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ASYMPTOTIC BEHAVIOR OF A BAM NEURAL NETWORK WITH
DELAYS OF DISTRIBUTED TYPE

S. OTHMANIY®, N.-E. TATAR? AND A. KHEMMOUDJ!

Abstract. In this paper, we examine a Bidirectional Associative Memory neural network model with
distributed delays. Using a result due to Cid [J. Math. Anal. Appl. 281 (2003) 264-275], we were able
to prove an exponential stability result in the case when the standard Lipschitz continuity condition is
violated. Indeed, we deal with activation functions which may not be Lipschitz continuous. Therefore,
the standard Halanay inequality is not applicable. We will use a nonlinear version of this inequality.
At the end, the obtained differential inequality which should imply the exponential stability appears
‘state dependent’. That is the usual constant depends in this case on the state itself. This adds some
difficulties which we overcome by a suitable argument.
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1. INTRODUCTION

Recently, artificial neural networks have received a lot of attention in sciences and engineering, more specifi-
cally, in economics, biology, medicine, gas and petroleum industry [1, 25, 40] and in many other disciplines. They
are derived in the context of Artificial Intelligence. Their standard design is based on three neural layers known
as the input layer, output layer, and some hidden layers. In each layer, the artificial neurons are connected to
all neurons in the surrounding layers via artificial synapses in a similar manner to biological neurons. The main
operations of neural networks are summed up to help predicting, classifying, recognizing models and solving
optimization problems. The Recurrent neural networks encompass Hopfield neural networks, Cohen-Grossberg
neural networks, Bidirectional Associative Memory neural networks, Cellular networks and many others.

In 1983, Hopfield suggested a single-layer self-associative Hebbian correlator model as follows

Ti(t) = —cizi(t) + Z@ijfj($j(t))a t>0, i=1,2,...,n.
j=1
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After a few years, Kosko introduced an expansion of Hopfield neural networks named bidirectional associative
memory (BAM) neural network [13-15]. It is used in pattern recognition, signal and image processing, opti-
mization problems, and automatic control [21]. Its architecture relies on two interconnected hidden layers of
neurons that have no links in a single layer. It is described by the system

Jj=1

y;(t) = —Ejyj(t) + ;dijgi(mi(t)) + Jj 7=12,...,m.

In applications, it is frequent that, oscillations, divergences, chaos, and bifurcations affect negatively structures.
One of the causes may be the occurrence of delays. Owing to the existence of a multitude of parallel paths with
axons of different sizes and lengths, neural networks typically have a spatial extent, and therefore a distribution
of propagation delays over a time span occurs [19, 26, 41].

Due to the increasing interest in the asymptotic behavior of solutions for designing neural networks,
researchers have recently addressed the stability of delayed neural networks (see for instance [5, 8, 10, 12, 16—
18, 20, 23, 24, 38, 39] and references therein). In [18, 38, 39], a set of sufficient conditions based on the system
parameters guaranteeing the exponential stability of various retarded BAM neural network models was derived
by analytical techniques and Lyapunov functionals. In addition, the authors in [5, 10, 17, 20, 23] obtained some
LMI-dependent sufficient conditions ensuring either the exponential or asymptotic stability of BAM neural
networks involving delays, via Karasovski Lyapunov functionals and analytical inequalities. In [8, 16, 24], the
asymptotic stability of a class of delayed BAM neural networks was investigated utilizing the LMI approach,
Lyapunov functionals, and analytical inequalities. Through a combination of the graph-theoretic approach,
degree theory, and Lyapunov functionals, the exponential stability of a BAM neural network with delays was
established in [12].

On the other hand, one of the basic components of artificial neural networks involves activation functions,
linking the inputs to the outputs of the networks. Generally, the activation function of hidden neurons introduces
a degree of nonlinearity that is of significant value in most applications of artificial neural networks. At first, such
functions were assumed bounded, smooth, and monotonic [6, 36, 37]. For example, we can cite the threshold
function, the piecewise linear function, and the sigmoid function. Thereafter, these conditions were eased some-
what to be of Lipschitz type, which is commonly considered in the existing literature [12, 18, 20, 23, 24, 39].
In view of the importance of non-Lipschitz activation functions in implementations [15], a relaxation of the
Lipschitz condition is necessary. This has motivated some researchers to consider discontinuous functions and
Holder-type functions, one can refer to [2, 3, 7, 11, 27-33, 35].

As is well known, Cauchy problems described by

{ o' (t) = f(t,z(t)), (1.1)

x(to) = 2o

have local solutions under the continuity of the function f in a neighborhood of (tg,xo). This can shown by
the theorem of Peano, whilst the uniqueness of the solution is guaranteed under the Lipschitz continuity with
respect to the second argument. Weaker conditions have been considered in several papers by Nagumo, Perron,
Osgood, Kamke, Tonelli, and many others (see for instance [9]). In particular, Nagumo and Osgood proved the
uniqueness of the solution under the condition

[f(t,2) = f(t,y)l < o(lz —yl), t>0,
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where ¢(u) is a nondecreasing function of ‘continuity-modulus’ type satisfying the Osgood criterion: ¢ : [0, 00) —
[0,00), with ¢(0) = 0 and ¢(u) > 0 for u > 0 and

; d
/ Y 6> 0.
(u
0

In case one of the components of the function f fails to be Lipschitz continuous and f is Lipschitz continuous
with respect to all the other remaining components including the first one ¢, Cid [4] succeeded in proving the
uniqueness of the solution for a system of differential equations.

Motivated by the discussions above, in this paper, we examine the exponential stability of a BAM neural
network model with distributed delays. Our first result is based on a nonlinear Halanay inequality, whilst the
second one is proved in a direct fashion. Compared to previous literature, we deal here with less restrictive
assumptions on the activation functions, which allows a larger class than the ones considered so far. More
precisely, we treat non-linear and non-Lipschitz continuous activation functions, satisfying

[6(t, ) = o(t,y)| < V(| = yl) = |z = yld(jx —yl), ¢ >0 (1.2)

for some non-decreasing function ¢.

This paper is arranged as follows: In Section 2, we introduce some notation, definitions, and technical lemmas,
while Section 3 contains our exponential stability results proven with the help of a non-linear Halanay inequality.
Numerical illustrations to confirm the obtained results are given in Section 4.

2. MODEL DESCRIPTION AND PRELIMINARIES

In this paper, we consider the following BAM neural network with continuously distributed delays, for
1=1,2,....,n,7=12,....m

(1) = —cs(wmi(t)) + i aji i (y;(8) + 3 dyi

Yi() = =15y (0) + 3 isguilaa(t) + - di

n(t) = 6i(t), t<0, -
yi(t) = ¢;(t), t<0,

kji(s) fo;(y;(t —s))ds + I;; t >0,

h”(s)ggl(xl(t — S))ds -+ Jj, t> 0, (21)

where n and m denote the number of neurons in the first layer L, and in the second layer L,, respectively; x; is
the state of the ith neuron in L, and y; is the state of the jth neuron in L,; ¢; and r; refer to the charging time
functions of the ith and the jth neuron, respectively; a;;, G;5, d;; and Jij correspond to the constants accounting
for the synaptic connection strengths between neurons; f; and g;; for [ = 1,2 represent the activation functions
of the ith state and the jth state, respectively; k;; and h;; account for the delay kernel functions; ¢; and ¢; are
the history functions of the ith state and the jth state, respectively; I; and J; stand for the external inputs of
the ith and the jth neuron.

Throughout this paper, we assume that

(A1) The functions ¢; and r; are monotone increasing continuous functions and there exist constants 8; > 0
and Bj > 0 such that

ci (v) —ci(y)

>Bi, i=1,2,...,n, for all z, y € R with = # vy,
r—y
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M zﬁj, j=1,2...,m, for all z, y € R with x # y.
-y

We denote by 8 = mln Bi, = min BJ

1<5<m
This means that the charglng time functions ¢; and r; are “superlinear”. With these assumptions, the first
two terms in the right hand sides of (2.1) are indeed dissipative terms (see the first two terms in the right hand
sides of (3.4) and (3.5) below).
(A2) The initial data ¢; and ¢;, i =1,2,...,n, j =1,2,...,m, t <0 are real-valued continuous functions.
(A3) The delay kernels kj; and h;; are nonnegative continuous functions such that for i = 1,2,...,n, j =

€%k, (s)ds < oo, O‘Oshl s)ds < oo, ag > 0.
j J
0

The significance of these conditions is that the kernels are “subexponential”. Roughly, they assert that the
densities in the cells are decreasing in time. This is in line with the fading memory principle. Simple examples
are the exponentially decaying kernels.

Next, we present some definitions and necessary lemmas for our main results.

Definition 2.1. [4] The function f: U C R**! — R™ U open set, is said to be Lipschitz continuous when
fixing a component ig € {0,1,...,n} if there exists a constant L > 0 such that

||f(y07"'7zioa"'ayn) _f(g()a"'aziov"'vgn)noo
S L||(y07 sy Yig—1Yig+1, - - - 7yn) - (g07 cee agioflagi()«kh cee 7gn)H007

for all (Yo, ..., Zigs---sYn)s (Tos- s Zigs -+ Yn) € U.

Definition 2.2. We say that the system (1) is globally exponentially stable, if for any two solutions (z;(t),y;(t))
and (Z;(t),y;(t)) (with (¢;(¢), ¢;(t)) and (¢;(t), ¢,(t)) as initial data), there exist two positive constants M and
v such that

() = (O + lly(®) — @)l < Ml6(t) — D] + llp(t) — pE)[De™™", ¢ >0.

If there exists a unique equilibrium (z7, y;‘), i=1,...,n, j=1,...,m, that is a solution of the system
m m o0
ci(zy) = 32 ajifij(yy) + 3 dji [ kji(s) fo;(y})ds + i,
=1 =1
ri(y;) = Zl aijgui(x;) + Zl dij [ hij(s)g2i(x})ds + Jj,
i= i= 0

then we get the usual exponential stability of this equilibrium.
The above properties are local if they hold only nearby the initial data.

Definition 2.3. Let f: R — R be a continuous function. The upper right Dini derivative DT f(t) is defined as

D §(t) = Ty (£ + ) — £ (1),

Let f:= (f1, fo,..., fn) and f;, is one of the components of f, where iy € {1,2,...,n}.
The main result of Cid [4] is given below.
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Theorem 2.4. For an open set U C R"1 let f: U C R""! — R", and (tg,z0) € U. Assume that f is
continuous and locally Lipschitz continuous when fizing a component ig € {0,1,...,n}. If either ig = 0 or
fio (to, o) # 0, then there exists a > 0 such that (1.1) has a unique solution in [ty — a,ty + al.

Lemma 2.5. [22] Let u : R — [0,00) satisfy the inequality
u'(t) < —au(t —|—b/ E(s)u(t — s)ds, t > to,

where a,b >0 and k be a nonnegative piecewise continuous function satisfying fooo s)e*sds < oo for some
ag > 0. If bfo s)ds < a, then there is a positive constant « such that 0 < a < ag and

u(t) < a(to)e =t > ¢,

where u(tp) = sup  u(o).
—oo<o <ty

In order to prove the first exponential stability result, we appeal to a nonlinear Halanay inequality.

Lemma 2.6. Nonlinear Halanay Inequality Let z(t) be a nonnegative differentiable function satisfying

2'(t) < —az(t) + f(2(1)) —|—7j1Z k(t —s)g(z(s))ds, t > 0,
z(t) = ¢(t), —co <t <0,

(2.2)

where

f(2) < 2f(2), 9(2) < zg(2) (2.3)

for some nonnegative continuous functions f and g with f(()) = g(0) = 0. The kernel k is a nonnegative contin-

¢
uous function such that [ k(s)e®*ds < oo for some ag > 0. Then, there exist v > 0 and o such that 0 < a < o
0

and
2(t) < 2(0)e” ", t >0, (2.4)
when
zZ(0):= sup (t) <w (2.5)
—00<t<0

Proof. Let v be a real number such that §(v) [, k(s)ds < a— f(v). In view of the condition (2.3), the functions

f(2) and §(z) can be non-decreasing. As f(0) = §(0) = 0, we see that v > 0. Assume that 2(0) = sup @(t) <
—o0o<t<0
v and that z(s) < v for all 0 < s <T'. Then, in light of this assumption and (2.2), we find

2(0) < ~as) +2OFO) + [ bt - 9)2(5)3(:())ds

< —ax(t) +2(070) +30) [ K- 9)x(5)as

— 00
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< —(a— )= +3) K ; k(t — 8)2(s)ds, t < T. (2.6)

We can apply Lemma 2.5 to (2.6) in case fot k(s)e**ds < oo for some ag > 0, to arrive at
2(t) < 2(0)e™
on [0,7T]. Assume that there exists a T such that 0 < T* < T and z(T*) = v. Then
v <z0)e T <v
which is a contradiction. Therefore, by repeating the process, we obtain
2(t) < 2(0)e™ ", t>0.

The proof is complete. O

This result has been proved in [34] (submitted). For the sake of completeness, we reproduced the proof here.

3. EXPONENTIAL STABILITY

In this section, we establish a local exponential stability result of system (2.1). As stated in Theorem 3.1,
our result is valid for solutions having close enough initial data. To this end, we need the following assumption
on the activation functions.

(A4) The functions fj; and g;; are Lipschitz continuous when fixing a component ig € {0,1,...,n} and
jo €4{0,1,...,m} with the Lipschitz constants L;; and M;;, [ =1,2, i =1,2,...,n, j=1,2,...,m

In the sense of the definition above, the existence of a local solution is guaranteed by Theorem 2.4. We can
extend our solution to be global by establishing a priori estimates.

(A5) Assume that the functions fi;, and g;;,, [ = 1,2 satisfy

|flj0(yj0) - fljo(y]h” < |yj0 - gj0|fljo(‘yj0 - gjo‘)7 l=1,2, Yior Yjo € R
and

|G1io (Tig) = Grio (Tio)| < |Tig — Tig|Guio (|74 — Tig|), 1 = 1,2, 24y, Tiy €R,

where fi;, and g, are nonnegative, non-decreasing and continuous functions such that fi;,(0) = g, (0) = 0.
This assumption avoids and relaxes the classical Lipschitz condition imposed on the activation functions. As
a simple example, the pulse-code signal function (average of sampled pulses with an exponential weight) is not
Lipschitz continuous.
(A6) The dominance property

<I£22{M2l+rjr71éaxL2J / H(t dt<m1n{ ZZLUMMﬂ ZZMhla”}

=1 j#jo Jj=11iio

where

n m

H(t) =Y > Hiy(t), Hi(t) = sup {|dji‘kji(t)v ‘Jij|hij(t)}, 1<i<n,1<j<m
i=1 j=1 2

holds.
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This assumption is a natural one, it has been always assumed in such cases. It guarantees the dissipativity of
the system as a whole. Indeed, it states that the passive decay rates dominate the synaptlc connection strengths

Notice that, denoting by u;(t) = zi(t) — Zi(t), v;(t) = y;(t) = 7;(t), u(t) = Z |ui(t)| and v(t) = Z [0 (@)1,

we infer

h”(s)gm(ul(t — s))ds, t> O7 ] = 1,2, ey m, (31)

where

Gi(ui(t)) = cizi(t) — cal@i(t), - 75(v;()) = r;(y; (1)) — 75 (75 (1)), (3-2)

riy
fii (i () = fij (i (8) = fij @;(0), Gui(ui(t)) = gui(wi(t)) — gui(Ti (1))

Theorem 3.1. If (A1)-(A6) hold, then the solutions of (2.1) are exponentially locally stable. That is the

difference of any two solutions converges to zero exponentially provided that their initial data are close enough
and we do not start from the equilibrium.

Proof. From (A1), (A4) and (A5), the upper right Dini derivatives D7 |u;(t)| and D |v;(t)| satisfy

D |us(t)| < —Bilui(®)| + Y Lujlaillos()] + ) |dﬂ|L2j/ kji(t = s)|v;(s)|ds

J#do J#jo
t
+|aj0i”vj0 (t)|f1j0(|vj0 (t)|) + / |dj0i|kj0i(t - 8)|vjo (s)|f2j0(|1}jo (S)Ddsv (34)
and
B - t
DF|v;(6)] < =B;lv; (8)] + Y Muslai|Jui(t)| + D |dij|M2i/ hij(t — s)|ui(s)|ds
i#i i#io —
t
+1@ios [wio ()] Grio (|uio ()]) + / |digj|Pioj (t = 5)[wiq (5)|g2i (i (s)])ds, (3.5)
where the summations >  and Z are abbreviated by Y. and Y , resp. Then
i=1,i7440 J=13#jo i7io J#3jo

Dty < —Bu()) +3° 3 Lujlalus(t |+ZZ|¢ML2J/ ol — 8)[v; (5)|ds

=1 j#jo =1 j#jo

3 bl OB 0D + 3= ] K= e (e s 3
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and

D+ +ZZM12|0"LJHU'L ‘ +ZZ |dlj|M21/ hlj(t_8)|ui(8)|ds

Jj=11i#io Jj=11i#io

+Z |a’10j||u10 |gllo |u20 + Z |d10J|/ lo] ‘ulo( )ngZO(lulo(S)l)ds

Setting P(t) := u(t) + v(t), the upper right Dini derivative of P(t) fulfills

DR <-[6- % 5 Mum-\]u(t) -[F- £ % Lylal]o® + 3 el i (02)

Jj=li#io =1 j#jo
+ 22 [aiglu()uo®) + [ 2 3 ldlkyi(t — 9)o(s) [ mace Loy + fog (u(s) s
+f 2 3% [diglhs (¢ = s)u(s) [ mise Moy + G, (u())] .

or

DrPH<-[5-3 ¥ Mu|az—j|}u<t> -[B- £ % Lylagl]o® + 5 land P s (PO)

" Jj=1i#io =1 j#jo
+ Z @i | P(#)G1io (P(£) + [ 21 S Jdyilhyi(t - 5)|P(5)[§%§L2j + f250 (P(s))|ds
+f 3 3 [diglhig (= 5)P (s)[g;aixMzi + Gaig (P(s)) ] ds.
i=1j=1 0

In a simpler form, we may write
DYtP(t) < —AP(t / H(t — s)G(P(s))ds,

where

A:min{ ZZLu\GM 8- ZZMMQW }
j=1 iz i=1 j#jo
F(P(t)) = P(O)F(P(t)), F(P(t) = max { Z @il Z ios) f (Fusn (P() + G110 (P(2)) ).
G(P(1)) = PIOG(P(1), G(P(1)) = mix Ly, + max M+ TP + 3 (P,
Hij () = sup {Idsalkyi (), |dig s (1) . HE (1) = D2 D7 Hig 1)

It is obvious that

G(O) max sz + max MQ'L + f2_]0( ) + §2io (0)
J#jo iio
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By virtue of the assumption (A5), we find

Next, from the assumption (A6), it holds that
[ee]
m/ H(s)ds < A. (3.6)
0
In view of the definition of F' and the assumption (A5), the inequality (3.6) yields

NmAmH@®<A—F@, (3.7)

with 7(0) = max { 3 |ajyil, 3 [ai0g| } (7130 (0) + iy (0))
= Jj=
Thus, Lemma 2.6 may be applied: Therefore, there exist v > 0 and « such that 0 < o < ap and

P(t) < sup (Zm 301+ les () = 7,0 ), 12 0,
j=1

—o0o<t<0

when sup (32 [6:(6) = .01+ 3 los(1) ~ 7, (0)]) <.

—oo<t<0
This completes the proof. O

For the second result, we need the assumption
(A7) We have

(303 mulest+ 30 3 M) + 3 3 il ok

i=1 j#jo Jj=11i#io =1 j#jo
+ZZ%MM/wwwmyA
j=1i#ig

Theorem 3.2. The conclusion of Theorem 3.1 holds with the same hypotheses except (A6) replaced by (A7).
Proof. According to estimations (3.4) and (3.5), one has

t
Dt ui(t)] < =Bilus(t)| + Y Laglagallog ()] + Y Idgz\Lza/ kji(t = s)[vj(s)lds

J#jo J#jo o

+\%i||Ujo(t)|f1jo(|vjo(t)|)+/_ |dgiKjoi (= )00 ()] fajo (0o (5)])ds (3.8)
and

DT Ju;(t)] < ﬁ v ()] + Z Myiag;||ui(t)] + Z |dZ]|M21/ hij(t = s)|ui(s)|ds
i#ig i#ig
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t —
+@ig 4] [wi (£) G140 (o (£)]) + / |digj|Rios (t — 8)[wiq (8)|G2i0 (|wiy (s)])ds. (3.9)

We introduce the functionals, for i =1,2,...,n, j=1,2,...,m

sy = [ [ O[S a0 il 00 s 00D a0, (.10

J#jo

Vig(t) = e [ [ [ S g st 57+ s ) (7 iy (D e, .10

i#i0

for some 0 < 1, B2 < @, and
L(t) == u(t) + v(t) + Va(t) + Va(t), t =0, (3.12)

where

0= Vald), Valt) = 3 Vay(0)

The differentiation of (3.10) and (3.11) for ¢ > 0 yields

V(O = ~5ivalt) + 2 bl ([ e oh(o1as) o)

J#Jo

i / P (5)1ds g () o e (1))
/ |: Z |d]Z‘L2] ﬂ |UJ (t - S)‘ + |djol|k]01( )|Uj0 (t - 8)‘f~2j0(|vjo (t—s)])|ds (3.13)

J#jo

and

Vo;(t) = —BaVay(t) + Z |dZJ‘M21(/ 6ﬂ28hij(s)|ds)|ui(t)|

i#1g

+|Jioj|( | e i 91 s 0 s, (1))

[Z i [ Maisg (s)]us(t = $)] + g hios () i (£ = 9)1 i, (Jusy (t = ))|ds. (3.14)
i#i0
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Having in mind that, when the derivative exists, it is equal to all the Dini derivatives, from (3.8)—(3.14), the
upper right Dini derivative of L(t) satisfies

D¥L(t) < —Bu(t) — BiVi() — BaValt) = Bo()) + 3> X Lujlagillog ()] + 3o 3 Musfas|fus (1)

) =157 i=1iio
+ 21 ; Lojldjil [* o kji(t — s)[v;(s)|ds + 21 |@joi|[vjo (E)] f1jo (lvjo (£)])
=1 j#jo i=
L ~ m B ‘
+ 21 J- oo djoilkjoi(t — $)vze (8)] f2jo (Jvge (5))ds + Zl ; Maildij| [~ hij(t — s)|ui(s)|ds
1= J=L11F0

+immmm&mmwm+iﬁm@w%mfﬂ%@@mmmmm
+ Z:l Z L2J|d]1|(f0 eﬁlskﬂ( )d5>|vj(t)| _ZZ: ; fooo Laj|djilkji(s)|vj(t — s)|ds

+3 |djoi|(.fg e k(s >ds)|z@0<t>|fajo<|vjo<t>w 3 il Iy Kane(5) g ¢ = )1 o (v (= 5) s
5 5 Maldy(J5 % his(o)ds) (0] + 3 uuog|(uu) €72 i (5)dls ) iy (1) o (3, (D))

Jj= 127610
- Z > Jo” Maildijlhij(s)|ui(t — s)|ds — Z S o Mdigslhigs (8) i (t — $)[Ga2i, (Juiy (t — s)|)ds.
=1 i, =1 i,

This is simplified as

DYL(t) < —Bu(t) — B1Vi(t) — Bu(t) — BaVal(t) + Z > Lajlagil|vi(t)]

1=1j#jo

32l () o (e (D + 32 = Mgl ()] + 3 gl sy () s s (€))

]:1 ’i;éio
+ El ; L2j|dji\(fooo eﬁlsk‘jz‘(s)d8> v ()] + El |djoi|(fooo @B‘skjoi(S)dS)Wjo ()] fajo (030 (1))
i=1j#jo i=

305 Marldig|( S5 €##hiy (5)as) ()] 4 3 i (i ooy (s)cs) ()l (s, (1))

j=1i#io

or

Ms

Mu|am> i My; (/ eBQShij(s)ds))]u(t)

DYL(t) < [
<J 1izig j=11i#io 0
[ ( L1j|a]1|) Z L23|dﬂ|(/ eﬁlskji(S)ds)]v(t)
i=1 j#jo i=1 j#jo

—BiVi(t) = B2Va(t) +Z\agozllvgo )1 1o (1030 (B)1) + D 1 utiq (8)] G0 (Jutiy (£)])

i=1 j=1

M:

n

+ZWMA € i () ) [0 (8) Fao (v (8)])

i=1

+i%MA %R (5)ds ) iy (6] (30 (1))

j=1
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We may further estimate DT L(t) as follows

DTL(t) lﬂ — (Z > Miglay| ) - i M|y | ( /OOO eﬁzshij(s)ds)] u(t)

Jj=11i#io Jj=1i#io
- lﬂ - (Z > L1j|aji|) - Zn: L2j|dji|(/oo eﬁ”kﬁ(é‘)dS)] v(t)
i=1 j#jo i=1 j#jo 0
—BVi(t) = BVa(t) + (D Il ) L(6) i (L (Z @105 ) L ()30 (L(2))
=1

+ Fajo (L (Xn: ol ( / e kjyi()ds ) ) L (#)
i (/oo 2% iy (s)ds ) ) L(1).

+§210 (

which we can write in short in the form

D*L(t) < —[A— P(L@)| L),
with
A = min {61,52,B (iZMﬂ%) iszJm(/w #2hij(s)ds ),
j=1iio j=1 iz 0

- (i > Lustasl) ~ 30 X Lol / ¢ lji(s)dls ) }

=1 j#jo i=1 j#jo

)= (3 000+ BN (Sl [ t0s))
i=1
+(Z|aioj|)guo<u + (L) (3 /Oo ¢ iy (s)ds) ).

Jj=1 Jj=1

3"

We shall compare solutions of (3.15) to solutions of the differential problem
DT z(t) = —[A — F(2(t))]z(t), t>0,
with

oo 0

2(0) = 20 = L(0) = u(0) + v(0) + / / B0 S (dyal Loy (5)| 25, (0)
0

=17 g 375]0

3

co 0

+|dj0i|kj0i(s)‘¢]o( )|f2]0(|<pjo d€d8+2// ﬁQ(S_H- Z|dl]‘M2z 1]( )
O —

Jj=1 s i#io

i1 ()16 (7)] i (1 (7)) s,

(3.15)

(3.16)
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Let

p:zsup{UEO:F(a)<A}.

In light of our assumptions fljo (0) = fzjo (0) = G145 (0) = §24,(0) = 0, we have p > 0. For ¢, 0 < g < p, we define
Q) == —A+ &+ F(g).
Due to the non-decreasingness of the function F' and g < p, then
Q(0)=—-A+F(q) <0. (3.17)
Besides,

lim Q(¢) = . (3.18)

£—o00

In view of (3.17) and (3.18), then for any positive real number A that satisfies —A > —A + F'(¢), one can find a
&y > 0 such that

Q) =—A+ 86+ F(g) = -2 <0. (3.19)
We claim that, if zg < ¢, then
2(t) < ge” St > 0. (3.20)
We argue by contradiction. Assume that t* > 0 is the first time
2(t) < ge S 0 <t <t

2(t*) = g~ and ¥/ (t*) > 0, where () := z(t)eé !, It is easy to see that

0240 = [0 =0 4690
< e[ Aalt) + FE)H)] + ns(t)e"
= (AT FG)2()e = (— A+ 6+ F()) )

< (—A+6+F@)b)

and therefore, from (3.16) and (3.19), we infer
0<¥/(t) < (= A+&+ Flo))v(t) <0,

This contradiction confirms the relation (3.20). By comparison, we obtain

L(t) < Be ™t t>0
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and thus
u(t) < Be™¢'t, w(t) < Be ¢t >0,

for some positive constants £* and B. This completes the proof.

Remark 3.3. 1. We note that it is not necessary to verify the assumption
F130(0) = f25o (0) = 14 (0) = G2iy (0) =0,

we need in the nonlinear version of Halanay inequality (Lemma 2.6) the following estimation

G(0) [ H(s)ds < A — F(0),

which implies

[ma,x Laj + faso (0)} >l s)ds + [ma.x Mo + §2i, (0)} >3 ldil /hz‘j(S)dS
J#3o0 P et 7o i=1 j=1

<[8- i > Miglag|] + [5- Z > Ljlagil] - (Xn: asuil) Frgo (0) = (i 81031130 (0)

§=1 iz i=1 j#£jo i=1 j=1

0\8
u??‘

for Theorem 3.1.
In the proof of Theorem 3.2, we need F'(0) < A, which leads to

(Zn:ajoﬂ)fljo 0) + f25,(0 (Z|dm|(/ eﬁlskjoi(S)dé‘))
—i—(iaioj)ﬁuo ) + §2i, (0 (i: ZOJ\(/ eP25h; (s )ds))
<min{617ﬁg,5— (ZZMM%) ZZM%W”\(/ € iy (s)ds)

Jj=11i#ig Jj=11i#ig
_ (Z > Lyjlayil ) Z > L2J|dﬂ|(/ eﬂlSk;ji(s)ds) }
i=1 j#jo =1 j#jo

2. The obtained results improve the ones in [42, 43], where the conditions
Yf150(W) > 0, yf2j0(y) > 0, yg1i, (y) > 0, yg2i,(y) > 0, for y # 0

and

sup fljo (y) , sup f2jo (y) , sup 91ig (y) , sup 924 (y)
y#0 Y y#0 Y y#0 Y y#£0 Y

corresponding to our functions fi1;,(y), f2j, (), 9140 (¥), 92i, (y) exist.
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3. The existence and uniqueness may be deduced from the following argument

[ kit =) aantonas = [ kot = 9 st

<| / = a0 — [ s ) a6

" / s = a0 = [ s 9) o560
< [t = 9= kit = s a0l + | [ bt =) sy
[ ot = omtanoas = [ st - gt

t1

‘/ hij( s)g2i(wi(s ))dS—/ hij(tz _3)921‘(331‘(3))(15’

—00

+‘/t1 hij(t2 — s)ga2i(wi(s ))ds_/t2 hij(t2 —s)gzi(xi(g))ds’

—0o0

S/—oo“%j(tl_S) hij(ta — $)||g2i(zi(s)) |d8—|—‘/t1 hij(ta — s)g2i(zi(s ))ds‘.

If kj; and h;; are Lipschitz and bounded, then

[t = 905 = [ a5 )|
< Kji|t1 — tof / f2j(y;(s))ds + Alty — o,
‘/ hij(t1 — s)g2i(xi(s ds—/ hij(te — s)g2i(zi(s ))ds‘

< Hi]“ﬁ — t2| / gzi(xi(s))ds + A|t1 — t2|.

This, added to our a priori estimates, implies the Lipschitz continuity with respect to ¢t and Cid’s Theorem 2.4
[4] implies the well-posedness.

4. The stability of the equilibrium needs additional conditions on the iy and jy components that ensure the
uniqueness of the equilibrium (such as the Osgood condition). However, our argument will then depend on the
existence of fljo,f}jo,guo and §o;, (see (1.2)) fulfilling the conditions (see 2. in Rem. 3.3).

4. NUMERICAL ILLUSTRATION

In this section, we present a numerical example to validate the above results. Observe that, the Holder
continuous functions (having an exponent between 0 and 1) cannot be covered by our results. These were
studied in [7, 27-33]. It is known that when the exponents exceed one, the functions are constant. Neither are
the Log-Lipschitz continuous functions, for example, functions with z|in(z)| as a continuity modulus (because
In(x) is unbounded near 0). These functions do not satisfy the Lipschitz condition, whereas Osgood’s condition
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is verified (which guarantees the uniqueness of the equilibrium). Nevertheless, these results can be applied to
locally Lipschitz continuous functions.

Example 4.1. Consider the following BAM neural network system with distributed delays that contains four
neurons

7y () = —cr (21 (1)) + Z: ajlflj(yj( + Z dj1 fo ]1 f2J y](t —s))ds+15, te [075]7

wy(t) = —co(wa(t)) + Z aﬂfly(yy( ) + Z dj2 fo J2 f2J yJ(t —s))ds+1, te]0,5], (1)
2— 4.1
yi(t) = —ri(y1 (1) + ) aigui(zi(t)) + Zf diy [y hir(s)gai(zi(t — s))ds +2, t€0,5],

[\

.Mml

12f0 i2(8)goi(zi(t — s))ds + 0.5, t€][0,5],

ya(t) = —r2(y2(1)) + . . ai2g1i(zi(t)) 2.

where a1 = 012 12 = 023 as1 = 05 a29 — 1 d11 = 05 d12 = 025 d21 = 05 d22 = 25 ayl =
025 0,12—02 a21—075 a22—15 dll—f d12—1 d21— d22—2 Cl( )—437 (32( )—7l‘ ’/‘1( ):
5z, 7"2(93) = 8z, fu(z) = le(ﬂf) sz + 1] = |z = 1)), gu(x) = gai(x) = tanh(x), fiz(x) = 22, fo(r) =
‘T?’v 912(37) = :172 + 17 922(1) = fE +2 kjl( ) - 675157 hZJ(t) = 676t7 ‘Tl(t) = 1a :EQ(t) = 157 yl( ) - 27 yQ( ) =
3, t € [-5,0].

Taking ag = 4, 81 = 2 = 3, 4o = jo = 2. Through simple calculations, one can obtain § =4, § = 5, Li; =
Loj = My; =My =1, [;7 ek (t)dt =1, [;° ethy;(t)dt = 0.5.

Besides, assumptions (A6) and (A7) are satisfied

(max M>; + max L27) fo (t)dt = 1.64
27510 J#jo

<min{p- 3 5 LylaglB- % 5 Milayl} =365

i=1j#jo J=liio

and

(i > Lajlaj| + 22: > Ml,-|aij|) + Z Z sz\dm(f €% kji(s )dS)

=1 j#jo Jj=11i#ig =1 j#jo

> Mm|d”|(f0 €05 hy; (s )ds) =221 < A=3.
Jj=1i#io

The difference between solutions (x(t),y(t)) and (z(t),y(t)) of system (4.1) is given by
ui(t) = zi(t) = 2:(t), i = 1,2, w;(t) = y;(t) —g;(t), 5 =1,2

and satisfies
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T T T T T T T T T

FIGURE 1. Trajectories of the states x1(t), z2(t),y1(t) and yo(t).

T T T T T T T T T

FIGURE 2. Trajectories of the states u(t), ua(t), v1(t) and va(t).

Dty (t ) < —(cr(@1(t) —er(@1(2))) + |011|\v1(t)| + [aga|[va (8)|| fr2 (g2 (2), 52(1))]
Hldua| [T kit — 8)|or(s)ds + [doa] [* kaa(t — 8)|va(s)]| fez(y2(s), G2(5)) ds, t € [0,5],
Dt uy(t ) < —(ca(z2(t)) — c2(22(¢))) + |012|\v1(t)| + |aga|[v2 ()] fr2(y2(), 52 (1))
Hldia| [T kiz(t — 8)|vr(s)]ds + [daa] [* kaa(t — 5)|va(s)]| foz(y2(s), G2(5)) ds, t € [0,5],
Dt (t ) < —(ri(yi () — (@) + |011||U1(t)| + |@g1 [[ua (t)[1g12 (z2(t), Z2(1))|
Hldua| [T haa(t = s)lur(s)lds + [daa] [* hai(t — )|ua(s)||g22(z2(s), Z2(s))|ds, t € [0,5],
Dt (t ) < —(r2(y2(t)) = r2(92(1))) + |ar2[|ua ()] + |azz|[uz(t)]|g12(22 (1), Z2(1))]

Hldio| [T haa(t — s)lur(s)]ds + [daa] [* haa(t — )|ua(s)||g22(x2(s), Z2(s))|ds, t € [0,5],

()—05 us(t) = 1.25, t € [—5,0],
vl(t) =16, wv(t) =138, te[-5,0],
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3 T T T T T T T T T
—x1(¢)
2.5 —Za(t)
yi(?)
2 —ya(t) [
1.5\ -
1 —
0.5 =
0 | | | | | | | | |
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

FIGURE 4. Trajectories of the states uy(t), ua(t),v1(t) and va(t).

where

Yo (t) + %2(t),  faa(y2(t), 52(t)) = vi () + y2(t)52(t) + 75 (1),
z2 )T

Fra(ya(t), G2(t))
T 22(t) + T2(t),  Goa(w2(t), T2(t)) = T°(¢) + 22(t)T2(?)-

Gr2(w2(t), T2(1))

As, assumptions (A1)—(A7) are met, Theorems 3.1 and 3.2 imply that solutions of system (4.1) are
exponentially stable. This is depicted by Figures 1 and 2.
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Example 4.2. Consider system (4.1) of Example 4.1 with the same parameters and functions. The func-
tions ¢1(x), c2(t),m1(z) and rqo(x) are selected as ci(x) = bz + xcos(z), co(z) = 8x + xcos(x), r(z) = 6x +
zsin(x), r2(xz) = 9z + zsin(x). By choosing the same parameters as in Example 4.1, the assumptions (A1)-
(A7) are satisfied, and wvie Theorems 3.1 and 3.2, solutions of system (4.1) are exponentially stable. This is
shown in Figures 3 and 4.
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