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FRACTIONAL ORDER PREY-PREDATOR MODEL WITH
INFECTED PREDATORS IN THE PRESENCE OF COMPETITION
AND TOXICITY

M. R. LEMNAOUAR', M. KHALFAOUI', Y. LOUARTASSI™**
AND I. TOLAIMATE!

Abstract. In this paper, we propose a fractional-order prey-predator model with reserved area in
the presence of the toxicity and competition. We prove different mathematical results like existence,
uniqueness, non negativity and boundedness of the solution for our model. Further, we discuss the local
and global stability of these equilibria. Finally, we perform numerical simulations to prove our results.
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1. INTRODUCTION

Each population within an ecosystem does not exist in isolation, and there must be some relationships between
these different populations [3]. The relationship between them is divided into types: mutualism, parasitism,
competition and predation. The dynamic relationship between predator and prey is long established and will
remain among the crucial topics in ecology and mathematical ecology because of its universal existence and its
importance [30].

In recent years, the fractional calculations have developed rapidly and have shown broad application prospects
in many areas. Useful results can be obtained by extracting a dynamic behaviour of biological systems presented
by a mathematical model of integer derivatives. However, most biological systems also have memory. In this case,
the modelling in fractional order, unlike the classical mode. The existence of the memory is taken into account.
The fractional derivative of a biological process at a point is affected by all the information and behaviour of
the model at all previous times, while the classical derivative at a point is only affected by information from
the local neighbourhood of that point. For this reason, many papers study the theory of differential fractional
equations [19, 21, 23, 24, 26].

Recently, many applications have been developed in areas such as laser physics, chemical reactors, secure
communication, biomedicine, epidemiology, signal processing, control theory, mechanics, etc. It has been found
that various applications can be modelled using fractional derivatives.
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TABLE 1. Variables and parameters descriptions.

Parameters and variables Explanation

T Biomass densities of the unreserved areas

Y Biomass densities of the reserved areas

S Susceptible predator

I Infected predator

FEy, By, E5 The effort applied for harvesting in the unreserved area,

the susceptible predator populations, the infected predator
populations, respectively

71,72 The growth rates of fish population inside reserved
and the unserved areas

q1,q2 The catchability coefficient in the unreserved area and the
predator species

01,09 Migration rate from unreserved area to reserved area and
reserved area to unreserved area

ny, No The competition coefficients

y The strength of intra-specific between prey and infected predator
) The disease transmission coefficient

8 The search rate of the prey toward susceptible predator

I The death rate of susceptible predator

n The death rate of infected predator

o Saturation constant while susceptible predators attack the prey
o The conversion rate of susceptible predator due to prey

ux?, vy? The reduction terms, in the unreserved area and reserved

area respectively, where u and v the coefficients of toxicity

The functional response of feeding prey by susceptible predator

Not long ago, many researchers began to study fractional biological models [1, 10, 20, 25]. In article [14], a
dynamic system modelling a prey-predator with harvest area and reserve for prey in the presence of competition
and toxicity. In article [25], let us introduce a fractional prey-predator model with two types of susceptible and
infected predators. In our paper it has been supposed that the prey are divided into two areas reserved and free
and reserved zone, as well as the predators are divided into two categories, susceptible and infected predators.
Now the basic model based on [14, 25] is governed by the following fractional system (Fig. 1):

D% = rzx (1 - %) — 012 + o2y — uz® — f/fc —q B —maxy —yal,
DY = (ro — 09)y + 017 — vy? — nawy, (1.1)
DS = 25 _ 58T — pS — B, S, '

DI = 6SI+ oyxl —qsEs3l —nl

where D® is in the sense of Caputo fractional derivative and 0 < a < 1 defined by [22]: D*f(t) =

ﬁ fot (t]:(j))a da.

Where f is defined by : f: O — R™, Q C R™.

The detailed description of the model (1.1) is illustrated in the following schema: the explanation an Units
of this parameters and variables given by the tables (Tabs. 1 and 2):

From [7], if there is no migration of fish population from reserved area to unreserved area (o2 = 0) and
(r1 —o1 —q1 By <0), we find that Dz < 0. Similarly, if there is no migration of fish population from unreserved
area to reserved area (o7 = 0) and ro — 09 < 0, then D%y < 0.

If o — pu—q2Ey <0, then DS < 0.
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FIGURE 1. Schematic diagram of the model (1.1).

So, finally we conclude that:

ri—0o1—qkE >0, 10—-02>0, 08— p—qaEy > 0.

(1.2)

Our paper is organized as follows. In the following section, we prove the of the existence and unique-
ness solutions of the system (1.1), in Section 3, we show the boundedness and positivity of the solutions.
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TABLE 2. Units of variables and parameters.

Parameters and variables Units

z,y,S, I, o Number per unit area

Eq, Eo, Fs Catch Per Unit Effort

a1, 92 Number per unit of fishing effort,
01,02, T1,T2, [y 1], 67 u, v, 67 ni, N2 Per da‘y

v, O Constant

In Section 4, we study the existence and stability of all the equilibria of our model (1.1). Finally, we present the
numerical simulations to study the stability of the equilibria.

2. BASIC PROPERTIES AND EQUILIBRIA

Theorem 2.1. The sufficient condition for the existence and uniqueness of the solution of system (1.1) in the
region Q X [to, T| with initial conditions

X(0) = (x(0),y(0),5(0),1(0)) and t € [to,T] is:

L =max((ri — quE1+ M(n1 + v+ B(1+0) + 2(F +u))), (r2 + M(nz + 2v)),

(B(1+0)+ p+ qgoFs +26M), (oYM +n + g3 E3)).

Proof. Let X = (z,y,5,1)T and X' = (J;/,y,, S,,I/)T the system (1.1) can be is written in this form:

DX = F(X), (2.1)
where ;
T (1 — %) — 01X + 02y — ux? — f,il — 1B —nizy — vzl Fi(X)
(ro — o2)y + 012 — vy? — noxy Fy(X)
F(X) = = . T the global
(X) Z?ff*éSIqu—nggS Fy(X) o prove the globa
0ST + oyl — q3Esl —nl Fy(X)

existence and uniqueness of system (1.1), consider the region Q X [to,T],
where Q = {(z,y,5,1) € R* : maz {|z|, |y, |S|, 1|} < M,M > 0}.
For any X, X' €

S F(X) — F(X7),

‘1 i=1

= 7”1—01—Q1E1)(~T—xl)_(u+%)(9€2_95,2)+02(y_y’)
—6(“/(rs(;ﬁi’))@ﬁ;(,f‘s/)) —ni(zy —2'y) -yl —2'T")|
+|(ra—o2)(y—y) + or(z —2') —v(y? — y*) — naay — 2'y)|
Hop( eSS 550 — §(ST— S'T') — (i + g2 B2)(S — )|
+[6(ST — S'I') + oy(al —2'T') — (n+ qsEs3)( — I')],

< LjX =X,

HF(X) ~F(X)

where L = max((ry — By + M(ny + v+ B(1 + o) +2(5 +u))), (r2 + M (n2 + 2v)),
(BA+0)+p+ gEs+20M),(cyM + n+ q3E3)), proving the Lemma. O

Thus, F(X) satisfies the Lipschitz’s condition [13] with respect to X.
Now, we describe the uniform boundedness of the solutions of the system (1.1).
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o — nt+qsks
solutions initiating in the interior of the positive octant, where

Lemma 2.2. The set Q = {(x,y, S, 1) G]Ri:x+y+§+i < } is a region of attraction for all

K(ri — 1By + 1+ g3 E3)? MGCELE 43 F3)?

H =
4(r1 + Ku) 4v

Proof. We pose w =z +y+ 2 + L,

D+ (n+@E3)w = (r1—qFBr+n+qls)r— (7 + u)x? — vy?
+(re + 1+ q3E3)y — (n1 +no)ay + (U-‘rqu?,—H—q2Ez)S7

o

Taking n + g3 E3 < p + g2 E2 we get:

K(ri—-qFE E3)? E3)?
Dw + (1 + gy By)w < Higebitutanbo 4 Uatndals) _ p,

Applying the theory of fractional inequality [22] we get:

w(t) < w(0)Ea(—(n+ g3 E3)t") +

< (1= E.(—(n+ g3 E3)t)),
o (1 Bl s 25)i)

) k )
where Ey(2) = Y s Mittag-Leffler function [22], I'(z) = / 2*~'e™ dz is Euler’s Gamma function,
f=o I'(ek + 1) 0

and 0 < Eo(—(n+ ¢z E3)t*) < 1, if t — oo, we have 0 < w(t) < w(0) + proving this Lemma. O

__H
n+qzE3’
Now, we find the positive equilibria, then we study their local stability. We denote the function on the right
hand side of the system (1.1) by F;(x,y,S,I), fori=1,...,4.
Equilibria of model (1.1) is obtained by solving F;(x,y,S,I) =0, for i = 1,...,4. Then, we find that our
model (1.1) admits five positive equilibria:

1. Py(0,0,0,0) there is a trivial equilibrium.
2. Py(x1,y1,0,0), where (x1,y1) is the positive solution of the following equations:

(1 — o1 — @Bz — (B2 4+ oy —myzy = 0, (2.2)
(ry — 02)y + 012 — vy? — noxy = '
Using system (2.2), x is satisfied by the following equation,
azx® + asx® + a1z + ap = 0, (2.3)
where:
az = (u+ %) (nlng —ov(u+ %)) ,
ay = 2v(r1+Ku)(;(17017q1E1) — nQO—Q(% + u) — TL1TL2(7"1 — 01 — Q1E1)
_nl(Tg—O'g)(u-i-%)—FUln%, (2 4)
ar = —v(r—o1— @ E)? 4 (r1 — 01 — 1 E1) (n2o2 +ni(ra — 02))

—20109n1 + (7‘2 — UQ)UQ(U =+ %),

ag — 702(7‘2 — 0'2)(7”'1 — 01 — Q1E1) + 0'103.



M.R. LEMNAOUAR ET AL.

Using criteria of Descartes [5], the above equation (2.3) had a unique positive solution if the following
inequalities hold:

ag >0 if (7’2702)(7’170’17(]1E1) < 0109,
ap >0 if (7‘1 — 01 —Q1E1)(n20'2+n1(7“2—0'2))
+(rg — 02)o2(u+ ) > 20109n1 +v(r1 — o1 — 1 B1)2.
Then,
A _
E1>—max (7"1—01— 9192 , "N —01 — \/ 1+n202+n1(r2 02)), (25)
a1 T — O3 2v

where Ay = (nao + n1(ra — 02))% + 4v(u + 7)(r2 — 02)09

az > 0 if w(ry —o1 —qFEr) > ngos +ni(ra — 02),

2.6
az < 0 if n1n2<v(u+%1)' ( )
Then
T1 r1+ Ku
B —(n—o1—qFE
o 02 — N1y (( K )xl (rn—o1—a 1)>>0,
if
—n - ab)R — 01— E)K
(ri—o1—qEy) << o ﬂ<x1<(7‘1 o1 —q ) . @7

r + Ku ni ni r1+ Ku

. In the interior of the equilibrium Py(z2,ys2,0, I2), i.e. F;(z2,y2,0,12) =0, i = 1,2,4, we get a positive
solution:

_ ntasEs

T2 = ————
oy
oy = T — 02 — NaT2 + /(T2 — 02 — Now2)? + 401720 (2.8)
2 = , .
2

I 1(( UE) (% +u) a3 +aap) >0

= — ((r —o1—ny2 — xo— |=+u)zs+o .
2 N2 1 1 1Y2 — q1£1)%2 K 2 2Y2

if

r1— o1 — @By —niys + /(1 — o1 —niy2 — 1 E1)? + doa(u+ )y
5% ) '

0<ze < (2.9)
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4. In the interior of the equilibrium P3(z3,ys, S3,0), i.e. Fi(x3,ys3,53,0) =0, i=1,2,3, we get a positive
solution:

o (1 + qaln) .
3 = ——— 2 >0, if o8> p+ qkF-,
’ oB — (pn+ q2E2) o
y (ro — o9 — nax3) + \/(7“2 — 09 —n2x3)? + dvoias (2.10)
3 )
2v
S3 = % ((r1 — o1 — @By — nays)ws + oays — (u+ B)a3) .

. —o1—q1E1— +4/(r1—c1—m1yz3—qi1 E1)2+402 (u+ 7+
Ss>0 if 0<uzs< r1—o1—q1E1—niys+4/( 12(L11+u;y3 q1E1) 2( K)y?’.
K

5. Using F;(24,Y4,54,14) = 0,4 =1,...,4, the equilibrium point Py(z4, Y4, S4, I4) is given by:

o "'2_0'2_”2134+\/(T2—0'2—7123:4)2+40'1w4v
Yo = 2v ’

Es — E

Sy = n+qs3bs —oyxy >0, if x4 < M’ (2.11)
1) oy

o= 5 (5 - e B) >0 i o> R,

where (24, y4) is the positive solution of the following equations:

rix (1 — %) — 017 + ooy — ux? — f/fm —qEix —njzy —vxl = 0, (2.12)
(ry — 02)y + 012 — vy? — nozy = 0. .
After the calculations, x is satisfied by the following equation,
bsa® 4+ byat 4 b3a® + byx? + byx + by = 0, (2.13)
where
bs = bngng — b2v,
by = 2abv — anany — 2b%a’v — bdny + 2ba’nany — boang + oyn?,
by = —a?v+4aba’v + adny — 2aa’nang + acang — b?a’?v — 2befv — 2bda’v
+bdog + ba'?nang — 2ba’oang + cfingny + 2a’o1nt — 2010901,
by = —2a%a’v + 2aba’?v + 2acBv + 2ada’n, — ados — aa’>nang + 2a0’ oans
—2bca’ Bv — bda'*ny + 2bdo’ o5 — ba'?09ns — cdfng + ca’vnang — cBoans
+a?01n} — 4 oy09n1 + 0103,
by = —a2a’?v + 2aca’Bu + ada’*n, — 2ada’ o + ac’?oang + bda'?os — 2 B%v (2.14)
—cda' Bny + cdBoy — co Baang — 20’ 010901 + 200103,
by = —ada'?oy + cda’Boy + o?02,
a = r—o—qE+ I+ @E),
b = Z+u,
d ro — O2.

Using the criteria of Descartes [5] it is necessary to impose that:
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o' (ptq2E2) n+qsEs ) -
Aoty < T4 < T bs < 0and b; >0, for ¢ =0,...,4.

To study the local stability of equilibria, the eigenvalues of the Jacobian matrix of system (1.1) are computed
Juw iz Sz Jua

by: J(@,y, S, )= Jzi 0 Jzz o J3a
Ju 0 Juz Ju
where:
Ju = o —qb —2(% +u)x—n1y—fyl—%,
Ji2 = o3 —m,
Jis = A,
Jig = —x,
Ja1 = 01— nay,
Joo = 1o —/02 — 2uy — nax, (2.15)
J31 = (Zf?fzfm
J3z = ;iﬁ =0l — p— q2En,
J3g = =685,
Jyn = ovl,
Jyz = 41,

Jyu = 0SS+ oy —qsEs —n.

Theorem 2.3. The equilibrium Py(0,0,0,0) of the system (1.1) is unstable.

Proof. The characteristic equation of Py(0,0,0,0) is
(N = (11— o1+ 12— 00 = ED)A + (r2 — 02) (11 — 01 — 1 1) — 0201
XA+ p+qE2)(A+n+q3E3) = 0.
Then, the eigenvalues of matrix (2.15) to the equilibrium point Py:
M =—-n+q3E5) <0, s = —(t+g2F2) <0, and A3 + A\y =11 — 01 — g1 E1 + o — 02 > 0. Therefore one of the
eigenvalues A3 and A4 not satisfy Matignon’s condition [17]. Hence, Py(0,0,0,0) is unstable. O

Theorem 2.4. The equilibrium point Pi(x1,y1,0,0) of the system (1.1) is locally asymptotically stable if

. 4 E. .
21 < min (MgiESv o ! gi)) and (2.16) satisfied.

(1) If A >0, Py is locally asymptically stable.

(2) IfA <0, and |arg(A34) [> 5G°, P is locally asymptically stable.

(2.16)

Proof. From (2.15) evaluated at equilibrium point P;, the characteristic equation is:
(A2 + A +p)(A—oyz1 + 0+ gsBs) (A — 255 4+ g2 Fp) = 0.

o'+
Where
s = (o2t + (u+ Bz +o13t +vy1) ;
p = (28 +(u+ %)xl) (01% + vy1> — (02 — n1z1)(01 — nay1)-
Therefore, the first and second eigenvalues are:
A o= oyr1— (n+gs3Es) <0, ifz; < %, then | arg(A\;) [= 7 > 5F.

. ! E.
do = S (p+qeBh) <0, if oy < SxUEE then |arg(\) |= 7 > 9.
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We pose A = 52 —4p. If A > 0, A3 and \4 are purely real and negative.

If A <0, A\3 and )\ are complex number and if | arg(A34) |= tan™! (V;A) > 5 . Hence, Py is locally

asymptotically stable. O

Theorem 2.5. The equilibrium point Py(xa,ys,0, I2) is locally asymptotically stable if xo < aﬁ(ig%};‘gﬁﬁé)
and (2.17) satisfied.

Proof. From the Jacobian matrix J(z2,ys2,0, I2), the characteristic equation at Pa:
(A C(EBr (ST, 4t qug))) (A + 202 + e\ + ¢g) = 0, where:

o tz3
co = —(A1+ By),
c1 = A1By — (01 —nay2) (02 — nixe) + oy lhxs,
co = —Bioy L,
Al = r—o1—qF -2 (525 2y —nyys — D,
B1 = ro— 09— 20ys — naxa.

oBx : o' (81 E.
M= — O+ p+ 2Bp) <0 if 2y < aﬁ—fx'éﬂﬁqiqf%?)a
then | arg(A1) [=m > <F.
We define the discriminant of polynomial P(A) = A3 + caA? + ¢1 A + ¢ in this form [2]:
D(P) = 18cicaco + (c2c1)? — 43 — dcieg — 273,

(1) If D(P) > 0, P, is asymptotically stable if ¢, ¢1, co > 0 and cacq —¢o > 0
for all @ € [0,1].
(2) If D(P) < 0 and ¢, c¢1, c2 > 0 P» is asymptotically stable if o < % and (2.17)
coc1 —co > 0.
(3) IfD(P) <0, co, c1,c0>0 and coep = c¢p, P» is asymptotically stable
for all @ € [0,1].
O
Theorem 2.6. The equilibrium point Ps(xs,ys,Ss,0) is locally asymptotically stable if S5 + oyxs < n+ qsFEs
and (2.18) are satisfied.

Proof. The characteristic equation of matrix J(z3,ys,S3,0):
(/\ - (533 + ayxr3 — 1N — Q3E3)) ()\3 + d2>\2 + d1>\ + do) = O, where:

d2 = —(AQ + Bg),

di = AsBy — (01 —nays)(o2 — nizs) + %7
do = —Byolszsts,

Ay = r—oy — B — 283y gy — 7(53_/533)2»
Bg = T9 — 02 — 2’Uy3 — NaT3.

The first eigenvalues Ay = 6S3 + oyx3 —n — q3FE3 <0 if 653 + oyzs <N+ g3E,
then | arg(A1) [= m > <F.
We define the discriminant of polynomial Q(A\) = A3 + daA? + di A + dj in this form [2]:
D(Q) = 18d 1 dady + (d2d1)2 — 4d? - 4d§d0 — 27d3

(1) If D(Q) > 0, Psis asymptotically stable if dy, d1, da > 0 and dady — dy > 0
for all a € [0, 1]. (2.18)
(2) If D(Q) < 0 and dy, dq, do > 0 Ps is asymptotically stable if a < % and cac; —cg > 0.
(3) If D(Q) <0, dy, d1,da >0 and dody =dy, Psis asymptotically stable
for all a € [0, 1].
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Theorem 2.7. The equilibrium point Py(x4,y4,S4,14) is locally asymptotically stable if ¢o, P1, o2, d3 > 0, and
2
P23 — P1 > L;‘f‘q"

Proof. From the Jacobian J(x4,y4, S4, [4) matrix, the characteristic equation of Py is:
R(A) = X" + ¢3A° 4 92X + 1A + o,

where:

¢3 = —(ae + fo),

92 = agfe — bees — cegs — deic — heJs,

o1 = ashsje + cofege + de foic + fehejs — iccche — degeJs,
o0 = Jebeeshs + i6cs fohe 1+ de fegsjs — Jeaes fehs,
ag = 11 —01—qkE —2(%+U)$4—n1y4—714—%—%’47
be = o092 —niTy,
c — —Bx4
0 o Fwa” (2.19)
dg = —vyx4,
€6 = 01— N2Y4,
fe = 12— 02 —2vys — noxy,
g6 = (Z?fzf;L?’
he = —0654,
i6 = O")/I4,
Jje = 0ly.

We pose the discriminant D(R) in following form:

D(R) = 256¢% —192¢3p105 — 128¢3¢0 + 144¢2¢7¢d0 — 2761 4 14443207
—60303 00 — 809303010 + 18p3h2; + 160300 — 4307 — 279543 (2.20)
+18¢3d2d1d0 — 4950T — 4930300 + (P3d201)>.

Using the results of [2],

(1) If D(R) > 0, ¢o, b1, P2, ¢3 > 0 and dop3 — 1 > ’b(‘;‘fg, Py is locally asymptotically stable

for all « € [0, 1].
(2)  IfD(R) <0, ¢o,¢1,¢2,¢3 >0and a < 5, Py is locally asymptotically stable. (2.21)
(3)  IfD(R) <0, ¢o,¢1,02,¢3 >0 and ¢y = 22 4 21 Py is locally asymptotically stable

for all a € [0, 1].

3. GLOBAL STABILITY OF EQUILIBIRA

In this section, we prove the global stability of each equilibrium point of system (1.1) using Lyapunov
functions.
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Theorem 3.1. The equilibrium Py (x1,y1,0,0) is globally asymptotically stable if (2.5), (2.6), (2.7) and ny +

g2n2yY1 3 O2y1v T1 ;
o < 2 min ( ook T u) are realized.

Proof. Consider the following positive definite Lyapunov function about Pj(x1,y1,0,0):

V@) = (m BEARCE (%)) + o (y —y1—yln (i)) :
Using [28], we get:

Dy < ESEDr 4 2 (M) DYy,
< o) (- () @) b (E- 2 - ml )

+228(y — 1) (—v(y = 1) + o1(2 — ) = ma(w — 31))

Using —(z — 21)(y —y1) < 5 ((z —21)> + (y — y1)*) we find,
DVy < = (B (2= m)? = 22 (y — ) — 52 (g — )’

o121 xT1yY
Ly + %) )y ),
< (B o2y o) (o (B¢ %) o) (g2

2
— ooy — pw)”

Therefore, D*V; < 0 if ny + 2724 < 2min (—‘;21%011”, z+ u)

O

Theorem 3.2. The equilibrium Ps(x2,y2,0,I3) is globally asymptotically stable if (2.9) and nq + 2°222 <

g1I2

2 min (%, B+ u) are realized.

Proof. Consider the following positive definite Lyapunov function about Ps(z2,ys,0,I2):
Va(z,y,I) = (iF*ﬂ?z —x2ln (%)) + % (y*yz — 1y ln (%)) + % (I*IQ — I 1n (é)) .
Using [28] we get:
Dy < (o =) (= (2L (¢ —20) + 02(¥ = ) =y — y2) — (I — o))
+%(y —2) (—v(y —y2) + 01(% - @%) —ng(z — x2)> + (I — L)y(z — z2),
,w( o2

0202 () y)? — 22 (yzy — yoa)? — (ny + Z2EI2)(2 — 20)(y — ya),

< (Bl ) - ) () — (S ) - ) (- g)?

IN

o1T2 g1T2
— a2 (ya2 — yo)?.
Therefore, D*Vy < 0 if ny + %% < 2min (% n —|—u).
O
Theorem 3.3. The equilibrium Ps(x3,ys,Ss,0) is globally asymptotically stable if (2.10) and ni + %;i“ <
2 min (%Zf:, = tu— %) are realized.

Proof. Consider the following positive definite Lyapunov function about P3(x3,ys,S3,0):
Ve ) = (v —wstn () + 22 (u-w - (1))
oo (5 — 55— S3ln (Si)) ,
Using [28], we obtain:
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DV < (x—x3) (f (%) (x —x3) + 02 (% - Zf‘;) —n1(y —y3) — 5(0/73_93 - 0/%963))
+22(y — 1) (vl — 1) + o1(2 — 2) — na(w — 22))

T+ (S - 53)08 (5 - 5 )

— (B (2 = w3)? = 2228 (y — y3)” — 2 (yas — ysx)”

—(ny + T2 ) (1 — ) (y — ys) + o)

< (%(nl + Uzyznz) _ 7’1}Ku + - BSs3 ) (x _ x3)2

IN

o113 (o' +x3)
1 1 1 2 2
— (S zzme) - vmmn ) (g )2 o (g — ),
. . S
Therefore, Da‘/g<01fn1+%;g?’<2mm (%,%Jrufm) O

Theorem 3.4. The equilibrium Py(z4,ys,S3,14) is globally asymptotically stable if (2.11) and ny + 22" <

g1X4
2 min (%, E4u+ %) are realized.

Proof. Consider the following positive definite Lyapunov function about Py(x4,y4, S4, I4):
Vit S.0) = (o= = aaln (%)) + 22 (-9 -t ()

+1(s—Si-sum(E))+L(1-n-Lm(L)).
Using [28], we obtain:

DVy < (e—aa) (— (B ) @—aa) oo (L= ) —na(y—va) —B(F5 — ;) 1~ 1))

T4 altay
22 (y — o) (—v(y = ya) + 1(2 — 2) — na(w — 22))
—&-%(S _ 54) (Uﬁ (ﬁ _ a’?u) _ 5(1 _ [4)) + (1—14)(U"/(OU—;M)-&-5(5—54))7
< - () (o - wa)® — T (y — ya)? — ros (yzs — ya)?
—(m+ P2 (0 — 2a)(y — 9a) — ety (S — wS4),
< (Bl oataney - gy B8 B (1 )2 - S22 (g — pac)?

+ (Bl + 220 = 58) (v~ ) — G (S - S0

Therefore, D*V; < 0 if ny + 22224 < 2min (—‘;yw o 7";@;@3)).

4. NUMERICAL SIMULATIONS

To show the influence of the parameter o on our fractional order model, we take the different values of «
in numerical simulations of the curves x(t),y(¢), S(¢t) and I(¢) that are shown in Figures 2-5. These figures
show that the system (1.1) reaches the equilibrium state for the different values of a. These results show
the effectiveness of Theorems 2.4-2.7. As we can see, numerical solutions are permanently dependent on the
fractional order derivative o and the model reaches the equilibrium point more rapidly by reducing «. In other
words, the model approaches the steady state more quickly when the memory factor effect is increased.

To demonstrate the theoretical results obtained in this paper, we give some numerical simulations. We
consider the parameters values as given by [14]:

T = 5,’)"2 = 1,711 = 0.5,712 = 0.3701 = 1,0'2 = 0.9,Q1 - 0.17QQ = O.Q,QQ, = 0.4,E1 = 5,E2 = 5.2;E3 = 48,
u=0.0001,v=0.333, K = 4,0’ = 0.7, =0.94,0 = 0.998,5 = 10, u = 1,v = 5.5, = 60, with initial conditions
(2(0),y(0),5(0),1(0)) = (1,1,1,1), so P is locally asymptotically stable.

As it’s shown in this example the parameter values are chosen as:

r1=06,72=8n; =05n,=0.3,00 =2,00=2,¢1 =01, =02,u=0.4,v=04,K =5, =0.45,8 =1,
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FIGURE 2. Solution curves corresponding to the set values parameters of the system (1.1) of
equilibrium P; with different values of a.
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FIGURE 3. Solution curves corresponding to the set values parameters of the system (1.1) of
equilibrium P, with different values of .
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oc=4,0 =10,u = 1,7 = 55,7 = 60. The system (1.1) with initial conditions (z(0),y(0),S(0),1(0)) =
(1,1,0.1,1), so P, is locally asymptotically stable.

In this example, the parameter values are:

T = 10,7‘2 = 87111 = 0.5,’)12 = 0.3,01 = 2,02 = 7.5,(]1 = 0.1,(]2 = 0.2,(]3 = 0.5,E1 = 3,E2 = 32,
E3=4,u=001,v=04,K =5,/ =5,8=50,0 =1.5,§ = 10, u = 18,y = 5.33, 1 = 60, with initial conditions
(2(0),y(0),5(0),1(0)) = (1,1,1,1), so P is locally asymptotically stable.

In this example, the parameter values are:

T = 234, To = 3,711 = 0.5,712 = 0.3,01 = 2,0’2 = 75, q1 = 01, g2 = 02, q3 = 03, E1 = 37E2 = 2.6,E3 = 22,
u=00lL,v=04K =070 =07, =094,0 = 0.998,6 = 1.34,n = 2.41,v = 8,1 = 2.68, with initial
conditions (z(0),y(0),.5(0),1(0)) = (1,1,1,1), so P, is locally asymptotically stable.

We observe from simulations, the effect of reducing the order of the time derivative can be observed. As
the fractional order a decreases, the system (with Caputo derivative) stabilizes more quickly. It is the largest
“memory” of the system of past states, the greater the damping of the oscillations in the dynamics of the system.
The simulations show that, even with fairly moderate reductions in «, the amplitude of the population density
oscillations is greatly delayed.

5. CONCLUSION

In this paper, we investigated a Dynamics of the fractional order prey—predator model in the presence
of competition and toxicity using the Caputo fractional derivative. We have established the existence and
boundedness of the solutions. After calculating the equilibrium of our model under certain conditions, we have
analyzed the local stability using Matiginon’s conditions [17]. Global stability has been studied using Lyapunov
functions. From our numerical results, we can observe that the different values of « have no effect on the stability
of equilibria but have an effect on the time necessary to achieve equilibrium states. These variations are verified
in the numerical simulations illustrated in the Figures 2-5, as the curves z,y, S and I that converge towards
the equilibrium points. Finally, we can conclude that the memory effect of the fractional order derivative affects
the dynamics of our proposed system.
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