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EFFECTS OF DELAYED IMMUNE-ACTIVATION IN THE
DYNAMICS OF TUMOR-IMMUNE INTERACTIONS

PARTHASAKHA DAS", PRITHA DAS AND SAMHITA DAS

Abstract. This article presents the impact of distributed and discrete delays that emerge in the
formulation of a mathematical model of the human immunological system describing the interactions
of effector cells (ECs), tumor cells (TCs) and helper T-cells (HTCs). We investigate the stability of
equilibria and the commencement of sustained oscillations after Hopf-bifurcation. Moreover, based on
the center manifold theorem and normal form theory, the expression for direction and stability of Hopf-
bifurcation occurring at tumor presence equilibrium point of the system has been derived explicitly.
The effect of distributed delay involved in immune-activation on the system dynamics of the tumor is
demonstrated. Numerical simulations are also illustrated for elucidating the change of dynamic behavior
by varying system parameters.
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1. BIOLOGICAL BACKGROUND AND MOTIVATION

The word “cancer or malignant tumor” is still an enigma and indicates a wide family of high-mortality
pathological mechanism in terms of its rapid growth, cellular proliferation as well as deadly impact. According
to the American cancer report 2018 [1], more than 15.5 million Americans are suffering from cancer which
is the second-largest common cause of death in the USA only. The cellular phenomena of tumor growth are
quite complicated and not well understood. The interaction of tumor cells with immune cells and helper T-cells
(HTCs) play a vital role to control cancer proliferation. The immune response is activated when the tumor cells
(TCs) are recognized [10]. Humoral immunity and cell-mediated immunity are two types of innate immunity
that are mediated by antibodies, secreted by B-lymphocytes and T-lymphocytes, respectively. T-lymphocytes
rearrange peptide on cell receptor and B-lymphocytes secrete antibodies like cytokines in order to fight against
tumor progression. Cytotoxic-T lymphocytes (CTL), macrophages, regulatory cells, and natural killer cells are
treated as effector cells. Helper T cells are activated by macrophages and dendrite cells which are observed in
all tissues and are circulated in the blood. Helper T-cells help the immune system to increase the activity by
secreting cytokines interleukin-2 (known as part of cytokines) to annihilate more and more tumor cells. Indeed,
effector cells and helper T-cells are not activated instantaneously but experience a time-lag factor.
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A summary of significant works of tumor-immune system(T-IS) interaction can be obtained in [2, 3]. In
1994 Kuznetsov et al. [30] proposed and studied a mathematical model of a cell-mediated tumor population.
The main difference from other models is that it takes into account the percolation of tumor cells (TCs)
by effector cells (ECs) as well as inactivation of effector cells. Generalized Kuznetsov model was studied by
Kirshner and Panetta [29] to describe the dynamics of interactions between the TCs, ECs, and IL-2. They
incorporated adoptive cellular immunotherapy to portray short term oscillations in tumor growth level and
also long term tumor relapse. Zhange et al. proposed a model which generates periodic and chaotic oscillations
in T-IS interaction [7]. De Pills and Radunskaya suggested a model regenerating asynchronous tumor-immune
resistance through drug therapy known as Jeff’s phenomena [16]. Forys studied Marchuk’s model of the immune
system for chronic state [22]. Interaction between cancerous cell and micro-environment introducing complex
phenomena was discussed in [15, 24]. Banerjee et al. emphasized on delay-induced malignant tumor growth and
control [4]. Chaotic cancer model also revealed a new approach of research in tumor growth before and after
treatment [14].

Incorporating time-lag in T-IS interaction for molecule production, proliferation, differentiation and trans-
portation of cells ete. is essential in mathematical model [5, 33] and it influences the dynamics of the physiological
system [13, 32]. The study on dynamics of T-IS interaction with discrete delay has been noteworthy interest
for a long time [6, 17, 19, 21, 23, 34, 36]. Ruan et al. [7] investigated tumor-immune interactions with different
discrete delay and established asymptotic stability below some threshold value of delay and Hopf bifurcation at
its critical value. Zhang et al. studied a model with three delays which results in periodic and chaotic oscillations
in tumor-immune system [7].

Recently, distributed delays are considered in cancer-immune system [32]. Some of the researchers studied
how the distributed delays affect the dynamics of the system differently from discrete delay [20]. Signal trans-
mission during cellular phenomena can be described by a sequence of linear equation with distributed delay.
Immune response is no longer instantaneous and is continuous in nature. With distributed delay, it is easier to
shorten the oscillation than with a discrete delay due to negative feedback on the system [11]. A non-negative
bounded delay kernel K (.)(say) is defined on [0, 00) is considered which reflects the influence of past states on
current dynamics [12].

Dong et al. proposed a model on helper T-cells in immune system [17]. Again Dong et al. introduced delay
kernel as immune-activation in HTCs without taking into account the stimulation of TCs in the presence of
ECs along with discrete delays [38]. Helper T-cells do not kill the cancer cell, instead, they continuously help
activated immune-effector cell such as cytotoxic T-cells to kill target cell and also help stimulated B-lymphocyte
to secrete antibodies and macrophages to kill ingested microbes. Furthermore, effector cells cannot defend the
infected target cells without helper-T cells.

Encouraged by the studies briefly outlined above, in this paper, we explore the work of Dong et al. [18]
by introducing immune-activation delay kernel as an infinite distributed delay for enhancing the continuous
stimulation of HT'Cs. We are interested not only in investigating the model system describing possible phenomena
quite exhaustively at the cell level but also in tissue level. Our aim is to study the effect of interaction rate of
ECs with TCs, interaction rate of HT'Cs with TCs and also effect at mean delay which represents the strength
of immune activation delay to boost the immunity of HTCs in the dynamics of the system.

The organization of this paper is as follows: Section 2 is devoted to the preliminary description of the delay
differential equation governing the interactions between TCs, ECs, and HTCs. In Section 3, the qualitative
and analytical study of the system is illustrated which includes positivity of the system, boundedness of the
solutions, stability analysis of meaningful biological equilibrium point. We also investigated the existence of
Hopf-bifurcation with respect to key parameters. In Section 4 the direction and stability of Hopf-bifurcation
with respect to interaction delay is discussed. In Section 5 we carried out extensive numerical simulations to
validate our analytical findings. Finally, Section 6 ends with concluding remarks about the key findings of the
problem.
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2. MATHEMATICAL MODEL AND PRELIMINARIES

It is known that instead of directly killing cancer cell, the helper-T cell help to activate immune-effector cell
such as cytotoxic T-cells to attack cancer cell and also stimulate B-lymphocyte to secrete antibodies. As the
overall process does not happen instantaneously, the time-lag is needed to make more realistic. Here, we consider
the continuous delay kernel on helper-T cells while stimulating effector cells. The delay distribution equation with
Gamma type kernel is more appropriate from the aspect of mathematical modeling and analytical tractability.

For this purpose, we take Gamma distribution delay kernel as follows, G (t) = M, k=0,1,2... where,
¢ > 0 indicates the strength of decay of helper-T cells of past states. If & = 0, then G(¢) = e~¢* describes the
weak kernel indicating the maximum weighted response of growth rate in current cell density, i.e., past cell
density have decreasing effects. In the contrast, if £ = 1,then G(t) = ¢%te~¢* describes strong kernel indicating
the maximum influence on growth response past time. Here, we consider only the weak kernel in our study. Since
delay kernel belongs to a family of probability distribution, we consider cell cycle time of helper-T cell positive
and H(t) > 0,Vt € [0,00 and fooo H(t)dt = 1. To apply the Gamma distribution delay kernel on helper-T cells,
we define the integro-differential equation

t t
K(t) = / e H(s)ds, ie, K(t)= / e Bt — v)ds,
. i

where, [ > 0. le”" is weight function for H(t — v) and monotonically increasing with respect to v. Whenever
[ is small, immune activation is considered previous time (¢ — v) depending on densities of HTCs, similarly
when [ is large, ¢t takes present time. The present tumor-immune system interaction model is a modification
of a model proposed by Dong et al. [18]. So, the delay kernel function as immune activation continuous delay
is incorporated in the proliferation of effector-cells (ECs) which is stimulated by helper-T cells (HTCs). The
following system of DDEs are given

%it) =aT(t)(1 —mT(t)) — nE@)T(¢)
%it) =851+ kTt —7m)E{t—7)—d1E(t)+pE({)K(t) (2.1)
dzt(t) =59+ koT(t — 2)H(t — 72) — do H(t)
dK(t)
S = UH () ~ K (1),

where T'(t), E(t) and H(t) represent the densities of tumor-cells (TCs), effector-cells (ECs) and helper-T cells
(HTCs) respectively. The first equation represents the rate of change of TCs densities, the first term of which
describes the logistic type growth of TCs, a is the intrinsic growth rate and m ™! is maximal cell burden or
carrying capacity. The second term corresponds to the inhibition of immune ECs due to the presence of TCs
at a rate of n. The second equation corresponds to proliferation enhancement rate of ECs, where the first term
represents a constant flow at a rate of s; of mature ECs into the region of TCs localization. The second term
indicates competition between TCs and ECs, where k; is the stimulation rate of ECs lysed and TCs debris.
The third term represents ECs natural death with an average half-life 1/d;. The fourth term describes the
stimulation of ECs with a rate of p by kernel-based HTCs K (t). The third equation represents the rate of
change of HT'Cs, where the first term represents the birth of HT'Cs, the second term describes stimulation rate
of HTCs at ks in the localization of tumor-specific antigens and last term represents the HTCs natural death
with average half-life 1/ds. The fourth equation represents the rate of K (t); where the first term describes
the increase of HTCs. The second term represents a loss of K(t) with a strength of [. It is assumed that all
parameter value are positive. Figure 1 illustrates the interactions between Tumor-cells(TCs), Effector-cells(ECs)
and Helper T-cells(HT'Cs) with their cellular environment.
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FIiGurRE 1. The schematic representation of the interactions between Tumor-cells (TCs),

Effector-cells (ECs) and Helper T-cells (HTCs).

For the sake of simplicity, we non-dimensionalize model system (2.1) by using the following transformation:
d

_ T _ E _ H _ K _ _ _a _ — _s1 —
x_'JTOa y_E_o’ Z_H_o’ g_T_o’ V_nTOta a_nTQ’ ﬂ_mT07 wl_nToEo’ M1 =
p ko da Fl znTng, ?2 :TLT()’TQ.

P — _S2 — k2 — d2 - 1
n’ w2_nToHo7 /142—,17 Te = n — nTy’

We take Ty = Ey =

Hoy = 106 cells/cm?® [18, 30] for the improvement of numerical performance. We also

consider 7 = 7 and replace v by t. Hence, we get the following dimensionless model equations

da(ci(tt) = az(t)(1 - Bx(t)) — z(t)y(t)

dgch_(tﬂ =wi +pma(t — )yt —71) — ry(t) + ny(t)g(t)
dz&t) = W + pox(t — To)2(t — 7o) — T2z (t)
di_(tt) — (1) — b(t)

with initial conditions ¢ = (@1, P2, ¢3, d4), defined in the space

Cy = {¢ € C([-7,0],RY) : 2(€) = 61(€), y(€) = ¥2(£), 2(€) = ¢3(€), 9(€) = d(E)},

(2.3)

where 7 = max{m,72}¢:(§) > 0,i = 1,2,3,4,€ € [-7,0] and C is Banach space of continuous functions. ¢ :
[—7,0] = R4, with suitable sub-norm, and R} = {(z,y,2,9) : 2 >0,y >0,z >, g > 0}.
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3. THE QUALITATIVE ANALYSIS OF THE MODEL

3.1. Positive invariance

Theorem 3.1. FEvery solution of the model system(2.2) with initial condition ¢1, P2, Ps, b4 are given in (2.3)
defined on [—T,0] remains positive for all finite time t > 0.

Consider the model system (2.2) in the vector form F = (z,y,z,9)7 € RY and
N (s
. 2 | wi (- Tyt — 71 —rlyt—|—7] t)g(t
FY) = E ; wo + pox(t — 12)2(t — T2) — roz(t)

bz(t) — by (1),
where the mapping F : C; — R{ and F € C*(R%), then the system can be written as
Y = F(Y)) (3.1)

with initial condition Y;(¢) =Y (t + &), & € [—7,0]. Considering (3.1) and choosing Y (§) € C such that ¥; = 0.
We get Fi(Y)ly,) = Fi(0) >0, V Y; € Cy, i=1,2,3,4. Using lemma by Yang et al. [37], for any solution
of Y = F(Y;) with Y;(¢) € Cy and Y (t) = Y (£, Y (0)), we get Y (t) € R4, V t >0 i.e., it remains non-negative
throughout whole region RY .

3.2. Boundedness

The model equation (2.2) is a Lipchitz continuous function, which implies that there exists a unique solution
of (2.2) with initial condition (¢1, ¢z, ¢3,d4). By using Theorem 3.1, we obtain & < awx(t)(1 — Bz(t)), Using

standard Kamke’s comparison theory, it follows that tlim sup z(t) < %, z(t) < max{T 0 B}
xde el
Again, from second equation of model system (2.2)

y(t) = e [y(0) + et + /0 (ny(£)g(t) + p(t — 11)y(t — 71)e™ ds)].

1

Assuming that sup g(t) = gg > 0, say. Since, e~ € (0,1], z(t) < %, we have

y(t) < [y(0) + et + [ (ngo + )emds).

We use generalized Gronwall’s Lemma [9)]

t
(0) < [9(0) + e 4 [ (s + 2)en C) ((0) 4 Sl s — ),
0

Similarly, we get

t
Z(t) < 2(0) + %67% +/ [(7790 + %)67-2(7'2-&-8)(2(0) 4 %emt)e(f.; 612(72+£>d5)]ds _ ]\42(8301)7
0

T2 )

and also, we obtain

t
g@swwfww/mm+%ww®+%w%%ﬁ@m:mmw
0
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Here, My, My, M3 are non-negative. Now, g(t) < max{gs, M3}. From above, it is clear that x(t),y(t), z(t), g(t)
are bounded on € R% , V t>0.

3.3. Equilibria
The model system (2.2) has following biologically feasible equilibrium points:

i) tumor-free equilibrium Ey = (z0, yo, 20, 90) = (0, ﬁ’ v w2)
ii) tumor-presence equilibrium E; = (21,91, 21,91) = (21, (1 — fry), —2—, —<2 ),

P ro—p2x1’ T2— 2Tl
Ey exists if n < 7572 = 1o holds.
Making 1 # 0 and removing y; and z; from steady state equations of the system (2.2), we get the equation
in x1 for the existence of tumor presence equilibrium as

F(x) = aBuipax’ — apy(Bra + o)t + (uire — powy + afry — rimws)zy + wire — riraa + naws = 0

Now lim F(z1) = 4o00. It can be mentioned that the equation x; has atleast on positive real root if wirs —
1 —>00

riroa + nowg < 0, e, p <

M_M:n
wo awse T 1

Remark 3.2. The system (2.2) has atleast one tumour-presence equilibrium E; when 0 < 7 < 7.

3.4. Stability analysis

In order to study the local dynamics of the system (2.2), the Jacobian matrix Jg- of the system (2.2) about
positive equilibrium points E*(x*, y*, z*, g*) is given by

a—2afz* —y* — A —x* 0 0
Jp = det pyre =1 1+ pate M — X 0 ny*
proy e 7 0 —ry +0g* 4 parte 2 — X 0
0 0 b —-b—A

and corresponding characteristic equation is,
e\ 71,72) = o) + @a(V)e™ M + ga(N)e 2 + gra(N)e MTF72) — 0 (3.2)

where A is eigenvalue and

Theorem 3.3. The tumor-free equilibrium point Eqy of the model system (2.2) is locally asymptotically stable
ifm <n<mng for any 71,72 > 0.

Proof. The characteristic equation (3.2) at Ey = (0, yo, 20, go) becomes
(b4 N)(r2 + A)(a—yo — A)(r1 + X —ngo) = 0.

The eigenvalues of Jg, are A} = =b < 0,A\) = —1p < 0,\§ = o — ;22— A\] = %L — 1y < 0. so, Ey locally

U2 () e, m <N <. O

asymptotically stable when \§ = o — =112
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Now we investigate the local stability of tumor-presence equilibrium with influence of discrete time delay
T1,72.-
Case I:. 71 =7 =0.
The characteristic equation (3.2) becomes

Je<(A) = q(N) + a1(A) + ¢2(A) + g12(A) = 0. (3.3)

The characteristic equation at F1(x1,y1,21,91) is given by

A+ AN+ AN + A\ + A =0, (3.4)
where,
w1 w
Az = b+ afx + pia1 + 242
Y1 21
w w w Wy W
As = aBzi(1 4 +b+ 22) +b(nay + 2 4+ =) + 22
1 2o Ay
w w w
Ar = oy (batppz + by (o + ) = pan) + ey
Y1 z1 21
wa w
Ao = b(nuer1y121 — ulugxfyl + aﬁzlf?l)'
1Y

By well-known Routh-Hurwitz criterion, all the roots of equation (3.4) have negative real parts if and only if
A3 > 0, A3A2 — A > 0, (A3A2 — Al)Al — Ang > 0 and [(AgAQ — Al)Al — A%AQ]AO > 0. (35)
It is clear that the tumor-presence equilibrium is locally asymptotically stable if the condition (3.5) holds.

Case II: 7 > 0,7 =0.
The characteristic equation (3.2) becomes

JE= ()\, 7'1) = qo()\) =+ QQ(/\) + (q1 ()\) + qlg()\))e_Ml =0. (36)
The characteristic equation at Fy(x1,y1,21,91) is given by

M b a3\ 4+ ao)d® + a X + ag + (0323 4+ b A2 + b\ + bg)e 2™ =0

D(A) + Qe ™ =0, (3.7)
where,
D) = M 4+ a3 + aa)\? + a1\ + a
Q(N) = bsA® + b A? + by A + by
az = (r1 +r2 —ng1) + (b + afxy) — piry
ag = r2(r1 —ng1) + (b+ afx1)(r1 +r2 — ng1) + baBry — pew1(r1 —ng1 + b+ afr)
a1 = ra(r1 = ng1)(b + afz1) + bafai(r1 + 12 — ng1) — pawr (b + 1) (r1 — ng1) — buzafa?
ag = bafrazi(ri — ng1) — buoaBxi(r1 — ngr1) + bnwiyi 21 o
and

bs = —pax1
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by = —pox1(r1 —ng1 + b+ afzy)

by = —paz1[(b+ afz1)(r1 —ng1) + baBr]

bo = —busaBai(ri —ng1) + bnriyizipia.
It can be mentioned that the characteristic equation (3.7) containing A, 7 has infinitely many eigenvalues. So,
Routh-Hurwitz criterion is unable to investigate the locally asymptotical stability of equation (3.7). The local
asymptotical stability of Ey occurs if all roots of equation (3.7) have negative real parts, otherwise, stability is
lost if a purely complex root crosses the imaginary axis from left to right. To investigate the sign of the real
part of the roots, we use analytic arguments of Ruan and Wei [35]. We substitute A = i into the equation (3.7)

to get periodic solutions which are significant in tumor dynamics. Separating the real and imaginary parts, we
obtain the following transcendental equations

94 — a202 + ag = (b292 — b()) COS 97’1 + (b393 — blg) sin 07’1
a393 — a10 = (b10 — b393) COS 07’1 — (bo — b202) sin 97’1. (38)

Squaring and adding both the equations of (3.7), we have
((94 — a292 + a0)2 + (a393 — a10)2 = (bo — b292)2 + (b19 — b393)2

which implies
68 + 6396 + 6294 + 6192 +e9 =0, (39)
where,

e3 = a3 — b2 — 2ay
€y = a% + 2&0 — 2(11(13 — b% + 2b1b2
e = a% — 2(10&2 + 2b0b2 + b%

eo = a3 — bp.
Denote v = 62. Then simplified version of equation (3.9) is
F(v) = v* + e30® 4 ev® 4 e1v + ep. (3.10)

Since, lim F(v) = 4o00. so, it can be concluded that the equation (3.10) has atleast one positive real root, if
vV—r 00

eop <0, i.e., ag— b3 < 0. Without loss of generality, we assume that equation (3.10) has four positive roots,
which are defined by vy, vs,v3 and vy respectively. Then equation (3.10) has four positive roots 0y = \/vg, k =
1,2, 3, 4. Eliminating sin 871 from equation (3.8) we get the expression for time delay 71 as

1 1 { (bg — a3b3)92 + ((Igbl — agby + a1b3 — bo)@é + (a2b0 + agby — albl)Hﬁ — agbg } " QkJ (3 11)

(0207 — b0)? + (D36} — b161)? O
where k =1,2,3,4; j=0,1,3....., and £ifj is pair of pure imaginary roots of equation (3.9) with le’k given
by (3.11). We define

* 3 (0) *
=Tk he(1,25,4} {Tl”“}’ 7= Oho- (3.12)
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Case III: 71 =0,75 > 0.
The characteristic equation (3.2) becomes

Jee(\72) = qo(A) + a1(N) + (g2(A) + gi2(V)e ™™ = 0. (3.13)
The characteristic equation at Ei(x1,y1,21,91) is given by

M4 esA 4+ A + e d + cp + (d3A® + doA? + did + dg)e ™™ =0
A\ +B(\)e 2 =0, (3.14)

where,

AN = A 3 4+ e\ + )+ co
B(\) = dsA® + doA? + di )\ + do
cg = (b+72) — (o —2aBz1 —y1 + 71 —NGg1) — P21
ey = bro — (o — 2afry —y1)(r1 —ng1) — (b+r2)(a — 2aBry —y1 +r1 — Ng1 — pox1) — busxy
c1 = (a—2aBx1 —y1)(r1 —ng1)(b+ro — bro + poxy) + (a0 — 20821 — y1 — 11 — ng1) (uabxy — bra)
co = (bpgw1 — bra) (o — 2afx1 — y1)(r1 — ng1) — np2briy1 21

and

ds = — ot

dy = powi(a — 2aBx1 —y1 — b —12) — pT1y1 + p1por]

dy = N1ﬂ2$2(b —a+ 20w +y1) — pow1bry + pexy (b + r2) (o — 20821 — Y1) — pix1y1 (b + ro + w142)
do = (pow1 + bropay — by poxt (o — 208wy — Y1) — pa fiabraziys — b poiy.

Now, we put A = i¢ in equation (3.14) and proceed in similar way as (3.8)—(3.10). We obtain the expression for
time delay 7 as

1 1 { (do — c3d3) @8 + (c3dy — cada + crds — do) @y + (cado + coda — c1dy)P3 — cody } . 2km
(d2¢? — do)? + (d3¢} — d1¢y)? o
(3.15)

where k =1,2,3,4; j=0,1,3....., and i¢y is pair of pure imaginary roots of equation (3.13) with Tg & given
by (3.15). We define

* . (0) *x
Ty = Tg,ko ke{Ilrg%A} {Tz’k }a Q" = Pu,. (3.16)

3.4.1. Analysis of Hopf Bifurcation

As pair of purely imaginary roots arise, we need to investigate the Hopf bifurcation analysis [26] in the system

(2.2) and verify the transversality condition d(ﬁ?) |7,=rr > 0 which also preserves the conditions for the existence

of periodic solution. We put +i6}, in characteristic equation (3.7) such that |D(ify)| = |Q(i0)|,which also gives
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set of values of 7. Our main aim is to study the direction of motion of A whenever 71 varies. Now we calculate

!
—sign[Rti() }
T1=T7{ dTl

Differentiating equation (3.7) with respect to 71, we have

o sign [d(ReA)}

1

T1=T{

[4)\3 + 3@3)\2 + 2a9\ + a1 + {(3[)3)\2 + 2bo X\ + bl)eiATl —T1 (b3>\3 + b2>\2 + b1\ + bo)e*’\ﬁ }]%

= )\(bg)\3 + bg)\Q + b A+ bo)ei)\ﬂ,
which implies

( dA ) - = 4N3 + 3a3A? + 2a9) + a4 3b3\% + 209 + by L
=X

dry M ash3 +aoX2 + arh+ag)  AbsA3 + 022+ biA+by) A

Now, evaluating ® at 7, = 77 (i.e., A = i0*), we have

. 4)\3 + 3a3)\2 + 2a9\ + a1 3b3)\2 + 2bo\ + by T1

® = sign< Re| — - + -~

)\()\4 + ag)\3 + 02>\2 + a1>\ + ao) )\(bg)\3 + bQ)\Q + bl)\ + bo) A A—if*

. 496 4 3(0,% — b% — 2&2)0*4 + 2(&% + 2ag — 2a1a3 — b% + 2b1b2)9*2 + a% — 2agas + 2bgby + b%
= (Bo — 020°2)7 + (010" — b30°3)2

496 4 3630*4 + 2629*2 +e
(bo — 02072)2 + (b10 — b3075)2
B F/(0*2)
= (bo — 0262)% 1 (010 — 036732

Therefore, if F'(0*?) # 0, the transversality condition holds and Hopf bifurcation occurs at 6 = 6%, 7y = 7.
Hence, delay based tumor model has a small amplitude periodic solution bifurcating from the tumor free
equilibrium point as bifurcating parameter 7 crosses critical value 71 = 7{, where 71 is least positive value
given by (3.11). Now we summarize the results as a theorem:

Theorem 3.4. For 1ty > 0,72 = 0, assume that the condition (3.7) holds for the model system (2.2) with initial
conditions (2.3). If eg <0, i.e., a3 —b% <O0.
Then,

i) the tumor presence equilibrium Ey is locally asymptotically stable, if 11 < 17,
it) the tumor presence equilibrium E; is unstable, if 71 > 17,
iii) the system (2.2) experiences a Hopf-bifurcation around the tumor presence equilibrium Ey at 7 = 77,

where,

(bg — a3b3)9*6 + (a3b1 — CL2b2 + a1b3 — b0)9*4 + (a2b0 + aobg — a1b1)9*2 — aobo
i arccos .

= (02672 — bg)2 + (b36*3 — b16*)2

(3.17)

In similar way, we can formulate a theorem for time delay 7.

Theorem 3.5. For g = 0,72 > 0, assume that the condition (3.14) holds for the model system (2.2) with initial
conditions (2.3). If eg < 0, i.e., a3 —b% <O0.
Then,

i) the tumor presence equilibrium Ey is locally asymptotically stable, if 7o < 75,
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i) the tumor presence equilibrium Ey is unstable, if 7o > 75,
i11) the system (2.2) experiences a Hopf-bifurcation around the tumor presence equilibrium Ey at 79 = 75,
where,

o Lo (dy — c3d3)9*® + (c3dy — cady + crds — do)** + (cado + coda — c1d1)¢* — cody
g (da¢*? — do)? + (d3¢*3 — d1¢*)? '

(3.18)

Case IV: 71 > 0,75 > 0.

Now, we study the dynamics of tumor-presence equilibrium F; of the system in presence of time delays 7, >
0,72 > 0. In order to study the stability of E;, we need to show that all roots of (3.2) have negative real parts.
We consider that (3.2) is initially locally stable for 7 € [0, 7;) and also consider 75 as a parameter. Ruan and
Wei [35] analyzed in which conditions zeros of exponential polynomial have negative real parts.

Theorem 3.6. If roots of Jg+(\,71) = 0 have negative real parts then there exists 7o = f(71) > 0 which is
function of T, such that whenever to € [0, f(71)), roots of Jg«(\,71,72) = 0 have negative real parts.

Proof. Consider that Jg«(A,71) = 0 has no roots with non-negative real parts. Hence, Jg« (A, 71, 72) = 0 with
71 > 0,79 = 0 contains no root with non-negative real parts. Again, assume that 75 is a parameter. As 75 varies,
it can be shown that Jg-(\, 71, 72) is analytic in A and sum of multiplicity of all roots of Jg« (A, 71,72) =0 in
right half plane can be altered if zero arrives on or crosses the imaginary axis. Thus, if Jg« (A, 71, 72) = 0 with
79 = 0 contains no root with non-negative real parts, then there exits 75 > (75 = f(71)) such that all roots of
Jg= = 0 with 7 € [0, 75) contains negative real parts. O

4. DIRECTION AND STABILITY ANALYSIS OF HOPF BIFURCATION

From the previous section, we know that the model system (2.2) undergoes Hopf-bifurcation at E; under certain
conditions. In this section we will study the stability and direction of Hopf-bifurcating periodic solution when
the bifurcation parameter 7 passes through critical value 7 = 77 using center manifold reduction of following
the ideas of Hassard et al. [26]. Now we translate the point Fy = (x1,y1, 21, g1) to the origin by using translator
uy = x(t) — T,ug = y(t) — Y,us = 2(t) —Z,uy = 2(t) — T,us = g(t) — 7.

Let x; = u;(7t) and 7 = 79 + ¢, for simplicity 79 = Tf7k7 where k =1,2;5 =0,1,2,3 and g = R. Then the
system (2.2) can be expressed as a form of functional differential equation(FDE) in C = C([—, 0], R*),

d

= = Lul@e) + flu, ) (4.1)
where (z1(t), x2(t), z3(t), 2z4(t))T € R*, 24(v) = 2(v +t) € C([-71,0]) and L, : C - R?*, F:C — R* are given
by

L, (¥) = (10 + p) Mop(0) + (10 + p) Map(—71) + (10 + p) Map(—72). (4.2)
Let Ag = a — 2a8x1y1 — y1 and
Ay —x1 0 0 0 0 0 O 0 0 0 0
_ |10 —rit+ng 0 nyp _ |y pzr 0 O 0 0 0 O
Mo=1| g 0 —ry 0 M= 0o o0 o M= iz 0 gz 0
0 0 b —b 0 0 0 O 0 0 0 0
(—)aﬁ(w?)(o) - %((0)1#)2(0)( :
_ np2(0)14(0) + pr1thr (—711)Y2(—71
f(u, ) = (10 + 1) fioth1 (—T2) b5 (—T2). (4.3)

0
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By the Riesz representation theorem, there exists a function (v, 1) of bounded variation for v € [—71, 0] such
that

0
mwo:/’dammwwmamiweu[n,}w. (4.4)

—n
Now we may take

C(v,p) = (10 + p)(Mod(v) + Mid(v + 11) + M26(v + 72)) (4.5)

where ¢ is Dirac delta function. Let us define

dv () if v € [—71,0] 0 if v e [—7,0]
R(pw)v =4 " ’ 4.6 nd = ’ 4.7
(e {fﬁ«wﬁww>ﬁuo o d QU= 4y itv=0 &7
then the system(4.1) is equivalent to
i—f = R(pw)z: + Q(p)xs, (4.8)
where x;(v) = x(t + v), forv € C([—71,0],R?*), now we define
. B —dX(SS) ifs € [0, 7]
R*(p)x(s) = { ff:dcT(t,o)x(—t) s —0 (4.9)
Again we define a bilinear inner product
(¥(s), x(v)) = ©(0) /7 . 01/) §=v)dC()x(§)ds,  ((v) = [¢(r,0)]. (4.10)

R(0) and R* are known as adjoint operators. From the previous section, we have +itof, which are eigen-
values of R(0) as well as of R*. Now we are interested to evaluate the eigenvectors R(0) and R*. Let
p(v) = (1, a1, az, 0)Tei™% is eigenvector of R(0) corresponding to i79f, then R(0)p(v) = imofxp(v). By using
(4.4),(4.5), (4.14) and the definition of R(0), it follows that,

iak — AO —X7 0 0 0
as 10y — ago 0 —NYy1 _ 10
7o —asi 0 zOk — Q9292 0 p(O) o 0
0 0 —b 10 + b 0
where, a1 = —pay1e” " az1 = —ppzie” N agp = —r1 4+ 191 + puyrle ™ and asg = —r2 + pgrie 7 to

find a; and ao. Similarly, assume that p*(s) = G(1, p1, pa, p3)e’™%* is eigenvector of R* corresponding to
eigenvalue—ito6}, to find p1, p2 and ps3. In order to verify (p*(s), p(v)) = 1, it is essential to evaluate the expression
of G. By using (4.15) G is calculated as follows:

0 v
= G((la P15 P2, p3)(17 g, (2, O)T - / G((L P15 P25 p3>67”06k(571/)d<(y)(15 g, a2, O)Te”()ekgdg
—T1 E*O

=G |1+ pra1 + paaz — {Plulﬁ(yl + gz )e ™% 4 popioma(y1 + agar )e” % H -
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Therefore, we choose

Gt =14 pra1 + peag — [prpami(yr + aox1)e™ 0% & poinmo(y1 + anzy)e™P0%] such that (p*(s),p(v)) = 1.
Now, we need to evaluate the coordinates describing the center manifold Cqy. Since g = 0, assume that x; be
solution of (4.13) at u = 0. For this, we define,

u(t) = (p*, ), W (t,v) = z+(v) — 2Re[u(t)p(v) (4.11)

By center manifold Cq, we get, W (t,v) = W (u(t),u(t),v), where
2 2 3

W (u,,v) = Wao(v) 5 + Wi ()l + Woa(v) 5 + Wao () + e (4.12)

u and @ are the local coordinates for the center manifold Cq in the direction of p and p*. W (u, @, v) will be real
if x; is real. Now our aim is to find only real solutions. Since u = 0, we get

w(t) = iofpu+p*(0)f(0, W(u, @, 0) + 2Re{up(v)}) = irofru + p*(0) fo(u, )
which can be expressed as 4(t) = ito0xu + h(u,w), where

2 2 2

B, ) = P (0) fol, ) = hao - + hayu + hog% + hm? b (4.13)
Now, it can be obtained from (4.11) and (4.12) that
21 (v) = (@16 (V) 22 (v), T3(v), Ta¢ (V)
= W(t,v) + 2Re[u(t)p(v)
= Wzo(l/)%Q + Wi (v)uu + I/Vog(l/)ﬂ?2 Foee +u(l, o, az,0)Te™% L 5(1, a7, ag, 0)Te= im0,

From the definition of h(u,@), we get

h(u7ﬂ) = F(O)fO(ua ﬂ)

IO
T — — nY2(0)14(0) + pathr (—71)v2(—71
= ToG(l,Oél,Oé270) /ngl(*Tg)w:;(*TQ)

0

= 7G|~ aBE0) = $2(0)6(0) + T 120)6(0) + prv (1) al-10) + Tapat(~ra)ia(-)
= —afu+1u+ W210(0)%2 + W (0)uw + W(}Q%Z + O(|u, @|*))?

- [{alu + T+ Wgo(O)U; + W2 (0)uu + W&(O)ﬂ; + O(Ju, u|*)]?}

x {u+a+ Vt/'Qlo(O)%2 + W} (0)uz + VI/'(}Q(O)%2 + O(|u,@[*))?

+ @ {{ue_iem + w4 Wgo(—ﬁ)“; + W (=71 + W[}z(—n)ﬂ; + O(|u, @*)]?}

, , u? 2
x {uare™ T p A @ + Wi (=) 5 + Wi (=m)ui + Wiy (—7) 7 + O(ju, )]*}
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2 72
. . U u
+ aptz | {ue ™" T 4 Wy (<) + Wi (—mo)ui + Woa(—72) - + O(lu, l*)]}

, , u? 72
x {uaze” kT + 7 e’ + W220(_T2)? + WP (—72)uti + Wo22(_72)? + O(|u,u*)]?}

Comparing with the coefficients of equation (4.13), we have

hoo = —af —ay + a1071,u167219”1 + 0[20[72,11/267210’”—2

h02 = —aﬁ — Q1 + a712/$162i0k7'1 +O[722/J2€27;0k72
hi1 = —2a8 — (1 + @ p1)Re(ar) + dapaRe(as)

hao1 = —aB(2W}1(0) + W11 (0)) — {W3,(0) + 2W7 (0) + @ Wiy (0) + 20, W (0)}

@ [2{Wﬁ<—n> oW (—m) e 4 (@ Wk (—m) + W§0<—n>}ei‘"kﬁ}

+azp {Q{Wm—m + ag Wi (—7o) e 082 4 (@ Wiy (—72) + W§0<—rz>}e”’“”} '

As the expression for hgy contains Way and Wiy, we need to classify Wao and Wy;. Using (4.13) and (4.16), we

obtain
W s [RW = 2Re(5F(0)f,), if v € [-71,0)
TP TUP T R 2Re (5 (0) £} + fo, ifv =0
= RW + N(u,w,v), (say)
where

u? w2
N(u,ﬂ, I/) = Ngo(l/)? + Nll(y)uﬂ + NOQ(V)? + o

On the other side, by the center manifold C,- neat at origin, it can be written as W = W,a + Wau
Putting the corresponding series into (4.14) and after comparing, we have

(R — 2iT00k)W20(V) = 7N20(I/)
RWH(V) = —Nll(l/)

As v e r,0),
N(uvﬂ7 V) = —]?(O)fop(’/) _p* Oﬁ(y)

= —h(u,w)p(v) — h(u,7)p(v)

Again comparing the coefficient with (4.15), we get

Nag = —haop(v) — haob(v)
Ni1 = —h11p(v) — hi1B(v)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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Using (4.18) and definition of R, it is obtained that Woo = 2i700xWao (V) + haop(V) + GoaB (V).
Therefore,

ihoa
37’09k

thag

Wgo(l/) _ p(o)eiTOGkV + p(o)efi‘rOOku + Vle%méku (419)

o0k

Again in the same way, from (4.16) and (4.18), we get

ihi1
37’09k

ihll

Wi (v) = ——=p(0)e' ™%V 4 p(0)e~ 00k 4V, (4.20)

ToOk

where, V) = (Vi1, V2, V32, Vi) and Vo = (Vih, V2, Vi3, Vi) are constant vectors in R%.
Now, we need to evaluate an suitable form of constant vectors V2 and Va. From definition of R and (4.16),
we get

0

/; dC(V)WQO(V) = 2i709kW20(V) — N20 (4.213)
0

| awmwue) = - (4.21D)

Again we use (4.14) to get Nog and Ny as follows:

—af — o
21'7-10k,

Nao(0) = ~ha0(0)p(0) = a0 (0)B(0) + 20 | /0" o, (4.22a)

0
—aff — Re(ay)
NlRe{ale—QiTlek}
MQR@{QQ@iziTzek}
0

Nll(o) = —hllp(O) — Ellﬁ(O) + 279 (422b)

Substituting (4.19) and (4.21a) into (4.22a), we get

217001 — fo_ﬁ dC(V)Vy = 210(—af — ay, prage”2M0% ppage= 220 )T,

Hence,
10, + Ag T 0 0 —af — oy
—as1 10, + a2 0 nY1 pyage” 2t
. ‘/1 =2 —2i120
asy 0 105 + a2 0 Latae 20k
0 0 b 0, — b 0

Using Crammer’s rule, Vi!, V2, V3 Vi can be obtained. Again, substituting (4.20) and (4.21b) into (4.22b), we
have

— fO_Tl d¢(v)Va = 279(—aB — Re(ay), i Re{a1e= 20} 1o Re{crge =220k O)T.

Hence,
—Ay -1 0 0 —aff — Re(_al)
ao1 —a99 0 —NY1 Vo =9 MlRe{Oéleizl_Tlek}
—as1 0 —a99 0 2 poRe{ape2im20k}

0 0 —b b 0
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Similarly, V3, V2, Vi3, Vit can also be evaluated by Crammer’s rule.
Thus, we get hoy using Wao(v) and Wiy (v) from (4.19) and (4.20) respectively. Therefore, we can evaluate
the following values

0(0) = 27(%91@ (h11h20 —2|hy|? — |h(;2|2> + %,
_ Re{o(0)}
" T T RN (0)) (4.23)
ks = 2Re{0(0)},
7, — _1m{e(@} + mIm{N(0)}

ToOk

Here, k1 indicates the direction of Hopf-bifurcation, s, indicates the stability of Hopf-bifurcating periodic
solution and 75 represents periodic solution at critical value 7 = 77. By the center manifold theorem and results
of Hassard et al., the properties of Hopf-bifurcation can be summarised as a theorem.

Theorem 4.1. If the following results hold [26] in expression (4.23) then,

i) there is subcritical or supercritical Hopf-bifurcation if k1 < 0 or k1 > 0,
i) there is unstable or stable bifurcating periodic solutions if ko <0 or kg > 0,
i11) the period of bifurcating solutions decrease or increase if To < 0 or Ty > 0.

5. NUMERICAL SIMULATIONS AND BIOLOGICAL IMPLICATIONS

In this section, we present the numerical results of the model system to study the effect of immune-activation
distributed delay, discrete delays and different parameters. The parameter values given in Table 1 have been
used to obtain numerical simulations. For parameter values b = 4, 1 = 0.04, us = 0.015 and n = 0.0375, the
tumor free equilibrium and tumor presence equilibrium are obtained as Fy(0,1.02509,6.90909, 6.90909) and
E1(0.362843,1.63481, 7.66788, 7.66788) respectively. After a few calculations, we have 79 ~ 0.1743 and n; ~
0.0437. From Theorem 3.3, it can be noted that the tumor-free equilibrium is asymptotically stable for 0.0437 <
1 < 0.1743. Using Theorem 4.1, the values of k1, k2 and T5 can be evaluated. From explicit expressions (4.23)
and given parameter values, one can calculate k; = 59.6107(> 0), ko = —2.5379(< 0) and Tz = 2.1523(> 0). As
k1 > 0 and ko < 0, the Hopf bifurcation is supercritical and the bifurcating periodic solution is stable and its
period increases (as Tz > 0) when 7y crosses the critical value 75 from left to right.

5.1. Influence of p1: Stimulation rate of ECs in presence of TCs

Figure 2a—f captures the effect of the stimulation rate p; of effector cells (ECs) in presence of tumor cells
(TCs) on the dynamics of tumor-immune interaction. For p; = 0.038 and 71 = 0.2 days < 77 (bifurcation
point) = 0.282 days = 6.768 h, the system shows an unstable equilibrium with a regular periodic behavior to
tumor presence equilibrium point ;. This implies that expansion of tumor cells in immunizing process is under
host-defensive as well as tumor-enhancement actions of immunity [7]. As the value of u; increases, the system
exhibits a change from unstable to stable regime. Figure 2d—f shows stable dynamics of the system at u; = 0.05
and 7 = 0.2 days = 4.8 h. The system admits Hopf bifurcation at uj (critical point) = 0.045 for 71 = 0.2 days
(Fig. 7a—c) and sustains periodic oscillation. With increasing p;, the amplitude of periodic oscillation for tumor
cells changes to a damped oscillatory solution. Ultimately, the effector cells and helper T cells are capable of
lysing tumor cells. At this stage tumor cells are non-invasive [28].
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TABLE 1. Parameter values for numerical simulations.

Dimensional parameter Value Dimensionless parameter Value
a (the intrinsic growth rate of tumor cells) 0.431day ™" [30] e 1.636
m (the carrying capacity of tumor cells ) 2 x 10 %cells [30] B 0.002

1 (constant flow of effector cells ) 1.3 x 10% cells [30] wq 0.1181
dy (loss of effector cells) 0.412day ™" [30] r1 0.3743
so (constant flow of helper T cells ) (0.02-0.2) h =1 [21] wa 0.38

2 (loss of helper T cells) (0.1277—0.6456) s~ [21] 7o 0.055
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FIGURE 2. (a,b) show the phase portrait diagram of TCs-ECs, TCs-HTCs and (c) shows
time evaluation curve of system for p; = 0.038, 71 = 0.2 days = 4.8 h. (d,e) present the phase
portrait diagram of TCs-ECs, TCs-HTCs and (f) presents time evaluation curve of system for
p1 =0.05,77 =0.2 days = 4.8 h.

5.2. Influence of po: Stimulation rate of HTCs in presence of TCs

1000

Figure 3a—f illustrates how the dynamics of tumor-immune interaction depends on the stimulation rate s

of helper T cells (HTCs)in presence of tumor cells(TCs). For s = 0.215 and 75 = 0.25 days = 6 h, the system
approaches a steady state with damping oscillatory behavior(Fig. 3¢). With increasing ug, the system undergoes
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FIGURE 3. (a,b) present the phase portrait diagram of TCs-ECs, TCs-HTCs and (c) shows
time evaluation curve of system for us = 0.215, 79 = 0.25 days = 6 h. (d,e) present the phase
portrait of TCs-ECs, TCs-HTCs and (f) presents time evaluation of system for ps = 0.28,
75 = 0.25 days = 6 h.

a change in stability property and a small amplitude of periodic oscillation is demonstrated. Thus the system
exhibits a Hopf bifurcation at p3 (bifurcation point) = 0.223 (Fig. 8a—c). Finally, beyond Hopf threshold, a
stable oscillation is observed with very low amplitude governing the persistent oscillatory behavior of tumor
cells that may be mentioned as dormancy [23, 30].

5.3. Influence of 7;: Interaction delay between ECs and TCs

The dynamics of tumor-immune interaction due to change in discrete time delay 77 is observed in Figure 4a—f.
For 7y = 0.21 days < 77 (bifurcation point) = 0.282 days and b = 4, the system shows stable equilibrium (Fig. 4c)
and approaches the tumor presence equilibrium F; with a damping oscillatory behavior. As 7 increases, the
system experiences a changing dynamics from stability to instability. At 7 = 0.282 days = 6.768 h, a Hopf-
bifurcation is observed (Fig. 9a) in the system. Consequently high amplitude of periodic oscillation is observed
(Fig. 4f) as 7 increases. This means that the ‘patient’s situation’ is in advance stage due to increase of
interaction time delay 71, which corresponds to metastatic state [31].
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FIGURE 4. (a,b) show the phase portrait diagram of TCs-ECs, TCs-HTCs and (c) shows time
evaluation curve of system for 7, = 0.21 days = 5.04 h, b = 4. (d,e) present the phase portrait
diagram of TCs-ECs, TCs-HTCs and (f) presents time evaluation curve of system for 7, = 0.33

days = 7.92 h, b = 4.

5.4. Influence of m2: Maturation delay between HTCs and TCs

Figure 5a—d show the effect of maturation delay 75 on the dynamics of tumor-immune interaction. For
7o = 5 days and b = 4, a very small periodic oscillatory behavior at steady-state value FEj is observed in
Figure 5a which is dormant state of tumor. It can be observed in Figure 5b that the immune system can control
tumor burden for a short time. As 75 increases, a quasi-periodic behavior has flourished as the system shows rare
and irregular long periodic oscillations. This means a long delay in immune response may develop the tumor to
more incursive state [7]. Also further increase of 72, there occurs a stability switch (Fig. 5¢), the system shows
unstable behavior leading to quasi-periodic phenomena. This indicates that tumor growth is beyond controlled.
As a result, tumor cells are highly dependent on healthy tissue cells.

5.5. Influence of b: The strength of immune-activation delay of HTCs

5.5.1. Influence of b when 71 >0 and 72 =0

Figure 6a-d illustrate how the strength of distributed delay, b can change the dynamics in presence of
interaction delay 7. For b = 0.18 < b* (bifurcation point) = 0.218 and p; = 0.35, a stable damping oscillatory



20 P. DAS ET AL.

b=4, 7,=5
18 T
16} 1
— TCs
1t ECs |
— HTCs
12} 1
10| 1
st 4
i W
4 4
s
0 L h
0 500 1000 1500 2000
Time t
(a)
b=4, 12:60
18 T
—— TCs
16 —ECs |
HTCs
14} 1
12} 1
10| 1
sl
6 4
4 4
2 4
0
0 500 1000 1500 2000
Time t
()

18

16

14}

12f

10F

b=4, ‘r2=1 5
T
—ECs
— TCs
HTCs
NN _
L\j\/\/\/\/W/‘_——— ‘ ‘
0 500 1000 1500 2000
Time t
(b)

TCs

(d)

FIGURE 5. (a—c) present time evaluation curve of system for (a) 75 = 5 days = 120 h, b =4, (b)
79 = 15 days, b = 4 and (c) 72 = 60 days, b = 4, (d) presents the three-dimensional quasi-periodic

phase portrait diagram for 75 = 60 days.

behavior of the system of tumor presence equilibrium FE is observed. As the value of b increases, the oscillation
of tumor cells decreases after some recovery time(Fig. 6b). For 7y = 0.35 days = 8.4 h, the system exhibits
Hopf-bifurcation at b = 0.218. With increasing b, the amplitude of oscillation tumor cells increase for tumor
cells (Fig. 6d) and there is a change in dynamics from damped oscillations to periodic oscillation, i.e., effector
cells and helper T cells do not have any impact on tumor cells.

5.5.2. Influence of b when 79 >0 and 11 =0

Similar to Section 5.6.2, changing dynamics due to variation in b in presence of maturation delay, 7 are
illustrated in Figure 7a—d. For b = 0.2, 75 = 4 days, the system shows stable behavior. As value of b increases,
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system for (b) b = 0.15 and (d) b = 0.31 with 7, = 0.2 days = 4.8 h.

ECs TCs

the system undergoes bifurcation at b* (critical point) = 0.23. For b = 0.3 and 7o = 4 days, periodic oscillations
of tumor cells with large amplitude are shown in Figure 7d. As a result, the tumor burden increases beyond the
critical value of b = 0.23. At this stage, tumor state is invasive.

5.6. Bifurcation analysis

The analysis of Hopf-bifurcation is more important in the dynamics of tumor-immune interaction due to the
occurrence of limit cycle around the critical point and resulting stable and unstable periodic solutions. The
periodic solutions provide the clinical symptoms of tumor dynamics as it indicates the oscillation of tumor
growth levels around the equilibrium point due to lack of any kind of treatments. Now, our aim is to investigate
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the different situations for which we change the parameter values. Here i, 2, 7,7 and b are bifurcating
parameters and remaining parameter values are given in Table 1.

5.6.1. Bifurcation diagram for

Figure 8a—c shows the bifurcation of the system with respect to u1, the stimulation rate of effector cells (ECs)
in presence of tumor cells (TCs). Below the threshold value pj (bifurcation point) = 0.045, the tumor cells
are in the unstable state. Beyond the Hopf threshold, the population of tumor cells, effector cells and helper T
cells gradually reduce the periodicity. Finally, the system reaches a stable steady state. This implies that the
stimulation rate does not affect the system in range p; > pi = 0.045, i.e., tumor growth doesn’t depend on g
whenever pq > uj.
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5.6.2. Bifurcation diagram for s

Beyond the critical value p3 = 0.223, the growth of tumor cells highly depends on ps.

Figure 9a—c illustrates the Hopf bifurcation of the system with respect to the proliferation rate ps of helper
T cells (HT'Cs) in presence of tumor cells (TCs) and effector cell (ECs). In the range 0 < u2 < p3 (bifurcation
point) = 0.223, the tumor cells are controlled by effector cells and helper T cells and a stable limit cycles exists.

5.6.3. Bifurcation diagram for m

Figure 10a shows the Hopf-bifurcation of the system with respect to interaction delay 7. In the range
0 <7 <71 (bifurcation point) = 0.282 days = 6.768 h, the system shows the stable steady state of tumor
presence equilibrium point E; and this implies that the density of tumor cells is well controlled by ECs and
HTCs. At this stage tumor characteristic is non-metastatic and dormant. Beyond the critical value 77, the
tumor cells exhibit stable oscillator behavior with higher amplitude. This implies that the growth of tumor cells
depend on 7.



24

0.75

P. DAS ET AL.

b=4, 1,=0

0.7

0.651

0.6

0.55}

0.5F

L

0.45r

Tumor cells(TCs)

0.4

0.351

0.3

0.25

........

.m.mmmummmmHHmlew

0.2

0.25

0.35

0.4

FIGURE 10. Bifurcation diagram of the system with respect to 7 with 7" = 0.282.

r‘:0.35, ‘[2:0

T‘:0.35. 12=4

Tumor cells(TCs)

Tumor cells(TCs)

0.1 0.2 0.3 0.4 0.5
b

(a)

0.2

0.3 0.4 0.5

(b)

0.1 0.2 0.3

0.4 0.5 0.6
b

(¢)

FIGURE 11. Bifurcation diagrams of the tumor-immune system (2.2) for b € (0,0.6), (a) b
versus tumor cells with 73 = 0.35 days = 8.4 h, (b) b versus tumor cells with 7, = 4 days =
96 h (c) b versus tumor cells with 71 = 0.35 days = 8.4 h and 75 = 4 days = 96 h. Rest of
parameter values defined in Table 1.

0.7

5.6.4. Bifurcation diagram for b

Figure 11a demonstrates Hopf-bifurcation with respect to b, the strength of distributed delay in presence
of interaction delay 7i. The stability of the system changes around the critical value b} (bifurcation point in
presence of 71) = 0.218. Below the threshold value, the system shows damped oscillations with stable limit cycles
of tumor presence equilibrium FEj. Beyond the critical value b} , tumor cells show a regular periodic oscillation.
Similarly in Figure 11a, the system admits Hopf-bifurcation with respect to b around b}, (bifurcation point
in presence of 75) = 0.23 in presence of maturation delay 7o in Figure 11b. It is observed that the immune
activation is highly dependent on the population of helper-T cells (HTCs). At time t, the larger value of b shows
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weak delay effect while the smaller value of b at past time ¢t — v may demonstrate strong delay effect. Figure 11c
illustrates Hopf-bifurcation diagram. The system shows stable steady state of tumor presence equilibrium with
increase of b, strength of immune activation delay in presence of discrete time delays. At by (bifurcation point
in presence of 71 and 1) = 0.361, Hopf-bifurcation has occurred. Furthermore, it can be noticed that stability
regime for parameter b is relatively larger than that of any discrete delay. This implies that uniformly activated
HTCs help in ECs stimulation and also controls tumor burden simultaneously.

6. CONCLUDING REMARKS

Nowadays it is more essential to consider natural phenomena by introducing time delays in the demonstration
of tumor-immune interaction. A simple mathematical model can play an important role to interpret the nature
of a tumor-immune dynamics and help to reveal better treatment technique. Indeed, it may be challenging to
deal with experimental studies to trace real delay patterns in T-IS interplay where our present work can give
some important insights.

In the previous study [17], the existing tumor-immune interaction model considered the discrete delays
between tumor cell— effector cell and tumor cell-helper T cell. Then the dynamics have also been investigated
in the presence of delays. However, the activation delays can even stabilize the immune-control equilibrium. But
current study reveals that the activation of a helper-T cell is not an instantaneous process. Helper-T cells become
activated by interaction with an antigen-presenting cell such as macrophages. After this, the activated HTCs
stimulate the immune-effector cell. Due to these reasons, in this research, we have incorporated a continuous
delay kernel in HTCs to illustrate the inner scenarios of tumor- immune interaction. Our analytical findings
are well complemented with numerical simulations. Here, we have demonstrated positivity of the solutions,
boundedness of the system and investigated local stability by Routh-Hurwitz criterion. The qualitative analysis
of Hopf-bifurcation with respect to different parameters has been studied. The direction of Hopf-bifurcation
and the stability of bifurcating periodic solution based on center manifold theorem has been derived explicitly.
While observing the dynamics, the influence of the immune activation delay along with discrete delays has
been highlighted. For understanding complex biological scenarios, we have analyzed numerical simulations to
validate the analytical findings. It is observed that beyond the Hopf-threshold, our model generates periodic
oscillation which is biologically appropriate and realistic as similar kind of dynamics are observed in cancer
patients. Moreover, few simulations exhibit that increase of delays may cause a change from stable to unstable
dynamics. Otherwise, local stability allows the tumor to reach near values for their carrying capacity (maximum
tumor size). As stability switch has occurred in the system, this phenomena interprets that immune system
receives the message of oscillatory tumor growth. As a result, the immune system becomes more effective to
annihilate tumor cells. But, for excessive delay in immune interaction, the immune system becomes less effective
to control tumor growth.

In the beginning, we have observed that effector cells are able to control tumor growth for stimulation
rate g > 0.045. Similarly, if stimulation rate po of helper-T cells crosses critical value p3 = 0.045, the tumor
becomes invasive. Also, interaction delay 7 plays a key role, the tumor is beyond the control of effector cells
if 71 > 77 (= 0.282 days = 6.768 h) i.e.. it takes more time to stimulate effector cells to initiate annihilation
of tumor cells. Hence, the parameters pu; and ps play a key role to boost HTCs and ECs in controlling tumor
burden.

We have investigated the influence of immune activation delay strength b. It has been discussed that
the immune response is a continuous process. So if we increase the strength of distributed delay, the immune
response can be increased equivalently. We have observed that tumor is stable in presence of 7 for below
critical value by = 0.218 days = 5.232 h and similarly in presence of 2, tumor is stable for below b, = 0.230
days = 5.52 h. But for below of b} . = 0.361 days = 8.664 hours, the system remains stable for larger time.
Nevertheless, distributed delay along with discrete delays play a crucial role for the larger stability regime of
tumor growth than any individual delay or both delays (Fig. 11a—c). Again we have taken 7, > 0 and 75 = 0 for
tumor angiogenesis. There exists Hopf-threshold value for 7 crossing which unstable steady state is manifested
due to longer delay. This implies a larger interaction delay couldn’t affect the tumor burden. Here “Sneaking
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through” phenomena are observed [30], which refers low doses of tumor cells fail to mount an effective tumor-
immune response and gradually tumor grows, similarly medium doses of tumor cells lead to tumor eradication
and large doses develop tumor cells through immune defenses.

However, it has been observed that the stability regime for b, the strength of continuous delay is relatively
larger than that of the presence of any delay. From a qualitative point of view, a set of parameter values have
been derived which may design new diagnostic and control technique to interrupt tumor growth. This assures
that the uniformly activated helper-T cells help in the stimulation of ECs and also control the tumor burden
simultaneously which indicates the applicability of our proposed research. We would like to deepen our analysis
of the study of CD8" T cells and tumor cells in the future.
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