
≤|x|<|y| ; |y|> a+δ

α

|ψ(x)| |ψ(y)|
|x− y|4 (w1(x)− w1(y))

2 dx dy. (2.11)

At this point, we specify the function w1 for |x| ∈ [a+δ
α , b

α ], and we set

w1(x) = ln
(α |x|

b

)
ln−1

(a+ δ

b

)
w̃1

(a+ δ

α

)
. (2.12)

It is easy to see that for |x| ∈
[
a+δ
α , b

α

]
,

|w1(x)− w1(y)| ≤ ln−1

(
b

a+ δ

)
| ln
( |x|
|y|

)
| ≤ ln−1

(
b

a+ δ

) |y − x|
|x| . (2.13)

Let λ > 0 be a constant which we specify later. We split the region corresponding to I2 into Ω1 ∪ Ω2,
where

Ω1 =
{
(x, y)

∣∣∣
γ

α
< |x| < |y|, |y| > a+ δ

α
, |x− y| > λ|x|

}
,

Ω2 =
{
(x, y)

∣∣∣
γ

α
< |x| < |y| , |y| > a+ δ

α
, |x− y| ≤ λ|x|

}
.

Let us first discuss the contribution from Ω1. One has

∫

Ω1

|ψ(x)| |ψ(y)|
|x− y|4 (w1(x)− w1(y))

2 dx dy ≤
∫

Ω1

|ψ(x)| |ψ(y)|
|x− y|4 dx dy

≤
(∫

Ω1

|ψ(x)|2
|x− y|4 dx dy

)1/2(∫

Ω1

|ψ(y)|2
|x− y|4 dx dy

)1/2

, (2.14)

and

∫

Ω1

|ψ(x)|2
|x− y|4 dx dy ≤

∫

|x|> γ
α

|ψ(x)|2
(∫

|x−y|>λ|x|

dy

|x− y|4
)
dx

≤ 4π

λ
‖1(|x| ≥ γ

α
) |x|− 1

2 ψ ‖2. (2.15)

Since |x| < |x−y|
λ by definition of Ω1, it implies that |y| ≤ |y − x|+ |x| < 1+λ

λ |x− y|,
∫

Ω1

|ψ(y)|2
|x− y|4 dx dy ≤

∫

|y|> γ
α

|ψ(y)|2
( ∫

|x−y|> λ
1+λ

|y|

dx

|x− y|4
)
dy

≤ 4π
λ+ 1

λ
‖1(|x| ≥ γ

α
) |x|− 1

2 ψ ‖2. (2.16)

One obtains

∫

Ω1

|ψ(x)| |ψ(y)|
|x− y|4 (w1(x)− w1(y))

2dx dy

≤ 4π

√
λ+ 1

λ
‖1(|x| ≥ γ

α
) |x|− 1

2 ψ ‖2, (2.17)

from the combination of (2.15), (2.16) and (2.14).
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Next, we focus on the contributions from the region Ω2 = Ω′
2 ∪Ω′′

2 , where

Ω′
2 =

{
(x, y)

∣∣∣
γ

α
≤ |x| ≤ |y|, |y| > a+ δ

α
, |x− y| ≤ λ|x|, |x| ≥ a+ δ

α

}
,

Ω′′
2 =

{
(x, y)

∣∣∣
γ

α
≤ |x| ≤ |y|, |y| > a+ δ

α
, |x− y| ≤ λ|x|, |x| < a+ δ

α

}
.

From (2.13), since |x| ≥ (a+ δ)/α in Ω′
2, we obtain

∫

Ω′

2

|ψ(x)| |ψ(y)|
|x− y|4 (w1(x)− w1(y))

2 dx dy

≤ ln−2

(
b

a+ δ

)(∫

Ω′

2

|ψ(x)|2
|x− y|2|x|2 dx dy

) 1
2
(∫

Ω′

2

|ψ(y)|2
|x− y|2|x|2 dx dy

) 1
2

≤ ln−2

(
b

a+ δ

)(∫

|x|> γ
α

|ψ(x)|2
|x|2

(∫

|x−y|<λ|x|

dy

|x− y|2
)
dx

) 1
2

×
(
(1 + λ)2

∫

|y|> γ
α

|ψ(y)|2
|y|2

(∫

|x−y|<λ|y|

dx

|x− y|2
)
dy

) 1
2

≤ 4π λ (1 + λ) ln−2

(
b

a+ δ

)
‖1(|x| ≥ γ

α
) |x|− 1

2 ψ ‖2, (2.18)

where we have used that |y| ≤ |x− y|+ |x| ≤ (1 + λ)|x| so that 1
|x|2 <

(1+λ)2

|y|2 , and |x− y| ≤ λ|x| < λ|y|
on Ω′

2.
We choose λ large enough, independently of α, to fulfill the inequality

4π

√
λ+ 1

λ

( 4

1− w̃2
1(

a+δ
α )

+ 1
)
<
ǫ

4
, (2.19)

and subsequently, for that given λ, we choose b sufficiently large that

4π λ ln−2

(
b

a+ δ

)( 4

1− w̃2
1(

a+δ
α )

+ 1
)
<
ǫ

4
, (2.20)

which shows together with (2.18)
∫

Ω′

2

|ψ(x)| |ψ(y)|
|x− y|4 (w1(x)− w1(y))

2 dx dy ≤ ǫ

4
‖1(|x| ≥ γ

α
) |x|− 1

2 ψ ‖2. (2.21)

We next estimate the contribution of Ω′′
2 . For any ǫ2 > 0, one can pick b large enough (independently

on α) so that the derivative of w1 is bounded by ǫ2 α. Moreover, we remark that on Ω′′
2 , one has

|x− y| ≤ λ|x| < λa+δ
α and |y| < |x|+ |x− y| < (1 + λ)|x| < (1 + λ)a+δ

α . Thus,
∫

Ω′′

2

|ψ(x)| |ψ(y)|
|x− y|4 (w1(x)− w1(y))

2 dx dy

≤ ǫ22 α
2

∫

γ
α
<|x|< a+δ

α

(∫

a+δ
α

<|y|<(λ+1) a+δ
α

, |x−y|<λ a+δ
α

|ψ(x)| |ψ(y)|
|x− y|2 dy

)
dx

≤ ǫ22 α
2
( ∫

|x−y|<λ a+δ
α

d(x− y)

|x− y|2
)∥∥∥1

( γ
α

≤ |x| ≤ a+ δ

α

)
ψ(x)

∥∥∥

×
∥∥∥1
( a+ δ

α
≤ |y| ≤ (λ+ 1)

a+ δ

α

)
ψ(y)

∥∥∥

≤ 4π ǫ22 (a+ δ)2 λ
√
1 + λ ‖1(|x| ≥ γ

α
) |x|− 1

2 ψ(x) ‖2, (2.22)
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where we have used Young’s inequality, and the fact that γ < a. Thus taking ǫ2 < min{ǫ, 1/(16πǫ22 (a+
δ)2λ

√
1 + λ)}, gives

∫

Ω′′

2

|ψ(x)| |ψ(y)|
|x− y|4 (w1(x)− w1(y))

2 dx dy

≤ ǫ/4‖1(|x| ≥ γ

α
) |x|− 1

2 ψ(x) ‖2. (2.23)

The inequalities (2.21) and (2.23) thus give

|I2| ≤
ǫ

2
‖1(|x| ≥ γ

α
) |x|− 1

2 ψ(x) ‖2. (2.24)

Let us sum up the choices of the constants so far. Given ǫ > 0 and a > 0, we have first chosen
ǫ1 = ǫ/(96πa2) and then picked δ small enough depending on ǫ so that (2.6) holds. With these choices,
we derived the estimate (2.10) for I1. Then, for λ given by (2.19), we have taken ǫ2 small enough so that
4πǫ2(a+ δ)2λ

√
λ+ 1 < 1, and then chosen b large enough so that both (2.20) holds and the derivative of

w1 is bounded by ǫ2α. This yielded the estimate for I2.
Therefore, (2.10) and (2.24) allows one to conclude that

|I1| + |I2| ≤ 3ǫ

4
‖1(|x| ≥ γ

α
) |x|− 1

2 ψ ‖2. (2.25)

• Estimate of I3. Assuming γ ∈ (0, a3 ), we have |x− y| ≥ 2a
3α ≥ a

3α + |x| in the integration domain of I3.
Thus, for ν ∈ (0, 2), we can write

|I3| ≤ 23+ν

∫

|x|< γ
α

|ψ(x)|
( a
3α + |x|)2−ν

dx

∫

|y|> a
α

|ψ(y)|
|y|2+ν

dy. (2.26)

For all κ ∈ R, one has
(∫

|x|< γ
α

|ψ(x)| dx
( a
3α + |x|)2−ν

)2

≤
(∫

|x|≤ γ
α

|ψ(x)|2 dx
( a
3α + |x|)κ

) ∫

|x|≤ γ
α

dx

( a
3α + |x|)4−2ν−κ

≤ c
(α
a

)4−κ−2ν( γ
α

)3
‖1(|x| ≤ γ

α
) (1 + |x|)−κ

2 ψ ‖2, (2.27)

where c is a constant independent on α and κ. The second integral on the r.h.s. of (2.26) can be controlled
by

∫

|y|> a
α

|ψ(y)|
|y|2+ν

dy ≤
(∫

|y|> a
α

|ψ(y)|2
|y| dy

) 1
2
(∫

|y|> a
α

dy

|y|3+2ν

) 1
2

≤ c
(α
a

)ν
‖1(|y| ≥ a

α
|y|− 1

2 ψ(y) ‖. (2.28)

Collecting (2.26)-(2.28) yields

|I3| ≤ 2c α1−κ

ǫ

γ3

a4−κ
‖1(|x| ≤ γ

α
) (1 + |x|)−κ/2 ψ‖2

+
ǫ

4
‖1(|x| > a

α
) |x|− 1

2 ψ ‖2. (2.29)

Picking γ small enough independently of α, using inequalities (2.25) and (2.29), and noting that the
functions w1 and w2 can easily be approximated by functions in C2(R3) without changing the above
estimates, one obtains the desired localization estimate (2.1). �
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