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Abstract. We review applications of theory of classical and quantum integrable systems to the freeboundary problems of fluid mechanics as well as to corresponding problems of statistical mechanics.
We also review important exact results obtained in the theory of multi-fractal spectra of the stochastic
models related to the Laplacian growth: Schramm-Loewner and Levy-Loewner evolutions.
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1. Introduction and outline
The theory of diffusive growth processes unites the mathematical modeling of numerous non-equilibrium
phenomena that involve interaction of several phases of matter, such as oil and water in the Hele–Shaw cell,
solid and liquid states in crystal growth, different electronic states in magnetic fields and many others. This
theory deals with an important class of pattern formation of moving fronts which occurs when diffusion rather
than convection dominates the transport. It studies models of essentially two types:
The models of the first, “hydrodynamic”, type are deterministic free-boundary problems. The simplest class
of these is usually unified by the name of Laplacian Growth, also known as the Hele–Shaw problem, which
refers to dynamics of a moving front (“boundary” or “interface”) between two distinct phases in two dimensions
driven by a harmonic scalar field that is a potential for the growth velocity field (see e.g. [7, 69], and [28] that
contains more up to date results). Such models describe for example fingering viscous flows in fluid mechanics.
The models of the second type are stochastic versions of the above deterministic problems introduced to
describe processes where interfaces form natural fractal patterns. The most famous representative of the second
type, the Diffusion Limited Aggregation or DLA (for introduction see e.g. [29, 53]), describes, for instance,
formation of a cluster of particles on two dimensional lattice by aggregation of random walkers released from
infinity: No more than one particle can occupy a lattice site. The particles stick one by one to the cluster. Then
it follows that the probability for a particle to occupy a given, next to the cluster, site depends on the value of
a lattice harmonic field at neighboring sites. The field vanishes on the cluster and has a prescribed asymptotic
behavior far from the boundary.
The main targets of research in Laplacian growth is to predict dynamics of the boundary and/or formation
of patterns between different phases as well as to understand principles that unite various growth models in
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universality classes (for instance, Hele–Shaw problem and DLA are claimed to be in the same universality class
[55]). The indirect goals here aim to study mathematical structures behind the processes and to establish links
with adjacent disciplines, like potential theory and quadrature domains, integrable systems and exactly-solvable
models of statistical mechanics as well as specific fundamental problems of mathematical physics.
In this work, we review exact results obtained in the Laplacian growth and related models. In particular,
we consider application of theory of integrable systems to the models of the “hydrodynamic” type and reveal
the established links with specific fundamental problems of mathematical physics (Sects. 3 and 5). We also
review attempts of integrable discretizations of hydrodynamic models in the framework of equilibrium statistical
mechanics through theory of random matrices and infinite soliton solutions of integrable hierarchies (Sect. 4).
The last part of the review is devoted to exact results obtained in the theory of Schram-Loewner and LevyLoewner evolutions (Sect. 6).

2. Deterministic and stochastic Laplacian growth
A zero surface tension Hele–Shaw free-boundary problem (see e.g. [7, 28, 69]) is a deterministic version of
the Laplacian Growth. It describes time evolution of a domain Ω = Ω(t) in the z = x + iy plane, when the
boundary ∂Ω of the domain is driven by the gradient of a scalar field P = P (x, y, t), often referred as “pressure”
(see Fig. 1): The normal velocity of the boundary ∂Ω is proportional to the gradient of the pressure
vn = −∂n P,

(2.1)

where vn stands for normal velocity of the boundary and ∂n is the normal derivative at the boundary.
The field is harmonic, except for several singular points (“sources” and “sinks”), in the exterior or respectively
the interior of Ω:
∆P (x, y, t) =

X

qi (t)δ(x − xi )δ(y − yi ).

i

The corresponding Hele–Shaw problems are referred as exterior or interior. In the most known case of the
exterior Laplacian growth driven by a single sink at infinity the above equation takes the form
∆P = 0,

P →

−1
log(x2 + y 2 ) as z → ∞.
4π

(2.2)

The field P vanishes at the domain boundary (“interface”)
P (∂Ω(t), t) = 0.

(2.3)

The domain evolution is defined completely by its initial shape and behavior of singularities qi (t). The wellposedness and stability of the problem depend strongly on types of the singularities.
For instance, the exterior “sink”-driven Hele–Shaw problem, i.e. the problem of expanding of simplyconnected domain Ω whose boundary is driven by the Green’s function of the exterior of Ω, is linearly unstable
(so-called Saffman-Taylor instability [66]) and ill-posed for almost any initial conditions (for details see e.g. [37]
or Sect. 1.4.3 of [28]).1 In the contrast, the interior problem for expanding Ω (which is a “source” driven) is
linearly stable and well-posed.
One may think of the above free boundary problem as that of dynamics of an ideal conducting contour ∂Ω in
two-dimensional electric field. In the case of the exterior Laplacian growth driven by the logarithmic singularity
at infinity (2.1)–(2.3), a unit charge is distributed with linear density σ(l, t) along the contour. The contour is
1 The problem can be naturally regularized by taking into account the surface tension of an interface (see e.g. [24] or Sect. 1.4.4
of [28]). Unfortunately, this generalization is no longer integrable.

ON INTEGRABILITY AND EXACT SOLVABILITY IN DETERMINISTIC AND STOCHASTIC LAPLACIAN GROWTH

3

Figure 1. Problem setting (left) and the domain area increment along the boundary segment
a < l < b during the time interval (t, t + dt) (right). For an exterior problem P+ = 0, and
P− = 0 for an interior problem.

Figure 2. An example of the cluster growth. Black squares (“particles”) belong to the cluster
Ω, white squares with gray sides form the cluster boundary ∂Ω. Black dots denote charged
(boundary) sites and gray dots are uncharged lattice sites.
“an ideal conductor”, that means that the potential (at fixed t) is
H constant along ∂Ω. Here l stands for natural
parameter along the contour {∂Ω : z = ζ(l, t), |dζ(l)| = dl} and ∂Ω σ(l, t)dl = 1. The harmonic field P (x, y, t)
is (modulo coordinate independent function of t) the electrostatic potential created by the above charges
P =

1
2π

I
σ(l, t) log |z − ζ(l, t)|dl.

(2.4)

∂Ω

The gradient of the potential is the electric vector field, that has a jump of magnitude σ(l) across the boundary.
Therefore, from (2.1) it follows that the normal velocity of the contour is
vn (l, t) = σ(l, t).

(2.5)

Equations (2.4) and (2.5) reduce the free-boundary problem on the plane to the dynamical problem on the
contour only. It is easy to see that the linear density σ is non-negative, and the interior domain Ω expands in
time.
The domain area increment dP(a,b) along the interface segment a < l < b during the time dt (see Fig. 1) is
proportional to the electric charge q(a,b) concentrated on this segment
dP(a,b)
=
dt

Z

b

Z
vn (l)dl =

a

b

σ(l)dl = q(a,b) .

(2.6)

a

This fact suggests to consider the boundary charge as the cluster increment probability in the discrete analogue
of the deterministic Laplacian growth called diffusion-limited aggregation (DLA). This is a stochastic growth
process that is yet analogous in its derivation to the above model.
Let us now take a square lattice, paint elementary square cells in white color and label centers of squares
by a pair of integers (m, n) that are discrete coordinates along the x and y directions. Consider the following
stochastic process: At the first step, the (0, 0) square is painted in black. At the next step we paint in black
one of four sites that are next-neighbors of this smallest cluster etc. (see Fig. 2). This procedure is continued
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Figure 3. Example of the growing DLA cluster. To visualize the time dynamics, we prescribe
colors to cluster particles. The color ranges from green to blue, depending on time (or step) at
which the particle joined the cluster (green for the initial step, blue for the final step).
by coloring, at each step, one of randomly chosen white next neighbors of the cluster (i.e. adding randomly a
“particle” to the cluster) with the probability described below.
We use the same notation Ω for the cluster as we used for a continuous domain. The cluster boundary, which
consists of all white next-neighbors of the cluster, is denoted, by analogy with continuous case, by ∂Ω.
At each step of the process, we can define a lattice function Pm,n which satisfies the difference Laplace
equation
Pn−1,m + Pn+1,m + Pn,m−1 + Pn,m+1 − 4Pn,m = 0,
−1
Pn,m →
log(m2 + n2 ), m2 + n2 → ∞,
4π
and vanishes at the boundary
Pn,m = 0,

(n, m) ∈ ∂Ω.

The above equations are lattice analogues of (2.1)–(2.3).
As in continuous case, the harmonic field Pn,m can be also expressed in terms of charges, that are now sitting
at the boundary sites (see Fig. 2).
It is easy to see that the boundary charges are nonnegative qi,j ≥ 0 and
X
(i,j)∈∂Ω

qi,j = 1.
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By analogy with continuous case (c.f. (2.6)) one can consider qi,j as a probability of the (i, j) square of the
boundary ∂Ω to join the cluster Ω.
The above discretization of the Laplacian growth is a “site” version of the Diffusion Limited Aggregation or
DLA, a stochastic process of cluster growth by consecutive attachment to its boundary random walkers released
from infinity [29, 53]. An example of such a cluster consisting of several thousand square particles is shown in
Figure 3.
The ill posedness of the continuous Laplacian growth driven by sinks exhibits as fractal growth in its stochastic
version. Experimental results suggest that the Hele-Show problem and DLA are in the same universality class
in the sense that they have the same multi-fractal spectrum [55]. Theoretical demonstration of this fact is an
important unsolved problem.

3. Laplacian growth as solution of hierarchies
of integrable PDEs
The deterministic Laplacian growth (the Hele–Shaw problem) possesses a remarkable integrable structure:
It was found in 1970 by Richardson [63] that, for this problem, there exists an infinite set of integrals of motion
Z
I[h] =

h(x, y)dxdy,

dI/dt = 0

Ω(t)

where h(x, y) is any regular in Ω harmonic function that vanishes at sources/sinks.
It turned out that given initial form of domain
at t = 0, its final form does not depend on a history of
Rt
sources qi (t) but rather on total fluxes Qi = 0 qi (t0 )dt0 produced by the time t. In other words, one observes
“commutativity” of fluid flows driven by different sources.
In the case of the exterior Laplacian growth driven by a single source/sink at infinity one can take harmonic
moments of the exterior domain C\Ω as invariants of motion
Z
Ik =
C\Ω(t)

z −k dxdy,

I¯k =

Z

z̄ −k dxdy,

k = 1, 2, . . .

(3.1)

C\Ω(t)

More precise notion of integrability of Laplacian growth in simply connected domains was given in context of
the dispersionless 2dToda hierarchies in works [32, 58], and in context of the Whitham hierarchy for multiply
connected domains [42].
For the simply connected case, considered here, it is convenient to use a time-dependent conformal mapping
for description of the domain evolution: By Riemann’s theorem one can analytically map an interior or exterior
of the unit circle in the “mathematical” w-plane onto respectively interior Ω or exterior C\Ω of the “physical”
plane, so the domain boundary ∂Ω : z = f (eiθ , t) is the image of the circle |w| = 1 (see Fig. 4).
Considering an exterior problem one can write down

f (w, t) = r(t)w +

∞
X

uk (t)w−k

(3.2)

i=0

and it can be shown that a solution of the exterior Hele–Shaw problem satisfies the Polubarinova-Kochina
equation [62], which modern form is [58]
{f (w, t), f¯(1/w, t)} = 1.

(3.3)
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Figure 4. Time dependent conformal mapping z = f (w, t) from the unit circle in “mathematical” w-plane to the domain boundary in “physical” z-plane. Depending on the problem, exterior/interior of the circle is mapped analytically to the exterior/interior of ∂Ω(t)
respectively.

Here “Poisson brackets” {, } are defined as
{f (w, t), g(w, t)} := w

∂f ∂g
∂g ∂f
−w
.
∂w ∂t
∂w ∂t

(3.4)

It has been observed in [58] that, when considered as a quasi-classical limit of matrix commutator in Lax
representation, the Laplacian growth (the Polubarinova-Kochina) equation (3.3) coincides with so-called “string”
constraint to solutions of the dispersionless 2Toda hierarchy (2dToda), so that the domain deformation due to
the change of different harmonic moments corresponds to evolutions wrt different hierarchy times.
The 2Toda hierarchy is an integrable infinite-dimensional dynamical system which can be constructed in the
following way. Define two infinite-dimensional Lax matrices: let the first one have zero entries above the first
upper diagonal and the second one be with zeros below the first lower diagonal:

L = r(T )W +

∞
X

ui (T )W −i ,

L̄ = W −1 r(T ) +

i=0

∞
X

ūi (T )W i .

i=0

Here i ∈ Z and T ∈ Z are matrix indexes: i stands for the number of the matrix diagonal and T labels elements
along the diagonal. W is the T -shift operator W [g](T ) = g(T + 1), i.e. an infinite-dimensional matrix with units
on the first upper diagonal and zeros elsewhere Wij = δi,j+1 , i, j ∈ Z.
The 2Toda system describes a set of continuous deformations of Lax matrix elements r(T ), ui (T ), ūi (T )
through the following equations
∂L
= [Hk , L],
∂tk

∂L
= [H̄k , L],
∂ t̄k

∂ L̄
= [Hk , L̄],
∂tk

∂ L̄
= [H̄k , L̄],
∂ t̄k

where tk , t̄k , k = 1, 2, . . . are corresponding continuous deformation parameters and [, ] stands for the matrix
commutator.
In the above equations,2 the evolution operators Hk , H̄k , k = 1, 2, . . . are defined as follows
1
Hk = (Lk )+ + (Lk )0 ,
2
2 Here,

1
H̄k = (L̄k )− + (L̄k )0 ,
2

we used the “symmetric gauge” format of 2dToda equations.
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where ()± denotes projection
to upper/lower “triangular” part of the matrix and ()0 denotes its main diagonal
P∞
part, i.e. for a matrix A = k=−∞ ak W k
∞
X

A+ :=

ak W k ,

A− :=

k=1

−1
X

ak W k ,

A0 := a0 .

k=−∞

The 2Toda hierarchy is a set of equations describing deformations of a one-dimensional lattice with sites labeled
by an integer t: The dispersionless (2dToda) hierarchy is obtained as the long-wavelength (or quasiclassic) limit
of the 2Toda hierarchy:
r(T ) − r(T + 1) → 0,

ui (T ) − ui (T + 1) → 0,

ūi (T ) − ūi (T + 1) → 0.

In this limit, the shift operator W is replaced with a continuous variable w, and the lattice index T , after
a proper rescaling, also becomes a continuous variable t. The Lax matrix L becomes a Lax function f (w, t) of
the form (3.2). The matrix commutators transforms into the brackets (3.4): [, ] → {, }. The evolution operators
become functions obtained by projections of f (w, t)k , f¯(1/w, t)k to the positive/negative power and constant
parts of the corresponding Laurent series in w.
Interpreting the conformal mapping in Laplacian growth (3.2) as a Lax function, one can see that a Laplacian
growth equation (3.3) is preserved by all (properly rescaled) tk , t̄k -deformations and defines reductions of the
dispersionless hierarchy. Therefore, 2dToda hierarchy governs symmetries of the Laplacian growth. In this
picture, the hierarchy “times” can be interpreted as the harmonic moments (3.1) of the domain, i.e. (up to
constant shift)
Z
t=

dxdy,

tk = Ik ,

t̄k = I¯k ,

k = 1, 2, . . .

Ω

It is important to note that tk , t̄k -deformations do not include evolution in physical time t of the Laplacian
growth, as t is not an evolution parameter of the 2dToda, but rather a “continuous lattice” coordinate of this
hierarchy. Deformation by tk , t̄k -flow only changes kth harmonic moment of the domain Ω(t), but not its area.
This kind of motion can be considered as an evolution of a domain driven by pure k + 1-pole source, i.e. by a
singularity of multiplicity k + 1 > 1.
Since the above connection with hierarchies of integrable PDEs gives us a Lax representation of the Laplacian
growth with the “physical” time t playing role of the lattice index, rather than evolutional parameter of 2dToda,
a further work on finding Hamiltonian structure of the Laplacian growth is needed: Establishing a Hamiltonian
or variational formulations of the Laplacian growth is one of the central problems in interface dynamics that
could provide proper generalizations of the boundary dynamics in the framework of statistical mechanics. The
hamiltonian structure of physically important finite-dimensional reductions, describing solutions of the exterior
Laplacian growth (N -finger solutions, see e.g. [19]), that do not blow up in zero time, has been studied in e.g.
in work [32].

4. Normal random matrix and Coulomb gas interpretation
of interface dynamics
An alternative to the Lax representation of an integrable hierarchy is presented by its Hirota form, where
instead of Lax equations one solves a system of bi-linear differential/difference equations for the τ -function (see
e.g. [60]). In our case τ = τ (T ; t1 , t̄1 , t2 , t̄2 , . . . ) is a function that contains all information about r, ui , ūi .
It is known, that τ -functions of special classes of solutions of integrable hierarchies are partition functions of
various (depending on a choice of hierarchy) random matrix ensembles. In particular, the τ -function of 2Toda
hierarchy restricted by the “string equation” [L, L̄] = 1 (with latter being a dispersive analog of the Laplacian
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growth Eq. (3.3)), is nothing but a partition function of the normal random matrix model [25, 41, 70]
Z

e−Tr( ~ M
1

τ (T ; t1 , t̄1 , t2 , t̄2 , . . . ) =

+

P
M + k>0 tk M k +t̄k (M + )k )

dM dM + ,

[M,M + ]=0

where the integral is taken over all normal (i.e. M : [M, M + ] = 0, where M + is the hermitian transpose of M )
matrices of size T × T and ~ being a free parameter. The dispersionless limit corresponds to a double-scaling
limit for large matrices, a such that T → ∞ and ~ → 0, while t = ~T remains finite. Deformation variables in
this limit are also need to be rescaled tk → tk /~.
Since, in the dispersionless limit, the above τ -function describes both the Laplacian growth and normal
random matrices, it is natural to ask how the eigenvalue distribution of these random matrices is related with
domain shape Ω(t) in the Hele–Shaw problem?
A normal matrix can be represented as M = UΛU + , where U is a unitary matrix and Λ = diag(z1 , z2 , . . . zT )
is a diagonal matrix consisting of complex eigenvalues of M . By a standard procedure (see e.g. review [59]), one
can integrate out “angular” U-variables and write down the eigenvalue probability distribution:

dP =

T
1 −E Y
e
dxi dyi ,
Z
i=1

Z
Z=

e−E

T
Y

dxi dyi ,

i=1

where E is an electrostatic energy of the two-dimensional Coulomb gas:
T

X

E = −2

log |zi − zj | +

1≤i<j≤T

1X
(zi z̄i + V (zi , z̄i )),
~ i=1

V (z, z̄) =

X

(tk z k + t̄k z̄ k ).

(4.1)

k>0

The above probability distribution corresponds to the particular model of random normal matrices that is
reduced to statistical mechanics of T mutually repelling positive Coulomb charges in the confining potential
z z̄/~ produced by uniformly charged negative background on the plane. In addition, the harmonic potential
V (z, z̄)/~, ∆V = 0, acting on each charge, is superposed on this background. According to the standard random
matrix terminology, the inverse temperature of this
Q Coulomb gas equals 2, which means that the square of the
absolute value of the Vandermonde determinant 1≤i<j≤T |zi − zj |2 enters the probability measure.
As is well known from the random-matrix or the Coulomb-gas theory,3 in the T → ∞, ~T = 2πt limit,
expectation ρ of the normalized density of eigenvalues (or Coulomb charges)
Z
ρ(z, z̄) = hρ̂(z, z̄)i =

ρ̂(z, z̄)dP,

ρ̂(z, z̄) = 2π~

T
X

δ(x − xi )δ(y − yi )

i=1

is a minimizer of the energy functional
−1
E[ρ] =
4π 2

Z

1
ρ(z, z̄)ρ(z , z̄ ) log |z − z |dx dy dxdy +
2π
0

0

0

0

0

Z
ρ(z, z̄) (z z̄ + V (z, z̄)) dxdy.

The latter is obtained from the energy function (4.1) by replacing ρ̂ with its expectation ρ. The minimizer is
restricted by the condition
Z
ρ(z, z̄)dxdy = ~T = 2πt,
3 Note,

that we propose here an informal sketch of argument while the rigorous treatments can be found e.g. in [2, 3].

(4.2)
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which fixes the total particle number (or, equivalently,
the matrix size).
R
δ
From the extremum condition δρ
(E[ρ] − λ ρdxdy) = 0, where λ is a Lagrange multiplier, it follows that the
electrostatic potential of the minimizer
P (z, z̄, t) =

−1
π

Z

ρ(z 0 , z̄ 0 ) log |z − z 0 |dx0 dy 0 + z z̄ + V (z, z̄)

must be constant on its support Ω : ρ(z, z̄) = 0, z 6∈ Ω. Then, from the Poisson equation ∆P (z, z̄) = ρ(z, z̄) − 1,
we obtain that ρ = 1 in Ω and vanishes elsewhere.
Therefore, in the double scaling limit, eigenvalues form a constant density “droplet”, and the minimization
of E[ρ] reduces to determination of equipotential boundary ∂Ω of this droplet. This is exactly electrostatic
interpretation of the Hele–Shaw problem given in equations (2.4), (2.5), while the Coulomb charge (or matrix
eigenvalue) support is nothing but the solution Ω(t) of the Hele–Shaw problem. Thus, in the random matrix
approach to the monopole-driven Hele–Shaw problem (2.1)–(2.3), the size of matrices plays the role of “physical”
time (see Eq. (4.2)), while the t-independent external harmonic potential V sets the initial conditions.4
The above approach to statistical mechanics of Coulomb gases from the point of view of integrable hierarchies is not unique. Another, direct approach based on infinite soliton solutions, has been introduced in works
[36, 47, 48] and later developed in [72].
First, we illustrate this approach on a simpler model of the one-dimensional lattice gas related to the KdV
hierarchy.
As has been already mentioned, solutions of integrable hierarchies can be expressed by means of their
τ -functions [60]. For instance, solution V = V(x, t3 , t5 , t7 , . . . ) of the KdV hierarchy, with the Korteveg-de-Vriez
equation
∂V
+ ∂x3 V − 6V∂x V = 0
∂t3
being the first one in the hierarchy, can be expressed through its τ -function as
V(x, t3 , t5 , . . . ) = −2∂x2 log τ (x, t3 , t5 , . . . ).
For a special class of solutions describing propagation of N solitary waves, i.e. N -soliton solutions, the τ functions
can be written down in the Hirota’s form (see e.g. [60])

X

τN =

exp −

σ1 ,σ2 ,...σN

X

Gl,l0 σl σl0 −

1≤l<l0 ≤N

N
X


σl θ l 

(4.3)

l=1

where σl take values 0 or 1. Soliton phases θl and “phase shifts” Gl,l0 depend on soliton momentums k1 , k2 , . . . kN
as
Gl,l0 = − log

(kl − kl0 )2
,
(kl + kl0 )2

θl = −φl − kl x + kl3 t3 + kl5 t5 + kl7 t7 + . . .

(4.4)

For instance, the one-soliton solution
3

τ1 = 1 + e−θ1 = 1 + eφ1 +k1 x−k1 t3 −...
4 We recall that V is determined by t , t̄ (see Eq. (4.1)) which are in turn equal to the non-zero harmonic moments (3.1) that
k k
are constants of motion in this problem.
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corresponds to uniform motion of a solitary wave with velocity k12 .
The two-soliton solution is a sum of 4 terms
τ2 = 1 + e−θ1 + e−θ2 + e−G12 −θ1 −θ2
describing propagation of a pair of solitary waves, with asymptotic velocities k12 and k22 , as well as a relative
shift in their position acquired during their interaction.
Since the N -soliton τ -function (4.3) contains 2N terms depending on N (N − 1)/2 pairwise interaction parameters Gll0 , it can be considered as a Grand partition function of particles on a lattice. Indeed, it corresponds to
a model on the lattice consisting of N cites, each of which is either empty or occupied by at most one particle.
Particles are interacting through two-particle potential Gl,l0 and with external potential θl . In this interpretation, σl stands for the filling factor of the lth site (which equals 1 if there is a particle on that site and zero
otherwise). The energy function of the lattice gas is
X

E(σ1 , σ2 , . . . , σN ) =

Gll0 σl σl0 +

1≤l<l0 ≤N

N
X

σl θ l ,

σl ∈ {0, 1},

l=1

while the total number of particles equals
n(σ1 , σ2 , . . . , σN ) =

N
X

σl .

l=1

Note that the N -soliton τ -function (4.3) can be also written down in a determinant form [60] which allows one
to find analytic solutions to physically interesting models.
Let us now impose condition of translational invariance on the two-particle interaction
Gl,l0 = U (l − l0 ),
which, according to (4.4) is possible only if soliton momentums kl form a geometric series
kl = Ce2~l ,

U (l) = −2 log tanh |~l|.

The external one-particle interaction potential θl (which includes chemical potential of the gas) can be arbitrarily
chosen by an appropriate setting of initial phases φl , hierarchy “times” x, t1 , t3 , . . . and parameter C.
The limit ~ → 0 describes log-gas on the uniform lattice, while in the double-scaling N → ∞, ~ → 0 limit
one gets log-gas on the line with the following Grand partition function
τ=

N
X
1
Zn ,
n!
n=0

Zn =

Z Y
n

e−En (l1 ,l2 ,...ln ) dli

i=1

where
En (l1 , l2 , . . . ln ) = −2

X
1≤i<j≤n

log |li − lj | −

n
X

θ(li ).

i=1

In terminology of the random matrix theory, the temperature of this gas equals 2.
Grand partition functions of two-dimensional Coulomb systems could be obtained as multi-soliton solutions
of hierarchies “in 1+2 dimensions”, such e.g. as Kadomtsev-Petviashvili (KP) or B-type KP hierarchy, etc.
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Figure 5. A “Fat slit” domain (left) and an isolated domain (right) growing in the upper halfplane H. A viscous fluid in H\Ω(t) is pushed through constant pressure outlet located along
the real axis y = 0.
For example, in the case of N -soliton solution of the KP hierarchy, phase shifts and phases are determined
by the soliton momentums zl , z̄l , l = 1 . . . N and a set of the hierarchy “times” t1 , t2 , t3 , . . .
Gl,l0 = − log

(zl − zl0 )(z̄l − z̄l0 )
,
(zl − z̄l0 )(z̄l − zl0 )

θl = φl + (zl + z̄l )t1 + (zl2 − z̄l2 )t2 + (zl3 + z̄l3 )t3 + . . . ,

l = 1 . . . N.

If we choose zl to be coordinates of a set of N points in the plane (i.e. zl = xl + iyl , z̄l = xl − iyl ), then
the τ -function (4.3) becomes grand partition function of a two-dimensional lattice Coulomb gas in the upper
half-plane with the following energy function of n-particle system
En (ζ1 , ζ2 , . . . ζn ) = −2

X

U (ζl , ζ̄l ; ζl0 , ζ̄l0 ) +

1≤l<l0 ≤n

n
X


φ(ζl , ζ̄l ) + V (ζl , ζ̄l0 ) ,

ζl ∈ {z1 , . . . , zN }.

l=1

The two-particle potential
U (z, z̄; z 0 , z̄ 0 ) = −2 log |z − z 0 | + 2 log |z̄ − z 0 |
is the Coulomb potential in the upper half-plane H : Im(z) > 0, i.e. it equals to the fundamental solution of the
Laplace equation ∆U (z, z̄; z 0 , z̄ 0 ) = 2πδ(x − x0 )δ(y − y 0 ) that vanishes on the real axis
P∞y = Im(z) = 0.
An external, one-particle potential consists of the harmonic part V (z, z̄) = k=1 (z k − z̄ k )tk , that also
vanishes at y = 0, and the confining potential φ(z, z̄), a such that φ(zl , z̄l ) = φl .
The model describes a logarithmic Coulomb gas at the inverse temperature 2 in the presence of an ideal
conductor at y=0, so that each particle interacts not only with other particles of the gas but also with their
“mirror images” of the opposite charge.
In the limit of small lattice spacing n-particle partition function takes the form
Z
Zn =

e−En (z1 ,z2 ,...zn )

n
Y

ω(zl , z̄l )dxl dyl ,

l=1

where ω(z, z̄) is a density of lattice cites (i.e. a number of lattice sites per unit area). Including this density in
one-particle potential φ → φ + log(ω), one may set ω = 1.
By analogy with the normal random matrix case (4.1), a special limit of infinite-soliton solutions of the
KP hierarchy corresponds to the Laplacian growth in the upper half-plane. This is a restricted Hele–Shaw
problem with the constant pressure outlet along the real axis P (x, 0, t) = 0. Depending on choice of one-particle
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potentials, it can describe growth of isolated domain(s) or a “fat slit” [71, 72] that runs through the outlet (see
Fig. 5) or a combination of both.
Other types of integrable hierarchies are connected with various Hele–Shaw flows restricted by linear or
circular impenetrable walls and/or constant pressure outlets [36, 72]. An unrestricted Hele–Shaw problem and
the related grand partition function of normal matrix model are recovered in the limit when isolated domains
are placed far away from walls and outlets.

5. Elliptic growth, quadrature domains and algebraically
integrable systems
Above, we considered analytic approaches to the interface dynamics based on the theory of infinitedimensional classical integrable systems. It turns out that not only hierarchies of integrable PDEs, but also finite
dimensional quantum integrable systems emerge in analytic study of interface dynamics. These include algebraically integrable systems connected with integrable elliptic growth, being a generalization of the Hele–Shaw
problem that describes diffusive growth processes in non-homogeneous media.
Algebraically integrable systems are non-trivial generalizations of the Laplace operators that have been
mainly studied in connection with unsolved Hadamard’s problem for hyperbolic PDEs (for a review see e.g.
[8, 10]). Theory of algebraically integrable systems was applied to elliptic growth and Hadamard’s problem in
works [11, 35, 45, 49].
In the elliptic growth problem, boundary dynamics obeys the following law
vn = κ(x, y)∂n P (x, y, t),
which is a generalization of (2.1), while the pressure satisfies the following variable-coefficient elliptic equation
∇κη∇P (x, y, t) =

k+1
X

qi (t)δ(x − xi )δ(y − yi ),

κ > 0, η > 0.

(5.1)

i=1

In the theory of porous medium flows, κ(x, y) is referred as permeability or conductivity, and η = η(x, y) is
medium porosity.
The above two equations, together with zero pressure condition (2.3) on the moving boundary, constitute
a generalization of the Laplacian growth (Hele–Shaw) problem, which is recovered as particular case with
η = const, ν = const of elliptic growth (for more detailed introduction to elliptic growth see [40, 54]).
The term “elliptic growth” first appeared in [40]. Obviously, different aspects of the elliptic growth have
been studied before under the names “variable coefficient Hele–Shaw problem”, “free-boundary inhomogeneous
porous medium flows”, “Non-Laplacian growth” etc. In particular, the first example of integrable elliptic growth
appeared in work [22].
When all sources/sinks are placed close to each other, (5.1) becomes
∇κη∇P (x, y, t) = q̂[δ(x − x1 )δ(y − y1 )],
where q̂ is the differential operator of order k
q̂ = q0 (t) +



k
X
∂j
∂j
(−1)j qj (t) j + q̄j (t) j .
∂z
∂ z̄
j=1

In practice one wishes to control the boundary dynamics using a finite number of closely placed fixed
sources/sinks by varying their intensity in time. In the case of the interior problem, one may control boundary dynamics by setting up a time dependence of the coefficients of the analytic (in Ω) polynomial conformal
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mapping
k
X

f (w, t) = z1 + r(t)w +

ul (t)wl ,

{w : |w| = 1} → ∂Ω(t).

(5.2)

l=2

Then, it is necessary to find such qi (t) that the solution of corresponding elliptic growth problem would be as
close as possible to Ω(t) of (5.2).
The Laplacian growth possesses a remarkable property that dynamics corresponding to polynomial mapping
of a fixed degree (5.2) can be always sustained exactly by a finite number of sources. So, it is natural to ask how
to describe the elliptic growth problems having similar property? In more detail: For which medium (i.e. for
which κ and η) the elliptic growth reproduces any5 polynomial dynamics “movie” of the Laplacian growth at
the expense of adding a finite number of the multipole sources at z = z1 ? Complete classification of such media
is a difficult unsolved problem, but it turns out that there is a wide class of processes related to the algebraically
integrable systems that satisfy such a requirement.
In the Laplacian growth case, one could derive the polynomial dynamics property either through the
Polubarinova-Kochina equation (2.2) or by using conservation laws in form of quadrature identities. Due to
the fact that a generic elliptic equation is not invariant under arbitrary conformal transformations, we are
restricted to application of the latter approach. In more details, the following quantities
Z
I[φ] =
ηφdxdy,
Ω(t)

where φ = φ(x, y) is any regular in Ω time-independent homogenous solution of the elliptic PDE
∇κη∇φ = 0,

(5.3)

have simple time dynamics:

k 
X
∂ j φ(x, y)
∂ j φ(x, y)
dI[φ]
qj (t)
= q0 (t)φ(x1 , y1 ) +
+
q̄
(t)
.
j
dt
∂z j
∂ z̄ j
z=z1
j=1
The time derivative of I[φ] depends only on a value of φ and a finite number of its derivatives evaluated at the
fixed point z = z1 = x1 + iy1 . An infinite number of invariants of motion can be obtained by choosing φ(x, y)
that make the rhs of the above equation vanish. For example, in the Hele–Shaw problem (2.1)–(2.3), these are
harmonic moments (3.1).
In the case when liquid is injected in an initially empty medium, I|t=0 = 0 and the following quadrature
identity holds
Z
ηφdxdy = Q̂[φ](x1 , y1 ),

Q̂ = Q0 +

Ω(t)

k 
X

Qj

j=1

∂j
∂j
+
Q̄
j
∂z j
∂ z̄ j


(5.4)

for any solution of (5.3). The coefficients of differential operator Q̂ = Q̂(t) do not depend on a history of sources
q̂(t) and are equal total fluxes injected by time t
Z
Qj (t) =

t

qj (t0 )dt0 ,

j = 0 . . . k.

0
5 This inverse problem is different from the one posed in [40] where κ and η are fitted for a given “movie”, while sources are
unchanged. In our problem κ and η (i.e. characteristics of medium) are “movie-independent”.
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Figure 6. Example of a linear singular locus of multi-dimensional Baker-Akhieser function in
two dimensions with three hyperplanes (lines).

The quadrature identity (5.4) is a generalization of the mean-value theorem for harmonic functions. Special
domains for which quadrature identities hold are called quadrature domains (for more information on the
quadrature domains see [27] and references therein and [18] for survey of connections to problems of fluid
dynamics).
The idea of derivation of the polynomial dynamics property is to prove that identity (5.4) holds in domains
given by (5.2). This derivation may be reduced to a residue calculus, if the kernel elements of the elliptic operator
L = ∇ξ −2 ∇

(5.5)

can be expressed through action of a differential operator T with rational in z, z̄ coefficients on harmonic
functions, i.e.
Lφ = 0,

φ = T [f (z) + g(z̄)],

(5.6)

where g(z̄), f (z) are arbitrary (anti)analytic in Ω functions.
A subclass of algebraically integrable systems provides families of such operators. In more details, a
d-dimensional Schrodinger operator

H = ξ(ζ)Lξ(ζ) = ξ∇ξ

−2

∇ξ = ∆ + V(ζ),


 ∆ξ
V = −ξ∆ ξ −1 =
−2
ξ



∇ξ
ξ

2
,

(5.7)

where ζ := (ζ1 , . . . ζd ), is algebraically integrable if it is an element of an over-complete ring of commuting linear
differential operators, i.e. a ring whose minimal set of generators consists of more than d operators (commuting
integrals).
The notion of algebraic integrability is linked with the concept of multi-dimensional Baker-Akhieser function
[13, 15], which is determined completely by its singular locus: a set of n hyperplanes of dimension d − 1 with
normals α1 , . . . αn and multiplicities m1 , . . . mn ∈ N (see Fig. 6). The hyperplanes may be situated in linear or
affine arrangement. This is a function that depends on spatial coordinates ζ := (ζ1 , . . . ζd ) and “momentum”
spectral coordinates k = (k1 , . . . , kn ) as
ψ(ζ, k) =

R(ζ, k) (k·ζ)
e
,
A(k)
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where A(k) = (k · α1 )(k · α2 ) . . . (k · αn ) and R(ζ, k) is a polynomial in k with the highest term being A(k). The
latter polynomial is fixed by the following conditions
∂α ψ(ζ, k)(k · α)mα = ∂α3 ψ(ζ, k)(k · α)mα = · · · = ∂α2mα −1 ψ(ζ, k)(k · α)mα = 0,
where ∂α = (α · ∂/∂k), on the hyperplane (k · α) = 0 for all α ∈ {α1 , . . . αn }.
If the Baker-Akhieser function exists, then it is unique and satisfies the algebraically integrable Schrodinger
equation [13, 15]
H[ψ](ζ, k) = k 2 ψ(ζ, k),
with the Schrodinger operator (5.7) having the following potential
V(ζ) = −

X mα (mα + 1)(α · α)
α

(α · ζ)2

which is singular on the hyperplanes (α · ζ) = 0 (see Fig. 6).
The Baker-Akhieser function exists only for very special arrangements of singular hyperplanes. The problem
of complete classification of such singular loci is far from being solved.
The rational Baker-Akhieser function automatically implies that there is a differential operator T with
rational coefficients (an “intertwining” operator) that connects H with Laplacian by the following relation
HT = T ∆,

T = R(ζ, ∇).

Therefore, algebraically integrable systems equip us with operator T in equation (5.6)
T = ξ(ζ)T
needed for the proof of quadrature identities in polynomial domains.
It is not clear if algebraic integrability alone leads to existence of polynomial dynamics in the related elliptic
growth problem. The existence has been shown for classes of systems related to finite-reflection (Coxeter) groups,
rational solutions of the KdV hierarchy [11, 45, 49] as well as for a subclass of a class related to 2π-periodic
n-soliton solutions of the KdV hierarchy [8].
In the case of the Coxeter configurations on the plane
H = ∆ + 2∆[log τ ],

(5.8)

where
τ = (z l − z̄ l )m1 (m1 +1)/2 (z l + z̄ l )m2 (m2 +1)/2 ,

l, m1 , m2 ∈ N

corresponds to the elliptic growth problem with the permeability and porosity
κ = ξ −2 = (z l − z̄ l )−2m1 (z l + z̄ l )−2m2 ,

η=1

that are invariant wrt reflections in l or 2l singular hyperplanes.
For the class of integrable elliptic growth related to rational solutions of the KdV hierarchy, τ in (5.8) is
a special limit of the τ -function of the hierarchy that can be expressed in terms of Adler-Moser (BurchnallChaundy) polynomials pl (x) (see e.g., [1, 12]). The lth Adler-Moser polynomial depends on l − 1 non-trivial
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free parameters t3 , t5 , . . . t2l−1 and obeys the bilinear recurrence relation:
τ = pl (x, t3 , t5 , . . . t2l−1 ),

p0 = 1, p1 = x,

p00l+1 (x)pl (x) − 2p0l+1 (x)p0l (x) + pl+1 (x)pl (x)00 = 0.
Note that in difference from the Coxeter case, a generic system of the present class has an affine singular locus
and describes flows in stratified media, i.e. the media with permeability and porosity changing only in one
(e.g. x) direction
κη = ξ −2 ,

ξ(x, y) =

pn (x)
,
pn−1 (x)

η(x, y) = pn−1 (x)S(x),

where S is an arbitrary polynomial of x.
As has been mentioned above, there are also several “non-standard” examples related to soliton solutions of
the KdV hierarchy. For instance, the following “τ -function” in (5.8)
τ = xm ((2m + 1)y 2 − x2 ),

m∈N

corresponds to the integrable elliptic growth with
κ = ξ −2 = x−2m ((2m + 1)y 2 − x2 )−2 ,

η = 1.

This is the first non-trivial example (found in [14]) of the linear singular loci that are not reflection invariant
(except for the case m = 1, which corresponds to the Coxeter group A2 ). It can be considered as one of the
particular cases within the algebraically integrable class introduced in works on (still unsolved) Hadamard’s
problem (see e.g. [8]).
Concluding this section we would like to mention results on integrable elliptic growth in dimensions higher
than two. It is of interest either for description of three-dimensional porous medium flows, or from the point of
view of generalization of harmonic analysis in arbitrary dimensions.
Similarly to the planar case, the elliptic growth in higher dimensions also possesses an infinite number of
conservation laws and quadrature identities hold in an arbitrary dimension. However, the conformal mapping
technique is unavailable for d > 2 and alternative approaches are needed for proof of such identities.
It is worth to note that the problem of higher-dimensional quadrature domains is challenging and interesting
already in the more basic context of Laplacian Growth. Here one can mention the question by Shapiro [68]
on algebraicity of quadrature domains in more than two dimentions as well as some non-trivial examples of
Laplacian growth in four dimensions [23, 38, 54]. A physically important problem that remains open is to
construct nontrivial quadrature domains in three dimensions.
In the case of the elliptic growth related to quantum algebraically integrable systems one can use a direct
approach to the problem: One finds such qi (t) and P (ζ, t) that solve elliptic growth problem for a chosen
domain. The progress here is achieved only for simplest examples, i.e. for spherical fronts [11]. Existence of such
a solution implies quadrature identity for spheres (balls), which is a generalization of the mean-value theorem
for harmonic functions to elliptic operators with variable coefficients for an arbitrary d.
Here, the solution procedure involves application of methods developed for construction of fundamental
solutions of algebraically integrable operators [9]. By equation (5.1) (q̂ now denotes a differential operator
corresponding to multipole expansion of the d-dimensional source)
P (ζ, t) = q̂[G](ζ, ζ 0 ) + Ψ(ζ, ζ 0 ),
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where G is a fundamental solution of the elliptic operator (5.5) and Ψ(ζ, ζ 0 ) is its particular homogenous solution:
L[G](ζ, ζ 0 ) = δ d (ζ − ζ 0 ),

L[Ψ](ζ, ζ 0 ) = 0.

The fundamental solution G can be built by means of the Hadamard expansion. This is an expansion in terms
of fundamental solutions ∆−i G0 of powers of Laplacian ∆i+1 . The algebraic integrability leads to truncation of
this expansion and, after an appropriate choice of Ψ, to solution of the problem.

6. Laplacian growth as iterative stochastic conformal
mappings: exact results
One of the main direct goals of the theory of stochastic Laplacian growth is determination of multi-fractal
characteristics of the interface. So far, the only non-trivial examples where full analytic description of such
characteristics was found are special cases of Stochastic Loewner Evolution.
The Levy-Loewner Evolution (LLE) and its special case Schramm-Loewner evolution (SLE) are stochastic
processes that are close “cousins” of the Laplacian Growth/DLA: In all the above models the interface dynamics
is governed by harmonic scalar field and can be represented by iterative conformal mappings. However, in
difference from DLA, the SLE/LLE are conformally invariant and, in a sense, are linear stochastic processes.
The latter properties help to obtain exact multi-fractal characteristics of SLE and facilitate analysis in the case
of LLE.
We first introduce the radial Levy-Loewner evolution (a good introduction to the chordal LLE can be found
in [61, 65], for a quick introduction to Levy processes see e.g. [4] and references therein). The iterative conformal
map representation of DLA [34] and its relationship with LLE will be brifely discussed after.
Let us consider iterative conformal mappings z = Fn (w) from an exterior of the unit disc in the w-plane
to an exterior of a bounded, simply connected domain in the z-plane: The nth mapping is a composition of n
elementary “spike” mappings z = fj (w, δtj ), j = 1, . . . , n
Fn (w) = Fn−1 (fn (w, δtn )),

F0 (w) = w,

(6.1)

where
fn (w, t) = e

iϕn

h e

−iϕn


w, t ,

t

h(w, t) = e (w + 1)

w+1+

p

(w + 1)2 − 4e−t w
− 1.
2w

(6.2)

√
The elementary mapping z = fn (w, δtn ) attaches a radial “spike” of the length δtn (1 + O(δtn )) located the
angle ϕn to unit disc: Here, the point w = eiϕn on the unit circle in the w-plane is mapped to the tip of the
spike in the z-plane (see Fig. 7).
The mapping z = h(w, t) that attaches a spike to the disc at ϕ = 0 satisfies the simplest Loewner equation
∂h(w,t)
w+1
= w ∂h(w,t)
∂t
∂w
w−1 and as a consequence
∂fn (w, t)
∂fn (w, t) w + eiϕn
=w
,
∂t
∂w
w − eiϕn

fn (w, 0) = w.

This equation is invariant wrt any conformal transformation fn (w, t) → F (fn (w, t)) and therefore anPiterative
n
compound mapping Fn in (6.1) can be represented as a solution of the Loewner equation at time t = j=1 δtj :

Fn (w) = F w,

n
X
j=1


δtj  ,

F (w, 0) = w,

18

I. LOUTSENKO AND O. YERMOLAYEVA

Figure 7. The elementary mapping z = fn (w, δtn ) (left) and the compound iterative mapping
z = Fn (w) (right) from exterior of unit circle in w-plane to exterior of a simply connected
domain in z-plane.
∂F (w, t)
∂F (w, t) w + eiL(t)
=w
.
∂t
∂w w − eiL(t)

(6.3)

Here L(t) is the piecewise constant function

L(t) = ϕj ,

j−1
X

δtk < t <

k=1

j
X

.δtk

k=1

One can consider continuous-time Loewner evolutions as limits of the above iterative processes when n → ∞
and δtn → 0.
We are interested in the case when L(t) is a stochastic process without a drift. Without loss of generality
we set
L(0) = 0,

hL(t)i = 0,

(6.4)

where hi denote expectation (ensemble average).
When a stochastic process L(t) is continuous in time, the conformal mapping z = F (w, t) describes growth
of a random continuous curve Γ = Γ(t) starting from a point on a unit circle |z| = 1 at t = 0. On the other
hand, when L(t) is discontinuous in time, the growth branches in the z-plane.
If one requires that the Loewner evolution (6.3) is a conformally invariant Markovian process, in a sense that
the time evolution is consistent with composition of conformal maps,6 then the necessary condition for such an
evolution is that L(t) must have independent stationary increments, i.e. L(t) is a Markovian process with the
probability distribution of L(t + τ ) − L(t) depending only on τ , i.e. a Levy process.
The only continuous (modulo uniform drift) process of Levy type is the Brownian motion
L(t) = B(t)

(6.5)

6 Which implies that the probability distribution of z = F −1 (F (w, t + τ ), t) coincides with that of z = F (w, τ ), where w =
F −1 (z, t) is an inverse of z = F (w, t).
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The Brownian motion is characterized by a single parameter – “temperature” κ:
h(B(t + τ ) − B(t))2 i = κ|τ |.

(6.6)

The stochastic Loewner evolution driven by Brownian motion is called Schramm-Loewner Evolution (SLE,
or SLEκ ). Since it describes non-branching planar stochastic curves with a conformally-invariant probability
distribution, SLE is a useful tool for description of boundaries of critical clusters in two-dimensional equilibrium
statistical mechanics. In this picture, different κ correspond to different classes of models of statistical mechanics
(a good introduction to SLE for physicists can be found e.g. in [16, 26] as well as mathematical reviews are
given e.g. in [43, 44]).
Now let us briefly discuss similarities and differences between DLA and LLE: Similarly to LLE, the DLA can
be also represented by iterative conformal mappings shown on Figure 7. Moreover, these mapping are driven by
very simple process: the probability for angle ϕn is uniformly distributed along the unit circle and is independent
of ϕn−1 . However, in difference from LLE, where conformal mapping satisfies the linear PDE (6.3), evolution
in the case of DLA is non-linear.
In more detail, addition of a spike during an iteration corresponds to attachment of a particle to a cluster in
DLA (see Sect. 2). Since the area of the particle is constant the parameter δtn of the elementary mapping in
(6.1) now depends on Fn−1 as follows
δtn = δa

∂Fn−1
∂w

−α
w=exp iϕn

where δa is constant and α = 2 in the case of DLA. As a consequence, description of DLA does not simplify in
this approach. The model with an arbitrary α is called the Hastings-Levitov model or HL(α). It simplifies in
the α = 0 case, but due to triviality of probability distribution of ϕn and δtn in the HL models, we get trivial
multi-fractal spectrum when α = 0: Despite unlimited branching in HL(0) process, the multi-fractal spectrum
of the HL(0) coincides with that of a regular smooth one-dimensional curve [64].
Although generic LLE is governed by a linear PDE, one can consider non-trivial Levy processes, such as e.g.
Brownian motion. As mentioned above, one gets non-trivial exact results for the latter sub-class of LLE (i.e.
for SLE).
One usually considers the “bounded whole plane” LLE that is a properly scaled infinite-time limit of the
radial LLE
F(w, t) = lim e−T F (w, T + t),
T →∞

(6.7)

which describes growth of stochastic curve out of the point of origin in the plane (rather than out of the circle).
Obviously, F(w, t) also satisfies the radial Loewner equation (6.3) with time running from t = −∞ to t = ∞.
The “unbounded” version of the whole-plane LLE is an inversion F(w, t) → 1/F(1/w, t) of the bounded
version. Obviously, this mapping from the unit disc in the w-plane to the complement of stochastic curve which
grows from infinity towards the origin in the z-plane also satisfies the Loewner equation (6.3). It has been studied
mainly due to its relationship with the problem of Bieberbach coefficients of conformal mappings [21, 46, 52].
Let us briefly recall what are multi-fractal spectra and how different types of such spectra are related with each
other (For further introduction to multi-fractal analysis see e.g. [5, 6, 29–31]7 and references therein). Suppose
that some measure is defined on our interface/curve (this can be electric flux, probability, mass, magnetization,
etc.). Then dividing the space into boxes of size l, we look for the distribution of scalings of the measure wrt
change of l inside the boxes containing the curve.
For instance, consider the harmonic measure of a planar curve at some point z = F(w), w = eiϕ , which is
proportional to the probability of a random walker released from infinity to hit the curve at z. This probability
7 http://en.wikipedia.org/wiki/Multifractal

system
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is, in turn, inversely proportional to |F 0 (w)|. For the curve covered with N boxes of size l, we denote the
probability of hitting the curve at the j-th box by pj . The observable properties of the measure are expressed
through the τ (q)-spectrum
N
X

pqi  lτ (q) .

j=1

It is easy to see that −τ (0) is the Hausdorff dimension of the curve. Another common definition is the generalized
dimension D(q) = τ (q)/(q − 1) with D(0), D(1) and D(2) being the Hausdorff, information and correlation
dimensions respectively.
To estimate the number of boxes for which probability scales as lα with the change of l, one introduces the
f (α)-spectrum:
N
X

pqj 

Z

l−f (α) lqα dα,

l → 0.

(6.8)

i=j

As l → 0, the integral in (6.8) will be dominated by value of α which makes qα − f (α) smallest and it follows
that τ -spectrum and f -spectrum are related by the Legendre transform
τ (q) = inf [qα − f (α)] ,

f (α) = sup [qα − τ (α)] .

α

q

To get the multi-fractal spectrum of LLE one has to find first the so-called “β-spectrum”: The integral means
β(q)-spectrum of the domain is defined through the qth moment of a derivative of conformal mapping at the
unit circle (i.e. at |w| → 1) as follows

β(q) = lim→0+

log

R 2π
0

h F 0 e+iϕ
− log 



q

idϕ

.

(6.9)

The β-spectrum and f -spectrum are also related by the Legendre transform (see e.g. [5, 6, 29, 52]):
β(q) = sup [q − 1 + (f (α) − q)/α] ,

f (α) = inf [q + α(β(q) + 1 − q)] .

α

q

To find β(q)-spectrum (6.9) one needs to estimate moments of derivative: One can show that the value
ρ = e∓qt

D


 qE
F 0 eiL(t) w, t
,

where ± signs correspond to bounded and unbounded whole-plane LLE, is time independent and is a function
of w, w̄ and q only [5, 6, 21, 46, 51, 52]. Moreover it satisfies the linear equation
Lρ = ±qρ

(6.10)

where the linear operator L equals
L = −η̂ + w

w̄ + 1
q
q
w+1
∂w + w̄
∂w̄ −
−
+q
2
w−1
w̄ − 1
(w − 1)
(w̄ − 1)2

(6.11)
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In (6.11), the linear operator η̂ acts on functions of w, w̄ as follows
1
t→0 t

Z

2π

η̂[ρ](w, w̄) = lim

ρ(w, w̄) − ρ eiϕ w, e−iϕ w̄



P (ϕ, t)dϕ,

(6.12)

0

where P (ϕ, t) is the probability density that L(t) = ϕ under condition L(0) = 0. In polar coordinates (r, φ) (such
that w = reiφ , w̄ = re−iφ ) and in terms of the symmetric (wrt reflection φ → −φ) Levy measure8 dη(φ) ≥ 0,
the action of operator η̂ on a function f (r, φ) writes as
κ
η̂[f ](r, φ) = − ∂φ2 f (r, φ) +
2

Z

π

(f (r, φ) − f (r, φ + ϕ)) dη(ϕ).
−π

One may say that the first (differential) term in the above equation corresponds to the continuous part of LLE,
while the second (integral) term is related to the branching of LLE curves (For more details on Eq. (6.11)
see e.g. [50, 52]).
To find moments of derivative in the bounded case one has to look for a solution of (6.10) that is analytic
in w and w̄ at infinity and ρ → 1 as w → ∞ (in the unbounded case similar conditions are imposed at w = 0).
Such a solution is unique.
In the case of Brownian motion (6.6), dη = 0 while P (ϕ, t) in (6.12) is a fundamental solution of the heat
equation on the circle and
κ
κ
2
η̂ = − ∂φ2 = (w∂w − w̄∂w̄ ) ,
2
2

(6.13)

i.e. equation (6.10) becomes the second order linear PDE in w and w̄. This allows to find exact (analytic) form
of the multi-fractal spectrum of the Schramm-Loewner Evolution. For example, the β-spectrum of bounded
whole-plane SLEκ is

β(q) =


γ(q,κ)2

κ
− 2γ(q, κ) − 1,

2


q ≤ −1 −





q≥

2

κ γ(q,κ)
,
2

q−

(κ+4)2
16κ ,

3κ
8

3κ
8 ≤q
3(κ+4)2
32κ

−1 −

≤

3(κ+4)2
32κ

,

where
γ(q, κ) =

κ+4−

p

(κ + 4)2 − 8qκ
.
2κ

It is worth to note that derivation of the multi-fractal spectrum based on the above simple method first appeared
for chordal SLE in [33]. It was preceded by derivation based on the Conformal Field Theory and 2D quantum
gravity in [20].

7. Concluding remarks
In this paper we reviewed main advances in analytic study of the Laplacian growth (in wide sense). Among
the exact results obtained in the theory of Laplacian Growth not reviewed here one might mention several other
advances, such as an attempt of solution of the Saffman-Taylor finger selection problem with the help of exact
“N -finger” solutions of the Hele–Shaw problem [57], establishing of relationship between the Whitham hierarchy
8 The Levy process can be viewed as a Brownian motion with jumps, where distribution of intensity and magnitude of jumps
depends on the Levy measure dη.
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and the Hele–Shaw problems for multiply-connected domains [42], Schwartz function/potential approach to the
Laplacian/Elliptic growth [28, 54, 68], Poisson growth [40], relationship of special types of the Laplacian Path
Models with dynamics of classical Calogero-Sutherland-Moser systems [17, 67], multiple SLE and quantum
Calogero-Sutherland systems [16], relationship between the LLE and theories of Fuchsian systems and orthogonal
polynomials [50] as well as the problem of the Bieberbach coefficients in LLE [21, 52], etc.
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