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SPATIOTEMPORAL DYNAMICS OF A FRACTIONAL MODEL FOR
HEPATITIS B VIRUS INFECTION WITH CELLULAR IMMUNITY

MoussAa BACHRAOUI', MOHAMED AIT IcHOU?, KHALID HATTAF!?*
AND NOURA YOUSFI!

Abstract. In this paper, we propose and investigate a fractional diffusive model for hepatitis B virus
(HBV) infection with capsids and immune response presented by cytotoxic T lymphocyte (CTL) cells.
We derive the conditions for global asymptotic stability of the steady states of the model in terms of
the basic reproduction number Ry and the immune response reproduction number R;. By constructing
appropriate Lyapunov functionals, it is shown that the infection-free equilibrium is globally asymp-
totically stable when Rop < 1, the immune-free infection equilibrium is globally asymptotically stable
when R; <1 < Ry and the infection equilibrium with CTL immune response is globally asymptotically
stable when R; > 1. Numerical simulations are performed to illustrate the analytical results.
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1. INTRODUCTION

Many mathematical models used fractional differential equations (FDEs) have been proposed and analyzed
to gain insights into the dynamics of HBV infection in vivo. In [32], Zhou and Sun proposed and investigated the
dynamics of a fractional-order HBV infection model with the standard incidence function instead of the mass
action term for the infection process. Salman and Youssef [27] also considered a fractional-order model for HBV
infection with cure of infected cells and discussed the local asymptotic stability of equilibria. Shi et al. [28] in
their paper constructed and analyzed the global dynamics of a fractional-order model with Holling IT fuctional
response to describe the transmission of HBV. Further, Bachraoui et al. [2] proposed a fractional order-model
for HBV infection with capsids and CTL immune response that improved and generalized the mathematical
models formulated by ordinary differential equations (ODEs) in [19, 20] and also the FDE models introduced in
[6, 27, 32] by considering the Hattaf’s incidence rate [11] that includes the common types such as the bilinear
incidence rate, the saturated incidence rate and the Beddington-De Anglis functional response [4, 9].

Mathematical modeling of HBV infection using the partial differential equations (PDEs) has attracted the
attention of many researchers. Wang and Wang [30] proposed an HBV model with spatial dependence. They
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considered the random mobility of virions and extended the basic virus infection model proposed by Nowak
et al. [23]. They also neglected the spatial mobility for the susceptible and infected hepatocytes. The movement
of virus was adopted via Fickian diffusion, where the population flux of virus is proportional to the concentration
gradient with negative proportionality constant. Geng et al. [10] considered the mobility of capsids and viruses
and applied the nonstandard finite difference (NSFD) scheme to discretize a continuous HBV infection model
with capsids. Their work was an extension to the work of Manna and Chakrabarty [17]. Manna and Hattaf
[16] studied an HBV infection model which contains two arms of immunity, three time delays, capsids, general
incidence rate, and allow the movement of capsids and viruses by diffusion. Manna [18] investigated the role
of the CTL immune response in a reaction-diffusion model of HBV with capsids. Moreover, Hattaf and Yousfi
[12] developed a mathematical model HBV infection with two modes of transmission, spatial diffusion for both
HBV DNA-containing capsids and viruses, and three distributed delays.

All the models mentioned above are formulated either by FDEs or by PDEs. In this study, we will develop a
mathematical model governed by both FDEs and PDEs in order to describe the dynamics of HBV infection under
the effects of diffusion and memory. To do this, Section 2 deals with model formulation and some preliminary
results. Section 3 is devoted to equilibria and their global stability. It is followed by numerical simulations in
Section 4 to illustrate the analytical results. The study ends with a conclusion in Section 5.

2. MODEL FORMULATION AND PRELIMINARY RESULTS

The memory is an important characteristic of adaptive immunity which means that the immune system
can remember the antigens that previously activated it and launch a more intense immune reaction when
encountering the same antigen a second time. The classical integer derivative does not reflect this characteristic
because it is a local operator unlike the fractional derivative. Indeed, the computation of the fractional derivative
at time ¢ = t; take into account the entire history from the starting point ¢t = ¢y up to the point ¢ = ¢;. Recently,
Baleanu et al. [3] analyzed the interactions between various tumor cell populations and immune system via a
system of FDEs. A study in [1] was devoted to the modelling immune systems based on Atangana-Baleanu
fractional derivative. Other fractional models with one or two arms adaptive immunity have been proposed in
[2, 5, 29]. However, these above FDE models assumed that cells and viruses are well mixed and ignored their
mobility.

Motivated by the above biological and mathematical considerations, we propose the following nonlinear
system of FDEs and PDEs:

OfH =s—pH(x,t) — f(H(z,t),V(z,t)V(z,t),

ol = f(H(z,t),V(x,t))V(x,t) — 6I(x,t) — pl(z,t) Z(x,t),

0rC =dcAC+ al(z,t) — —(8 4 0)C(z,t), (2.1)
89V = dy AV + BC(z,t) — cV(z,1),

007 =ql(z,t)Z(z,t) — o Z(x,t),

where H(xz,t), I(z,t), C(x,t) ,V(z,t) and Z(x,t) are the concentrations of uninfected hepatocytes, infected
hepatocytes, HBV DNA-containing capsids, virions and CTL cells at location x and time t, respectively. The
uninfected hepatocytes are produced at a constant rate s with a natural death rate u and become infected at rate
f(H,V)V. As in [21], the parameter ¢ is the death rate for infected hepatocytes and capsids. The parameters
a, B and c are, respectively, the production rate of capsids from infected hepatocytes, the rate of export of the
capsids to blood, and the clearance rate of virions. Here, the capsids are exported from the cell at the rate 8 to
produce the virions [22]. The capsids are killed by CTL cells at rate p while ¢ and o denote CTL responsiveness

rate and decay rate of CTL cells in absence of antigenic stimulation, respectively. The positive constants de and
n_o o2

dy denote respectively, the diffusion coefficients of capsids and virus. A = E 922 is the Laplacian operator.

o

i=1 %

Further, 9% is the fractional derivative in the Caputo sense and « is a parameter that describes the order



SPATIOTEMPORAL DYNAMICS OF A FRACTIONAL MODEL FOR HBV INFECTION 3

of the fractional time-derivative with o € (0,1]. Here, the infection transmission is modeled by Hattaf-Yousfi
kH

ap+ arH 4+ aV +azHV'
saturation factors measuring the inhibitory or psychological effect, and k is a positive constant rate describing
the infection process. This incidence function generalizes several forms existing in the literature such as the
bilinear incidence when ag = 1 and a; = as = az = 0, the saturation incidence when ap =1 and a; = a3 =0
or as = ag = 0, the Beddington-DeAngelis functional response when ag = 1 and ag = 0, the Crowley-Martin
functional response [7] when ag = 1 and a3 = aj s, the specific functional response introduced by Hattaf et al.
[13] when a9 = 1, and the incidence function used in [31] when ag = a3 = 0 and a3 = ap = 1. Additionally, the
Hattaf-Yousfi functional response was used by Riad et al. [25] to describe the dynamics of labour market and
by Mahrouf et al. [15] to study the dynamical behavior of a viral infection model with immune response and
stochastic perturbations.
Throughout this paper, we consider system (2.1) with initial conditions

functional response [11] of the form f(H,V) = where aq, a1, as, a3 > 0 are the

V(z,0) = Vo(x) >0, Z(x,0) = Zo(x) >0, Yz € Q,
and zero-flux boundary conditions
oC oV
B = By =0, ondQ x (0,+00),

where 2 is a bounded domain in R™ with smooth boundary 02, and % denotes the outward normal derivative
on 0. From the biological point of view, these conditions mean that the capsids and free virus particles do not
move across the boundary 9).

It is obvious that system (2.1) has one infection-free equilibrium Ey(H?,0,0,0,0), where H® = ﬁ Then we
define the basic reproduction number of (2.1) as follows

R askp
07 5c(B+6)(qop + ars)’

The remaining equilibria of system (2.1) satisfy the following algebraic equations

s—puH — f(H, V)V =0, (2.3)
FH V) =61 —plZ =0, (2.4)
al — (B+6)C =0, (2.5)

BC —cV =0, (2.6)

(1Z—o0Z =0. (2.7)

The last equation (2.7) implies that either Z =0 or I = 2. Bach of these cases will lead to one of the other
q

equilibria.
— uH — uH — uH
First, consider the case Z = 0. Then by (2.3)—(2.6), we have I = %, C= M, V= m
and
ﬂa(s—,uH)) de(B+9)
H = . 2.8
f( T (B +0) Ba (28)
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Due to I > 0, we have H < i. Define
I

gl(H)=f<H, Ba(s—uH)) GRS

c6(B+9) Ba

We have ¢1(0) = —w < 0and ¢ (i) = w (Ro—1) and

of Bpa_ Of

9" @@tV

g1 (H)

When Ry > 1, we deduce that system (2.1) admits a unique immune-free infection equilibrium

. s s — pHy a(s — pHy) Ba(s — uHy)
Ei(Hy, T h H -, [ =———- = - 7 = & -/
1(Hu, I, C1,V1,0) with Hy € (0’/1)’ 1 5 , C1 5B+ ) and V3 (@ +0)
For the case when I = g, we get C' = ga , V= poa , 4 = als = pH) = o0 and
q (B +9) cq(B+9) po

Boa \ _ cq(B+9)(s—pH)
! (H’ cq(B+ 5)) N Boa

0
Since Z > 0, we have H < 2% Thus, there does not exist any biologically feasible steady state whenever
T
ol

]
H> 2 2% Let us define the function g2 defined on the interval [0, L. —| by
nooqu mooqp

go(H) = f (H Cqﬁfm > g (B+0) (s — pH)

(B+9) Boa

cq (B+90) (s — pH)

Then we can easily obtain that g2(0) = — 3 < 0 and
oa
of | cqu(B+9)
L(H)= 2L AP Tl
92( ) OH /Bo_a >0

In addition to the threshold parameter Ry, we define the CTL immune response reproduction number R; by
Ry = —, (2.9)

which describes the average number of CTL immune cells activated by infected hepatocytes in case of successful
HBYV infection. Here, g denotes the rate of CTL response activation, % represents the average life expectancy
for CTL cells and I; is the number of infected hepatocytes at the immune-free equilibrium FEj.

o s od
IfR1<1, then[1<E,H1>ﬁf@and

(505>f(505 Boa >5c(ﬂ+5)
PN\ ") T\ (B0 Ba

de(B+0)
Ba

<f(H1,V1)— =0.



SPATIOTEMPORAL DYNAMICS OF A FRACTIONAL MODEL FOR HBV INFECTION 5

Therefore, there is no biological equilibrium when R; < 1.

If Ry > 1, then H; < i - g and go (ﬁ - g) > 0. Therefore, there exists a unique infection equilibrium with
o oa Boa
CTL i Ey(Ho, 15,Co, Vs, Z. ith H (0,§7‘7—5),I:7,C:7,V:7
immune response 52( 2, 12,0, Vo, Z5) wi 5 € il 9 . ) JB+9) b B+ )
— uH,) —
and 7, — 16— ) — 00
po

The above discussions gives to the following results.
Theorem 2.1.

(i) If Ry < 1, then system (2.1) has a unique infection-free equilibrium of the form Eo(H°,0,0,0,0), where

HO ==,
w
(i) If Ry > 1, then system (2.1) has an immune-free infection equilibrium of the form Ey(Hy,I,,C1,V1,0),
: s s — pHy a(s — pHy) Ba(s — pH,)
here with Hy € (0,2, 1, = 2820 ¢ = Q8 1) gy, = 28— 171
where with Hy & (S ) 5 LT 5B e YT T w(B10)
(iii) If Ry > 1, then system (2.1) has a unique infection equilibrium with CTL immune response of the
s o5 . B oa _ Poa
fOT'm EQ(HQ,IQ,CQ,VQ,ZQ), wh@'re H2 S (O,;*ﬁ), I2 = E, CQ = m, ‘/2 = m and
7, — als=uHs)~d0.
po
By a simple computation, we have the following remark.
Remark 2.2. Let Ry > 1. It follows from above and equation (2.8) that
2 [aped (B + 9) + asBas] (2.10)

Hy = ;
! Bak — a1cd(B + 6) + agpfBa — azfas + VA

where A = [Bak — a1¢6(8 + 0) + azpBa — azBas)? + daspBalaged (B + §) + azBas].

3. GLOBAL STABILITY
First, we discuss the global stability of the infection-free equilibrium FEy and the immune-free infection
equilibrium Fj.

Theorem 3.1.

(i) The infection-free equilibrium Eq is globally asymptotically stable when Ry < 1.
(i) The immune-free infection equilibrium E; is globally asymptotically stable if Ry <1 < Ry.

Proof. In order to show (i), we consider the following Lyapunov functional

B apH® H 5 5(8+9) p
Wo(t) = /Q {W@ <HO> + 1@ ) + S0, ) + S () + qZ(x,t)} dz,

where ®(x) =z — 1 — In(x) for > 0. By using the property of fractional derivatives given in [8], we have

HO
DEWo(t) < / [0‘0 (1 - ) opH +op1+ opo 4 LT
Q a Ba

p
oV + =07 Z| da.
ag + ag HY H ! +qt } v
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Using s = pH°, we get

- [uao<HH°>2 ~Ge(B +0) (f(H,wRO ) 1) vy poz} .
Q q

- (o + a1 HY)H Ba f(H,0)
pao(H — HY?  5c(8+0) po

Since Ry < 1, we have that D*Wy(t) < 0. In addition, the largest invariant set in {(H, I,C,V, Z) | 9p W, = 0} is
the singleton {Ey}. It follows from LaSalle’s invariance principale [14] that Fy is globally asymptotically stable
when Ry < 1. This completes the proof. O

Next, we construct the Lyapunov functional for system (2.1) at Ej :

ag + asVy H I ) C
Wi(t) = Hi® (| — LD | — -C1® | —
1() /Q|:OZ()+O£1H1 +OZ2V1+043H1‘/1 ! <H1)+ ! <11>+a ! <C1>

5(8 +9) VN _ »p
+7V1<I> (V1> + qZ(x,t)] dz.

The derivative of Wi (t) along the positive solutions of (2.1) satisfies:

DWWy g/ {<1f(HlV1)> Y H + (1 Il)agu i <1Cl) el
Q

5(8 + 6 v
+(5a;) (1 _ V}) o0V + Z&?Z] dz.

By applying s = pHy + f(Hy,V1)Vi, we get

pewi < - |
Q

p (o0 + axV4) (H — Hy)? PO
(a0 + ol + aoVi T oWV H | ¢ (- 112
f(H,Vi) Gl f(H,V) VL  CVi f(H, V1)]
f(val) Ch f(Hh‘/l) Wi &% f(H7V)

F(HL,VI)Vi(ag + a1 H)(ag + azH)(V — V)2 ]dx
(OZ() + a1 H +asVq + OégHVl)(Oéo + a1 H +aV + OégHV)Vl

_def(Hi, Vi)W HVCHde _dvf(Hi, Vi)W vV
aI1 Q 02 BCl O V2

dz.

Since

f(H;, Vi) G fHV)VI, CV, [f(HWV) ,
FHVy)  CL ~ fmvyvil v vy =% erie itz 3.1)

and the equality holds only for H = H,, I = I;, C' = (C1, V =V, and Z = 0. Therefore, D*W; < 0 if Ry < 1.
Further, the largest compact invariant set in {(H, I, C,V, Z) | 0¢W; = 0} is the singleton { E; }. By the LaSalle’s
invariance principale, we conclude that E; is globally asymptotically stable.

Finally, we investigate the global stability of the third equilibrium FEs.

Theorem 3.2. The infection equilibrium with CTL immune response Es is globally asymptotically stable if
Ry > 1.
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Proof. Consider the following Lyapunov functional

C¥0+O£2‘/2 H> (I)
Ws(t) = H,® + Lo [ —
2() /Q {040+041H2+042V2+043H2V2 2 <H2 A

4_(54—@1)22)02(I> (CC;> n (5+pZ;;(ﬂ+5)V(I) <‘X//2)

P A
~Zod d
+<1 ? (ZQH -

Calculating the derivative of W5 (t) along the positive solutions of (2.1), we have

b« [ [(1- 2 Y g (1Y 625 (1 Y
TG (1 ) gy (12 g

By applying the equality s = uHa + f(Ha, V2)Va, we get
DWs(t) < _/ p{ao + 02V5) (H — Ho)
- Q (Cv0+(l1H2+()42V2+063H2V2) H,
[(H2, Vo)  Col  f(H,V) VI, CV,  f(H,V5)

A 5 S G S~ v )

f(HQ,‘/é)‘/é(aO+062H)(052+043H)(V7‘/2)2 :| da
(Ozo + a1 H + asVs + OégHva)(Oé() + o1 H + oV + Oé3HV)‘/2

dcf(H%Vz )WV HVCH qp . WU, V) Vz/ ||VV||
al. BCH

From (3.1), we deduce that D®Ly(t) < 0. Further, the equality D*Ls(t) = 0 holds only for H = Hs, I = I,
C = (5, V="V, and Z = Z,. Hence, the largest compact invariant set in {(H,I,C,V,Z) | D*Ly(t) = 0} is the
singleton {E»}. Then by the LaSalle’s invariance principale, we conclude that Es is globally asymptotically
stable. O

4. NUMERICAL SIMULATIONS

In this section, we validate our theoretical results by numerical simulations.

Let At be the time step size, Q@ = [Zmin, Tmax] and Az = (Zmax — Tmin) /N be the space step size with
N is a positive integer. The grid points for the space are x; = @min + 1Az for i € {0,..., N}, and for time
are t,, = mAt for m € N. Based on Griinwald-Letnikov method [24] which recently used in [26], the Caputo
fractional derivative can be approximated by

« 1 - a 7
C@tl(xi7t77L) ~ @;le(xi,tm_j) —lm, (41)
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where I, = % and 5 are the fractional binomial coefficients ( C; ) with the recursion formula

(e} 1+a « (e}

For simplicity, we denote the approximations of (H,I,C,V,Z) solution of system (2.1) at the discretized point
(x4, tm) by (H™, I, C, V™, Z™). By applying (4.1), we find

[ A )

m—+1
1 arrm+1—7 r 1 m m m m
NS HZnH"‘ZﬂjHi ) — B = s — pH — f(H, VMV,
j=1
1 m—+1 ) -
vl D L R R Han b (A A VAT N A
j=1
1 m-+1 s a ym+1—j ~m+1 CZT—l - ZCz'm + Czyﬁl m m
e | G +)BeC — = g A +al™— (B +0)CT",
j=1
it | N2 goymtiog | _pmin _ g VAV o
e (VT DB =V =dy Aop + BT — eV,
=1 ’
1 m+1 ) N
ol R T A TH AR
j=1
Thus,
m—+1
H = = 7 e H T A [H s — g - fHP VIV
j=1
m—+1
I = = T BRI A [T f(H] V) - I = pI 2]
j=1

m—+1

j=1

Cpry =20 + 0y
Ax?

+al™— (B + 5)0{”] ,
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virallk\
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FIGURE 1. Stability of the infection-free equilibrium Ey. The concentration of virions as a
function of x and t is shown on the left. However, the maximal value and the minimal value of
this concentration with respect to x are shown on the right.
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FI1GURE 2. Stability of the immune-free infection equilibrium F;. The concentration of virions

as a function of x and ¢ is shown on the left. However, the maximal value and the minimal
value of this concentration with respect to x are shown on the right.

m+1

» ) Vim = 2V 4 v
yml = Z BV L g [Vim-‘rl ¥ dy L A;Q =l ogom — cVim} ;
j=1
m—+1
2t = = S gzt e 2 I g - o2
j=1

For numerical illustrations, we take in the whole section © = [0,4] and d¢ = dy = 0.1. The initial conditions
used are: H(z,0) = 40000, I(z,0) = 500, C(z,0) = 300, V(,0) = 5 x 10°(1 + 0.2 cos(3)) and Z(xz,0) = 100.

For the case Ry < 1, we take the parameter values s = 5.04 x 10°, p = 0.0039, k = 1075, § = 0.0693,
p=0.00064 a =150, 3=0.2, c=0.67,¢g=44x10"", 0 =0.05, a = 0.8, oy = 0.1, 1 = 1072, g = 10~* and
a3 = 1077, By calculation, we have Ry = 0.2399 < 1 and system (2.1) has a unique free-infection equilibrium
point Fy(1.2923 x 108,0,0,0,0) which is globally asymptotically stable which means that the virus will disappear
and the patient will be completely cured. Figure 1 illustrates this result.

If we take k = 3 x 107® and we keep the values of the other parameters, we find that Ry = 7.1978 > 1 and
R; = 0.0328 < 1. Therefore, the solution of system (2.1) converges to the immune-free infection equilibrium
E1(1.2916 x 108,3.7275 x 103,2.0762 x 10°,6.1977 x 10°,0) which is globally asymptotically stable (see Fig. 2).
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F1GURE 3. Stability of the infection equilibrium with CTL immune response Fy. The concen-
tration of virions as a function of x and ¢ is shown on the left. However, the maximal value and
the minimal value of this concentration with respect to z are shown on the right.

a=0.5 a=0.6

Space, x Time, t Space, x

Time, t

Space, x Time, t Space, x

FIGURE 4. The state variable V(z,t) with different values of «.

To confirm numerically the third point of Theorem 3.2, we choose ¢ = 4.4 x 10~% and we keep the same values
of the other parameters as the second case. By calculation, we have Ry = 3.2802 > 1. Then model (2.1) has an
infection equilibrium with CTL immune response E5(1.2923 x 10%,1.1364 x 103, 6.3295 x 10°,1.9894 x 10°, 158.7)
which is globally asymptotically stable. Figure 3 demonstrates this result.
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FIGURE 5. Numerical solution and basic reproduction number of model (2.1) when k =
1075(4.1659 + sin(rx)).

Figure 4 represents the viral concentration under different values of fractional derivative order « in the case
when Ry = 0.2399 < 1. Here, we observe that the time for arriving at the steady state Ey with large fractional
derivative order value is faster than that with small fractional derivative order value.

On the other hand, Figure 5 shows the impact of the parameter & when it depends on x on the dynamical
behavior of the model (2.1). In this case, the solution of (2.1) converges to Ey even if the value of the basic
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reproduction number Ry is sometimes inferior or superior to 1. Then the basic reproduction number Ry given
by the formula (2) is unable to determine the dynamics of the model when the parameters depends on the
variable space. We will study this problem in our future work.

5. CONCLUSION

In this work, we have studied a time-fractional diffusion model for HBV infection with capsids, CTL immune
response and spatial diffusion in capsids and virus. We have shown that the global dynamics of the model
is completely determined by two threshold parameters that are the basic reproduction number Ry and the
reproduction numbers for cellular immunity R;. We have proved that the infection-free equilibrium Ej is globally
asymptotically stable when Ry < 1, which means that the virions are cleared and eventually the HBV infection
dies out. Whereas, when Ry > 1 the HBV persists in the liver and two steady states occur, the immune-free
infection equilibrium F; which is globally asymptotically stable if Ry < 1, and the infection equilibrium with
CTL immune response Fy which is globally asymptotically stable if Ry > 1.

From the above analytical and numerical results, we conclude that the diffusion and the order of fractional
derivative in sense of Caputo have no effects on the stability of the three equilibria, but it can affect the time
for arriving to these equilibria. For instance, when the order of fractional derivative increases the solutions of
the model converge rapidly to the equilibrium points (see, Fig. 4).

Acknowledgements. The authors would like to thank the editor and anonymous reviewers for their constructive comments
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