Math. Model. Nat. Phenom. 16 (2021) 51 Mathematical Modelling of Natural Phenomena
https://doi.org/10.1051 /mmnp/2021041 www.mmnp-journal.org

INVARIANT MEASURE OF STOCHASTIC HIGHER ORDER KDV
EQUATION DRIVEN BY POISSON PROCESSES*

PENGFEI XU!, JIANHUA HUANG!"** AND WEI YAN?

Abstract. The current paper is devoted to stochastic damped higher order KdV equation driven by
Poisson process. We establish the well-posedness of stochastic damped higher-order KdV equation, and
prove that there exists an unique invariant measure for non-random initial conditions. Some discussion
on the general pure jump noise case are also provided. Some numerical simulations of the invariant
measure are provided to support the theoretical results.
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1. INTRODUCTION

In this paper,we investigate the long time behavior of the following stochastic damped (2n + 1)-th order KdV
equation with pure jump processes

du + (82" u + udpu + Mu)dt = fdt + [, g(u(t—), z)n(dt, dz) (L1)

u(0,x) = up. .

where A > 0,f € H>"*Y(R). Let (Q, F, F;,P) be a complete probability space,(Z, B(Z)) be a measurable space
and v(dz) be a o—finite measure on it. Let P = (p(¢),t € D,) be a stationary JF;—Poisson point process on Z,with
characteristic measure v(dz),where D, is a countable subset of [0, +00) dependeing on random parameter w € 2.
Denote by n(dt,dz) the Poisson counting measure associated with P, that is n(dt,dz) = Xsep,,s<i1a(p(s)),
where 14(+) is the indicator function with respect to A. Let 7(d¢, dz) = n(dt,dz) — dtv(dz) be the compensated
poisson measure, when v(z) < oo, 7 is a martingale with (77(Z)); = tv(z),and v is the intensity measure of 7.
The Korteweg-de Vries equation(KdV) equation is used to describe the motion of long,unidirec-tional weakly
water waves on a chanel [27], which has been investigated widely by some authors, for instance, see [3-5, 12,
13, 19-23, 34, 35]. By introducing the Fourier restriction norm method, Bourgain [3, 4] proved that the Cauchy
problem for the KAV equation is globally well-posed in L? for the periodic case and nonperiodic case. By using
the Fourier restriction norm method, Kenig et al. [22, 23] proved that the Cauchy problem for the KdV equation
is locally well-posed in H*(R), s > —2 and ill-posed in H*(R) with s < —3 in the sense that the data-to-solution
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map fails to be uniformly continuous as map from H*(R) to CY H*(R). This means that s = —32 is the critical
regularity index in Sobolev spaces for KdV equation. By using the I-method and the Fourier restriction norm
method, Colliander et al. [12] showed that the Cauchy problem for the KdV equation is globally well-posed
in H*(R) with s > —3. Guo [16] and Kishimoto [25] independently proved that the Cauchy problem for the
KdV equation is globally well-posed in H *%(R) with the aid of the I-method and the modified Besov spaces.
Kappeler and Topalov [18] proved that the flow map extends continuously to H~! in the periodic case with
the aid of inverse scattering transformation. Molinet [31] proved that no well-posedness result can possibly hold
below s = —1 in the periodic case in the sense that the solution map of KdV equation does not extend to a
continuous map from H*(R) for s < —1 to distribution. Molinet [30] proved that the solution-map associated
with the KdV equation cannot be continuously extended in H*(R) for s < —1. Liu [28] established a priori
bounds for KAV equation in H~ % (R). Buckmaster and Koch [11] proved the existence of weak solutions to the
KdV initial value problem on the real line with H~!(R) initial data and studied the problem of orbital and
asymptotic H*(R) stability of solitons for integers s = —1; and established new a priori H~*(R) bound for
solutions to the KdV equation. Visan [24] proved global well-posedness of the KdV equation for initial data in
H~Y(R) and showed completely parallel arguments and give a new proof of global well-posedness for KAV with
periodic H~1(R) data, showed previously by Kappeler and Topalov, as well as global well-posedness for the
fifth order KdV equation in L*(R). Li and Yan [29] established the global well-posedness of higher-order KDV
equations with Gaussian noise in L?(R).

When n = 1, (1.1) reduces to the stochastic KdV equation which has been studied by some people, we refer
the readers to [6-8]. Bouard et al. [7] proved that for almost surely w € €, there exist a T,, > 0 and a unique
solution u(t) of the problem (1.1) on [0, 7,,] which satisfies u € C([0,T]; H*)N X% ﬁXsTj§ , With the assumption

: 8,

that uo(z,w) € H* s > —3 for almost surely w € Q and uq is Fo-measurable and ® € Ly N LY(L2; Hs %),
Moreover, de Bouard et al. [7] proved that when ® € Ly° N LY(L%; H*~ %) and ug € L*(Q; L?)) and is .Zo-
measurable, the solution to problem (1.1) is global and belongs to L?(€2; C([0,T]; L?). Li [28] proved that for
5> —3 there exist a T,, > 0(almost surely w € Q), § = 5(s), b = b(s, §) which satisfies § < 0 and § can sufficiently
approach zero and 0 < b < 3, when ® € L3° N LY(L?; H*%) and ug(z,w) € H® for almost surely w € Q and ug is
Fo-measurable, the problem (1.1) possesses a unique solution on [0, T,,] which satisfies u € C([0,T,]; H®)NX z:g,
thus, the result of Li improves the result of [7]. Recently, [9] proved the existence of invariant measure for
stochastic Schrodinger equation with jump process, but they also did not provide with the uniqueness of the
invariant measure. To the best of our knowledge, there is no result on the ergodicity on stochastic damped
higher-order KdV equation with pure jump noise.

Observe that if u(t) solves

du + 92" tudt = 0,
Let u(t) := e~ *Mau(t), then we have

d d
—u(t) = —de Ma(t) + e M=

Sy A2l _ a2n+1
” dtu(t)— Au(t) — e M7 a(t) Au(t) — 07" u(t).

Thus, u(t) solves the equation du + (92"*1u + A\u)dt = 0. Denote Sy(t) by the solution operator of du +
(02" +1y + \u)dt = 0, then we have S (t) = e *Sy(¢). Then the mild solution of equation (1.1) can be written
as

u(t) = Sx(t)uog — /0 Sx(t — s)udzuds —|—/0 Sx(t — s)fds —|—/0 /ZS)\(t —s)g(u(s—), z)n(ds,dz). (1.2)

Let ug € H"(R) be a deterministic condition,and u(t) be the solution of equation (1.1). For all B € B(H"(R)),
the transition probabilities of the equation can be defined by P;(ug, B) = P(u(t) € B). For any function £ €
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Cy(H™,R), we denote
Pifuo) = Elew)] = [ e P, )

In this paper, we will investigated the ergodicity of stochastic damped higher order KdV equation with pure
jump noise. We prove the global well-posedness and the existence of invariant measure for stochastic damped
higher order KdV equation with random initial value. Moreover, we obtain the ergodicity of stochastic damped
higher order KdV equation with non-random initial conditions.

Comparing with stochastic damped KdV equation with Gaussian noise, the non-Gaussian noise driven higher
Order KdV equation leads to the trajectories of the solutions are Cadlag. To overtake the difficulty caused by
dispersive term 92"T1y instead of the dissipative term w,,, motivated by the idea from [15], we establish the
uniform estimates for L? norm and H™ norm respectively, which are critical to obtain the existence of invariant
measure. Moreover, we give some numerical simulations of the invariant measure to support the theoretical
results.

The rest of paper is organized as follows. In Section 2, we present some preliminaries. In Section 3, we prove
that the solutions in H" space are uniformly bounded and establish the global well-posedness. In Section 4, we
establish the existence of invariant measure for stochastic damped stochastic damped higher order KdV equation.
In Section 5, we prove that the invariant measure is unique for deterministic initial value. In Section 6, we discuss
the general pure jump noise case,some numerical simulations of the invariant measure are provided to support
the theoretical results.

2. PRELIMINARIES

In this section, some basic concepts and some inequalities are provided, which plays the crucial role in
establishing the main theorems.

Let Y be a separable and complete metric space and T' > 0. The space D([0,T];Y) denotes the space of all
right continuous functions z : [0, 7] — Y with left limits, P(D([0, T]; Y")) the space of Borel probability measures
on D([0,77;Y). We equip D([0,T7];Y) with the Skorohod topology such that D([0,T];Y") is both separable and
complete.

Definition 2.1. Assume that (X,T) is a polish space, ¥ is a o-algebra on X, M is a set of measures on . M
is said to be tight if for any € > 0, there exists a compact set K. C X such that

|(KS)| < e, for any p € M.

Theorem 2.2 (Cor. A.1, [9]). Let {z, : n € N} be a sequence of cadlag processes, each of the process defined
on a probability space (Qy,, F,,Pn). Then the sequence of laws of {x,, : n € N} is tight on D([0,T];Y) if

(a) there exists a space Y1, with Ye—'Y compactly and some r > 0, such that
E" |z, (t)]y, <C, VneN;

(b) there exist two constants ¢ > 0 and v > 0 and a real number r > 0 such that for all 0 > 0,t € [0,T — 6],
and n > 0

E, sup |z,(t) —x.(s)|y < cb.
t<s<t+0

In the sequel, we impose the following hypothesis on the Poisson noise as
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(H1) For any u € X(T), there exists a constant C' < oo such that
[t 2) Brlde) < €+l

(H2) v(0) =0,[,(|[z]|Z¥(d2) < 0o and v(Z) = p < oo;
(H3) Z is continuously embedded in H™(R).

Lemma 2.3 ([19]). There exist some monotontic increasingly continuous functions C’l(t) and a constant o >
0,Vh,g € X(T) such that

t
| /0 So(t — s)h(s)02g(s)ds || x )< CL(T)T [ b x| 9 Ix(r) -

Lemma 2.4 ([19]). There exist some monotonely increasingly continous functions Co(t) such that
| So(t)uo || x(ry< Co(T) || uo | x(r) -

Lemma 2.5. If u(t) € X(T) solves the equation (1.2), then there exists a constant C > 0 such that

E[ sup lullZ2] < €+ ElJuollZ:]).

0
E[ sup |lul[n] < C(1+ Eflluoln])-
0<t<T

Proof. Define a stopping time by 7y = inf{¢ : |u(t)[|32) > N}. By using It6 formula, we have
t
Ju®l3: = fuoll +2 [ {u(s), ~(@2"*u + udyu + Au) + F)ds
0
t
+ [ Qlatuts=) 201 +2uts=).us=),2)i(ds. 2

T / /Z (lg(u(s), 2)[2 + 2(u(s), g(u(s), 2)))dsv(dz)
= |luol|22 + I (t) + M; + Ix(t).

Next, we will estimate [Ju(t A 7n)||32.
For M., , direct computation shows that

Nl

My, My 7 = [M, M2, ,,
(3 (lgluls=), )22 + 2(uls=), glu(s—), p(s))?)

s€Dy,s<TNAL

<@ Y lgtuls=) 2z +8 D Juls=)lIzelgluls=)p(s))]72)?

Nl

s€D,,s<TN AL s€D,,s<TN AL
1 1
<CC Y lgluls=)2)lt)z +CC Y llu(s=)lIZallg(u(s—), p())]72)2
s€D,,s<TN AL s€D,,s<TNAL

<C Y lgtu(s=)2lFa+CC D0 uls=)IEzllgluls=).p(s))l172)?

s€Dy,s<TN At s€Dyp,s<TN At
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<C 3> llglu(s=) 2z +C sup Jluls=)llo2( D0 llgluls=).p(9))lI72)

SEDp,s<TN AL SSEATN

<C Y lgluls—))E + 2 sup [lu(s—) 2

2
s€Dy,s<TN At SSIATN

SEDP,SSTN/\t

Taking the expectation and using Burkholder-Davis-Gundy inequality, we have

E[ sup [M¥]] < CE([My, Myy]?)

0<s<t

<CE[ ) ||9(u(s—)7z)||iz]+%1E[ sup [Ju(s—)[|7]

s€D,,s<TN AL SSIATN

[ [ latutso), o) + 5L sup Ju(s)lE:]

Ss<INTN

<CE[ (4 hu(s)l32)as + FEL sup (s ]

1

For I (t A 7n), we can deduce

E[Il(t/\rN)}:—Q)JE[/O ™ ||u(s)||2L2ds]+2E[/0 ™ tu(s), f)ds]

IN

tATN tANTN
_2E| / lu(s)|22ds] + 2E] / ()22 1 2dls]
tIATN ) 1 )
< 2 < — . < .
<[ I13as) < gt < Ct < o0

For I(t A 7n), by using a direct calculation, we have

E{I2(t A )] / - / (lgCus), 2)[3 + 2(u(s), glu(s), 2)))dsv(dz)
/ - / lgCu(s), 2|25 + 2[u(s) |2 llg (u(s), )[2:)dsv(dz)]

<2 | Natuts). 2 adsw(az)) + £ | [ Tl dsv(az)

/ - / lg(u(s), 2) [ 72dsv(d2)] + E[ / N/ el M)

tATN tATN
< CE| / (1 + [lu(s—)[22)ds] + oE[ / u(s—)||2ds]
< Ct+ (C + p)Nt < .

From the above estimates, we have

E[ sup [u(s)|[7o] = E[ sup [u(s A7w)|Z:]
0<s<tATN 0<s<t
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< E[||uo||%2] + E[ u1<) Li(sATN)]+E[ sup |M N[+ E[ sup I2(s A Twn)]

S
0<s<t 0<s<t 0<s<t

tATN 1
< EflluollZ:] + Ct + CE[/O (1+ u(s—)lIZ2)ds] + 5 B Sup [u(s—)II72]
tATN

+CE| / "0t Ju(s=)[2)ds] 4+ pE| / (s =) 2ds]

tATN 1
gIE[||u0||%2]+Ct+CE[/O ( sup [lu(s)l72)ds] + SB[ sup lu(s)]7:]-

s<tATN s<tATN

Therefore, we deduce

E[ sup HU(s)II%z]<2]E[I\UoH%2]+Ct+CE[/O "Csup Jlu(s)2)ds).

0<s<tATN o s<tATN
The Gronwall’s inequality leads to

E[ sup u(s)]Z:] < C(Ct +E[l|ug|72])e".
0<s<tATN

Since 7y AT — T as N — oo, P.a.s., we have

E[ sup [ull3-] < C(1+E[||uol?-]).
0<t<T

Similarly, applying It6 formula and Burkholder-Davis-Gundy inequality as well as Sobolev embeddings Lemmas

to
) / (Oru)?dz + = / ubda,
2 R 6 R

we also obtain

E[ sup |[lull#] < C(1+E[fJuol|Fn])-
0<t<T

We have completed the proof of Lemma 2.5. O

3. EXISTENCE OF MILD SOLUTION OF EQUATION (1.1)
In this section, we will establish the well-posedness of (1.1) in the space X(T") = D(0,T; H"(R)).

Theorem 3.1. Assume the conditions (H1), (H2) and (H3) hold. Then the equation (1.1) has a unique global
mild solution in X (T), which is cidlag.

Proof. Let {7, : n € N} be a family of independent exponential distributed random variables with parameter
p, and set

n
T, = ZTj,n e N.
=1
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Define {N(¢) : t > 0} as the counting process
N(t) = 222 1ig, o0 (), £ > 0.

Then N(¢) is a Poisson distributed random variable with parameter pt for any fixed ¢ > 0. Let {Y,, : n € N} be
a family of independent, v/p distributed random variables. Then

¢ — Jo [z 9(u(s=), 2)v(dz)ds, if N(t) =0,
| [ stuts=). 2tas,a) -
074 SNOgut=), Vo) = [ [, g(u(s— dz)ds, if N(t)>0
=1 9(u Y, OZgus),z)u(z)s, if N(t) > 0.
Notice that N(¢) = 0 on the interval [0,7}), then the stochastic equation (1.1) can be rewritten as

{du + (02" Yy + udpu + Mu)dt = fdt, (3.1)

(0, z) = uo.

The mild solution of equation (3.1) can be represented by

u(t):SA(t)uO—/O S,\(t—s)uawuds—i—/o Sx(t —s)fds.

Define the operator F' by

t t
Fu = Sx(t)up — / Sx(t — s)udyuds + / Sx(t —s)fds.
0 0
Then it follows that

t t
1Fullxy < 1S3 ©uwlxary + 1| [ Syt = sjudsudslxny + 1| | Sa =) dsllxias
0 0

Due to Lemma 2.3, Lemma 2.4, we obtain that there exists some constant C' > 0 such that
1Fullx(ryy < Clluollxcryy + Tillull% (ry)) < o0,  whenever [l x(z,) < oc.

Thus, F maps X (T1) into itself, and

t
IFua = Fuslxery = || [ $(t = 5) (01 — uadsua)dslxas
0
t t
< H/ Sx(t — s)u10z(u1 — uz)ds|| x () + ||/ Sx(t — s)(u1 — uz)0ruads|| x (1)
0 0
< Cil(T)TV (luallx ey + luallx my)llur — uzllx (),
for any wi,us € X(T1). Hence, the Banach Fixed point theorem guarantees that there exists a sufficient

small 77 > 0 such that the stochastic equation (1.1) admits a unique local solution. Based on the estimate
in Lemma 2.5, we can extend this local solution to the global one. Denote the global solution on [0,77) by u;.
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Next, we will consider the solution on [Ty, T%). Since a jump with size g(u(T1—),Y,) occurs at time T3, we
denote uY = uy (T1—) + g(u1(T1—),Y,), and consider a second process on [T1,T5) follows as

du + (02" u + ud,u + Au)dt = fdt (3.2)

u(Ty, z) = uf. ’

Similarly, equation (3.2) posses a unique golobal mild solution us on [T7,7T%). Repeating the above arguments,
we can deduce that equation (1.1) has a unque global mild solution in X (7).
Since P(N(t) < oo) = 1, then the solution u is a.s. defined on [0,7], and the jumps take place at each T}
with tlir%l u(t) = uj, Hence, tl%rTn u(t) exists, and the solution w is cddlag.
J J

We have completed the proof of Theorem 3.1. O

4. EXISTENCE OF INVARIANT MEASURE

In this section, we will prove the existence of the invariant measure for equation (1.1).
Let P; is a semigroup defined by the global solution of equation (1.1) on a Banach space X. It is well known
that

Jim Pié(uf) = P& (up).

for any sequence uf € X,k € N} with ||[uf — ug||p — 0,k — oo, for any ¢t > 0 and & € B,(X,R). Then P, is a
strong Feller semigroup on B.

Theorem 4.1. Assume the conditions (H1), (H2) and (H3) hold. Then P; is a strong Feller semigroup on
H"(R).

Proof. We only need to prove that E[|€(u(t)) — &(v(t))]] — 0 for any solution u, v, where u and v are solution of
equation (1.1) with initial value ug, vy € H™(R) respectively, and vy converges to ug for t > 0, € By(H",R).

Let Ry = ||ug||g» +1 and M = sup |£(v)].
,UeH’n
By using Chebychev’s inequality, we obtain that there exists some constant C(Rg) > 0 for |lvg — upl| < 1,

P{max{ sup [[u(s)|Zn, sup [[v(s)l3-} > R}

s€[0,t] s€[0,t]
< P{ sup |[lu(s)|7~ + sup [v(s)|Fn > R}
s€[0,] s€[0,1]
1 C(Ro)
< ZE[sup [Ju(s)|[F + sup [l(s)]Fn] < ~
R o, s€[0,¢] R

Choosing a sufficient large R > 0 such that C(ko)

£
== < gy We have

€
P{max{ sup [[u(s)llzr, sup [[o(s)|7n} > R} < oo
s€[0,t] s€[0,t]

Denote u(t) = fot [ Sa(t — s)g(u(s—), z)n(ds,dz), and set
Trh(g)(s) = Sa(s)h — /OS Sx(s —r)g(r)0.g(r)ds + /OS Sx(s —r)fdr+a(s), s<t.

Then u(s) = T, (u)(s) and v(s) = Ty, (v)(s).
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Define the stopping time 7 by
7 =inf{s > 0:8C(t)s*(C(t)R + ||| x(s) + | / Sx(s —r)fdr|x)) > 1}
0

Then we have

< E[BC(H)s*(C(H)R+ |l x(s) + | /0 TS - r) fdr x(s)]
< 8C3(t)s*(R+1) < C(R)s",

and

E[r] = /000 P(r > s)ds = /000(1 —P(r < 9))ds

¢ ¢ . 1
2/0(1—P(T<8))d82/0(1—1/\(C(R)S ))ds > o)

Let 79 = 7, and define inductively a sequence of stopping times by
Tier = inf{s > 7, : 8C(8) (s — 1) (C()R + [ty || x () + ||/ Sx(s =r)fdrlx(r.s) > 1},
Tk

where @, (s) = fjk [ Sa(t — s)g(u(s—), z)n(ds,dz), and X (7, s) is defined on [y, s]. Then 7411 — 73 and 7 are
independent with the same distribution. The law of large number gives that

T, 1
;n = E Z (Ti —7'1;1) —>E[T] >
0<i<n

Co(R)

Therefore, P(7,, <t) — 0 as n — oo. Hence, there exists n > 0,n € N such that

g
P(r, <t) < —.
(Tn < )_6

It follows that for any vy with ||jvg — uo||g» < 1,
EHE(u(t) - E(U(t)” < EHf(u(t) - f(v(t)|]lmax{ 51[1p : lw(s)12n 51[1p : lv(s)1Zn}>R}
sefo.t sefo,t
+E[|§(u(t) - g(v(t)HImax{ sup |Ju(s)|%n, sup ‘lU(S)l‘%_I,,L}SR}ITn,St
s€[0,1] s€[0,1]
FE[[§(u(t) = ) Mmax{ sup Jus)1Zn. sup [[o(s)]2n } <R} Lm0t
s€(0,t] s€[0,t]

<

Wl N

e+ E[|§(u(t) = E0()Mmax{ sup Jus)|Zn, sup (o)} <R} ra>t-
s€[0,t] s€00,t]

Since vy converges to ug, then

lu(t) = v(@®)]lzn < (2C())** u(0) — v(0)||z» — 0.
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Thus, it holds that E[|{(u(t)) — £(v(t))|] — 0. the proof of Theorem 4.1 is complete. O

Definition 4.2. Let (X, T) be a topological space, and let {X,,,n € N} Xj be a (X, T)-valued random variable,
X, is said to converge to X in distribution, if for any bounded continuous function F': X — R,

lim E[F(X,)] = E[F(X,)]

n—oo

Theorem 4.3. Assume the conditions (H1), (H2) and (H3) hold, and for any sequence of deterministic
ingtial conditions {ul} with R := sup{|| u{ ||~} < oo, it holds that {P;, (uy,-) : n € N} is tight on H™ for any
neN

{tn, >0: nlgglotn = 00}.
Proof. Without loss of generality, we assume that ¢,, is an increasing sequence, and denote by u, (t) the solution

with u,(0) be the initial condition. Next, we will prove that u,(t) converges to £ in distribution in L? (R). In
fact, since

E[ sup [ullFm] < C(1+E[[Jug]|7+]),
0<t<T

then we have

SUp E[[] un (tn) ] < Clsup(]| un (0) ) +sup(| uo [72)* +1) :== C(R).

Since the bounded sets in H™(R) is relatively compact in L} (R). Then there exists L7 (R)-valued variable
¢ and a subsequence uy,(t,) (we also denote it as wu,(t,)) such that u,(t,) converges to ¢ in distribution in

L? (R). Assume that {f;} is a set of smooth and compactly supported orthonormal basis of H™(R), then we
have
Therefore,

E[Y (& fi)in A M?] < E[|€3 A M?] < O(R),

(3

and E[Y (¢, fi)%.] < C(R) as M increases. Thus, it holds that & takes value in H™.

?
Next we shall show the convergence in L?(R). Assume that {g;} is a set of smooth orthonormal basis with
compactly support of H"(R), then we have

E[> (un(tn, g:)72 A M?] = E[> (€,9:)72 A M?].

i i

Since E[|| un(tn) [|22] < C(E[|| un(0) [|2:] + 1), we have

E[Z(“n(tmgi)%z] - E[Z(&Qi)%?]

7 i
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as M increases. Therefore, it follows that

E[ Z (un(tn, 9i)72] — E Z (&,9:)72]-
i=N+1 i=N+1

Since E[}_° v 11 (& 9i)72] = 0, we have

lim supE| Z (un(tnagi)%z] =0.
N—oco p i=N+1

Therefore, u,,(t,) converges to ¢ in distribution in L?(R). From the above arguments, we have
E[02€]12:] = lim E[|0%wa(8))]32).

Therefore u, (t,) converges to £ in distribution inH™(R), and {P;, (uf,-) : n € N} is tight on {H"}.
We have completed the proof of Theorem (4.3). O

Theorem 4.4. Assume the conditions (H1), (H2) and (H3) hold. If K is a compact set of {H"}, then the
sequence of measure {Ps(v,-) : s € [0,1],v € K} is tight on {H™"}.

Proof. Tt suffices to prove that {Ps(v,-) : s € [0,1],v € K} posses a convergent subsequence. Assume that
{(sn,vn)} € [0,1] x K, then it posses a convergent subsequence, we also denote it as {(sy, v,,)}. Without loss of
generality, we assume that (s,,v,) € [0,1] x K converges to (s,v) € [0,1] x K. Let u,(¢) be the solution with
initial data v, and u(¢) be the solution with the initial data v. Since u € D([0, 1]; H™), we have

lim ||u(sy) —u(s)||gn =0, P.as.
n—oo

Let Ry = sup ||v||g» + 1, we can choose a suitable R > 0 such that for any € > 0,0 >0
veEK

P{max{ Sup lu(s)lns sup [lun(s)llF} > R}

s€[0,t

< P{sup [Ju(s)|Zn + sup [lu(s)[|F > R}

s€[0,t] s€[0,t]
1 C(R €
< LE[ sup Jlu(s)lZe + sup fun(s)Z] < CE < £
R e s€[0,t] R 2

Define a stopping time 7 as
7=inf{s > 0:8C(t)s*(C(t)R + ||all x(s) + ||/ Sx(s = 7)fdr|x(s) > 1}
0
Let 19 = 7,

Tp+1 = inf{s > 7 : SC'(t)(s - Tk)a(é(t)R+ w7, || x (g ,s) + ||/ Sx(s = 7)fdr| x(r,,s)) > 1}
Tk
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Choose some proper N such that P(rny < 1) < £. Let

nlo

An = {max{ sup [|u(s)||7n, sup, lun ()|} < R}

s€(0,t se|0,t
Then, we have

sup [u(s) = v(s)llam < 2CE)" v = valln — 0.
sg|0,

on the interval A, {7y = 1}, and (2C(t))N*!|v — v, |l z» < § provided with n being sufficiently large.
Therefore, have

P( s?p] [u(s) = un(s) | an < 8) > P(A,(rw > 1}) 21—
s€[0,1

Therefore, it holds that lim sup [u(s) — un(s)|g» — 0, P.a.s., which implies that there exists a sequence ny,
n—=90 5¢[0,1]

such that

lim ||u(s) — un, (s)||g» — 0, P.as.
k—o0

and

|Ps., £ (0ny, = Po&(0)] S E[[E(uny, (sny) = E(ulsn, )] + E[lE(ulsn, ) — E(u(s)]] =0

for any real valued uniformly continuous function & on H"(R). Therefore, {Ps(v,-) : s € [0,1],v € K} has a
convergent subsequence.
We have completed the proof of Theorem 4.4. O

Theorem 4.5. Assume the conditions (H1), (H2) and (H3) hold. Then pu,(-) = £ [" P,(0,-)dt,n = 1,2, ... is
tight on H™(R).

Proof. For any € > 0, since {P,(0,-) : n > 0} is tight, then we can choose a compact set K. C H"(R) such
that sup{P,(0, K¢) < §. Since {Ps(v,-) : s € [0,1],v € K} is tight on{H"}, then by choosing a compact set

A. € H™(R) such that

sup  {P,(0,AS) <
s€[0,1],veK,

N)\Ff)

We can deduce

.un(Ag) =

i+1
/ Py(0, dy) Prs(y, AS)alt
7 Hn

n—1

i+1
= *Z/ [ . R(&dy)PH(y,Ag)Jr/ Pi(0,dy) Py (y, AS)dt

X c
=0 €
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1 it
v [ G reaws [ ro.a
1 n—1 .41
< — edt =¢
_ngl ,

which implies that p,,(-) = < [" P,(0,-)d¢,n = 1,2, ... is tight on H"(R).
We have completed the proof of Theorem 4.5. O

IN

Theorem 4.6. Assume the conditions (H1), (H2) and (H3) hold. Then there exists an invariant measures
of equation (1.1).

Proof. By using the Krylov-Bogoliubov Theorem and combing Theorem 4.1 with Theorem 4.5, we can obtain
the existence of the invariant measures for the semigroup P;.
We have completed the proof of Theorem 4.6. O

5. ERGODICITY OF INVARIANT MEASURE

Theorem 5.1. Assume the conditions (H1), (H2) and (H3) hold. There exists an ergodic invariant measure
of equation (1.1) with deterministic initial conditions.

Proof. Let K be the set of all the invariant measures. It is easy to check that K is convex. Assume that { i, }pen+
is a sequence of invariant measures in K. Then there exists some constant C such that

sup / | [3n pin(du) < C, and  sup / 2t [gn pin(du) < C,

and {(pnP:,)(-) :m € NT} = {u,(-) : n € NT} is tight for any deterministic initial condition since K is a close
set,then K is compact. The Krein-Milman theorem yields that a convex compact set possesses extremal point.
By using Theorem 3.2.7 in [32], we deduce that this extremal point is ergodic. Therefore, the equation (1.1) has
an ergodic invariant measure.

We have completed the proof of Theorem 4.6. O

6. DISCUSSION

In this section, we consider the following stochastic weakly damped higher-order KdV equation driven by
pure jump noise

{du + (02" u + udpu 4 M) = fdt + [, u(t, z)g(z(x))n(dz,dt) + [, u(t, z)h(z(z))v(dz), 6.1)

(0, z) = uo(x),

where A, 7, v are the same with that in the first section. To prove the existence of invariant measure for Markov
semigroup generated by equation (6.1), we impose some assumption on noise:

Hypothesis 6.1. (a) For any u € X (7T), there exists a constant C' < oo such that
/Z(IIU(t,w)g(Z(SC))quT) +[lu(t, 2)h(2(@)) 5 ) )v(dz) < OO+ [lulli ()

(b) ¥(0) =0, [, (ll2]Zv(d2) < 00 and v(Z) = p < o0
(¢) Z is continuously embedded in H™(R).
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The mild solution of equation (6.1) can be written as

u(t) = Sx(t )uo—/ Sx(t — s)uds uds+/ St — ) fds
/ /sA (t — s)uls, 2)g(=())ii(dz, ds) / /sA (t - Suls, D)h(=(@)w(d)ds.  (6.2)

Lemma 6.2. If u(t) € X(T) solves the equation (6.2), under the condition of hypothesis 6.1, there exists a
constant C' > 0,such that:

E[ sup [ull72] < C(1 +E[l|uol|7:]),
0<t<T

E[ sup [ull}n] < C(1+E[|juo]|7n])-
0<t<T

Theorem 6.3. Under the conditions of hypothesis 6.1, the equation (6.1) has a unque global mild solution in
X(T), which is cidlag.

With the similar scheme, we obtain the following result.

Theorem 6.4. Under the conditions of theorem 6.3, P; is a strong Feller semigroup on H™(R),and pu,(-) =
%fon Pi(0,)dt,n = 1,2,... is tight on H™(R), hence, there exists invariant measures of equation (6.1).
Furthermore, there exists an ergodic invariant measure with deterministic initial conditions.

Remark 6.5. If v(Z) = 400, then u(t) is not square integrable, and the uniqueness of solution can not obtain.
Hence, we could not prove the existence of invariant measure in this case.

Then we will give some numerical simulation of the invariant measure. To the end, we give the distribution of
the solution =— ZTM E [® (u(ty,))] by using the so-called the Monte Carl method as following, one can prove

theoretically that it does have a unique invariant measure, which derive to the ergodicity [33].
We firstly use the the norm conservative finite difference scheme introduced by [2] to simulate the
equation (1.1) to the

(n+1) (n)
: At_U +ﬂ5(5)<

(n) (n+1) (n) (n+1) (n) (n+1)
o (U4 LUP AU o) (U U
3 2 2 2

(n) | rr(n+1)
U™+ U )
2

U(n) _,'_U(VH'I)
- <J 5 + Y g(AL)1a(ALs(w)) (6:3)
t;<s<t;41
where
(n) (n)
5(1)U(n) _ Uj+1 B Ujfl
J 2Ax ’
(n) (n) (n (n) (n) (n) (n) (n)
sOUM _ UJ+4 2Uj+3 — 2U it 6UJ+1 6Uj71 + 2Uj UJ+3 U]»Jr4
J 4(Ax)? )

and y_ .., 14 (ALs(w)) is a possion process with the parameter PAt.

Now we set 8 = 0.01,\ = 0.5, and ug(x) = sin(z). The simulation of (1.1) driven by Poisson noise with
g(u(t—),z) = 0.2u(t—)z is given in Figure 1. Figure 2 gives time changes of |lu(t,-)| z2 using different sample
trajectories.
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FIGURE 1. Solution of u with Poisson Process
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It can be clearly seen from Figure 2 that the decay rate of the equation is slowed down under the influence
of noise. At the same time, as shown in Figure 3, it can be seen that for ®(y) = exp(—|y|?), the distribution of
the solution ﬁ Zﬁ;o E [fb (U("))] tends to a measure p as T — oco.

The above numerical simulation of stochastic damped KdV equation (Fig. 3) in the sense of Elu(t,-)| 2
reveals that stochastic damped KdV equation driven by Poisson noise posses an unique ergodic invariant
measure.
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