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DYNAMICS OF A VECTOR-BORNE MODEL WITH DIRECT
TRANSMISSION AND AGE OF INFECTION*

NECIBE TUNCER™™ AND SUNIL GIRI

Abstract. In this paper we the study of dynamics of time since infection structured vector born
model with the direct transmission. We use standard incidence term to model the new infections. We
analyze the corresponding system of partial differential equation and obtain an explicit formula for
the basic reproduction number Ro. The diseases-free equilibrium is locally and globally asymptotically
stable whenever the basic reproduction number is less than one, Ro < 1. Endemic equilibrium exists
and is locally asymptotically stable when R¢ > 1. The disease will persist at the endemic equilibrium
whenever the basic reproduction number is greater than one.
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1. INTRODUCTION

Zika virus (ZIKV) is a flavivirus, transmitted by the Aedes aegypti mosquitoes as for the other vector borne
diseases such as malaria, dengue fever, and West Nile virus. ZIKV was first isolated in the Zika forest in Uganda
from the rhesus monkey in 1947 [9, 42]. Outside Africa and Asia, first outbreak of Zika virus was reported in
Yap State, part of the Federated States of Micronesia in 2007. After this outbreak, between 2007 and 2016,
the spread of Zika virus infections have been reported around the world, including in southeast Asia; French
Polynesia and other islands in the Pacific Ocean; and parts of South, Central, and North America [6, 12, 22].

The Zika virus infection causes mild or no symptoms [19]. However, Zika infection during pregnancy can
cause serious birth defects and ZIKV infections were found to be connected with Guillain-Barre syndrome and
Microcephaly [5, 29]. When a person develops Guillain-Barre, their body’s immune system mistakenly attacks
part of its peripheral nervous system whereas in Microcephaly, Zika affects the brain, causing swelling of the
brain or spinal cord or a blood disorder which can result in bleeding, bruising or slow blood clotting [14, 24, 45].
To the date, there is no specific medicine or vaccine to prevent or to treat Zika disease [36]. So preventive
measures is the most effective way to prevent the infection, especially to pregnant women [25, 26].

The main route of transmission for Zika virus is through the bite of an infected mosquito, but Zika has also
direct transmission: through sexual contact, vertical transmission or blood infusion [1, 10, 11, 23, 30]. Direct
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transmission of Zika has been documented in nine countries- Canada, Argentina, Chile, France, Italy, New
Zealand, Peru, Portugal and the United States of America [4].

Several mathematical models have been used to understand the transmission dynamics of vector borne
diseases [3, 7, 27, 37, 39-41]. Ordinary differential equation (ODE) models dealing with the ZIKV disease have
been proposed and extensively analyzed in past years [1, 2, 7, 15, 28, 38]. In this study, we present a mathematical
model of ZIKV incorporating both vector and direct transmission where infected individuals are structured by
time-since infection. Transmission and recovery varies during the infectious period. Hence infection age affects
the number of secondary infected individuals [21]. In Section 2, we introduce a model of ZIKV with age of
infection where vector and direct transmission are both modeled as standard incidences. Then, in Section 3, we
study the local stability of the disease free and endemic equilibrium and determine the reproduction number
Ry It is followed by Section 4, where we discuss global stability of the disease free equilibirum. In Section 5,
we present the persistence of the endemic equilibrium.

2. VECTOR-BORNE MODEL WITH DIRECT TRANSMISSION

To model the spread of Zika infection in a population, we divide total host population into three non inter-
secting classes: susceptible, infected and recovered individuals. Since infectivity for infectious individuals varies
with time since infection, we structure the infected class by time since infection parameter 7. The time since
infection begins when an individual becomes infected and progresses with the chronological time t. Let i(7,t)
be the density of infected individuals at time since infection 7 and at time t, S(¢) be the number susceptible
individuals and R(t) be the number of recovered individuals at time ¢. Then N(t) denotes the total human popu-
lation. Here, we use an endemic model since the Zika epidemic has continued for nearly three years. Researchers
estimate the reproduction number of Zika virus infection to be greater than one, and suggest that the virus is
endemic [35]. Susceptible individuals are recruited at a rate A and u denotes the natural death rate for humans.
The vector transmission and direct transmission are both modeled as standard incidence, given by

S 1, S [ )
BN and N/o Ba(T)i(r,t)dr

where 3, is the vector transmission rate and B4(7) is the direct transmission rate which depends on the time-
since infection variable 7 of the infected host. Zika infection with a given strain (lineage) is believed to offer
long-term protection [8], so the model does not include the possibility of subsequent infections of recovered
individuals. The recovery rate v(7) is also assumed to depend on time-since-infection The vector population
is divided into 2 non-intersecting classes, susceptible vectors, S, (t), and infected vectors, I, (t). Vectors do not
clear infection, so we use an SI-type model for their dynamics. Since mosquitoes feed on many other species, we
assume that the abundance of vectors does not depend on the abundance of humans. In the model, p, is the
natural death rate of vectors and A, is their recruitment rate per unit time. Human to vector transmission is
also modeled as standard incidence, given by

% /0 B(T)i(r,t)dr

where (7) is the transmission rate from infectious hosts (i(7,t)) to vectors which depends on host’s age of
infection.

Models of vector-borne diseases with direct transmission is not new and have been considered before as ODE
models for homogeneous population [38]. Including direct transmission with the vector transmission, we obtain
the following model structured with time-since-infection,
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TABLE 1. Definition of the variables in the vector-borne model (2.1).

Variable Meaning

Sy (%) The number of susceptible vectors at time t

I,(t) The number of infected vectors at time t

S(t) The number of susceptible individuals at time t

i(7,t) Density of the infected host with infection age T at time t
R(t) The number of recovered individuals at time t

Sl =A, — ﬂ/ B(7)i(7,t)dT — 1y Sy,
N Jo

S o
v ; _
I = ~ /0 B(r)i(r, t)dT — pyly,
BuSI, S [~ .
/ f— — _ — J—
S’ '=A N N /0 Ba(T)i(r, t)dr — uS,
i O

& + E = —(’y(T) + M)i(Tv t)7

Bo

SI, S [ .
1(0,t) = N +N/o Ba(r)i(r, t)dr,

R :/ ~y(7)i(r, t)dT — pR,
0

with initial conditions S,(0) = Sy, > 0,1,(0) = I, > 0,5(0) = Sp > 0,4(7,0) = ip(7) > 0 and R(0) = Ry > 0.
All parameters are positive; A, >0, A >0, p, >0, p > 0 and 5, > 0. Age of infection dependent transmission
parameter-functions () and S4(7) are bounded and uniformly continuous defined on a compact support with
a non-zero Lebesgue measure. Recovery rate (1) belongs to L°°(0,00). The dependent variables and their
meaning are listed in the Table 1. The parameters %gld their meaning in the models are listed in the Table 2.

The total host population is N(t) = S(t) + / i(r,t)dT + R(t) for t > 0, which satisfies the following
0
differential equation,

d (sa) + /OOO i(r,t)dr + R(t)) A (S(t) + /OOO i(r,)dr + R(t)) ,

with N(0) = S(0) + /00 i(7,0)dT + R(0). Thus,
0

M, (5(“ + /0 Tt tar + R(t)) - %
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TABLE 2. Definition of the parameters in the between host model.

Parameter Meaning

A, Susceptible vector recruitment rate

Lo Vector natural death rate

A Host recruitment rate

1 Host natural death rate

By Transmission rate of infection from an infected mosquito to susceptible host
B(7) Transmission rate of infection from an infected host to susceptible vector class
Ba(T) Direct transmission rate of infection from an infected host to a susceptible host
~(7) Recovery rate of an infected host

Similarly, total mosquito population N, (t) = S,(t) + I, (t) satisfy differential equation,
Ny(t) = Ay = 1Ny, Ny(0) = S,(0) + ,(0)

Hence,

lim (S,(t) + I, (1)) =

t—o0 Ly

Therefore the following set Q) is positively invariant for the system (2.1).

Q ={(Sv0: Lv0, So.70(-), Ro) € Ry x Ry x Ry x L} (0,00) x Ry :
Ay < A (2.2)
v 0

where R} = [0, 00) and
L (0,00) = {io(7) : Ry — [0,00) :dp(7) > 0 for 7 € Ry and / io(T) < 00}
0

Since the exit rate of infectious individuals is given by the term ~y(7) + 1, the probability of still being infectious
7 units of time after being infected is given by

-/ "((s) + r)ds
0 .

m(t)=¢e

Then the reproduction number of the disease in system (2.1) is given by

Av o0 oo
Ro = B AM@‘ [ B)n(rar+ /0 Ba(r)m(r)dr .

Epidemiologically, reproduction number gives the number of secondary infections produced by one infected
individual in a totally susceptible population during its lifetime as infection. System (2.1) has three modes of
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infection, vector-to-human R,, human-to-vector R;, and human-to-human R, transmission, and each given by

B ﬂv B AUN 0o B oo
Ry=—, Rn= Tliv/o B(r)mw(t)dr, and Ry 7/0 Ba(r)m(T)dr

o

Thus the reproduction number is Rg = R, Ry + Rga-
Next, we use the approach first introduced by Thieme [34] and also adopted by the authors [16-18, 20, 43].
We define the semiflow U of the solutions of the system (2.1) as

Z/[(t; Sv07 IvOa SO, Z.O(')v RO) = (Sv(t)a Iv(t)v S(t)a i(Tv t)a R(t)) .

Let the state space U be defined as U = R x R x R x L*(0,00) x R, then for any u = (u1, uz, ug, us(7),us) € U
its norm is given as

Jull = ur| + lua| + |us| + / ua(T)[dT + |us|.
0

We would like to express (2.1) as an ODE on a Banach space. First, we move the non-linearity in the boundary
condition in (2.1) to a nonlinear operator by enlarging the state space U. Let X = U x Rand X = R xR x R x
LY(0,00) x {0} x R. That is, for any vector u = (uy,us2, ug, us(7),us) € U, u = (u1,uz, us, us(7),0,us) € X°.
We denote the positive cone in the corresponding space by X, = R, x Ry x Ry X L}r (0,00) x Ry x Ry and
X0 =X"nXx,.

We define a linear operator A : D(A) C X° — X as

—HyU1

—HopU2

—pHu3

Au =
—uy — (Y(7) + 1)us

—U4(0)

—HuUs
with D(A) = {v € X? : ug € W{(0,00)}. Note that D(A) = X°, hence the linear operator A is not dense in X.
Thus A can not be a generator of a Cyp-semigroup. Next, we define a nonlinear map F : X° — X as

Uy o
A, — N(u)/o B(T)uy(r)dr
U1 &
W‘/O B(T)U;L(T)d’r

Uzu2 u3

A=t - s [ suryustrar
0

U3 U9 us e
b+ s / Balr)ua(r)dr

/0 y(T)ug(T)dT
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We now define the following semi-linear Cauchy problem

d
d%‘t =Au+F(u) Vt>0, u(0)=uge X" (2.3)

Since A is not dense in X and not bounded, the abstract Cauchy problem (2.3) may not have strong solutions,
since u(t) is neither differentiable nor an element in D(A). In other words, if ug € X°\ D(A), we may not obtain
strong solutions of (2.3). An approach to fix this problem is obtained by integrating (2.3) in time, then we get

u(t) = ug + A/O u(s)ds —|—/0 F(u(s))ds (2.4)

A continuous solution to (2.4) is called an integral solution to (2.3).
The linear operator A is not densely defined but it satisfies the estimates of Hille-Yosida Theorem as shown
in Proposition 2.1. Let 4 = min{u,, 1#} and p(A) denote the resolvent of A.

Proposition 2.1. The operator A is closed operator such that \I — A has a bounded inverse for ReX > —[i
where A € p(A). Furthermore,

_ M,
M —A) "4 < ———
”( ) ||A = (>\+ﬂ)n

for appropriate constant M.

Proof. Let v = (y1,%2,93,94(-),ys,96) € X and u € X such that (\] — A)u = y. Setting u = (A — A)~1y we

obtain,
Y1

(A + o)
Y2

(A + 11o)
Y3

(A+p)

yee T(T) + /OT e_’\(T_s)71_((3y4(s)ds

Ys
(A + )

Then

Al — A)! < Y1 + Y2 + Y3 +/<>o A 1
17 = )7 < |52 |22 |2+ [ e (o)

+ —A(7—9) ,/T(T) d +‘ Ys
LU e T e [

Y1 Y2 Y3 Y6 1 /OO Ys
< + + + + s)ds| +
T At | At pe|  [Atp ’Aﬂt‘ ‘Aﬂt’ 0 Iva(e)ds ‘Aﬂtv
1 o0
< Ay1+y2+y3+/ ya(s)|ds + |ys| + |ye
|/\+M|(| |+ [y2| + |ys| ; lya(s)] lys| + lysl)
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1
< "
A+ fi

Iyl

Since, if A = a + b, then |A + pu| = /(a + )2 + b2 > \/(a + 1)2 + b2 =

for Re\ > —f, n > 1 and appropriate constant M;.

M
A+ @)™

[A+ . This implies |[(A] — A)~"||a <

Furthermore, the non linear operator F'(u) satisfies Lipschitz condition.

Proposition 2.2. There exist a constant My such that

IF (') = Fu?)]| < Ma|lu' —w?|| for all

Proof. Let’s denote F(u) as

W /0 B(T)ug(r)dr

U3U2

_Bv

U4

61} U3u2 / ﬁd U4

/O y(rYua(r)dr

W /0 B(T)ug(r)dr

ul,u? e XO.

O

And let 3= sup B(7),7 = sup 7(7) and B4 = sup B4(7). Note that the total population is bounded

T€[0,00) T€[0,00) T€[0,00)
below away from zero, and we set N(u) > Nyo. Then

Nul/ﬁ

[Fy(uh)(r) = Fy(u?)(r

~ |5 | Ao
e | B
u? °
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fo uy(7)dr ul — 2 2fo T)“ 7) ub) — N (w2
N m)luk(r) = ui(r)]dr
< Blu} IV = N+ B [ ) — i

(e}
<o (Jub =l =)+ [ fubte) = adolar + 1o~ 21

Whereklzmax{5,2ﬁ_ A }

MvNuO
By (r) — Fa(u?)(r)] = |85 _ g, 5 / Balr?
3 3 UN(UQ) ’UN d 4
u%u% 2u1 u3u2 u3u2 u3u2 u3u2
N u2 / Ba(T)u3 (T u32 / Bd(T)u}l(T)dT—i—%/o Ba(T)ul(r)dr
ul(r) (e - <9 [ gy
< fulub - u2|+f” IN{at) = N + | bt :0|u3—u§,|

+Bd/o ui(r) = ui(7)|d7 + Ba| N (u') = N (u?)| + Balug — u3|

ﬂv v 2 Bv v > 1 2
= Bylud — u2| + (2 + 289 |us — ul| + —|—2ﬁd/ uy (1) —uy(7)|dr
5 2|(NN )uz —uj| (uN )0|4() 1(7)]
51}Av o) 1 2
S Bl — )

o0
sregau;—u%u\ué—u%w/o il (r) — w3(r)ldr + b — )

Boly

Where k3 = max{8,, 2
° { ,U/vNuO

+2B4}. With similar analysis, one can show that

17 (") (r) = F(u?)(7)l| SMz(IU%—U?|+IU%—U§I+IU§—U§I+/O i (r) = ug(r)ldr + Juz — u3])

= Malu' —u?|

By applying the results in [34], we obtain the following result.
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Theorem 2.3. The system (2.1) represented by the integral equation (2.4) has a unique continuous solution
with values in X9. Thus, there exists uniquely defined semiflow {U(t)}1>0 on X§ such that for each ug € X9,
there exist a continuous mapping U : [0,00) x X9 — X9 which is an integral solution to Cauchy problem (2.3)
i.e. for allt >0 s.t.

/OtU(s)uOds € D(A)

Ult)uo = up + A /O U(s)uods + /0 FU(s)uo)ds (2.5)

Furthermore, there exist constant Mz > 1 and w € R such that

[U(t)uo — Ut vol| < Mze™|Jug —vo|| forall t>0 and wug,v9 € X

Proof. Proof is a direct consequence of Theorems 2.3 and 3.2 in [34] together with Propositions 2.1 and 2.2. For
the sake of completeness, we prove the details here. Thus, we first show that A(AI — A)~! maps X, into itself

1
for sufficiently large A. Let us consider A(A\] — A)~1(z) = y for any z € X,. Then, (\[ — A)~"1z = NE Solving

for z we get,

Y1 + %yl

o

Y2 + TyQ

Ys + %ys

s (1= 2= vt () + 1)
(r)+ BEOO T, )

ya(0) + %M(O)

Ys + %%

1
This implies for sufficiently large A\, A(A\] — A)~! maps X, into itself. Next, we show that Edist(uo +
hF(ug), X4) — 0 as h — 0 for all ¢ > 0 where ug € X{. Set

F(ug) = F(uo) + aug

where o > max{ﬂv,/ B(T)u4(7)d7,/ Ba(T)us(r)dr}, then F maps X? into X . Thus for sufficiently small
0 0

h and ug € X?r, we have
1. 1. ;
Edzst(uo + hF(ug), X4) = Edzst(uo — ahug + hF(up), X4+) =0

as h — 0. O
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3. STEADY STATES AND THEIR LOCAL STABILITY

Next, we study equilibria of (2.3). First, we recall the following Theorem from [34].

Theorem 3.1. The following statements are equivalent for u* € X°
i. u(t) = u* is time indepentent solution to (4);

it. U(t)u* = u* for all t > 0;

iii. u* € D(A) and Au* + F(u*) = 0.

Let B = 7)d7 and By = (T T.
| s JREIGLEE

Theorem 3.2. Let Ry = Bv B + By, then the following statement are true.

A, A . . .
i. By = (—,O7 —,0,0,0) € X% is a disease free equilibrium of (2.3);
T

v

1. When Ry > 1, then there exist a unique endemic equilibrium given by E* = (S* I, S5*,i*(7), R*) where

A, N}i*(0)B
Si=wmp—— =
*(0)B n i*(0)B + N* iy,
N+ THv
g _ *N* R — i*(0) Jo T y(r)m(r)dT
N;B I
oo ar + B
(0)B + N*p,
and i*(0) is unique positive solution of
BaB .2 Fo p [y .
" (0)+—(Ro+B— — BgB—)1"(0) + N*u,(1 —Rp) =0.
)+ 2 (Ro + BL — BUBLY) i (0) 4 N (1~ Ro)

Proof. Suppose u* € XY is an equilibrium of (2.3), then Au* + F(u*) = 0. The system for the equilibria takes
the following form

Ay —

N /0 B(r)i* (T)dT — pySy = 0,

[T s etz <o

B,SI; / .
A N N* ﬁd d’T LLS 0
di*

T = () + i),
e = 225 Z [T i ar,
0

N* N*
/ ~y(r)i*(r)dr — pR* = 0.
0
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A, A
Clearly, i*(1) = i*(0)x(7). If i*(0) = 0, then we obtain disease free equilibrium u® = (=*,0,—,0,0,0). Let
Ho K

Ay
1*(0) # 0 and let Ny = —, then from second equation in (3.1) we obtain

(3

/ B(r)m(r)dr — oI =0

Solving for I, we get,

o NrOB
P EOB+ N

Solving first equation of (3.1) for S} gives,

* AU
So = i*(0)B n
N T
and solving for S*, we get
N*
S* = .
N'B
y——————— + B
b i*(0)B + N* B
Since A —i*(0) — puS* = 0, substituting S*, we obtain
- A
z(O)—A—/B BN vy
! i*(0)B + py N*

which can be written as quadratic equation

2

ast”* (0) + ali*(O) +ay=0

where

L _ BB

2 — A 9
a; = &(RO +B£ - BdBﬁ)v
iz Ho v
= N*u,(1 — Ro)-
_ 2 _ 4

and i*(0) = M F VG aQaO. Clearly, as > 0. When Ry > 1, ap = N*u,(1 — Ro) < 0. Thus, there exists a

2(12
unique positive i*(0) when Ry > 1. When Rg < 1 then ag > 0 and

a =" (Re+ BE - BB =Ry 4+ B1- By) >0,
1 1223 Mo H

since By < 1. Thus the endemic equilibrium only exists when Ry > 1. O
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3.1. Linearized system

Let u* € D(A) be an equilibrium of the abstract Cauchy Problem (2.3). Let u(t) = u* 4+ v(¢) then the
linearized equation of (2.3) around the equilibrium u* is

do(t)

dt
v(0) = vy € D(A).

= Av(t) + F'(u*)v(t) forall ¢t>0

First we will be interested in Ay, the part of A in D(A) which is defined as

Agv = Av for all v e D(Ay)

where
D(Ag) ={ve D(A): Av e D(A)}.
Thus,
Ui — MUl
us —HypU2
D(Ay) = U3 | e DA) ~Hus D(A
o { u [ P - 0) + s | <P
0 —U4(O)
Us —Hus
That is

D(Ag) = {v € D(A) : u4(0) = 0}.

Clearly, Ao is an infinitesimal generator of a strongly continuous semigroup {74, (t)}:>0 of a bounded linear
operators in D(A). Furthermore, the semigroup {T4,(¢)}:>0 generated by Ag is a contraction. That is there
exists M, > 0 such that

[ Ta, (8)|| < Mye Pt for all ¢ > 0. (3.2)

To continue with the analysis, we recall the following definitions from [17, 34].
Definition 3.3. [17, 34] Let A : D(A) C X — X be a infinitesimal generator of a linear Cy semigroup {T'(t)}+>0
on a Banach space X. We define the growth bound wy(A) € [—o0,00] of A as,

wo(A) = lim 71n”T’;(t)HX.

t—o0

We define the essential growth bound wy ess(A) € [—00, 0] of A as,

Wo,ess (A) - tllgolo

In [ T4 (t) | ess
-

where || - ||essdenotes an appropriate measure of noncompactness of an operator.

It follows from (3.2) that essential growth rate wess(Ag) of {T'a,(t) }+>0 is no more than —j.
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A, A
Theorem 3.4. The DFE Ey = (—70, —,0,0,0) 18 locally asymptotically stable when Rg < 1 and unstable
Hy 12

when Rg > 1.

Proof. The linearized equation of (2.3) around the DFE Ej is

% = Av(t) + DF (Eo) (v(t))

where
—m /000 B(T)va(r)dr
m/ooo B(T)vy(r)dr

DF(Ey)v(t) = —Byv2 — /0 Ba(T)va(T)dT
0

Buvz + AOO Ba(T)va(T)dT
Jo AT va(r)dr

Ay —_

with m = " £ and v € X°. Now let (A+ DF(Eyp))o denote the part of A+ DF(Ey) in D(A). Since DF(Ej)
Ho

is a compact bounded linear operator, it follows from [17, 34] that

WO,@SS((A"‘DF(EO))O) < —fi.

By Corollary 4.3 in [34], local stability is determined by point spectrum of (A + DF(Ey))o.
Note that the resolvent set of the operator (A + DF(Ey))o consists of A € C such that

AV — (A + DF(E()))()U =u

has a unique solution v € D(A) for any v € D(A). That is,

Avy + ppv1 + m/ B(T)va(T)dr = uq
0

Avg + fLyv2 — M B(T)va(T)dr = ug
0

Avg + pvs + Byvg + / Ba(T)va(T)dT = us
0
Avg + (1) + (9(7) + p)va = ua(7)

Avs + pws + / Y(T)va(T)dT = us

0
v4(0) — By — /0 Ba(T)va(T)dT = 0.
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Solving the system (3.3), we obtain,

. [ o) + o
o=t T)’\lz}fuv/ B(r)e r(r)dr — — / 5(7')/0 ug(s)e A e /5 dsdr

A+ fhy A+ py
T - [ (o) +p)do
V2= A‘,t/-//v T)i”ruv/ B(r)e m )dTJ“)\ / 5(7)/0 ug(s)e M7e /é dsdr
_ug v4(0)
V3 = ——— —
Adp A+p

[ o)+ was

va(7) = va(0)e™ " (r) + /0 wa(s)e— e ds

| 601+ o

oo 1 oo T
U5 = _Us + 7114(0) / 'y(r)e*)‘T (r)dr - —— ’}/(7')/ U4(s)ef)‘(775)e dsdr
0 0

Adp o A+p

and

| 6@+ o

v4(0) = ﬁv% + Bym /000 B(T) /OT ug(s)e e dsdr

+ [ hutr /‘w<>A“ﬂk_l%%®+ﬂmiuw-/a—Fu»

Thus, the system (3.3) has a unique solution if and only if 1 # F(\), where

= )\ﬂiﬁv/ B(r)e *r d7+/ Ba(r)e M a(r)dr

Next, we solve the characteristic equation F'(\) = 1 to determine the stability of the disease-free equilibrium
Ey. It is clear that for any real A, )\lim F()\) = o0 and F'(X) < 0. Since F(0) = Ry and Ro < 1, the equation
—00

F(XA) = 1 has no positive real root. Now, suppose that all complex roots have non-negative real parts, that is
A =a+ibwith a > 0, then |F(A\)| < Ro < 1. Thus all roots of F'(A) = 1 have negative real parts when Ry < 1.
When Rg > 1, since F'(0) > 1, the equation F'(\) = 1 has at least one positive solution. That is the disease-free
equilibrium Ej is locally asymptotically stable when Ry < 1 and unstable when Ry > 1. O

Theorem 3.5. The endemic equilibrium E* = (S:7 ¥, S8 i* (1), R*) 1s locally stable asymptotically stable when
it exists, that is when Rg > 1.

v Tv

Proof. The linearized equation of (2.3) around the endemic equilibrium E* = (S}, I}, S*,i*(7), R*) is

dv *
o = Av(®) + DE(E")(v(0))

where
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(T)va(r)dr — ]t}l* / B(r)i* (r)dr + %N(v)/ B(r)i*(r)dr
5y / B(T)va(r)dr + N / B(r)i*(r N(v / B(r
LS 0y Bulivs B S*I* ) s , o
DF(E*)’U(t) = *ﬁN*UQ - ﬁN*la G / Ba(T)va(T)dT — U3 / Ba(T)i*(7)dr + N*)?/o Ba(T)i* (T)dr
f() T)dr
BUEZ’UZ ﬂUZ{/iUS _ BUS*I* / ﬁd U4(T dT + 7/ 6d

15

Following the steps in Theorem 3.4, by Corollary 4.3 in [34], local stability is determined by point spectrum

of (A+ DF(E*))o. Thus, setting

(A+DF(E*))ov = Mv

we obtain,
T)va(T (T)i*(T)dT + / B(T)i*(1)dT — pyv1 = Ay
S / B(T)va(T vl / B(T)i* (7)dT — pyvy = Avg
—v4(0) — pwg = Avg
—vy(7) = (Y(7) + p)va = Avg(7)
| @ntriar = s = s
0
and
vS*v w0V US*I*N
v4(0) = BuS"v 'BN*?’ B( / Ba(T)va(T
U3 T)i* (T)dT

Clearly, v4(7) = v4(0)e~ 7 (7) and N(v) = v3 —|—/ v4(7)dT + v5. Since
0

vg = _;\}44(—0;)1 and v5 = ;\)44(-011/0 y(r)eM r(T)dr,
we have N(v) = 0. Let B(\ / B(r)e M x(r)dr and Bg(\) = / Ba(t)e *m(r)dr and B* =
0

)i*(T)dr . Since v = —vq, we have;

dTandBd—N*/ Ba(T

*

O+ 1o + B 09 — 2% B(\)ua(0) = 0

N*
/BvS* 61)[: S*Bd(/\) B; _
N 2+( TN O+ N Tagp)0=0
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Requiring vs # 0 and v4(0) # 0 gives the characteristic equation as F(A) = G(X\) where

Boly B
N*N4+p)  A4p

5 BsS*B())
G =x= (N*(A + iy + BY) + Bdm) '

F()) =1+

Let A = a + b with @ > 0. Clearly |F'(A)| > 1 and

S 8,5 B(a) s (BUS*B )
G| < v +B < ~— +Ba) =1
| ( )| = N* <N*\/(a+uv+B*)2+b2 d(a)> - N* N*p, d

Since —- / B(r)i* (T)dr — poI;, = 0 gives I} = M, and substituting it into
N* 0 N*/J/U
5 *I* * 5 * B
i*(0) = BuS*I; 5 T)dr  yields ff <6N SLU +Bd> =1.

Thus, any A with positive real parts cannot satisfy the equation F/(A) = G()). Therefore, the endemic equilibrium
is locally asymptotically stable in this case. O

4. GLOBAL STABILITY OF DISEASE FREE EQUILIBRIUM

We next establish the global stability of the disease-free equilibrium Ejy. In showing the global stability of
disease free equilibrium, we need following Fluctiation Lemma (Lem. 4.1) and Lem. 4.2.

Lemma 4.1. (Fluctuation Lemma, Proposition A.22, p431, [32]) Let f(t) : Ry — R be a bounded and
continuously differentiable function. Then there exist sequences s, and t, such that

lim f(s,) = limsup f(t) and lim f'(s,) =0

Sp—+00 t—300 Sp—+00

lim f(t,) = liminf f(t) and lim f'(t,) =0

typ—00 t—00 tn,—00

Lemma 4.2. Let f(t) : Ry — R be a bounded function, then

limsup/ B(T)f(t —7)dT < limsup f(t) B

t—o00 t—o0

Theorem 4.3. When Ry < 1, the disease-free equilibrium Ey is globally asymptotically stable.
Proof. Integrating the infected class i(7,t) along the characteristic lines, we obtain
B(t — 7)n(7), t>T,

(1)
m(r—t)’

t<r, (4.1)
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BuST,
N

where B(t) = + %/ Ba(T)i(r,t)dr. Since % < 1, substituting (4.1) into B(¢) we obtain,

B < Aol + [ Butr)Bl = (e + [ Buyintr 0 s

< B, + / Ba(r)B(t — T)m(r)dr + e / " BulrYiolr — t)ar

Using Lemma 4.2, and / Ba(m)m(T)dT < 1, when Ry < 1 we obtain,
0

lim sup B(t limsup 7, (t) (4.2)
t—o0 1 o / 6(1 t—o0

A
Integrating the infected vector class, and S, < —2 yields

v

A, [f
Lo < e+ 52 [emo e [T s saras
Mo
A [* t—s)
< e ML (0) + i/ e Ho(=5) 1im gu </ T)i(T, s dT) ds
< (0) o I sup N(S)Oﬁ()( )

Substituting (4.1) and applying Lemma 4.2 gives

1 o o
lim sup (/ B(r)i(r, s)dT) < — hmsup (/ B(T)B(s — 7)n(r)dT + e—us/ B(r)io(r — S)dT)

55— 00 N(S) 0 00 .

< = hm sup B(s B
5§—00
Thus
~Hot A vh — oy (t—5)
I(t) < e ™', (0) + ey hmbupB ﬁ fo ds
v S$—00

Substituting (4.2) and taking lim sup yields

5. [ st
limsup I, (¢) < UX lim sup 7,,(¢)
t—o0 1 _/ /Bd t—o00

(@; vﬂ/ B(r )dT+/Oocﬁd(T)7r(T)dT> liﬂgplv(t)

= Rolimsup I, (t),

t—o00

which gives limsupI,(t) = 0, since Ry < 1. Hence tlim I,(t) = 0. From (4.2), this concludes that
t—o0 — 00
limsup B(t) = 0.

t—o0
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o0

Next, we show that lim i(7,t)dT = 0. Substituting (4.1), yields

t—oo Jo
/Ooo i(r £)dr = /Ot Bt — r)r(r)dr + /too io(r — t)w(z(z)t)dT

<[jBﬁ—ﬂﬂﬁﬂT+€“i[w%U—@dT

By Lemma 4.2 we obtain,

limsup/ i(r, t)dr SlimsupB(t)/ m(7)dr
0 0

t—o0 t—o00

1
<limsup B(t)— =0,
W

t—o00

which implies that tlim i(7,t)dr = 0. Furthermore, since (7) is bounded, tlim B(1)i(r,t)dr = 0. Sim-
ilar results are true for bounded functions 34(7) and (7). Next, we show that Jim S,(t) = —~. By Lemma 4.1

v
there exists a sequence t, such that

lim S,(t,) = lim inf Sy(t) and lim S (t,) = 0.
—00

typ—00 typ—00

It follows from

Sy (tn) / > ‘
S (tn) = Ay — B(T)i(1,tn)dT — 1Sy (tn
(tn) Nt (7)i(7,tn) (tn)
o Ay . :
that liminf S, (¢) = — = limsup S, (¢). Similar argument shows lim R(t) = 0. O
t—o0 Ly t—00 t—o0

5. PERSISTENCE

When Rg > 1, the disease free equilibrium is unstable. We will show that, when Ro > 1 the system (2.1) is
persistent and hence the disease will establish. That is we need to first make sure that the initial conditions are
non-trivial and they lead to new infections. To be precise, suppose that

M = {io(7) € LL(O, 00) : /O°° B(7)ip(7) > 0 and /OOO Ba(T)io(T) > 0}.

Notice that the space X{ can be identified with the space M? =R, x Ry x Ry x LY (0,00) x Ry As stated

n (2.2), M is positively invariant under the semiflow /(t). Furthermore, let M =R, x R, x Ry x M x R,
then set

M=M"NM
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Let p; : M — R, for i = 1,2,3 be defined as follows,

ﬁvv

p1(Ut)uo) =
p2(U(t)uo) N/ B(r)i(r, t)d

patd(thue) = 7 [ palricroar

Definition 5.1. ([31]) We say that the vector-borne disease in system (2.1) is uniformly weakly p-persistent,
if there exists some € > 0 such that

Bul

limsup = > ¢ whenever I,0 >0 and
t—o00
1 o0 oo
lim sup — B(1)i(r,t)dT > ¢ whenever / B(T)ig(T)dT >0
t—o0 N 0

hmsup—/ Ba(7)i(r,t)dT > € whenever / Ba(T)io(T)dT >0

t—o00

Proposition 5.2. Let Ry > 1, then the system (2.1) is uniformly weakly persistent. That is there exists € > 0
such that,

I
limsup =2 > ¢
t—o0
hmsup—/ B(r)i(r, t)dr > ¢
t—o0
lim sup —/ Ba(r t)dr > ¢
t—o0

Proof. We will argue by contradiction. Assume that for each € > 0, then either one of the inequalities will have

I
lim sup 6 Y <e
t—o0
hmsup—/ B(r)i(r,t)dr < e
t—o0

lim sup —/ Ba(r)i(r,t)dr < e

t—o0

Hence there exists T' > 0 such that for each t > T, we have

ﬁ})\fv <e, ]1[/000 B(r)i(r,t)dr <€, and ]1[/000 Ba(T)i(r,t)dr < e

Withous loss of generality, we can assume that above inequality hods true for all ¢ > 0, (that is 7= 0) b
shifting the dynamical system. From the equations involving susceptible vectors and susceptible hosts in (2.

y
1),
we obtain

S/ >N, —€S, — S, and S'>A—eS—eS—puS
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which gives,

A, A
and liminf S >
€+ Ly t—00 2¢ 4+

hm 1nf Sy >

Using (4.1), we have

B(t) — ﬂ’USIU

+ % /OOO Ba(T)i(r,t)dr

Boly, A 1 A /°° .
> Ot e v | At

Bupt I > .

> 26+/¢Iv+ 2€+N/ Ba(r)i(r, t)dr

_ Bop > 7(7)

= 2e+u 2€+M (/ Ba(T t—T)ﬁ(T)dT—F/t 5d(T)7T(7_t)dT>
Bui

>2€—|—u 26"‘#/ Ba(T)B(t — T)m(7)dT

And similarly for the infected vector class we have,

Sy, [ A, !
I{, = F/O 6(7—)2(7'7 t)dT - ,UUIU > m/o ﬁ(T)B(t - T)W(T)dT - .U'UIU

We next take the Laplace transform of both B(t) and I, (t). We denote the Laplace transforms of B(t) and I, (t)
as B(\) and I, () respectively. We obtain,

BOV> o2 1,00 + 5 Ra)BOY)

Aop - .
—K
(e + o)A

¢ ¢
where K()\) = / B(T)m(T)e dr and Kq(\) = / Ba(r)m(7)e~*dr. Eliminating I, (\) from the sytem above,
0 0
we obtain
A 51)#2/\12 2
B(\) >
W B e+ A0 T )

~Ro>1

Bott
- (26 + ) (A + pio)

1,(0)

which gives a contradiction. O

A consequence of the system (2.1) being uniformly weakly persistent is that the disease-free equilibrium is
unstable. We proceed by showing that the semiflow U(t) : [0,00) x M — M of the system (2.1) has a global
compact attractor A. An invariant set A in M is called a global compact attractor for U(t), if A is a maximal
compact invariant set which attracts each bounded set B C M [13]. To show that there exists a global compact
attractor, we will use Lemma 3.2.3 and Theorem 3.4.6 in [13]. For sake of completeness, we present Lemma
3.2.3 and Theorem 3.4.6 in [13] here.
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Lemma 5.3. (Lemma 3.2.3 in [13]) For each t > 0 suppose U(t) = U(t) + U(t), where U is completely contin-
uous. Suppose there exists a function k : Ry x Ry — Ry such that k(t,r) — 0 ast — 0 and ||U(t)uo| < k(t,r).
Then U(t) is asymptotically smooth.

Lemma 5.4. (Theorem 8.4.6 in [13]) If U(t) is asymptotically smooth, point dissipative and orbits of bounded
sets are bounded, then there exists a global attractor.

First, we show that the semiflow U(t) is asymptotically smooth.
Proposition 5.5. The semiflow U(t) is asymptotically smooth.

Proof. We will apply Lemma 5.3 to show that U (t) is asymptotically smooth. We begin by splitting the semiflow
into two compartments, U(t) = U(t) + U(t) as follows:
Z;{(t, S1)07 11)07 SOv iO; RO) = (Sv(t)a Iv(t)7 S(t)a g(7 t)a R(t))

Z/A{(t, S’L)O? LJO7 SO? iOa RO) = (Oa 07 07 Z(a t)7 0)
where

i) = { i(r,t), t>T, _ { B(t—7)n(1), t>T, (5.1)

0, t<T,

0, t>T,

i(r,t) = 7(T)

ig (T - t) 7_‘_(7_ — t) ) (52)

t <,

Note that S, (t), I,(t), S(t) and R(t) satisfy the sytem (2.1) with i(7,). Since, both i and 7 are non-negative,
U <U and U < U. Note that,

(o]l = [l )]l e
:/ Z'0(7'—2€)ﬂd7'

m(T—1)
= Ooi T L(T—'—t) T
- /0 0( ) 71_(7_) d

< ¢ lig] 11

< e M ug|| = k(t, ||uol|) (as in Lem. 5.3)

Hence, ||[U(t)ug| — 0 as t — oo. Next, we show that /(t) is completely continuous. A semiflow U(t) is called
completely continuous if for each fixed ¢, the family of functions Ky = {Z] (t)uo : ug € B} is precompact for a
bounded set B contained in M (p. 36 [13]). So, assume that the initial conditions are in a abounded set B,
that is ||ug|| € B, such that ||ug|| = [Svo| + [Tvo| + |So| + |li0]|zr + |Ro| < r for some constant r. By (2.2), we
have K, = {U(t)uo = (Sv(t),Iv(t),S(t),z(-,t),R(t))} C © and hence bounded. We will show that the family

of functions, K = {i(-,t) : U(t)ug € K} for any fixed ¢ is precompact by Frechet-Kolmogorov Theorem [44].
Frechet-Kolmogorov Theorem states that C C Li_ (0, 00) is precompact, iff

(i) sup/ i(r,t)dr < 00
i€k J0
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(i) tlim i(7,t)dr = 0 uniformly in 7 € K
— 00 t
o0
(iii) lim li(T 4+ h,t) —i(7,t)|dT = 0 uniformly in i € K
h—0 Jo

oo A oo
By (2.2) / i(r, t)dr < n hence (i) is satisfied. By definition (5.1),/ i(7,t)dT = 0, hence (ii) is satisfied. We
0 t

i
only need to show (iii). To show (iii), we need to bound the L' norm of 3 since
T

i

T

/OOO i+ hot) — i(r, B)|dr < ‘

I

Ll

We differentiate (5.1):

di(7, 1) ‘ < { |B'(t — 7)|7(7) + B(t — 7)|7' ()|, t>T,
or 0, t<T,

Thus, we first need to show that both B(t) and B’(t) are bounded.
'USI'U o ~
B(t) = b +/ Ba(T)i(r, t)dr

ﬁ“SI / Ba(r)B(t — 7)m(r)dr

< B, + /0 Ba(r)B(t — T)m(r)dr

Thus for some positive constants, |B(t)| < ki + kot. Since ¢ is fixed, | B(t)| < k;. On the other hand,

50 =858+ P8 85 0rm0)+ S [ sute)B e e

N (ﬂv]ilv + N/o Ba(T)B(t — T)?T(T)dT)

Hence |B'(t)| < ks + k4t and similarly, |B'(t)| < ky. Then,

i

ai
or

< / \B'(t—7)|7r(7)d7+/0 |B(t — 7)|x'(T)dT

Lt 0

k2
2

IN

()dr + / (1(7) + pyr(r)dr
(T)d7 4+ k1 (5 + 1) /O w(r)dr

ki + )7 (7)< ks

oo
o0

IN
e

J
J

where 4 = sup (7). O

k2

IN

Next, we show that the semiflow U(¢) has a global compact attractor.
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Proposition 5.6. When Ry > 1, then the semiflow U(t) has a global compact attractor.

Proof. We will apply Lemma 5.4. Thus, we need to show that U(t) is point dissipative and orbits of bounded

sets are bounded. A semiflow U(t) is called point dissipative, if there exists a bounded set B C M that attracts

each point of M [13]. Clearly by (2.2), the semiflow U(¢) is point dissipative. Again by (2.2), orbits of bounded

sets are bounded. That is ||U(t)ug| < — + — for all ¢t > 0 whenever |lug|| < ¢; for some constant ¢;. Thus
poop

semiflow U(t) has a global compact attractor. O

We continue by showing that the disease is uniformly strongly persistent.

Definition 5.7. ([31]) We say that the vector-borne disease in system (2.1) is uniformly strongly p-persistent,
if there exists some € > 0 such that

'UI'U
lim inf B— > ¢ whenever I,0 >0 and
t—o0 N

lim inf 1 /OQ B(1)i(r,t)dr > ¢ whenever /00 B(1)io(T)dT >0
0

hm 1nf —/ Ba(T)i(r,t)dT > € whenever / Ba(T)io(T)dT >0
0

We will prove that the vector-borne disease in system (2.1) is uniformly strongly p-persistent, by applying
the Theorem 2.6 in [33]. The Theorem 2.6 in [33] states the following.

Lemma 5.8. (Theorem 2.6 in [33]) Let U(t) be a continuous semiflow on a metric space M which has a
compact attractor A. Furthermore, we assume for any total orbit ¢(t) : R = M, if s € R and p(é(s)) > 0, then
p(@p(t)) > 0 for allt > s. Then U(t) is strongly p-persistent whenever it is uniformly weakly persistent.

Proposition 5.9. Let Rg > 1, then the system (2.1) is uniformly strongly p-persistent. That is there exists
€ > 0 such that,

I v
lim inf > €

t—o0

hmlnf—/ B(r)i(r,t)dr > €

lim inf —/ Ba(r t)dr > ¢

t—o0

Proof. We will apply Theorem 2.6 in [33]. Total orbits are the solutions of the system (2.1) defined for all time
t € R. By (2.2), the solutions of the semiflow is non-negative. Hence, integrating the differential equation of I,,,
we obtain

I,(t) > L(s)e ™) forall t>s.
Therefore,

ﬁvIv(t) > /BUIU(S)e—p,U(t—S)

N 2 N forall ¢>s
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1 [e'e] ) t t ,BUSIU t
—/ B(r)i(r, t)dr > c1/ B(r)dr > cl/ —dr > 62/ L,(r)dr
N Jo 0 o N 0

t
I,
> 62/ Iv(s)e*““(T*S)dT = 02—(8)6“”5(1 — e*”’”t)
0 Mo

Similarly,

[ aitar 2 e arna o

fho

Thus, p(¢(t)) > 0 for all ¢ > s, whenever I,(s) > 0. So, by Theorem 2.6 in [33], semiflow U(¢) is uniformly
strongly p-persistent, whenever it is uniformly weakly-persistent, that is when Ry > 1. O

6. CONCLUSION

Infection age plays a vital role in the transmission of ZIKV. In this study, we formulate a hyperbolic PDE
model of Zika virus infections, which includes both vector and direct transmissions and where the new infections
are modeled as standard incidence. We obtain the explicit representation of the reproduction number, Ry. We
showed that the disease-free-equilibria is locally and globally stable when Ry < 1. We also showed endemic
equilibrium is locally stable when Ry > 1. Persistence of endemic equilibrium is established when Ry > 1,
however global stability of endemic equilibrium for Ry > 1 is still an open question.
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