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INITIAL VALUE PROBLEM FOR FRACTIONAL VOLTERRA
INTEGRODIFFERENTIAL PSEUDO-PARABOLIC EQUATIONS

NGUYEN Duc PHUONG!, NGUYEN ANH TUAN?, DEVENDRA KUMAR?
AND NGUYEN Huy TuaNn**

Abstract. In this paper, we investigate a initial value problem for the Caputo time-fractional pseudo-
parabolic equations with fractional Laplace operator of order 0 < v < 1 and the nonlinear memory
source term. For 0 < v < 1, the problem will be considered on a bounded domain of R%. By some
Sobolev embeddings and the properties of the Mittag-Leffler function, we will give some results on the
existence and the uniqueness of mild solution for problem (1.1) below. When v = 1, we will introduce
some LP — L9 estimates, and based on them we derive the global existence of a mild solution in the
whole space RY.
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1. INTRODUCTION

In the last decades, the number of research works on derivatives of non-integer increased sharply. It has
been shown that these new types of derivatives are more adequate than the classical integer ones. Fractional
derivatives give us a potential instrument for the description of memory hereditary properties of various materials
and processes, which are neglected with the classical integer derivative. Fractional derivatives also appear in the
theory of control of dynamical systems or fractals. Naturally, the development of Fractional derivatives leads us
to the partial differential equations of fractional order. This new type of partial differential equations is being
studied more and more by many mathematicians around the world. For studies of the partial differential equation
with the fractional derivatives, we refer readers to [3-5, 14, 15, 18, 25-29]. The following is the statement of the
problem.
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For v € (0,1] ,k > 0 and T be a positive constant, various physical phenomena have led us to study the
fractional pseudo-parabolic equations with memory term of the form

D (u — kAu)(z,t) + (—A) u(x, t) = F(u) +/0 h(t —s,u(s))ds, (z,t) €D x(0,T), 1)
u(z,t) = ug(x) (z,t) € D x {0}.

Where F, h are non-linear functions and wy is initial data of the phenomena. The notation ¢D§* stands for the
Caputo time fractional derivative of order a € (0, 1), which can be defined by

cDu(t) = F(ll—a) / (t”i(i))adﬂ (1.2)

here v € H'(a,b) and T is the usual Gamma function.
For 0 < v < 1, the fractional Laplace operator (—A)¥ is as follow
v d
(A)u(z,t) = w Mdz, (1.3)
7% D (—v)| ra |z — 2|
this operator approximate the usual Laplacian as v — 1 (see [10]).

In problem (1.1), if we take o = v = 1, we have the partial differential equations which are called pseudo-
parabolic equations. There are two main reasons why we call this class of equations pseudo-parabolic equations.
First, the problems which are well-posed for the parabolic equation are also well-posed for the pseudo-parabolic
equations. Second, a solution of the parabolic equation can be approximated by a solution of this type of par-
tial differential equations. The pseudo-parabolic equations have an important role in modeling some physical
phenomena such as the unidirectional propagation of nonlinear, dispersive, long waves (see [19]), and the aggre-
gation of the population (see [23]). Our problem is formulated with the fractional operator (—A)¥, which can be
regarded as the infinitesimal generators of Lévy stable diffusion processes (see [22]). Let us list some works on
the pseudo-parabolic equations with integer order. In [30] Showalter and Ting investigated the equation above

0 0
i nAEu = kAu. (1.4)

This equation was generalized by adding the nonlinear source term of the following form

%u—kAu—nA%uzF(u). (1.5)

Some common cases for nonlinear source functions can be mentioned as F(u) = u?,p > 1 (see [7, 32]) and
the logarithmic nonlinear terms (see [11, 16]).

However, to the best of our knowledge, the pseudo-parabolic equations with fractional operators like ours have
only recently flourished. Some recent works on this topic may be listed as follows. The boundary value problems
for a third-order pseudo-parabolic equation with variable coefficients and with the Caputo fractional derivative
were studied in [6]. The author presented a priori estimates and based on them, he proved the uniqueness of
the solution of these problems and its stability of his problem.

oDfu = & (k(x, ) 2%) + 2 (n(z,6)2%) + (2, 1) 2% — g(x,t)u + f(z,t), =€ (0,1),t€ (0,T),
u(0,t) = u(l,t) = 0, tel0,7], (1.6)
u(z,0) = ug(), z € (0,1).
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For v € (0,1), in [17], the authors introduced the time-weighted energy method to overcome the weakly
dissipative property of the equation and established the global existence and time-decay rates for small-amplitude
solutions to the Cauchy problem m of the fractional pseudo-parabolic equation on the whole space R%, d > 1.

We can consider the problem (1.1) to be a generalization of the classical pseudo-parabolic equations. Further-
more, in our model, you will see the presence of fot h(t—z,u(z)), which can be called the memory term. Although
this memory term only makes the calculation techniques a little harder, in terms of practical significance, it
has a lot of value in application. For example, in [1], the authors considered memory effects on the dynamics of
non-Newtonian fluids and viscoelastic models for the dynamics of turbulence statistics in Newtonian fluids. The
comparison of the influence of internal motion and memory effect on energy dissipation was studied by Jaime
E. Muifioz Rivera and Luci Harue Fatori in [24].

The above works about this topic are our motivation to study the problem (1.1). Our main goal consists of
two parts.

e Part 1: We will prove the global well-posed results for problem (1.1) on a bounded domain D C R¢.

e Part 2: By using the LP — L7 estimate technique, the global existence and uniqueness of mild solution for
problem (1.1) on the whole space R? will be given.

The outline of this paper is as follows. In Section 2, we introduce some important vector spaces, some
properties of the Mittag-Leffler function, and the definition for the mild solutions of (1.1) is also given. In
Section 3, we consider the global results for problem (1.1) when D C R is a bounded domain with smooth
boundary and the source terms are globally Lipschitz in the senses of L?(D). Finally, in the last section, when
the domain D = R?, the global well-posed result will be given for problem (1.1) by using LP — L7 estimates
method.

2. PRELIMINARY MATERIAL

Sometime in our work, we use the notation C to dedicate a positive constant independent of u, x, t.

2.1. Basic settings

(see [31]) We first consider the spectral problem for the negative Laplacian on a bounded domain D C RY
as follows

Ae;(z) = pei(x), x €D,
{ i(z) =0, x € 0D, 21)

where 0 < p; < pg < p3 <--- < p;--- /oo and the eigenfunctions’s set {e;};en constitutes an orthonormal
basis of L?(D).

We denote the norm on the Banach space X by || - ||x. For 1 < p < oo, the notation LP(0,T; X) presents the
Banach space of measurable functions v : (0,7) — X, equipped with the norm

T P
[oll e o,75x) = (/ IIU(t)IIth> , for1<p<oo, (2.2)
0
and
[v]| Lo 0,7,y = esssup [[v(t)]|x- (2.3)
te(0,T)

Throughout of this work, we set Zg = LP(R%) N L(R?). The norm of a function v in Zy will be formulated as

[ollzo = llvllr@ay + V]| La@e)- (2.4)
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Let D C R? and k be a fixed number in (0,1). For any p € [1,00), we can define the fractional Sobolev-type
spaces WHP (D) by (see [10])

Wkr(D) = {v € LP(D)

o) =2 Wl ¢ 1 « D)}

lz —yl »

the corresponding norm on W*?(D) is

1
v(z i
lvllwr.e () = (/ |U|pdx+/ |(d+(pk)|dxdy> . (2.5)
P D |z —yl

For 0 < m < o0, the space of all m time derivative continuous functions will be denoted by C™ ([0, T]; X). This
space is a Banach space with respect to the following norm

m
[vllem oz = Y, sup [0 (#)]|x < 0. (2.6)
i—1 t€0,T]

For any v > 0, we define the Hilbert scale space

" (D) = { € LAD) : o) = D2 (0, e ())* < oo} ,

and the Hilbert space H~¥(D) with the norm

[v][3-v (D) = (ZPQV : )>i> ; (2.7)

which is the duality space of H" (D). The notation (-,-), denotes the dual inner product between %~ (D) and
‘H¥ (D). We note that

(u,v), = (u,v), foru € L*(D),v € H"(D). (2.8)

2.2. Mittag-Leffler function

To present the formula of the mild solution to problem (1.1), we need some important properties of the
Mittag-Leffler function. First, let us introduce the definition of this function. Let a@ > 0, and 8 € R are arbitrary
constants, I' is the usual Gamma function. The Mittag-Leffler function can be defined by (see [13])

;FaHﬂ zeC. (2.9)

Lemma 2.1. (see [13]) For 0 < aq < az <1 and o € [oq, an], there exist the positive constants me and M,,
depending only on a such that

(i) Eqi1(—2) >0, forz>0,

(ii) o < Eqp(—2) < =, for BER, 2> 0
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Definition 2.2. Let z be a complex number. We define the Wright function as

Wal(z) ::;n!F(l—(Za(n+1)))’ 0<a<l. (2.10)

Proposition 2.3. (see [21]) Let 0 < oo < 1. Then, the following properties hold
(i) for z >0, we have Wy (z) > 0,

(ii) for 6> —1, we have [° 29Wq(2)dz = FF(E;‘LTI)).

Lemma 2.4. Let M be the infinitesimal generator of an analytic semigroup {e’Mt}tZO. The following equalities
hold

Eo (./\/lta):/ W (r)e= M dr (2.11)
0
and
Eo.0 (Mt%) :/ arWe (r)e= M dr. (2.12)
0

2.3. The mild solution formula

Definition 2.5. A function w is called the mild solution of problem (1.1) if u belongs to C'([0, T]; LP(D)), p > 1
and satisfies the following integral equation

u(t) = Eoq [(—A)" (kA = 1) '] uo

+ (I —kA)™! /Ot(t —m)* ' B o [(=A) (kA = )7t —m)* '] F(u(m))dm (2.13)

+ (I —kA)! /O /Om(t —m)* ' Ea o [(-A) (kA = 1) (t —m)* ] h(t — s, u(s))dsdm.

Remark 2.6. In view of the above definition and the expansion v(z) = Y .o, (v, ;) €;(x), on a bounded domain
of R?, the operator E, g [(—A)” (kA — I)7't*] can be expressed as

| FXe}
it

Ea,ﬂ [(—A)V(]{?A _ I)—lta] U(.’E) = ZEQ,,B (1_‘fk,01

) (v,e;) e;(x). (2.14)

Remark 2.7. If ug(z) is positive all everywhere on D and the continuous function F,h are nonnegative, then
mild solution of problem (1.1) is positive.

Remark 2.8. In [20], we see that M = —A(I — kA)~! is the infinitesimal generator of an analytic semigroup

{e=M},50. This remark will be needed in the last section of this paper.

2.4. The globally Lipschitz functions

In the rest of our work, we consider the assumptions below for the source functions F, h
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Function F maps L?(D) into L7(D) with o > 1 and satisfies

{M@ﬁ—ﬂwhmmSCﬂm—whm» 215)

F(0) =0,
here, C'r is positive constants independent of vy, vs.

Function i maps RT x L7 (D) into RT x L7(D) with ¢ > 1 and satisfies

{||h(t,u1) — h(t,v2)|| Lo (D) < Cr®(t)|lv1 — vallLo (D), (2.16)

h(t,0) =0, Vt > 0,
here, C}, is positive constant independent of vy, vy and ® satisfies
D) <t?, t>0, e(0,1). (2.17)

3. GLOBAL RESULT WITH BOUNDED DOMAIN
3.1. Theory result

Throughout this section, we study the existence and the uniqueness for the mild solution of problem (1.1)
under the assumption that D C R? is a bounded domain with smooth boundary dD and the Dirichlet boundary
condition

u(z,t) = 0,(x,t) € 0D x (0,T) (3.1)
is satisfied. In addition, we suppose that the source terms F h satisfy (2.15) and (2.16) with o = 2, respectively.

For optimizing our results, we consider a weighted space denoted by Cjs, (I; X), which is the space of all
functions v € C(I; X) such that

lolles,.x) = sup e o, Dllx < oo. (3.2)
€

We first introduce some useful lemmas before presenting the main results of this section.

Lemma 3.1. (see [2, 12])Let D CR%, 0 <m < k < 00, < p < 0o. Suppose that (k —m)p < d. Then, we have

o WHEP(D) s W™4(D), for 1<q< - —=2

T=—m)p

o HY(D)— W2 for v>0,

o LP(RY) — H¥(D), for fg <v<0, p> %,
o HY(D) — LP(RY), for 0<v<g, p< 24

Lemma 3.2. (see [9]) Let a,b > —1 such that a +b > —1. Then, for § > 0 and ¢t € [0,T], we have

1
lim ( sup té/o z%(1 z)be“t(lz)dz> =0. (3.3)

H=00 \ te[0,T)
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Theorem 3.3. Let a,6 € (0,1) ,v € (0,1], and ug € H"(D). Assume that F,h satisfy (2.15) and (2.16),
respectively and §—|—max{1 —a,B} < 1 Then, for0 <k <v, 1<p< d+27

problem (1.1) has a unique mild solution u € Cs ,,([0,T]; W*P(D)) for some p > 0.

)

Proof. We begin the proof by defining the operator J from Cs ([0, T]; W*P?(D)) to Cs,,([0,T]; W*P(D)) by
Jo(t) = Ean [(—A)" (kA — 1) '] ug
+ (I —kA)! /0 (t =m)* ' Eao [(=A) (kA = 1) t — m)* '] F(v(m))dm
+ (I —kA)™! / (t =m)* ' Eao [(-A) (kA = 1)t —m)*1] /m h(t — s,v(s))dsdm
0 0
=:Jo + Jr(v) + Jp(v). (3.4)

Our main idea is to apply the Banach principle argument to show that J has a unique fixed point on
Cs,,([0,T); WHP(D)). Firstly, for ug € (D), thanks to Lemma 2.1, we find that

_ Y _ 2 - pit* v
tgée 2ut HEQJ [(—A) (k‘A — I) 1ta] UOHHV(D) = TZ(S Z:ZI <UO, ei)2 Ea,l (— 1+ k/_h) p?

2
2 2v
< Tzaz (1 e ) (ug, ;) p3 (3.5)
1+kp;
oo
2 Z Ug, ez Y < 0.
i=1
By using Lemma 3.1 with the conditions kK <vand 1 <p < m, we have
HY (D) — W"2(D) — W*P(D). (3.6)
From the two results above, we obtain
||Ea,1 [(_A)V(kA - I)ilta] uOHCé’u([O}T];WN,p(’D)) < TJMaHuO”H”(D)' (3'7)

It follows immediately from the property of the solution representation operator and the above result that
Jo € Cs,,([0,T); W*P(D)). Now, we will show that J is a contraction mapping on Cs ,([0,T]; W*P(D)). Let
v1,v2 belong to Cs ([0, T]; WP (D)), we derive two important estimates as follows.

Estimate 1. Parseval’s identity gives us

|Jr(vi(t)) — Jr(v2(t))|[3 (D)

1
2

< [(t-me (i (72) m (2O <F<m<m)>—F<v2<m>>,ei>2> am. (39)

Using Lemma 2.1, we obtain

101(0) = a0 oy < 52 [ (6= )= Pl 0m) = Ploam)se oy
0
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< M(ZOD/O (t —m)* | F(vi(m)) = F(va(m))]| 22 (pydm

CrM.C, [* o
FT/O (t —m)*"|vs (m) — va(m)| r2(pydm,

(3.9)

here, we have used the fact that v € (0,1). We also notice that the Sobolev embedding W, ,(D) < L?(D) holds

for k > 2‘12;@. It gives us the following result
p

e M| T (vi(t) — Jr(v2(t)) |l ()

CrM,C, k 1 -5 —

< ey p (t6/0 (t —m)*tm P r m)dm) [v1 = v2llos (0,7 Wer (D))
CrM,C, ! 1 -6 — (1

_Lr . (ta/o (l_m)a Ly =0 e—nt(1 m)dm) Hvl_v2||cé)u([01T];Ww(D))_

FEstimate 2. Similarly, we have

e M| Ty (v1) — In(v2)ll9 (D)

ChM,Cy [ 5 [*(t—m)! s [T (m—s)7F
=0k {t /o moent—m \"" /0 entm—y 48 | dm | o1 = valles . orswer o)
P

ChM,C, [, [F (1 —m)>? s [f (=578
— ZhiPay {t / A —m)*= (ml ﬁ/ ()d3> dm} o1 = v2lcs . (f0.7:W e (D)) -
0 0

C;lk. mdent(1—m) gdemns(l—s)

Applying Lemma 3.2, we get the following limits

1
lim (to‘/ (1 —m)o‘_lm_‘se_“t(l_m)dm) =0,
0

=00

1
lim tlfﬁ/ (1 —m)5m5e“t(1m)dm> =0.
=00 0

Combining the above results, we can find a sufficiently large u such that

[Tv1 = Tv2lles,.(o.mwee ) < Lllve —v2llc;s, (0.11:wr (D))

(3.10)

(3.11)

(3.12)

(3.13)

where £ is a positive constant which is less than 1. It’s not difficult to check that 7 is continous on [0, 7] and
Cs,, ([0, T]; W*P(D)) is a complete metric space. Then, J is an invariant contraction on Cs ([0, T]; W*P(D)).

Hence, we can conclude that problem (1.1) has a unique mild solution in Cs ,([0, T]; W*P(D)).

3.2. Application

We apply our theory result to the following initial value problem

t
oDy (u — kAu) = Au+ Ayu + / Ao(t = 2) " Pu(z)dz, i Bx(0,T),
0
— in 9B x (0,T),
w—0 in B x{0},

O
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here d = 3, B = B(0, Z) is a three-dimension open ball centered at the origin with radius Z > 0, and A\, Ao
are positive constants. It’s obvious that F(u) = A\ju and h(t,u) = Aot~ %%y satisfy (2.15) and (2.16), respec-
tively. Then, Theorem 3.3 implies the unique existence of the mild solution of this problem in the space
Co,45,u0 ([0,T]); H'(B)), for some large positive .

4. GLOBAL EXISTENCE AND UNIQUENESS RESULT BY LP — L? ESTIMATES
4.1. Theory result

In this section, problem (1.1) will be considered in the case v = 1, and the domain D is identified with the
whole space R?. The source terms F, h satisfy (2.15) and (2.16), respectively. For purpose of proving the global
existence for the mild solution of the problem (1.1), we introduce the following important lemma.

Lemma 4.1. (see [8]) Let 1 < p < q and assume that v € Zy. Then, there exist a constant C > 0 such that

— =~ 1_1
le™ o < C [+ 06wl + e Wl agee | (4.1)

(I —kA)™ < Cllwl paray- (4.2)

wHLq (R4)

Theorem 4.2. Let 1 < p < q such that

SR
SRR
Ul

and

Ml@—w<5<max{a+ad@—®,1_ﬁ}_
2pq 2pq

Assume that ug € Zy and F, h satisfy (2.15), (2.16), respectively. Then, for any T € (0,00), problem (1.1) has
a unique mald solution in Cs ,,((0,T); Zy).

Proof. Before working on the main idea, we state some useful estimates. First, it’s easily seen that the inequality
e " < ¢er~€ holds for any r > 0 with some e € (0,1). This fact and Lemma 4.1 lead us to the following

fi

dr
La(R4

H —Mrt® ‘

a(r) )
/ 1 + )53 uo | 1o rey + e‘rtalluollmmdﬂ dr

<% %)||u0|\Lp(Rd)/ Wal %(%—%)dr+5c€t*a€||u0||Lq(Rd)/ Wa (r)r—<dr
0

CF( g( )) d(1_1 écF(l—e)
t%G uoll ey + eyt ol ey (43)
F(l—i—%d(——f)) T T - ae) &
By choosing € = % ]% — %) € (0,1), the latter inequality becomes

dr<5r(1+é(l_%))t%
s T ()

1_ 1
G=3) (luoll 1o ey + celltol o)

o0 «@
/ Wa () He_M” uo‘
0
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d

ad(1__ 1
< 0t % G5 (Jluol| o ggay + ol poeay) - (4.4)

Thanks to Lemma 2.4 and the above, we obtain

A

| Ba [AU = k1)~ w0, Rd)_/ o) e g

ad(1_ 1
<Ctz (i-%) (H'U'OHLP(Rd) + ||u0||Lq(Rd)) . (4.5)

La(R4)

In Lemma 4.1, if we take p = ¢, the following holds
| Ban [A(I — EA)~ 1] uOHLP(Rd) < 5/ Wal(7) {HUOHLP(Rd) + €7Tta||uo||Lp(Rd)} dr
0
< 26||u0||LP(Rd)/ We(r)dr = 26”“0”L7’(Rd)a (4.6)
0

here we notice that e="*" < 1. Next, for a function w € Zy, by the same method as the above estimates, we find

that
/ arWe(r) He‘M”aw‘
0 La (Rd)

~ ad (1 1 o0 1 d(1 1 ~ o0 1
< Cat7(57;)||w”LP(Rd)/ Wa(r)r +5(i-3)dr + Cceat_a€||w||Lq(Rd)/ We (r)r—cdr
0

Cal’ ( (

ad(1-1) CcEaI‘(Q—e) e
)tQ T p Hw||Lp(Rd)+mt llwl] La(ray

1_ 1
)max{l et E G (Jwll o + 0] o)) - (4.7)

It follows immediately that

o0
—1.a —Mrt®
| Eaa [A( — kA) 't }wHLq(Rd) §/0 arWy(r) He w’ Do) dr
ad(1_1)
< ¥ G8) (Jul ooy + ol ogae) (43)
Similar arguments can be applied to the LP(R%) norm of w. Then, we get
B [AU = BA) 4] ]| gy < C’a/ PWalr) [Ilwllocaa) + € 1wl o ey | dr (4.9)
0

~ o ~ I'2
< 20a||w||Lp(Rd)/0 T We (r)dr = QCaI‘(l(Jr)a)HwHLp(Rd).

We are now in a position to present the main point of this proof. To this end, we define a mapping £ from
Cs,u((0,TT; Zo) into Cs,,((0, TT; Zo) by

fl)(t) = Ea71 [A(I — k‘A)iltO‘] Ug



INITIAL VALUE PROBLEM FOR FRACTIONAL VOLTERRA INTEGRODIFFERENTIAL PSEUDO-PARABOLIC EQUATIONS 11
t
-+U—kAy4/(pwmw4EM4Au—kAy4a—mw—ﬂF@@wmm (4.10)
0
t m
+ (I —kA)™! / (t—m)* 'Eg o [AJ — kA) Tt —m)* ] / h(t — s,v(s))dsdm.
0 0

From (4.5), (4.6) and the assumption that ug € Zy, we have

téeiﬂt HEavl [A(I — kA)ilta} UQHZO

< e (ot #7320 Juoll o oy + Coe™ 47 %G8 o o

< (Cor™* #G73) 4 20T°) Jluo | oty + CoT** % 55 | oy (4.11)
the last inequality can be obtained by using the conditions § >
conclude that Eq 1 [A(L — kA) 1] ug € C5,,((0,T; Zo).

Next, we have to show that %" is a contraction mapping on Cs ,((0,T]; Zy). Indeed, let v1,ve € Cs,,((0,T); Zy),
combining (4.8), (4.9), and Lemma 4.1 yields that

%qp) and g > 0. From this result, we can

A(I — kA)~!

R e

] [F(01(m)) — F(va(m))] dm

Zo

! a—1 A(I — kA)il -1
< /0 (t—m) By {(t—m)l—“] (I = kA)" [F(vi(m)) — F(v2(m))] ” dm
< [ (=m0 = R (01 () = Fwa ()] gy
4 c/ G |( = kA) T [F(01(m) — F(va(m))]||, dm.
—C(L + I). (4.12)

Thanks to Lemma 4.1 and the condition (2.15), we can estimate Iy, I as

¢
e < C'CFt5/ e HE=m) (f )iy, o (m‘Se*“m lvy (m) — vg(m)HLp(Rd)) dm
0

t
< CCp (té/o e—u(t—m)(t _ m)a—lm—5dm> lvg — UQ”C(s,M((O,T];Zg) . (4.13)

Analogously, the following holds

i
tée_utlg < CCF (té/ e—M(t—’m) (t _ m) [1+ (% ;)]_1m_5dm> ||1}1 — ’()2”0(S L ((0,T1;Z0) - (414)
0 , A

From the two above estimates, we obtain

H(I — kA /Ot(t —m)* ' Baq [W} (@ (m) = Flea(m)] dm 5. ((0,T:20)

< C1Qi(p) + Qa(w)] [[vr — U2||C(;,#((O,T];ZO) ) (4.15)
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where we set

By using (2.16) and the same arguments as the above, yields that

I kA A(IikA)il h(m — s,v1(m)) — h(m — s,va(m))| dsdm
B [ S o — s v1(m) — o — 5, o) o

<c [Q?)(M) + Q4(/‘)} v — U2HC5,,I,((O,T];ZO) ) (4.16)

where we set

t m
s(p) == t‘s/ m e HE=m) (f )t (mé/ (m— s)_’Bs_‘se_“(m_s)ds> dm,
0

0

t m
1) = t5/ im0 e—H(t—m) (t — m)&[l«k%(éf%)]fl (mé/ (m — S)—Bs—ée—u(m_s)ds) dm.
0 0

On account of (4.15) and (4.16), we have

4
1 01 = Hval e, o200 S C | D2 | lor = v2lle, 011,20 - (4.17)
j=1

It follows from the conditions of p, ¢, § we have established that

d(1 1 d 1

a+a<>>0, —>-1, d+a +a(>>0, —+a>0, d+8<1
q p 2 \q¢ p

By applying Lemma 3.2, the following limits hold

¢
e lim (sup t‘s/ m‘se“(tm)(t—m)ﬁdm)
p=oo \o<¢<T  Jo

1
= lim ( sup tl_ﬁ/ m_‘se_“t(l_m)(l—m)_ﬁdm) =0,
0

H—=00 \ 0<t<T

e lim ( sup t5/ m O HEmm) (4 )a_ldm)

B> 00 0<t<T

= lim ( sup ta/ m O~ rtA=m) (] )O‘ldm> =0,

H=00 \ 0<t<T

.1m(mﬁ/m6tm( ﬂumw@

w00 \ 0<t<T

= lim ( sup eli+e(G-3)] / m_‘se_”t(l_m)(l—m)a[Hg(}z;)]1dm) =0.
0

H—=00 \ 0<t<T
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Hence, we can find a positive number p* that is large enough to ensure the existence of a constant £ < 1 such
that

||«%/’U1 - %/UQHC(;,M((O,T];ZO) S L ||U1 — ’UQHC,;,H((O,T];ZO) . (418)

Which proves that J# is a contraction mapping on Cs,((0,77]; Zy). We complete the proof by using Banach
fixed point theorem to conclude that problem (1.1) has a unique mild solution u in Cj,,((0,T]; Zo). O

4.2. Application

In view of the theory result, we consider the following initial value problem

t
oD} (u— kAu) = Au+ Au+ F(llﬁ)/ e 0t — 2)" V2 (2)dz, in R*x (0,T),
- 0
u=A>0 in R* x {0}.

By choosing § = 0,3 and a sufficiently large 1 = pp, Theorem 4.2 can be applied to ensure the existence and
uniqueness of the mild solution in the space Cs/10,,, ((0,T]; L°(R*) N L2°(RY)).

5. CONCLUSION

In this study, we derive the global existence and uniqueness for the mild solution of the initial value problem
associated with the time-fractional pseudo-parabolic equations with globally Lipschitz source terms. In general,
we provide the theory results and examples for problem (1.1) on RY as well as a smooth bounded domain D of
RY.
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