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EFFECT OF CHARGE MODULATION ON THE
ELECTROCONVECTIVE FLOW OF A LOW CONDUCTING LIQUID

Oleg O. Nekrasov and Boris L. Smorodin*
Abstract. Nonlinear evolution of the electroconvective flow patterns is analysed in a horizontal low
conductive fluid layer under heating from above and under modulated charge injection. To examine
the complex evolution of the system, numerical simulations are carried out using a finite difference
method. The influence of amplitude and frequency modulation on the oscillatory electroconvection is
studied. Traveling waves with modulated amplitudes and phase velocities and synchronously modulated
patterns are found as stable solutions.
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1. Introduction
The behaviour of low conducting media (isotropic liquids or liquid crystals) in an electric field is of great
interest to researchers due to the wide variety of nonlinear patterns observed in them [4, 5]. The complexity of
patterns is associated with various processes of charge generation and charge propagation in these media. In
the case of charge injection a free charge is generated at the interface between the liquid and the electrode as a
result of electrochemical redox reactions [23].
−
M + (X + Y − ) → M (e) + (XY − ) → Yfree
,

(1.1)

−
where M is the metal of the electrode giving away the electron e to the ion pair (X + Y − ). The ion Yfree
is the
injected charge, and the electrical conduction associated with this reaction is called the injection conduction.
The reaction (1.1) is a classical example of unipolar injection (negative ions are formed at the cathode).
The existence of electroconvective flows in a plane capacitor filled with a low conducting liquid under of charge
injection can be explained as follows. A negative charge appeared in a narrow near-cathode layer propagates to
the bulk of the liquid under the action of the Coulomb forces. Moving in the capacitor gap charges may drag out
the liquid, which leads to the instability and onset of an electroconvective flow. An analysis [8, 19] has shown
that a steady electroconvection appears in the liquid as a result of backward bifurcation: two stable regimes
(the conductive and the electroconvective) and a hysteresis transitions between them exist in a certain range of
the control parameter.
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The heating of the capacitor from above leads to growth of oscillatory disturbances [14, 18]. Stable traveling
and modulated waves are found in this case [11, 18].
The instabilities and the nonlinear dynamics of convective systems can be strongly modified by external
modulated driving forces, which can be used to control the fluid dynamics and pattern formations in various
technological applications. The influence of modulated gravitational accelerations on the onset of RayleighBenard convection for the single component liquid was analysed in [6, 7]. It was shown that high-frequency
vibrations, the period of which is much less than the characteristic times of the problem, can increase the
stability of the quiescent state, while finite frequency vibrations can destabilize the quiescent state by a resonance
phenomena. The effect of the temperature modulation on the convective threshold in a horizontal layer of a
homogeneous fluid was investigated in [20, 22]. The influence of temporal modulation in driving forces on pattern
formation and nonlinear dynamics in pure liquids was investigated experimentally [1], and theoretically [2]. A
Lorenz-like model of the hydrodynamic equations was used in these investigations.
The convection of a pure fluid under a modulated driving force can be related to two types of response: for
a subharmonic response the oscillation period of the convective patterns is two times as large as the period
of the external modulation; for a synchronous response the period of the latter coincides with the modulation
period [6].
A more interesting situation appears in the case when in the absence of modulation oscillatory convection
occurs.. Convection in binary mixtures [3] and non-uniform magnetic fluids [16], in systems with interfacial surfaces [12, 13], and electroconvection of nonisothermal liquid [10, 11, 14, 18] are an incomplete list of problems
that manifest such behaviour. Moreover, several nonlinear modes that differ in their properties, such as the
intensity of heat and mass transfer, usually coexist. A modulated driving force can be used to switch between
convection modes to control transport processes in similar systems. In addition, under the influence of modulation, convective modes are transformed and new ones are observed. For example, quasi-periodic type of response
appears. Quasiperiodic oscillations have two different characteristic frequencies which are not rationally related.
In long convective cells or rings, quasi-periodic oscillations may correspond to modulated standing or traveling
waves. Moreover, both amplitude and phase modulation are possible for traveling waves [17].
The purpose of the present paper is to describe the results of numerical simulations of electroconvection
patterns in a low conducting liquid driven by both the steady temperature gradient and the charge modulation.

2. Governing equations
We consider a horizontal capacitor of thickness d filled with a low conductive viscous liquid placed in the
gravitational field g. The liquid has the following properties: density ρ0 , kinematic viscosity ν̃, thermal diffusivity
χ, permittivity ε. We assume that all transfer coefficients and charge mobility K are constants. The potential
difference V0 and temperature difference Θ are applied to the plates of the capacitor. The temperature gradient
is opposite to the direction of the gravitational field. Mathematically, this problem is equivalent to the problem
of a horizontal layer bounded by rigid, perfectly heat- and electric-conducting boundaries located at z = 0 and
z = d. Negative charges are injected at the lower boundary (cathode). We use the system of coordinates with
the x axis directed along the lower plate of the capacitor and the z axis perpendicular to the layer (Fig. 1). We
use the following equation of state for an inhomogeneously heated liquid
ρ = ρ0 (1 − βθ),
where the thermal expansion coefficient β =

1
ρ0



∂ρ
∂θ

(2.1)


> 0, θ is deviation of temperature from its average

value θ.
The electroconvection of a nonisothermal incompressible liquid placed into the gravitational and electric fields
[9, 11, 19] is described in the Boussinesq approximation by the set of equations which includes the Navier-Stokes
equation, the heat conductivity equation, the charge conservation law, the continuity equation and the Poisson
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Figure 1. Problem geometry and coordinate system.
equation:
∂~v
1
+ (~v · ∇)~v = − ∇p + ν̃∆~v + gβθ~e − q∇Φ,
∂t
ρ0
∂θ
+ (~v · ∇)θ = χ∆θ,
∂t
∂q
+ (~v · ∇)q = K(q 2 − ∇Φ · ∇q),
∂t
div ~v = 0,
q
= −∆Φ,
ε0 ε

(2.2)
(2.3)
(2.4)
(2.5)
(2.6)

here ~v , p, θ – velocity, pressure and temperature, q is charge density, Φ is electrical potential, ~e = (0, 0, 1) –
unit vector, ε0 - electric constant.
The external forces acting on the unit volume of the liquid include i) the electric (Coulomb) force that
characterizes the action of the electric field on the charge of the medium and ii) the buoyancy force. The charge
flux includes mobility of the charge in the electric field and the convective transfer.
We consider the case when the injection at the cathode is proportional to the electric field strength
z = 0 : q = a(t)E (E is electric field strength, and the modulation a(t) = a(1 + α sin(2πf t)) with amplitude
α and frequency f is provided by oscillation of the potential on an ion-selective membrane [15] (or a grid
electrode) near the cathode.
We apply the following scales: length [x] = d, time [t] = d2 /ν̃, velocity [v] = ν̃/d, temperature [θ] = Θ,
potential difference [Φ] = V0 , charge density [q] = ε0 εV0 /d2 and [p] = ρ0 ν̃ 2 /d2 .
∂~v
Ra
T2
+ (~v · ∇)~v = −∇p + ∆~v +
θ~e − 2 q∇Φ,
∂t
Pr
M
∂θ
1
+ (~v · ∇)θ =
∆θ,
∂t
Pr
∂q
T
+ (~v · ∇)q = 2 (q 2 − ∇Φ · ∇q),
∂t
M
div ~v = 0,

(2.10)

∆Φ = −q.

(2.11)

(2.7)
(2.8)
(2.9)

In the case of impenetrable rigid and perfectly heat- and electroconducting boundaries of the layer, we have
the following boundary conditions:
z = 0 : ~v = 0, θ = 1, Φ = 0, q = A(1 + α sin 2πνt)E,
z = 1 : ~v = 0, θ = 0, Φ = 1.

(2.12)
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In addition to hydrodynamic dimensionless parameters, such as the Rayleigh number Ra = gβΘd3 /ν̃χ and the
Prandtl number Pr = ν̃/χ, system of equations (2.11) and boundary conditions (2.12) contain dimensionless
electric parameter T = ε0 εV0 ρ0 /Kν, dimensionless frequency of modulation ν = f d2 /ν̃. A = ad/ε0 ε and M =
p
ε0 ε/K 2 ρ0 characterize the intensity of charge injection and the mobility of injected charges respectively.
Depending on the type of the medium and charge carriers, parameter M can vary over wide range 4 < M < 120
[8].

3. Solution method and diagnostic tool
To analyse two-dimensional nonlinear electroconvective flows of the low conducting liquid, we used the method
of solution, in which velocity components are replaced with two scalar functions (fields) to exclude pressure. For
this purpose, we introduce the stream function field ψ and the vorticity field ϕ, which are velocity related as:
vx = −

∂ψ
∂ψ
, vz =
, ϕ = (rot~v )y ,
∂z
∂x

(3.1)

In the case of weak injection (A  1), the nonlinear problem can be solved in the non-inductive approximation,
in which the electric field in the layer is independent of the redistribution of charges due to convective motion
[11, 21]. In case of the steady injection a comparison of the results of solving the problem in the complete
formulation and in the non-inductive approximation has shown that the results differ by less than 1 % [11].
∂ϕ ∂ϕ ∂ψ ∂ϕ ∂ψ
T2
Ra ∂θ
∂q
−
+
= ∆ϕ − 2 Ez
−
,
∂t
∂x ∂z
∂z ∂x
M
∂x
Pr ∂x
∂θ
∂θ ∂ψ
∂θ ∂ψ
1
−
+
=
∆θ,
∂t
∂x ∂z
∂z ∂x
Pr
∂q ∂ψ
∂q ∂ψ
T
∂q
∂q
−
+
= 2 (q 2 + Ez ),
∂t
∂x ∂z
∂z ∂x
M
∂z
ϕ = −∆ψ,

(3.2)
(3.3)
(3.4)
(3.5)

1/2

Ez = −

3A(1 + 2Az)
.
1 − (1 + 2A)1/2

(3.6)

Here Ez is electric field strength in the absence of modulation and convective flows. The conditions imposed
on the horizontal boundaries describe the absence of slip along them, fixed temperature and potential and
modulated charge on the cathode:
∂ψ
= 0, θ = 1, q = −A(1 + α sin (2πνt))Ez ,
∂z
∂ψ
z = 1 : ψ = 0,
= 0, θ = 0.
∂z
z = 0 : ψ = 0,

(3.7)
(3.8)

Periodic boundary conditions, f (x, z, t) = f (x + λ, z, t), imposed on the lateral sides of a convection cell, are
assigned to all variable fields f = (ψ, ϕ, θ, q) with λ = 2.
To solve the system of equations (3.2)–(3.8) the finite-difference method is applied. The vorticity equation
(3.2) is solved using the explicit algorithm. Switching between the algorithm with central differences and the
algorithm with upwind scheme is performed depending on the stability criterion. The Poisson equation (3.5)
that connects the stream function with the vorticity is solved by means of an iterative method of successive
over-relaxation at each time step. To find the solutions to the charge and heat-transfer equations, we use the
explicit algorithm with upwind scheme. All calculations are executed on a grid of 41x21 nodes. A further mesh
refinement did not provide a significant improvement in the evaluation of solution characteristics.
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The numerical algorithm used in our investigation was tested in the case of steady electroconvection of
isothermal liquid [21] (A = 0.25, M = 14.14, Pr = 10 and L = 2). As expected, the steady electroconvection
appears as result of backward bifurcation at T1 = 6280. Two stable solutions (steady convection and mechanical
equilibrium) coexist in the range T2 < T < T1 . The steady convection disappears and a transition to equilibrium
take placein T2 = 1780. Our results are in good agreement with the results obtained in [21] T1 = 6200 and
T2 = 1800.
To monitor the electroconvective flows, the following characteristics are analysed:
(1) the maximum anf minimum values of the stream function in the in the x − z plane
ψmax (t) = max ψ(x, z, t),
x,z

ψmin (t) = min ψ(x, z, t),
x,z

(3.9)

(2) the value of the stream function in the reference point x0 , z0 of the convection cell
ψloc (t) = ψ(x0 = λ/4, z0 = 1/2, t),

(3.10)

(3) the lateral phase velocity vph , which is measured by the time derivative of xψ , where xψ – maximum
locations of ψ(x, z = 1/2, t) at the midheight of the liquid layer z = 1/2:
vph =

dxψ
.
dt

(3.11)

To elucidate more detailed information on the electroconvective flows and the spatiotemporal complexity of the
liquid behaviour we have also studied lateral Fourier decompositions,
"
f˜(x, t) = f˜0 (t) + Re

∞
X
ˆ
f˜n (t)e−inkx

#
(3.12)

n=1

of the stream function, charge, and temperature fields at midheight position, z = 1/2. The behavior there is
largely representative for all other z.
The oscillatory electroconvection is characterised by the stream function, the temperature, the charge oscillation at a fixed point of the convective cell. The frequency characteristic of oscillations can be obtained by
means of the temporal Fourier analysis of the stream function at a fixed point ψloc (t).

4. Steady injection
Let us consider the nonlinear evolution of elctroconvective patterns in a low conductive liquid layer heated
from above. In calculations, we employed the following parameters: Pr = 10, M = 14.14 [8, 11, 14], Ra = −2500
and A = 0.25 which are correspond to the case of oscillatory instability.
The electroconvection of a low conducting liquid arises as a forward Hopf bifurcation at the electric parameter
T > T = 6778 (Fig. 2, a) and the traveling wave (TW) is formed as a result of a transient process. The snapshots
of the stream function and the charge at T = 6800 in the TW solution are shown in Figure 2b and c. A small
flow intensity only slightly distorts the charge contour lines. Deviations of the charge from its equilibrium value
are well described by the first spatial harmonic. Although the right and left directions of the wave propagation
are equally possible, but in our consideration traveling wave moves from right to left. The value of the stream
function at a fixed point ψloc oscillates with the fundamental frequency ν0 = 1.4. This value of the dimensionless
frequency ν0 corresponds to the modulation frequency f = 2.1 hz in the case of ethanol with kinematic viscosity
1.5 × 10−6 m2 /c in a capacitor with a distance between the plates of 1 mm.
In the interval 6816 < T < 6821, traveling waves lose their stability (Fig. 2a) and the regime of modulated
standing waves (MSWs) is formed in the layer, which are characterized by the amplitude modulation in the
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Figure 2. Steady (non-modulated) injection. (a) The bifurcation map of laterally extended
electroconvective states in a low conductive liquid as functions of the electrical parameter T ;
(b) the structure of the stream function and the charge in the traveling wave regime (TW,
T = 6800). Parameters are Pr = 10, M = 14.14, Ra = −2500.

interval [ψmax 1 , ψmax 2 ]. The lateral motion of the liquid as a whole along the x axis is absent. Note that the
intensity of convective motion in the regimes of modulated standing (MSW) or traveling waves (TW) is relatively
weak ψmax < 1.4 (Fig. 2).
A further increase in parameter T, the intensity of the electroconvective flow sharply increases, and the
system transfers to the regime of steady overturning convection (SOC in Fig. 2, the transition is marked with
an up arrow), in which maximal value of the stream function ψmax = 26 is much greater than in the traveling
wave mode. This solution is not shown in the bifurcation map.

5. Modulated injection
The nonlinear response of an electroconvective system depends on the amplitude and frequency of charge
modulation at the cathode. Let’s consider the stable solutions at different frequencies. At a modulation frequency
ν that is not a multiple of the fundamental frequency ν0 , the modulated traveling wave is observed. The behaviour
of the various flow characteristics: ψloc , ψmax , ψmin , versus time and Fourier-spectra, at the modulation amplitude
α = 0.05 are shown Figure 3. Generally, the oscillations of the stream function at a fixed point are quasi-periodic.
The Fourier spectrum of this oscillation shown in Figure 3 b contains few contributions. They are located at
the combinations of the fundamental frequency of traveling wave in unmodulated case ν0 and the modulation
frequency ν. The largest peak corresponds to ν0 . The height of the peaks at ν0 ± ν in the spectrum are smaller.
Higher Fourier harmonics in the evolution of ψloc are very small.
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Figure 3. The oscillations of the stream function ψloc at a fixed point (black lines) and its
envelopes (red lines for ψmax and blue lines for ψmin ) at (a) ν = 1, and (c) ν = 0.7; the Fourier
spectra of ψloc (b) ν = 1, and (d ) ν = 0.7. Parameters are Pr = 10, M = 14.14, Ra = −2500,
T = 6800.

In the case when the modulation frequency ν = ν0 /2 = 0.7 oscillations of the stream function at a fixed point
ψloc (Fig. 3c) contain only multiples of the modulation frequency ν = ν0 m, where m is an integer (Fig. 3d).
At modulation frequencies (ν = 0.7, ν = 1.0) traveling waves are strongly modulated in amplitude, but
weakly modulated in phase. This amplitude modulated traveling wave (TW A) has vph ≈ hvph i. Qualitatively,
the snapshots of the stream and charge functions are similar to those that characterize a traveling wave in
the stationary case (Fig. 2b and c). The amplitude of the stream function in a convective cell and hence the
intensity of the electroconvection oscillates between envelopes ψmax (t) (red lines in Fig. 3) and ψmin (t) (blue
lines in Fig. 3).
The behavior of a electroconvective flow can change dramatically when the modulation frequency is twice
as large as the fundamental frequency of the system ν = 2ν0 (Fig. 4). Instead of the expected subharmonic
response a different type of solution appears with phase fixed modulated electroconvection (MEC) that oscillates
synchronously with the modulated injection. The transition from the traveling wave solution to the modulated
electroconvection mode is shown in Figure 4 for different values of the modulation amplitude. The traveling wave
remains stable only under the low-amplitude modulation α = 0.005. For large values of modulation amplitudes,
the traveling wave loses stability, and a more intense convection mode is established in the system. As one
can see from Figure 4 an increase in the amplitude leads to a decrease in the transient time. Figure 5 shows
snapshots of the stream function, charge and temperature distribution in the case of modulated convection.
These fields look like the one in SOC states under stationary driving with the mirror symmetry between
oppositely turning rolls and with the electroconvective mixing being much stronger than for TWs.
The calculations have shown that charge modulation with amplitude α = 0.05 and frequency ν = 2ν0 destroys
the traveling wave mode for any values of the parameter T (6778 < T < 6816), at which TW existed under
steady injection.
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Figure 4. The temporal evolution of the stream function amplitude ψmax in modulated
electroconvection (MEC). Parameters are M = 14.14, Ra = –2500.

Figure 5. Snapshots of (a) the stream function; (b) the charge; and (c) temperature distributions for phase fixed modulated electroconvection. Parameters are Pr = 10, M = 14.14,
Ra = −2500, T = 6800, α = 0.05.

Figure 6. (a) The dependencies of the maximum value of the stream function on time (solid
line) and the phase velocity (dashed line) and a schematic representation of the charge injection
(dashed dotted line); (b) the trajectories of the first lateral Fourier mode ψ̂1 (t). Parameters are
Pr = 10, M = 14.14, Ra = −2500, T = 6800, ν = ν0 = 1.4, α = 0.05.
Finally we discuss the case when the modulation frequency coincides with the fundamental frequency of the
system ν = ν0 ( α = 0.05). In this case, linear stability analysis predicts the synchronous response of the system
to external influences [6, 20, 22]. In the non-linear case, more complex solutions, such as quasi-periodic and
chaotic oscillations, may arise in supercritical region. In our case, there are two main frequencies in the Fourier
spectrum of the quasi-periodic oscillations of the stream function at a fixed point: ν1 = 1.367 and ν2 = 1.442,
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Figure 7. Snapshots of the stream function ψ (the left column) and charge deviation δq (the
right column) in the phase modulated TW ν = ν0 = 1.4. The times from top to bottom, are
indicated by vertical dashed lines in Figure 6. Parameters are Pr = 10, M = 14.14, Ra = −2500,
T = 6800, α = 0.05.
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and modulated both by phase and amplitude traveling wave (TW B) is generated under modulation with an
amplitude α = 0.05.
To elucidate the consequences of this solution we show in Figure 6 a schematic representation of the charge
injection, ψmax , and the phase velocity vph of the TW B over modulation period as well as the trajectories of
the first lateral Fourier mode ψ̂1 (t) of the stream-function ψ(x, z = 1/2, t) in the plane spanned by the real and
imaginary part of ψ̂1 (t). The snapshots of the stream function corresponding to different time points in the
charge modulation period are shown in Figure 7. In the color online version the vertical color bars (Fig. 7a)
show the coding of the stream function and the charge deviations in all moments of time t1 − t6 .
The common scalar bars used for all distributions are shown in Figure 7. In contrast to the MEC solution
the mirror symmetry between oppositely turning rolls does not exist. The ψmax and vph oscillate with the
period T = 2/ν of the driving. Note the large amplitude oscillations of vph and the complex variation of the
stream function (Fig. 7). They show already that the flow dynamics of amplitude and phase modulated TW B
is significantly more varying and more complex than those of amplitude modulated TWs A at (ν < ν0 ).
We describe in detail the evolution of the stream function ψ(x, z, t) and deviations of the charge from their
distribution in the quiescent liquid under steady injection δq(x, z, t) = q(x, z, t) − qcond (z) in a traveling wave
TW B. The highest phase velocity values approximately correspond to the minimum of the stream function
amplitude ψmax . ψ is proportional to the vertical component of velocity therefore fast lateral movement of the
TW leads to weak convective mixing.
The negative deviations of the charge δq(x, z) at t1 change to the positive one in the range t2 − t4 . The
absolute value of phase velocity vph growths.
At t1 (Fig. 7a) rotation intensity of neighbouring rolls are maximal and approximately the same. In the
range t1 − t4 (Fig. 6a), the amplitude of the traveling wave ψmax decrease following a decrease in the charge
injected from the electrode. In the interval t1 − t3 (a-c) in Figure 7 clockwise turning vortex has a greater
intensity than the opposite one. In the same time the anticlockwise turning vortex transforms into two ones of
the same turning. This behaviour and the corresponding behaviour of the charge deviation are explained by
the generation of higher lateral harmonics. In the range t4 − t5 (Fig. 6a) the convective mixing increases and
riches local maximum at t5 , and the TW B with distributions (Fig. 7e) moves the most slowly. In the interval
t5 − t6 (Fig. 6a) the convective mixing decreases and lateral movement accelerates, the positive deviations of
the charge δq(x, z) at t5 change to the negative one (Fig. 7f).
To elucidate in detail the spatiotemporal complexity of the TW B considered above we used also the lateral
Fourier decomposition of the stream function, in particular at midheight position z = 1/2. In contrast to the
charge field the lateral variation of ψ is largely harmonic, so that the first Fourier mode ψ̂1 (t) in representation
(Fig. 6b) characterizes the flow behaviour. The trajectory of ψ̂1 (t) is the projection of the spatiotemporal flow
dynamics of the convective state in real space into lateral Fourier space. It complements the picture of the TW
dynamics of ψ at a fixed location. In (Fig. 6b) the time evolution of the complex mode ψ̂1 (t) is presented in the
plane spanned by its real and imaginary parts. There we show the time interval of 37 modulation periods. The
motion of ψ̂1 (t) is limited by two circles. In this time ψ̂1 (t) moves 37 times from the inner circle with radius
ψ̂1 = 0.24 to the outer circle with axes ψ̂2 = 1.19 as a result of the amplitude modulation.

6. Conclusion
The spatiotemporal behaviour of oscillating electroconvection rolls in low conductive liquid subject to sinusoidal modulation of the cathode’s charge and heating from above have been analysed with finite difference
numerical simulations. Various diagnostic tools have been used to elucidate the spatiotemporal structure of
the rich and rather complex, strongly nonlinear response behaviour to modulation of the charge driving. With
charge modulation the Coulomb induced advection gets modulated and leads in particular for the modulated
TWs to complex nonlinear mixing behaviour.
It is shown that charge modulation can be used to control flow dynamics with various properties. We found
the following different response characteristics depending on ν: (i) Stable SOC states occuring for α = 0 at
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ν = 2ν0 become synchronously modulated and oscillate with fixed phase around the SOC solution. (ii) The
amplitude modulated TWs has modulation of their amplitude thus becoming quasiperiodic states. (iii) The
TW B, which velocity vph becomes modulated at ν = ν0 . Here, the behaviour of the stream function and
the charge are very complex with generation of highest lateral harmonics.
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