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MATHEMATICAL ANALYSIS OF A DIFFUSIVE PREDATOR-PREY
MODEL WITH HERD BEHAVIOR AND PREY ESCAPING

FETHI SOUNA', SALIH DJILALI>** AND FAYSSAL CHARIF"®

Abstract. In this paper, we consider a new approach of prey escaping from herd in a predator-prey
model with the presence of spatial diffusion. First, the sensitivity of the equilibrium state density with
respect to the escaping rate has been studied. Then, the analysis of the non diffusive system was
investigated where boundedness, local, global stability, Hopf bifurcation are obtained. Besides, for the
diffusive system, we proved the occurrence of Hopf bifurcation and the non existence of diffusion driven
instability. Furthermore, the direction of Hopf bifurcation has been proved using the normal form on
the center manifold. Some numerical simulations have been used to illustrate the obtained results.
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1. INTRODUCTION

It is well known that the predator-prey model became a subject of interest of research activities in ecological
systems. For the past century a huge number of models introduced to the wide audience for the subject of
modeling a specific manner of interaction between prey and predator see for instance the papers [7, 20, 21].
The crucial component of the relationship between the prey population and the predator population in real
life interaction is the functional response, which it changes from one population to another, it is the reason for
having many interaction functionals such as Holling I-IIT functional response [13, 15], Holling-Tanner functional
response [23], Beddington-Deangelis functional response [14], Ratio-dependent functional response [16], so on.

However, the mentioned classical functional responses have the certain limitations to model many realistic
behavior in ecology. For discussing some of this limitations we introduce the following prototypical predator-prey
model (Lotka-Volterra model [2])

%:ru(l—%)—auu

dv n
- = —MNv eauv
dt ’
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where u(t) and v(t) represents respectively the sizes of prey and the predator populations at the time ¢, r is the
intrinsic growth rate, k describes the carrying capacity of the environment for the prey population, 0 < e < 1
is the conversion rate of prey biomass into predator biomass, m is the natural death rate for the predator
population which has been assumed to be constant, a represents the maximum value at which the reduction
rate per capita of the prey population can be attained. It is well known that h(u,v) = auv is the Holling I
functional response which models the quality of the interaction between the prey population and the predator
population. Besides, h(u,1) = au is the number of the consumed prey by one predator, which shows that the
prey population has a solitary behavior.

On the other hand, the prey population behavior in the presence of social behavior has been recently modeled,
which can be seen in the real life when they all gather in a huge herd. This point of view has been put due to
the papers [1, 28], where the investigated model is as follows

du U

E—ru(l—g) — ay/uv,

d 1.2
d—: = —mv + eav/uv, (1.2)

u(0) = ug > 0,v(0) = vy >0,

where the functional response h(u,v) = ay/uv represents the interaction between the prey population and the
predator population in the presence of herd behavior. For better explanation of this functional response we take
a simple example when the prey population has a social behavior with a regular shape such as circle or a square,
obviously the predator hunt only on the outer bound of the prey pack. In this case, the number of the captured
prey by one predator will be proportional to the number of the prey population on the boundary of the prey
herd, which means that is proportional to the square root of the prey population density; it is the main reason
of proposing such as functional response. This functional response has been used widely, we cite for instance the
papers [6, 27, 29, 30, 32, 35, 36]. It follows by a several of functional responses which models this interaction
by including many factors such as herd shape, predator average handling time of the prey on the bounders, we
take as example the papers [3, 7, 9, 10, 19, 24, 26, 33, 38].

In the real world, during the predator hunting of the prey, it is almost impossible for the prey population
to keep the pack all together, due to the panic of some of them. The attack of the predator will push the prey
pack to split into two groups. The first will stay in the group, and the second will leave the pack and go in
any direction, this second has a solitary behavior and it is the most preferred prey to the predator. In the
present paper, we will consider that there is a constant proportional density of the prey population denoted by
0 < P < 1 which will abandon the prey pack during the hunting for the reason of panic, which can be called
also by escaping rate, and the other 1 — P stays in the pack. For modeling this behavior, there are two ways
for the predator to consume the prey. The first, is to hunt on the boundary of the prey pack which means

(1 — P)u (is the density of the prey on the outer bound of the pack) or hunt the escaping prey which means
Pu. According to the above discussion, we propose the following model

d

d%ﬁb =ru(l — %) — a1/ (1 — P)uv — agPuw,

d

d—gz = —mv + ea; /(1 — P)uv + eas Puv, (1.3)

U(O) =1up > 0,’1}(0) =9 2 07

where a1, as represents the maximum value at which per capita reduction rate of the prey population in pack
and solitary prey can attained, respectively. For a; = as represents the non selective hunting of the prey by a
predator, and for a; # as shows the predator preference of one prey on another (if a; > as shows the predator
preference of the solitary prey on the prey in the pack).
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Remark 1.1. Tt is easy to see that for P = 0 (there is no escaping), the system (1.3) becomes the system
(1.2). Besides, if P =1 (all the prey escape, which means that there is no herd behavior) then the system (1.3)
becomes the system (1.1). Furthermore, we proved the existence of a new functional response which describes
the interaction predator-prey in the presence of herd behavior and prey escaping from the herd. The proposed
functional response is h(u,v) = a1/ (1 — P)uv + as Puv.

In the real world, the prey and the predator are always in movement, which can be modeled by the presence
of self-disperse. The spatial diffusion has been widely studied in literature, see [17, 2427, 32, 34-37]. In the
considered paper, the study of the system (1.3) and the effect of the spatial diffusion on the system (1.3) has
been investigated. If we assume that the two considered populations are always in movement (in R? or R?) thus
each one of those population will follow a trajectory (path). The length of this path we denoted by . This point
of view is a strong simplification of the general case, where it has been used widely we cit for instance the papers
[7, 25-27]. Besides, we will assume that the two populations are in isolated patches, which can be elaborated
using the zero flux boundary condition. The system (1.3) becomes in the presence of spatial diffusion:

U — dilgy = TU (1 - %) — a1/ (1 — P)uv — ag Puwv,
vy — dvge = —mv + eay (1 — P)uv + eas Puv, (1.4)

g (0,8) = ug(lm, t) = v,(0,¢t) = vy(lm,t) =0 vt >0,

u(z,0) = ¢(z) >0 v(z,0) =¢(x) >0 =z € (0,ln),
where x is the location of the prey or the predator at the time ¢, and I7 is the domain size, d, d are the diffusion
rates for the prey and the predator , respectively. The homogeneous Neumann boundary conditions represents

that the prey and the predator move with a distance between 0 and I7. For more examples see [8, 11, 18, 22].
It is easy to check that the homogeneous steady states of the system (1.4) are (0,0), (k,0) and (u*,v*) where

2

eay (lfP)+\/<ea1\/ (lfP))2+4mea2P

2eaz P )
exists if and only if k > u*. (1.5)
L — TW 1— ui*
VT e P tas P < k ) >0

The rest of the paper is organized as follows. In Section 2, we focus on studying the effect of the escaping rate
on the positive equilibrium state (u*,v*). In the next section the existence of a priori bound of the solution,
the global stability of the semi trivial equilibrium (k,0), and the occurrence of Hopf bifurcation for the system
(1.3) have been proved. In Section 4 the analysis of the diffusive system has been successfully studied where
the local stability and the occurrence of Hopf bifurcation have been shown. Furthermore, the stability of the
homogeneous and non homogeneous periodic solutions have been established using the normal form on the
center of manifold. An extend numerical simulations have been carried out to insure the theoretical results. A
discussion section ends the paper.

2. SENSITIVITY ANALYSIS

In this section, we will study the impact of the prey escaping on the equilibrium densities of both the prey
and the predator populations. First, we differentiate the density equilibrium of the prey population with respect
to P we obtain

(2.1)

—\ 2
du” _ e (1—P)+\/(ea1 (1_P)) +ameaz P a1 (P—2) 4mas P+ea?(1—P)+ea? 0
@ 2eas P <.

B a2 P2V1—P \/Ea2P2\/ea%+P(4magfea§)
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FIGURE 1. The negative effect of the prey escaping on the prey density equilibrium state for
the values a1 = 1; as = 2.1; e = 0.44; m = 1.01; » = 0.2, k = 8000.

Obviously, the prey equilibrium density is decreasing with respect to the escaping rate, means that the prey
escaping has a negative effect on the prey equilibrium density. Which shows the importance of the social behavior
for the prey population. Figure 1 shows the effect of the variable P on the prey density equilibrium state.

Now focusing on studying the impact of the escaping rate P on the predator density equilibrium state. The
predator density equilibrium can be written as follows

vt = LU (] - ), (2.2)

m

By a differentiation of the predator density equilibrium state (2.2) with respect to the escaping rate P we
obtain

dv*  erdu* (1_2u*)’

dP ~ m dP k
2er du* [k N
= Tm ap (2_“)‘ (23)

k
In order to study the positivity of 5~ u* we draw the following lemma

2 k
Lemma 2.1. (i) If k < 0 then 5 —u* <0 forany0< P < 1.
ean

2 k k
(i) if k > “m then there exists 0 < P, < 1 such that 5 u* <0 for 0 < P < P, and 5 u* >0 for
eas
P, <P<1.

Proof. (i) Tt is not difficult to verify that limp_ o+ u*(P) = 400 and limp_,; u*(P) = M and using the fact
eas

du* k k
that S < 0 then for — < M~ min o (P) we deduce that — — u* < 0 which completes the first part of the
dP 2 7 eaz  pelo] 2
proof.
k k
(ii) for = > M~ min u*(P) then the curve of the functional u*(P), 0 < P < 1 intersect the line —
2 eas p€]0,1] 2

k k
at 0 < P.. < 1 then we have i—u* <0 for 0 < P < P, and §—u* > 0 for P.. < P < 1. The proof is
completed. O]
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FIGURE 2. The effect of the prey escaping on the predator density equilibrium state for the
values (i) (Left hand figure) the values a; = 1.9; as = 0.1; e = 0.0044; m = 2.01; r = 0.2,

2
k= 10000 < 2 = 91364. (i) (Right hand figure) the values a; = 1; as = 2.1; e = 0.44;

€eas
2m
m = 1.01; r = 0.2, k = 8000 > — = 2.1861.
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FI1GURE 3. the impact of both the prey escaping and the carrying capacity of the space for the
values a1 = 1; ag = 2.1; e = 0.44; m = 1.01; r = 0.2.

*

d
Using Lemma 2.1 together with the fact that dqj_j

< 0, we draw the following results

*

> 0 and based on the ecological meaning we deduce that the prey escaping has a

dpP

positive impact on the predator density equilibrium.

2
(ii) If & > “™ then there exists 0 < P, <1 such that
ean

2 d
() If k< 2 then &2
€a9

do* >0 for0< P <P,
dP | <0 for P, <P <1,
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FIGURE 4. Phase portraits of the system (1.3) when (u*, v*) does not exists and (k, 0) is globally
asymptotically stable for k = 2 < u* = 3.5871.

which means that the prey escaping has a positive impact on the predator density equilibrium for P < P.,. and
a negative impact for P.. < P <1 (see Fig. 2).

3. STABILITY, BIFURCATION ANALYSIS OF THE NON SPATIAL SYSTEM

This section is devoted to study the solution behavior for the model (1.3) where a priori bound of solu-
tion, global stability of the boundary equilibrium (k,0) has been investigated. Further, the existence of Hopf
bifurcation has been shown.

In order to show the existence of the bounds of the system (1.3) we set the following theorem

Theorem 3.1. Let (u(t),v(t)) be the solution of the system (1.3) then

lim supu(t) < k,
t——+o0

m-—+r

ek.

lim supov(t) <
t—+o0 m

Proof. Obviously, for the system (1.3) the positive invariant set is the first quadrant Ri, since u =0, v=20
are its solutions. From the first equation of the system (1.3) we have

u'(t) < rult) (1 - u;?) .

Let @(t) be the solution of the following initial value problem

dat) _ () ult)
ac i) (1 k ) ’ (3.1)
u(0) = u(0),

using the standard comparison principle, we have u(t) < @(¢) for all ¢ € [0, 4+00). Thus

lim supu(t) < limsupu(t) = k.
t——+oo t—+o0

Now we put

w(t) = eu(t) + v(t).
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FIGure 5. Trajectory and phase portraits of the system (1.3) when (u*,v*) = (1.55,0.89)
is locally asymptotically stable and k = 2 < k* = 17.0855 for the values P = 0.5; a; = 0.2;
as=1.1;e=0.5;, m=0.5; r=1.2.
then
w(t) = eu(t) + 0(t),
t
= —muo(t) + ru(t)(1 — #)7
u(t)
= —m(eu(t) + v(t)) + emu(t) + ru(t) [ 1 — -+ )
leads to
dw(t
% < —mw(t) + eu(t)(m + ).
From limsupu(t) < k we can deduce that there exists T > 0 such that for ¢ > T, u(t) < k. Then for t > T we
t——+o0
have
dw(t
% < —muw(t) + ek(m + 1), (3.2)

by a similar argument we have

m-—+r

lim supw(t) < ek,

t——4o0 m

which completes the proof. O

Now, focusing on proving the global stability of the semi trivial equilibrium state (k,0). The following theorem
summarize the obtained results

Theorem 3.2. Assume that k < u* then the semi trivial equilibrium is globally asymptotically stable.

Proof. The eigenvalues of Jacobian matrix of the system (1.3) on (k,0) are \; = —r < 0,\y = —m + ebiVk +
ebok < 0 (for k < u*) which means that (k,0) is locally asymptotically stable, it remain to prove that (k,0) is
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FIGURE 6. Trajectory and phase portraits of the system (1.3) when (u*,v*) = (1.51,1.65)
is unstable and k = 18 > k* = 17.0855 for the values P = 0.5; a; = 0.2; as = 1.1; e = 0.5;
m=0.5;r=1.2.

globally attractive. From Theorem (1.3) we have limsupu(t) < k. We know that from the second equation that
t——+o0
vy = v(—m+ ea;/(1 — P)u+ eax Pu).
It is well known that there exists T' > 0 such that for ¢ > T, there exists ¢ > 0 such that u(¢) < k 4 e. Choosing
0 < e <u* — k. Thus, we can obtain

v <v(—m+ear\/(1 — P)(k+e¢)+eax P(k +¢)),
where

—m+eai\/(1 — P)(k+¢)+ eazxP(k +¢)
which leads to

<0,

v(t) < v(0)exp[(—m + eb1VEk + € + eaa P(k + €))t].

Putting ¢ — 400 we obtain that v(t) — 0 for ¢t — +o00. By replacing this result in the first equation we obtain
u(t) — k for t — +o00. The proof is completed.

O
Now, let us prove the existence of Hopf bifurcation. Firstly, we consider the carrying capacity k as bifurcation
parameter. we calculate the Jacobian matrix of the system (1.3) at the positive equilibrium (u*,v*) and it is
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given by

a1 (k a12
J(u*,v*)z( ) ),

where

an) =r (1= 20 - U (VTP 200 Vi),

k) 2w
_ rai/I=P _ E ( 2a1x/1—P+a2PW)
" 2(a1V1—P+az PVu*) Lk \2a1vV1—P+axPVu*) )’
aq 1-P >
an (k) =ev" | ———+aoP |,
n(h) = e (M= v
re u*
[ 1 agP\/F 1 o
2 ( +a1\/(1—P)+a2P\/1T"> < k) >0,
0412:7(0,1\/17P\/’LL*+(12PU*> :*% < 0. (33)
The characteristic equation is given by
A2 — T()(ki))\ + Dy =0, (34)
where
To(k) = ra;vV1—P _ru*( 2a1vV1 — P + as PVu* >
0 2a1vVI— P +aPvur) k \2(aivV/I— P+ asPvu))’

_mm ay PN _ut
b =2 (14 et Y (1)

Obviously, Do(k) > 0 which means that the system (1.3) undergoes a Hopf bifurcation if To(k) = 0 and it is
equivalent to

koo gt — u*(2a1v1 — P + aa Pv/u*)
- a1V1—P '
Remark 3.3. It is easy to verify that £* > u* which means that this bifurcation point exists.

Letting A(k) = B8(k) = w(k) be the roots of the characteristic equation (3.4) satisfying S(k*) = 0,w(k*) =

/Do (k*). Then we have

(3.6)

* _ P *
Bl) = Jry(he) = Y1 (JEV Pl
2 2 k2 \ 2(a1v/1 — P 4 agPv/u*)

which together with the fact that the characteristic equation (3.4) has a pair of purely imaginary roots
+iv/Do(k*) at k*, implies that the system (1.3) undergoes Hopf bifurcation at k = k*.

Thus, we deduce that the interior equilibrium (u*, v*) is locally asymptotically stable for k& < k* and instable
for k > k* and the system (1.3) undergoes Hopf bifurcation at k = k*.

4. STABILITY, HOPF BIFURCATION FOR THE DIFFUSIVE SYSTEM

In this section, the stability of the positive equilibrium (u*, v*) has been studied. Further, the existence of the
Hopf bifurcation for the system (1.4), non existence of diffusion driven instability has been successfully proved.
Throughout the rest part of the paper, the condition k > u* has been assumed to be verified.
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4.1. Characteristic equation

Consider the following problem

Ay =ryp z€(0,ln),
(4.1)
w:c = O,.’L’ = Oulﬂ—7
2
the eigenvalue of the problem (4.1) are k,, = (?) ,n=20,1,2,..., and the corresponding eigenfunction are
1
g n= Oa
T
Yn(z) = 5
\/>cosnx, n=123,...,
s l
and {1, (2)}$° describes the orthogonal basis of L2(0, 7). Now letting
x={U = (u,v)" € W?*(0,Ir) /uy =v, =0at z=0,lr}. (4.2)

The space  is Banach space, and Q = L?(0, I7) x L?(0, ) is Hilbert space with the inner product (Uy,Us) =
1%
/(uluQ +v1v9)dx, where Uy = (uy,v1)T and Us = (ug,v2)7. Defining the following mapping F : (0,00) x x —
0
by

dugy + ru(l — E) —a1y/ (1 — P)uv — agPuv
F(k,U) = ) k ,
dvge — my + ear/(1 — P)uv + eas Puv

where U = (u,v)T. Then for any (u,v)? € ¥,

U = (u,v)7 is solution of (1.4) < F(k,U) = 0.

At the homogeneous steady state (u*,v*) the Frechet derivative of F(k,U) for U is given as follows

L(k) = diag(dA, dA) + J(u*, v*), (4.3)
dAu 4+ ray/I=P vt ( 2a1V/T=P+as Pr/u" ) _m
2(a1v/1—P+azPvu*) k 2(a1v/1—P+azPvu*) e (4 4)
re as PvVu* _ u7* d .
9 <1 + a1¢<1—P>+a2P¢F) (1 k ) aa

The characteristic equation of L(k) is L(k)(u,v) = A(u,v), (where (u,v) € x) and A is an eigenvalue, and
(u,v) verify the following system

ra;/1—P TU (94, VT PtapPyVa® m._
dAU+ |:2(a1 /7171P+a2P /u*) - k (2((11 /177P+GZP ﬁu*)):l U — z?) = )\U7 T € (O7Z7T)7
3 E as Pvu* _ &* _ (45)
dAv+ 5 (1 t T e F) (1 - ) u=Xu, w€(0,lm),

Uy =V =0 x=0,lmr.
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Letting u = ZZOZO any and v = ZZOZO bnn. Then the characteristic equation becomes
Z(diag(—dfin, —dky) + J(EY)) ( Z” > = 0. (4.6)
n=0 n

Letting |diag(—dkn,, fann) +J(E*)|=0,n=0,1,2,..., we obtain

N — T, (k)A + D, (k) = 0, (4.7)
with
_ ra;/I—P . ﬂ 2a1V/1—P+as PVu* \ AL 2
Tn(k) - 2(a1\/ﬁ+a2P\/u7*) k (2(a1\/ﬁ+a2P\/u7*)) (d+ d) (Z) ’
(Mt 52 ra,VI=P TU (9, /T PtasPVar
Dy (k) = dd (7) —d (7) [2(a1\/ﬁ+azp\/q7) Tk (2(a1\/ﬁ+ajP\/1F)) (4.8)

rm 02D Vi v
+ 2 (1 + al\/(lP)JrazP\/lT*) (1 k ) '
4.2. The existence of Hopf bifurcation

Recall that a Hopf bifurcation occurs if and only if T,,(k) = 0 and D, (k) > 0. Obviously Dy(k) > 0 and
hr—? D, (k) = 4o00. The critical value of the bifurcation parameter k& must be the solution of the following
n—-—+0o0

equation of the variable k

ray/I=P ru* ( 2a1/1=P+ay Pv/u* ) _ (dJrCZ) (n)2 =0, (4.9)

2(a1vVI-P+asPvVu*)  k \2(a1vV1—P+azPVu*)

which is equivalent to

k= k(n),
where
*(2a1/1—P Pvu*
k(n) = ’”“ (f“ o +axPvue) . (4.10)
rby — 2(d + d) (7) (a1vVI = P + asPv/ur*)
Then we have the following results:
Lemma 4.1. Putting
- 2
Ny = max{n € N/ ra;v/I— P —2(d + d) (%) (a1VI— P + asPvu*) > 0}. (4.11)

Hopf bifurcation occurs for the system (1.4) at k = k(n) and for n < Ny (where k(n) is defined in (4.10)) and
k(n) verifies the following estimation

u* <k(0) <k(l) <. <k(n) <k(n+1)<..<k(N). (4.12)

Proof. Hopf bifurcation occurs if and only if T,,(k) = 0, which equivalent to

To(k) = (d +d) (E)Z, (4.13)
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and it is easy to see that lim Ty(k) = —r < 0, and

k—u*
2a1v1 — Pvu
Ty(k) = = ( avl—Pta ) >0, (4.14)
2k 1V1— P+ as P\u*
and
a1v1—P
lim Ty(k) = (4.15)

k—+ 00 2(a \W +a2P\/zT*)

From (4.13) and (4.14), Ty(k) is strictly increasing with respect to the carrying capacity k and the solution of
the equation Ty(k) = 0 is

k=Fk">u", (4.16)
where k* is defined by (3.6). The equation (4.13) possesses a solution if and only if the constant integer n verifies

- /nn2 1W1—=P
0 (7)< i P e

(4.17)

which equivalent to n < V7.
The function (d + d) (7> is strictly increasing with respect to n, which leads to the estimation obtained in

(4.12) (see Fig. 7). The proof is completed. O
Now we put )\( = B(k) £ iw(k) as the solution of the characteristic equation with S(k(n)) =0 and

\/D , then

B (k(n)) = — ( 2a1V/1 — P + as Pv/u* ) o

2k2(n) 2((11\/ 1-P + GQP\/UT)

Under the result (4.18) the bifurcation points and their order is given by the following theorem

(4.18)

Theorem 4.2. If there exists N* < Ni a critical value such that ip =0 < i1 < ... <in~ < N1 and D;e(k(i§)) >
0, £ =0...N* we have the following estimation:

u <k(0)<k(l) <. <kn) <k(n+1)<..<k(iy-). (4.19)
In order to the above analysis we have the following theorem

Theorem 4.3. Assume that k > u* holds, then we have the following results

(i) If n = 0 the equilibrium (u*,v*) is asymptotically stable for 0 < k < k* := k(0) and unstable for k > k*.

(ii) The system (1.4) has a Hopf bifurcation near (u*,v*) for k = k(n) where a spatzally homogenous periodic
solution appears for n=0, and spatially nonhomogeneous periodic solution forn =1,2,... iy«.

Remark 4.4. For Theorem 4.2 we have T,, =0 for k = k,,n=0,1,...,in+ and it is well known that Dy > 0
for k£ > w*. Thus there exist an integer denoted by N* such that D,, > 0 for n = 0,1,..., N*. Taking iy« =
min{Ny, N*}. Thus we have:

(i) T, <0forn=0,1,...,in=.

(ii) Dy, >0 for n =0,1,...,iyNx.

(iii) The transversality condition (4.18).

Thus the system undergoes Hopf bifurcation at k = k(n) for n =0,1,...,iy~.
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FIGURE 7. The existence and the order of Hopf bifurcation points the solution of the equa-
tion (4.13) where a = 3.5; P =0.7; I = 5; e = 0.5; m = 0.5; r = 2.2; d = 0.02; d = 0.1 which
means u* = 1.3005; N; = 6.

4.3. Non existence of Turing instability

In this subsection, our main focus is on proving that the system (1.4) can not undergo diffusion driven
instability. Note that Turing driven instability occurs when the equilibrium point is linearly stable in the
absence of spatial diffusion and in the presence of this last becomes unstable, which means that we will assume
that u* < k < k*.

Lemma 4.5. The system (1.4) has no Turing instability at (u*,v*).

Proof. Obviously Dg(k) > 0, then for having the existence of Turing instability we must prove D,, (k) < 0 which
can be rewritten as follows

2 *
0,0 =0 ((7)) =ad ((5)") ~a(}) st - & (vabm )] + o).

(4.20)
Thus, using the fact that v* < k < k*, we obtain that
raij\/1—P _ E ( 2a1/ 17P+a2P\/u7* ) < 0
2(a1v/1—P+az Pvu*) k 2(a1v/1—P+asPvu*) )

which means D, (k) > 0 for any integer n the we deduce the non existence of Turing driven instability. The
proof is completed. O
4.4. Direction and stability of Hopf bifurcation

In this section our aim is to study the stability of the homogeneous and the non homogeneous periodic
solution using the normal form on the center manifold at the Hopf bifurcation points. Before that we will make
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rvu* u*
a change of variable by putting & = v — u* and ¥ = v — v* where v* = v* = (1 — ~)
& Y & B a1 = P+ as PVur k+p
and p = k —k(n) where p1 = 0 is equivalent to and k = k(n),n = 1,2,...,iy+ and dropping tilde for convenience,

the system (1.4) becomes:

(u+u”)
k(n) +p

vy — dvge = —my + ear /(1 — P)(u + u*) (v + v*) + eaz P(u + u*) (v + v*),

up — Aty = 7(u + u*) (1 - > —a1y/(1 = P)(u+ u*)v — asP(u + u*)(v + v*),

x € [0,ln];t >0

(4.21)
and it is equivalent to
U(t) = LU + F(U, ), (4.22)
where
82
ai(p) + dﬁ aiz
L=DA+ J(E*) = . ,
W A
a i
21 (M 02
and

AU,
F(U.R") = ( FEUZ; )

. (u+u")
T(u+u)<1k(n)+,u

—my + ear/(1 — P)(u+ u*)(v + v*) + eaz(u + u*)(v + v*) — a1 (p)u

) —a1y/(1 = P)(u+u*)v — agP(u+ u*)(v+v*) —a11(p)u — arav

)

where a11(1t), a12,a21 (1) are defined in (3.3). Now we define the following complex space of x by the
decomposition:

Xc = X Dix,

and the inner product

<U1,U2> = /ﬂ1u2 + v1vodx where Uy = (ul,’Ul)T,UQ = (UQ,’UQ)T € Xc-
0
The adjoint operator L* is given by

62
ar(p) + d@ az1 ()

~ 82
A5

L* = DA+ J*(p) =

Then L} (u) = —n?D + J*(u) where J*(u) is the adjoint matrix of J(u). Now we define the eigenfunction of
the L, (p) and L% (p) corresponding the eigenvalue iw and —iw by

*

qg= (Zn) cos (?m) and ¢* = (Z*") cos (%x) ,
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such that (¢*,¢) =1 and (¢*,q) =0 and also L} (u)q* = —iwg*. Where

1
an 2 .
(b > = (z’w—(au —d(%) >n0,1,...,1N* and g = 0.
a21
And for 4 =0 we have
1 a21a12 1 —aa(iw +a11) e
— - T - ifn=0,
Im as1a12 + (zw + a11)2 Im as1a12 + (zw + (111)2
(5) -
by, 3 ao1a12 g —a21012
I . ny2\ 2 I ' ny 2\ 2
a21a12 + (zw +a;; —d (7) ) a21a12 + (zw +a;; —d (7> )

and use the decomposition of our space

x=x"ax’,

15

where x© = {2¢ + 2G/2 € C} and x* := {U € x/(¢*,U) = 0} for any U = (R, P)T € x there exists z € C

(u € x© means there exist z € C such that u = zq + 27) and w = (wy,ws)T € x* such that

R = apzcos(nx) + anz cos(nzx) + wr,

U—zq+26+w—{

P = b,z cos(nx) + b,z cos(nz) + w;.

Now, we will follow the steps given in [12] so we have
dz
dit

dw _
e

=iwz + (¢*, F,,(U)),
L(p)w+ H(z, Z,w),

where
H(z,z,w) = Fo(U) = (¢*, Fn(U))q — (7", F1(U))q,

1 1
F.(U) = §QUU + BCUUU +o([Uh),

where Quu and Cyyy are the second and the third order of the system (4.8) then we have

Qqq = ( CCZZ ) cos? (?az) ,
Qqq = Qqu

= ()0 (o).
o= (0 oot ().

(4.23)

(4.24)

(4.25)

(4.26)
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where the partial derivative evaluated at origin

¢n = Firga? + 2Figpanby, + Fippb?2,

dn = Foprpa? + 2Foppayby, + Foppb?,

€n = FlRRanan + FIRP(aan + afnbn) + FlPanEnv

_ _ (4.27)
fn = Farranan + Forp(anby + anby) + Fappbnby,
9n = FirrraZa, + Firrp(ab, + 2a,a,b,) + Firpp(anb? + 2a,b,b,) + Fipppb2by,
hn = Forrra2an + Forrp(a2by, + 2anGnbn) + Forpp(@nb? + 2a,b,b,) + Fopppb2by,.
Then, the reaction-diffusion system restricted to the center of manifold is given by
d
£ =iwz + (¢*, F,(U)) = iwz + Z g.”.z 2+ o(|2]h), (4.28)
2<i+5<3
where
920 = <q*7QQQ>7
g11 = <q*7Q _>7
“ (4.29)
go2 = (q*, Qgq)

g21 2<q Qw11(1> <q*7 Q7D20(7> + <q*7 qu(7>'

Then we have two cases:
(i) If n = 0 (for the spatially homogenous Hopf bifurcation)

goo = Im(@gco + bido),
g11 = In(akeo + bf fo),
go2 = Im(agco + bido),
921 = 2(q*, Quirq) + (0%, Quaog) + (07, Caqq)-

where
(0" Quurg) = Im[ag(Firrwy ao + Firp(wibo +wiyao) + Fippwi?bo)
405 (Farrw!y a0 + Forp (w(y by + wYag) + Foppwiy by)).
(0", Quaog) = In[as(Firrwsy do + Firp (wly'bo + wly) ao) + Fippwly) bo)
+BS(F2RRU)§%))&0 + FQRP(Wéa)BO + wéo)(_lo) + ngp’wé%])l_)o).
(7%, Cqqq) = Im(aggo + 53h0)~
and

2
_HY

(1)
_ w a1
w = — L 1H = 11 > = < >
" [ O(M)] " <’LU§21) . Hl(l)agl + Hl(l)an

21012
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H2((1))2iw + Hég)alg

wyo = [2iwdiag(1,1) — Lo(p)] ™ Hao = (w(2)

50 Hyy asy + HYY (2iw — ar)

(2@&] — a11)2iw — a21a12

where
1
e
Hqi = Qqq - <q ,Qqq>q - <q ’qu?>q - H(Q) )
) 11
_ (80 — lmag(ageo + b5 fo) — Imao(ageo + b8f0)>
fo = Imbo(aheo + b fo) — lmbo(afeo + by fo)

i
_ : - __ (Hzo
Hy = Qqq - <q ,Qqq>q - <q ,Qqq>q = <H(2))»

20

. (Co - Wao(dSCO + B(’;do) — WELQ(&SCO + b8d0)>
do — Wbo(ELSCo + bédo) - ’/Tb()(G,SCO + bgdo) '

(ii) If n =1,2,...,in= (for the spatially inhomogeneous Hopf bifurcation)
Not that

lm

/C083 ?mdx =0.
0

By straight forward calculation we have
(0", Qqq) = (", Qqq) =< 7", Qqq) =< 7", Qqq) = 0.
Then we have

920 = g11 = go2 = 0,
g21 = 2(q", Qw11q> + <q*7Qw20¢7> +(q", quf?>'

where
1 2 n
w1 = —5[[/”(”)]_1 |:COS Tnl‘ + 1:| (;n>,
2n
= W11n COS Tm + Wiin-
and

) - 2 n
W2 = ~5 2iwdiag(1,1) = Ln(p)] 1 [COS Tnx+ 1] (Ccl )7

2n
= Wa20n COS Tx + Waop, -

’LUé(l))> _ ( (2zw — all)%w — a21a12 )

17

(4.30)
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I I
2
Note that /cos Tnx cos? ?axdx = % and /0082 %xdx = g then we have
0 0
. 3l (1) (1) (2) (2)
(0", Quyg) = T[an(FlRRwllnan + Fipp(wiy,bn + w17 an) + Fippwiiy,bn)l
+B:; (FQRngli)na’n + F2RP(w§11)nbn + w?l)nan) + FZPngzl)nbn)]a
. 3l A - 1 7 ) - @) 7
(0", Quaog) = T[ao (F1rRRWs0, a0 + FirP(Wag,bo + wag' Go) + F1ppwsg,bo)

(2)

+53(F2RR1U§))7L@0 + F2RP(w§))nBo + wQ%) o) + F2PPU1§%)nBo),

(0" Cana) = 5 @00 + o),
where
1
wan, =y Riwdiag(1.1) - o] () = (ZE;)
1 cn (21w + J(%)Q) + dnaia
B 2D <dn(2iw — a1 + d(%)Q) + ena21>.
Such that
Dy = det(2iwdiag(1,1) — Ly (1)),
= (2iw + d(%)Q)(%w —ai + d(%)Q) — 13001,
and
(1)
wiin = =510 () = (ZU)

- 1 < _end(%)2+fna12 )
200 \ fulans = d()?) = enaz/

(4.31)

(4.32)

(4.33)

where D,, is defined in (4.8) Using the results in Hassard [12] the direction and stability of Hopf bifurcation can

be determined by the following values
__ Re(c1(0))
H2 = ——F ")
p'(0)
vy = 2Re(c1(0)),

with

i _ _ 21
c1(0) = % (920911 —2¢11911 — %902902) + 97

(4.34)
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FIGURE 8. Numerical simulation of the system (1.4) when the equilibrium (u*,v*)

(5.1494,1.6639) is locally asymptotically stable for £ = 32 and d = 0.02; d = 0.01; a; = 0.
ay =07, P=0.5;1=1e=0.5 m=0.5; r=1.2 with the initial condition u(0,z) = u*

0.06 cos z and v(0,z) = v* 4+ 0.06 cos z.

5;
+

The direction of Hopf bifurcation is determined by ug where the Hopf bifurcation is supercritical (resp. subcrit-
ical) if pg > 0 (resp. p2 < 0). Further, the bifurcating periodic solutions exists for u > 0 (resp. p < 0) and the
stability of the periodic solutions determined by vs, where the bifurcating periodic solution are asymptotically
stable (resp. unstable) if v < 0 (resp. v > 0)

5. NUMERICAL SIMULATION

In this section we shall discuss the relationship between the theoretical results and the graphical
representation, which is given in the following form

Figure 1: Represents the negative effect of the prey escaping rate P on the prey density equilibrium, which
has been shown in (2.1). This result shows that the escaping never serves the prey population.

Figure 2: represents the impact of the prey escaping rate P on the predator density equilibrium obtained

in Section 2 where it varies between a positive and negative impact which depends only on two critical values

2m
ke := — and P.,. This results shows that the prey escaping can serve (or not) the predator population.
ea

Figure23: Shows the impact of both the prey escaping rate and the carrying capacity of the environment for
the prey population on the predator density equilibrium, which generalizes the obtained figure in Fig. 2. This
results can be seen easily from Section 2. Means that both the carrying capacity of the environment for the prey
population and the prey escaping from the pack affect hugely the predator population density equilibrium.

Figure 4: Shows the global stability of the semi trivial equilibrium (k,0) for «* > 2 for multi values of the
initial conditions. This result has been used to illustrate the results of theorem 3.2, also shows that the predator
population extinct for the smaller capacities of the environment for the prey.

Figure 5: Represents the local stability of the interior equilibrium (u*,v*) for k < k* determined by studying
quality of solution of the characteristic equation (3.4).
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FIGURE 9. Numerical simulation of the system (1.4) when the equilibrium (u*,v*) =
(5.1494,1.6827) is unstable and the existence of a homogeneous periodic solution for the values
k=34 and d=0.02;d =0.01;a;1 =0.5;a5 =0.7;, P=0.5;l =1 e =0.5m=0.5; r = 1.2 with
the initial condition u(0,x) = u* — 0.1 + 0.03 cosz and v(0,z) = v* — 0.06 + 0.35 cos .

Figure 6: represents that the interior equilibrium is unstable for k£ > k* and the existence of a stable periodic
orbit. This result has been obtained due to the qualitative analysis of the characteristic equation (3.4).

Figure 7: Shows the existence and the order of Hopf bifurcation points which insures the obtained results in
theorem 4.2. Further, shows the maximal value of the integer n in which the system undergoes Hopf bifurcation
(in this case we have N; = 6). Also, means that we have seven Hopf bifurcation points.

Now lets investigate with the graphical representation of solutions of the system (1.4), the following numerical
schema is used

d
u;-”lzu?—dt@@u?—u?fl—uﬁl)—l—f(u?,v?),i:1,2,...,M,n:1,2,...7N7
n+l _ . n a n n n n o.n\ ; __ o
v =Y _dt@@”i vy — o) Fou,v),i=1,2,... , M;n=1,2,..., N, (5.1)
ul = ug, v = vy, uy = uh_q, 04y =0y _,n=1,2,... N,
U?:¢i,v?:¢i,i:1,2,...,M,

T
where dz = 0.005 and dt = 0.05 and ¢; = ¢(i x dz), ¥; = (i x dz), M = —, N = — and

n

ful, vy = rul (1 — %) — a1/ (1 = P)ulv — agPuivy,

g(ut,vi") = —mv + ear/ (1 — P)ulv} + eag Pulv}.
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FIGURE 10. Numerical simulation of the system (1.4) when the equilibrium state (u*,v*) =
(5.1494,1.6912) is unstable and the existence of a non homogeneous periodic solution for the
values k =44 and d = 0.02; d = 0.01; a1 =0.5; a2 =0.7; P=0.5;l=1e=0.5,m=0.5; r =
1.2 with the initial data u(0,2) = v* — 0.015 + 0.06 cos z and v(0, z) = v* — 0.2 + 0.06 cos 0.04x.
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FIGURE 11. Numerical simulation of the effect of the prey escaping rate P on the Hopf
bifurcation value shown in (3.6), the values e = 0.44; m = 1.01; r = 0.2; k = 8000 are used,
where for (A) we take a; = 1; ag = 2.1; and for (B) we take a; = 2.5 and az = 2.1.

Figure 8: Represents the local stability of the interior equilibrium state (u*,v*) for k = 32 < k(0) = 33.4344
this result has been obtained in theorem 4.3, where (C) and (D) represents the projection of the surfaces (A)
and (B) on the plan ¢ — z, respectively.

Figure 9: Represents the existence of a homogeneous periodic orbits for k = 34 > k(0) = 33.4344 (means that
n = 0) shown in theorem 4.3, where (C) and (D) represents the projection of the surfaces (A) and (B) on the
plan t — x, respectively.

Figure 10: Represents the existence of a non homogeneous periodic orbits for k& > k(1) = 43.3963 (means that

n = 1) shown in theorem 4.3, where (C) and (D) represents the projection of the surfaces (A) and (B) on the
plan t — z, respectively.
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Now shall we discuss the direction of Hopf bifurcation using a numerical simulation. Taking the following
values d = 0.02; d = 0.01; a3 = 0.5; a2 =0.7; P=10.5; [ = 1; e = 0.5; m = 0.5; r = 1.5. Thus we have:

(i) The set of all bifurcation points is A = {k(0), k(1), k(2)} where k(0) = 22.1027, k(1) = 25.4397, k(2) =
46.5027.

(ii) For k = k(1) we have a;; = 0.0324, ag; = 0.1280, a1z = —1 and w = 0.3576, a; = 1, by = —0.0012 +
2.7939¢, a7 = —0.1677 —0.00514, b7 = 0.1677 4+ 0.0051¢. Thus by a straight forward calculation, and by replacing
those results in (4.30) (see also (4.31), (4.32), (4.33)) we obtained that Re{c;1(0)} &~ —0.8205 < 0. Then the the
periodic solutions are stables at k = k(1).

6. DISCUSSION

In this paper, a study of a new approach of escaping prey from a pack with a predator-prey interaction in
the presence of spatial diffusion and subject to the homogeneous Neumann boundary conditions. The impact of
the prey escaping on the positive equilibrium state (u*,v*) has been successfully studied in the second section,
where the negative effect on the prey density equilibrium has been obtained (see Fig. 1). This results shows
that this specific behavior of the prey population has always a negative impact on the evolution of the prey
density. On the other hand, the effect of the variable P on the predator density equilibrium has been divided
between a positive and negative effect, where it depends on two parameters the carrying capacity of the space of
the prey k and a critical value of the prey escaping rate denoted by P,.. Also those results were justified using
numerical simulations (Fig. 2). Because of the dependence of the predator density equilibrium (see Lem. 2.1)
on two parameters P and k we presented in Figure 3 which shows the effect of those two parameters on the
density equilibrium of the predator. Besides, in Figure 11 the impact of the variable P on the value of the Hopf
bifurcation shown in (3.6) which prove the huge sensitivity of the Hopf bifurcation value to the escaping prey
rate. Mathematically, this sensitivity can lead to a huge variation in the solution behavioral of the considered
systems (1.3) and (1.4).

In Section 3, our main focus has been on the study of the non spatial system (1.3). Firstly, the existence
of the upper bound of solution has been successfully established. This upper bound has been used to prove
the global stability of the semi trivial equilibrium state (k,0) in the absence of the interior equilibrium state
(u*,v*) (which means if k¥ < u*) the result has been also justified by a numerical simulation (Fig. 4). Besides,
the local stability of the positive equilibrium state (u*,v*) has been also determined, where a critical value of
the carrying capacity of the space for the prey denoted by k* such that for & < k* the interior equilibrium is
locally stable and unstable for k& > k*. Further, we obtained that the system (1.3) undergoes a Hopf bifurcation
at k = k*. This result has been checked out using numerical simulations (Figs. 5 and 6).

In the next section, the analysis of the diffusive system has been investigated. The characteristic equation
has been calculated for the interior equilibrium state (u*,v*). By analyzing the characteristic equation, it has
been proved that the diffusive system undergoes a Hopf bifurcation at multi value k = k(n) (where n < Ni) and
the sequence k(n) is increasing in n (see Fig. 7). Note that for n = 0 a homogeneous periodic solution appears
(see Fig. 9) and non homogeneous periodic solution appears for n =1,2,...,jy+ (see Fig. 10) (which appears
when the interior equilibrium state (u*,v*) is unstable).For determining the stability of the periodic solution
the normal form on the center manifold theory has been used (see [4]). An important quantity denoted by v
shows the stability of the homogeneous and non homogeneous periodic solutions has been determined, where
for vy < 0 the periodic solutions are unstable and stable for vy > 0.

Based on the biological meaning of those results, the main remark is the escaping rate never serves the prey
population. In the real world, the objective of the attack of the predator on the prey pack is to divide this herd,
where the main focus will be on hunting the escaping prey. This behavior can be seen widely in the real world,
where the most hunted prey are the youngest ones. In other word, the prey must stay organized, and the pack
is the easiest and effective way for prey to survive in the wild. Besides, the global stability of the semi trivial
equilibrium (k, 0) for & < u* means that for the smaller species the predator cannot satisfies it need (the prey is
no more available to the predator), which leads to the extinction of the predator population. On the other hand,
after the analysis of the system there exists a critical value of the carrying capacity of the space for the prey
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population such that for the small spaces (means that the carrying capacity is lower then this critical value) we
can conserve the two populations at a constant density in the long term, and for large spaces (means that the
carrying capacity is bigger then this critical value) we conserve the two population but with a periodic patterns.
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