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NEW EXACT TRAVELING WAVE SOLUTIONS TO THE

(2+1)-DIMENSIONAL CHIRAL NONLINEAR SCHRÖDINGER
EQUATION
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Abstract. In this research work, we successfully construct various kinds of exact traveling wave solu-

tions such as trigonometric like, singular and periodic wave solutions as well as hyperbolic solutions to
the (2+1)-dimensional Chiral nonlinear Schröginger equation (CNLSE) which is used as a governing 
equation to discuss the wave in the quantum field theory. The mechanisms which are used to obtain
these solutions are extended rational sine-cosine/sinh-cosh and the constraint conditions for the exis-
tence of valid solutions are also given. The attained results exhibit that the proposed techniques are
a significant addition for exploring several types of nonlinear partial differential equations in applied 
sciences. Moreover, 3D, 2D-polar and contour profiles are depicted for showing the physical behavior
of the reported solutions by setting suitable values of unknown parameters.
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1. Introduction
During the past few decades, nonlinear partial differential equations (NLPDEs) have gained great attention 

to scientific societies. Diverse complex nonlinear physical phenomena such as fluid mechanics, plasma physics, 
solid-state physics, chemical physics, geochemistry, optical fiber, quantum field theory, mathematical biology, 
etc., are modeled in the form of NLPDEs. To see the behavior of these intricate phenomena, it is necessary 
to find the solution of governing eqaution. For this, we need to extract the exact solution of the NLPDEs. 
Finding the analytic solutions of NLPDEs has the importance to discuss the stability of numerical solutions 
and also the development of a wide range of new mathematical solvers to simplify the routine calculation. 
Therefore, the foremost concern for the researchers is to find the exact solutions of NLPDEs. For this sake, 
various powerful techniques have been developed for finding the analytic solutions of NLPDEs by using different 
symbolic computation like Mathematica, Matlab, and Maple [2, 3, 6, 8, 11, 13–16, 18, 21, 22, 24–27, 29–36]. 
The study of quantum field theory is still booming, as the uses of its mechanism to many physical problems.
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The quantum hall effect is a quantum-mechanical version of the hall effect that can be observed in a two-
dimensional electron systems subject to strong magnetic fields and low temperatures. The hall conductance
undergoes quantum hall transitions to take quantized values at certain level. The prominent feature of the
quantum hall effect is the persistence of the quantization when the electron density is varied. In two dimensions,
when electrons are subjected to a magnetic field then they follow circular cyclotron orbits. When the system
is treated quantum mechanically, these orbits are quantized. The Schrodinger’s equation works as a practical
model to determine the values of these energy levels. Quantum field theory remains one of the most dynamic
areas of theoretical physics today, providing a common language to several other branches of physics. Solitary
waves play an important role in the non-perturbative developments in the quantum field theory. Recently, the
CNLSE has been analyzed by a number of effective approaches [1, 4, 5, 7, 10, 12, 17, 19, 20, 23, 28, 37] which
provide effective outcomes in diverse areas of nonlinear sciences.

However our focus to find the exact traveling wave solutions and to demonstrate the efficiency of extended
rational sine-cosine/sinh-cosh techniques schemes [9] to (2+1) CNLSE.

The (2+1)-dimensional CNLSE with constant coefficients is given by [7]

iΘt + a(Θxx + Θyy) + i(b1(ΘΘ∗x −Θ∗Θx) + b2(ΘΘ∗y −Θ∗Θy))Θ = 0, (1.1)

where Θ is the complex function of x and t, the first term is the evolution term, while a indicates the coefficient
of the dispersion term. Also b1,b2 are nonlinear coupling constant terms. This type of nonlinearity is called
current density. The inverse scattering transform method cannot integrate the equation (1.1) as it fails the
Painleve test of integrability. It is to be emphasized that above equation is not invariant under the Galilean
transformation.

The basic feature of applied techniques is to establish some elementary relationships between NLPDEs and
others simple NLODEs. It has been examined that with the aid of simple solutions and solvable ODEs, different
kinds of exact traveling wave solutions of some complicated NLPDEs can be easily obtained. This is the key
concept of above techniques, while the primary benefit of applying techniques is that we have achieved in a
single move to get various types of new analytic solutions and provide us a guideline that how to organize these
solutions. This method is very, consistent, efficient, reliable and much more practical, to obtain the wide range
of traveling wave solutions for complex NLPDEs that appear in many fields like, telecommunication engineering,
mathematical biology, mathematical physics, optical fiber and vice versa.

This piece of article is discussed as sequence: In Section 2, key points of the proposed methods. In Section 3,
applications. Graphical representation in Section 4 and the conclusion in Section 5.

2. Key points of the proposed methods

In this section we describe the first step of the extended rational methods for seeking the analytic solutions
of PDEs

F

(
u,
∂u

∂t
,
∂u

∂x
,
∂u2

∂x
,
∂2u

∂x2
, · · ·

)
= 0, (2.1)

Where u = u(x, t) is an unknown function and F is a polynomial in u and its partial derivatives. Suppose that

u(x, y, t) = u(ξ), ξ = x+ ct, (2.2)

Then, by using (2.2), equation (2.1) can be turned into following ODE w.r.t. ξ

G (u, u′, u′′, · · ·) = 0. (2.3)
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In next we discuss the exact solutions of equation (2.3) by using the extended rational techniques.

2.1. Extended rational sin-cos method

According to this method, we assume that the analytic solution can be expressed in the following forms

u(ξ) =
a0 sin(ηξ)

a2 + a1 cos(ηξ)
, cos(ηξ) 6= −a2

a1
, (2.4)

u(ξ) =
a0 cos(ηξ)

a2 + a1 sin(ηξ)
, sin(ηξ) 6= −a2

a1
, (2.5)

Where a0,a1 and a2 are parameters to be found in terms of the other parameters. The non-zero constant η is
the wave number. The derivatives of the predicted solutions are

u′(ξ) =
a0µ [cos(ηξ)a2 + a1]

[a2 + a1 sin(µξ)]
2 , (2.6)

u′′(ξ) =
a0µ

2 sin(ηξ)
[
2a2

1 + a1 cos(ηξ)a2 − a2
2

]
[a2 + a1 cos(ηξ)]

3 , (2.7)

in the first form and

u′(ξ) = −a0µ [sin(ηξ)a2 + a1]

[a2 + a1 sin(ηξ)]
2 , (2.8)

u′′(ξ) =
a0µ

2 cos(ηξ)
[
2a2

1 + a1 sin(ηξ)a2 − a2
2

]
[a2 + a1 sin(ηξ)]

3 . (2.9)

in the second form. We substitute Equations (2.6) or (2.8) into the reduced form of the governing equation
obtained above in equation (2.3). On collecting the same power coefficients of the cosm(ηξ) or sinm(ηξ) and
equating to zero, we have a set of algebraic expression. The obtained algebraic polynomial produce the values
of the coefficients involved. After determine a0, a1, a2, c and η in terms of other parameters and substitute into
equations (2.4) and (2.5), one gets solutions for equation (2.3) in rational sin-cos forms.

2.2. Extended rational sinh-cosh method

According to this method, which was introduced by Darvishi et al., [9], we suppose that the exact solution
can be written in the following forms

u(ξ) =
a0 sinh(ηξ)

a2 + a1 cosh(ηξ)
, cosh(ηξ) 6= −a2

a1
, (2.10)

u(ξ) =
a0 cosh(ηξ)

a2 + a1 sinh(ηξ)
, sinh(ηξ) 6= −a2

a1
, (2.11)
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Where a0, a1 and a2 are parameters to be found in terms of the other parameters. The non-zero constant η is
the wave number. The derivatives of the predicted solutions are

u′(ξ) =
a0η [cosh(ηξ)a2 + a1]

[a2 + a1 sinh(ηξ)]
2 , (2.12)

u′′(ξ) = −
a0η

2 sinh(ηξ)
[
2a2

1 + a1 cosh(ηξ)a2 − a2
2

]
[a2 + a1 cosh(ηξ)]

3 , (2.13)

in the first form and

u′(ξ) =
a0η [sinh(ηξ)a2 − a1]

[a2 + a1 sinh(ηξ)]
2 , (2.14)

u′′(ξ) =
a0η

2 cosh(ηξ)
[
2a2

1 − a1 sinh(ηξ)a2 + a2
2

]
[a2 + a1 sinh(ηξ)]

3 . (2.15)

in the second form. We substitute Equations (2.12) or (2.14) into the reduced form of the governing equation
obtained above in equation (2.3). On collecting the same power coefficients of the coshm(ηξ) or sinhm(ηξ) and
equating to zero, we have a set of algebraic expression. The obtained algebraic polynomial produce the values
of the coefficients involved. After determine a0, a1, a2, c and η in terms of other parameters and substitute into
equations (2.10) and (2.11), one gets solutions for equation (2.3) in rational sinh-cosh forms.

3. Applications

For equation (1.1), we start with the complex wave transformation:

Θ(x, y, t) = Ψ(τ)eiΦ, τ = αx+ βy − υt,Φ = px+ qy + ωt+ ϕ, (3.1)

where c, ν, ϕ, ω and k are parameters, which represent the amplitude component of the soliton, velocity of
soliton, phase constant, frequency and wave number respectively. Substituting (3.1) into equation (1.1), we get
the real part

a(α2 + β2)Ψ′′ + 2(pb1 + qb2)Ψ3 − (a(p2 + q2) + ω)Ψ = 0. (3.2)

and the relation

ν = 2a(αp+ βq) (3.3)

from the imaginary part.

3.1 Solutions via extended rational sine-cosine method
Suppose that (3.2) has the solutions in the form

Ψ(τ) =
a0 sin(ητ)

a2 + a1 cos(ητ)
(3.4)
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Substituting equation (3.4) and its derivative into equation (3.2) and the coefficients with the same power of
cos(ητ)m equating to zero and resultantly, we get the following set of algebraic equations by using Mathematica:

cos(ητ)2 : −2a2
0b1p− 2a2

0b2q − aa2
1p

2 − aa2
1q

2 − a2
1ω = 0,

cos(ητ)1 : aα2a1a2η
2 + aa1a2β

2η2 − 2aa1a2p
2 − 2aa1a2q

2 − 2a1a2ω = 0,

cos(ητ)0 : 2aα2a2
1η

2 − aα2a2
2η

2 + 2aa2
1β

2η2 − aa2
2β

2η2 − aa2
2p

2 − aa2
2q

2 − a2
2ω + 2a2

0b1p+ 2a2
0b2q = 0.

On solving these algebraic equations, we get the following solution sets as:
Set-1

η = ±

√
a(p2 + q2) + ω

2a(α2 + β2)
, a0 = ±

√
a(p2 + q2) + ω

−2(pb1 + qb2)
a1, a1 = a1, a2 = 0.

Set-2

η = ±

√
2a(p2 + q2) + ω

a(α2 + β2)
, a0 = ±

√
a(p2 + q2) + ω

−2(pb1 + qb2)
a1, a1 = a1, a2 = ±a1.

For set 1 the solutions of equation (1.1) can be written as :

Θ1,1(x, y, t) =

√
a(p2 + q2) + ω

−2(pb1 + qb2)
tan

[√
a(p2 + q2) + ω

2a(α2 + β2)
(αx+ βy − υt)

]
ei(px+qy+ωt+ϕ). (3.5)

Θ1,2(x, y, t) = −

√
a(p2 + q2) + ω

−2(pb1 + qb2)
tan

[√
a(p2 + q2) + ω

2a(α2 + β2)
(αx+ βy − υt)

]
ei(px+qy+ωt+ϕ). (3.6)

Similarly, for set 2 the solutions of equation (1.1) can be written as :

Θ2,1(x, y, t) =

√
a(p2 + q2) + ω

−2(pb1 + qb2)

sin

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]
1 + cos

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]ei(px+qy+ωt+ϕ). (3.7)

Θ2,2(x, y, t) =

√
a(p2 + q2) + ω

−2(pb1 + qb2)

sin

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]
1− cos

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]ei(px+qy+ωt+ϕ). (3.8)

Θ2,3(x, y, t) = −

√
a(p2 + q2) + ω

−2(pb1 + qb2)

sin

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]
1 + cos

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]ei(px+qy+ωt+ϕ). (3.9)
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Θ2,4(x, y, t) = −

√
a(p2 + q2) + ω

−2(pb1 + qb2)

sin

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]
1− cos

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]ei(px+qy+ωt+ϕ). (3.10)

OR
Consider the equation (3.2) has solutions in the form, as

Ψ(τ) =
a0 cos(ητ)

a2 + a1 sin(ητ)
(3.11)

Substituting equation (3.11) and its derivative into equation (3.2) and the coefficients with the same power of
sin(ητ)m equating to zero and resultantly, we get the following set of algebraic equations by using Mathematica:

sin(ητ)2 : 2a2
0b1p+ 2a2

0b2q + aa2
1p

2 + aa2
1q

2 + a2
1ω = 0,

sin(ητ)1 : 2aa1a2p
2 + 2aa1a2q

2 + 2a1a2ωa− α2a1a2η
2 − aa1a2β

2η2 = 0,

sin(ητ)0 : aa2
2β

2η2 + aa2
2p

2 − aa2
2q

2 + a2
2ω − 2aα2a2

1η
2 + aα2a2

2η
2 − 2aa2

1β
2η2 − 2a2

0b1p− 2a2
0b2q = 0.

On solving these algebraic equations, we get the following solution sets as:
Set-3

η = ±

√
a(p2 + q2) + ω

2a(α2 + β2)
, a0 = ±

√
a(p2 + q2) + ω

−2(pb1 + qb2)
a1, a1 = a1, a2 = 0.

Set-4

η = ±

√
2a(p2 + q2) + ω

a(α2 + β2)
, a0 = ±

√
a(p2 + q2) + ω

−2(pb1 + qb2)
a1, a1 = a1, a2 = ±a1.

For set 3 the solutions of equation (1.1) can be written as :

Θ3,1(x, y, t) =

√
a(p2 + q2) + ω

−2(pb1 + qb2)
cot

[√
a(p2 + q2) + ω

2a(α2 + β2)
(αx+ βy − υt)

]
ei(px+qy+ωt+ϕ). (3.12)

Θ3,2(x, y, t) = −

√
a(p2 + q2) + ω

−2(pb1 + qb2)
cot

[√
a(p2 + q2) + ω

2a(α2 + β2)
(αx+ βy − υt)

]
ei(px+qy+ωt+ϕ). (3.13)

Similarly, for set 4 the solutions of equation (1.1) can be written as :

Θ4,1(x, y, t) =

√
a(p2 + q2) + ω

−2(pb1 + qb2)

cos

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]
1 + sin

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]ei(px+qy+ωt+ϕ). (3.14)



NEW EXACT TRAVELING WAVE SOLUTIONS 7

Θ4,2(x, y, t) =

√
a(p2 + q2) + ω

−2(pb1 + qb2)

cos

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]
1− sin

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]ei(px+qy+ωt+ϕ). (3.15)

Θ4,3(x, y, t) = −

√
a(p2 + q2) + ω

−2(pb1 + qb2)

cos

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]
1 + sin

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]ei(px+qy+ωt+ϕ). (3.16)

Θ4,4(x, y, t) = −

√
a(p2 + q2) + ω

−2(pb1 + qb2)

cos

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]
1− sin

[√
2a(p2+q2)+ω
a(α2+β2) (αx+ βy − υt)

]ei(px+qy+ωt+ϕ). (3.17)

3.2 Solutions via extended rational sinh-cosh method
Assume that the equation (3.2) has solutions of the form

Ψ(τ) =
a0 sinh(ητ)

a2 + a1 cosh(ητ)
(3.18)

Substituting equation (3.18) and its derivative into equation (3.2) and the coefficients with the same power
of cosh(ητ)m equating to zero and resultantly, we get the following set of algebraic equations by using
Mathematica:

cosh(ητ)2 : 2a2
0b1p+ 2a2

0b2q − aa2
1p

2 − aa2
1q

2 − a2
1ω = 0,

cosh(ητ)1 : −aα2a1a2η
2 − aa1a2β

2η2 − 2aa1a2p
2 − 2aa1a2q

2 − 2a1a2ω = 0,

cosh(ητ)0 : −2aα2a2
1η

2 + aα2a2
2η

2 − 2aa2
1β

2η2 + aa2
2β

2η2 − 2a2
0b1p− 2a2

0b2q − aa2
2p

2 − aa2
2q

2 − a2
2ω = 0.

On solving these algebraic equations, we get the following solution sets as:
Set-5

η = ±

√
−(ap2 + aq2 + ω)

2a(α2 + β2)
, a0 = ±

√
a(p2 + q2) + ω

2(pb1 + qb2)
a1, a1 = a1 , a2 = 0.

Set-6

η = ±

√
−2(ap2 + aq2 + ω)

a(α2 + β2)
, a0 = ±

√
a(p2 + q2) + ω

2(pb1 + qb2)
a1 , a1 = a1 , a2 = ±a1.
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For set 5 the solutions of equation (1.1) can be written as :

Θ5,1(x, y, t) =

√
a(p2 + q2) + ω

2(pb1 + qb2)
tanh

[√
−(ap2 + aq2 + ω)

2a(α2 + β2)
(αx+ βy − υt)

]
ei(px+qy+ωt+ϕ). (3.19)

Θ5,2(x, y, t) = −

√
a(p2 + q2) + ω

2(pb1 + qb2)
tanh

[√
−(ap2 + aq2 + ω)

2a(α2 + β2)
(αx+ βy − υt)

]
ei(px+qy+ωt+ϕ). (3.20)

Similarly, for set 6 the solutions of equation (1.1) can be written as :

Θ6,1(x, y, t) =

√
a(p2 + q2) + ω

2(pb1 + qb2)

sinh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]

1 + cosh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]ei(px+qy+ωt+ϕ). (3.21)

Θ6,2(x, y, t) =

√
a(p2 + q2) + ω

2(pb1 + qb2)

sinh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]

1− cosh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]ei(px+qy+ωt+ϕ). (3.22)

Θ6,3(x, y, t) = −

√
a(p2 + q2) + ω

2(pb1 + qb2)

sinh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]

1 + cosh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]ei(px+qy+ωt+ϕ). (3.23)

Θ6,4(x, y, t) = −

√
a(p2 + q2) + ω

2(pb1 + qb2)

sinh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]

1− cosh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]ei(px+qy+ωt+ϕ). (3.24)

OR
Consider the equation (3.2) has the solutions in the form as

Ψ(τ) =
a0 cosh(ητ)

a2 + a1 sinh(ητ)
(3.25)

Substituting equation (3.25) and its derivative into equation (3.2) and the coefficients, with the same power of
sinh(ητ)m equating to zero and resultantly, we get the following set of algebraic equations by using Mathematica:

sinh(ητ)2 : 2a2
0b1p+ 2a2

0b2q − aa2
1p

2 − aa2
1q

2 − a2
1ω,

sinh(ητ)1 : −aα2a1a2η
2 − aa1a2β

2η2 − 2aa1a2p
2 − 2aa1a2q

2 − 2a1a2ω,
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sinh(ητ)0 : 2aα2a2
1η

2 + aα2a2
2η

2 + 2aa2
1β

2η2 + aa2
2β

2η2 + 2a2
0b1p+ 2a2

0b2q − aa2
2p

2 − aa2
2q

2 − a2
2ω.

On solving these algebraic equations, we get the following solution sets as:
Set-7

η = ±

√
−(ap2 + aq2 + ω)

2a(α2 + β2)
, a0 = ±

√
a(p2 + q2) + ω

2(pb1 + qb2)
a1, a1 = a1, a2 = 0.

Set-8

η = ±

√
−2(ap2 + aq2 + ω)

a(α2 + β2)
, a0 = ±

√
a(p2 + q2) + ω

2(pb1 + qb2)
a1, a1 = a1, a2 = ±a1.

For set 7 the solutions of equation (1.1) can be written as :

Θ7,1(x, y, t) =

√
a(p2 + q2) + ω

2(pb1 + qb2)
coth

[√
−(ap2 + aq2 + ω)

2a(α2 + β2)
(αx+ βy − υt)

]
ei(px+qy+ωt+ϕ). (3.26)

Θ7,2(x, y, t) = −

√
a(p2 + q2) + ω

2(pb1 + qb2)
coth

[√
−(ap2 + aq2 + ω)

2a(α2 + β2)
(αx+ βy − υt)

]
ei(px+qy+ωt+ϕ). (3.27)

Similarly, for set 8 the solutions of equation (1.1) can be written as:

Θ8,1(x, y, t) =

√
a(p2 + q2) + ω

2(pb1 + qb2)

cosh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]

1 + sinh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]ei(px+qy+ωt+ϕ). (3.28)

Θ8,2(x, y, t) =

√
a(p2 + q2) + ω

2(pb1 + qb2)

cosh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]

1− sinh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]ei(px+qy+ωt+ϕ). (3.29)

Θ8,3(x, y, t) = −

√
a(p2 + q2) + ω

2(pb1 + qb2)

cosh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]

1 + sinh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]ei(px+qy+ωt+ϕ). (3.30)
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Figure 1. (a) 3D-plot of the modulus (left), real (middle) and imaginary (right) parts of the
exact traveling wave solution of θ2,2 (b) the contour plot of the modulus (left), real (middle) and
imaginary (right) parts of the exact traveling wave solution of θ2,2(c) and 2D-polar plot of the
modulus (left), real (middle) and imaginary (right) parts of the travelling wave solution of θ2,2

at t = 0, t = 0.2, t = 0.4, t = 0.6, t = 0.8, t = 1, respectively, when p = 1.5, q = 1.5, a = 1,
ω = 2.5, b1 = −1, b2 = −0.5, α = 1.5, β = 1, ϕ = 1, υ = 1.5 and y = 1.
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Figure 2. (a) 3D-plot of the modulus (left), real (middle) and imaginary (right) parts of the
exact traveling wave solution of θ3,1(b) the contour plot of the modulus (left), real (middle)
and imaginary (right) parts of the exact traveling wave solution of θ3,1(c) 2D-polar plot of the
modulus (left), real (middle) and imaginary (right) parts of the travelling wave solution of θ3,1

at t = 0, t = 0.2, t = 0.4, t = 0.6, t = 0.8, t = 1, respectively, when p = 1.5, q = 1, a = 2.5,
ω = 1.5, b1 = −3, b2 = −1, α = 0.5, β = 1, ϕ = 2, υ = 1 and y = 1.
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Figure 3. (a) 3D-plot of the modulus (left), real (middle) and imaginary (right) parts of the
exact traveling wave solution of θ5,1(b) the contour plot of the modulus (left), real (middle) and
imaginary (right) parts of the travelling wave solution of θ5,1(c) 2D-polar plot of the modulus
(left), real (middle) and imaginary (right) parts of the exact traveling wave solution of θ5,1

at t = 0, t = 0.2, t = 0.4, t = 0.6, t = 0.8, t = 1, respectively, when p = 0.5, q = 0.2, a = 3,
ω = 3, b1 = 2, b2 = 1.5, α = 2, β = 1, ϕ = 2, υ = 2 and y = 1.
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Figure 4. (a) 3D-plot of the modulus (left), real (middle) and imaginary (right) parts of the
exact traveling wave solution of θ8,3(b) the contour plot of the modulus (left), real (middle)
and imaginary (right) parts of exact traveling wave solution of θ8,3(c) 2D-polar plot of the
modulus (left), real (middle) and imaginary (right) parts of the travelling wave solution of θ8,3

at t = 0, t = 0.2, t = 0.4, t = 0.6, t = 0.8, t = 1, respectively, whenp = 0.5, q = 0.75, a = 1,
ω = 2.5, b1 = 2, b2 = 0.5, α = 1.5, β = 2, ϕ = 1.5, υ = 1 and y = 1.
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Θ8,4(x, y, t) = −

√
a(p2 + q2) + ω

2(pb1 + qb2)

cosh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]

1− sinh

[√
−2(ap2+aq2+ω)

a(α2+β2) (αx+ βy − υt)
]ei(px+qy+ωt+ϕ). (3.31)

4. Graphical representations

In this section, some of the graphical representations of the acquired exact traveling wave solutions to the
CNLSE obtained by the extended rational sine-cosine/sinh-cosh techniques. The 3D plots for the modulus,
real and imaginary parts, of the exact traveling wave solutions θ2,2(x, t), θ3,1(x, t), θ5,1(x, t), and θ8,3(x, t)are
displayed in Figures 1(a), 2(a), 3(a) and 4(a), respectively. Figures 1(b), 2(b), 3(b) and 4(b), demonstrate the
shape of contour plot of, indicated by the for the modulus, real and imaginary parts, of the exact traveling wave
solutions θ2,2(x, t), θ3,1(x, t), θ5,1(x, t) and θ8,3(x, t). The 2D line plot of the modulus, real and imaginary parts,
of the exact traveling wave solutions θ2,2(x, t), θ3,1(x, t), θ5,1(x, t) and θ8,3(x, t). are presented in Figures 1(c),
2(c), 3(c) and 4(c) with t= 0, t= 0.2, t= 0.4, t= 0.6, t= 0.8, t= 1.

5. Conclusion

In this work, we have investigated diverse exact traveling wave solutions like hyperbolic and trigonometric
solutions to (2+1)-dimensional CNLSE with extended rational sine-cosine and rational extended sinh-cosh
schemes. These various kinds of solutions are favorable for explaining diverse nonlinear physical phenomena.
Our results exhibited that the proposed methods are powerful and can be used to extract exact solutions for
other NLPDEs that appear in many fields like engineering, mathematical biology, physics, chemistry, and vice
versa. Furthermore, for the physical illustration of the acquired results, we plot 3D, 2D-polar and contour profiles
by setting suitable values of involved parameters.
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Modern Technologies, Amol, Iran.
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