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OPTIMAL CONTROL STRATEGY TO CONTROL PANDEMIC
COVID-19 USING MSIpIgR 'V MODEL

SHAHRIAR SEDDIGHI CHAHARBORJ'®, JALAL HASSANZADEH AsL™*
AND BABAK MOHAMMADI?

Abstract. Many researchers began doing studies about pandemic COVID-19 which began to spread
from Wuhan, China in 2019 to all around the world and so far, numerous researches have been done
around the world to control this contagious disease. In this paper, we proposed a MSI;,IgR-V math-
ematical model to study the spreading of pandemic COVID-19. This paper is aimed to study the
vaccination effect in the control of the disease propagation rate. Another goal of this paper is to find
the maximum number of susceptible people, minimum number of infected people, and the best value
for number of vaccination people. The Jacobian matrix was obtained in the virus absenteeism equi-
librium point for the proposed dynamical system. The spectral radius method was applied to find the
analytical formula for the reproductive number. Reproductive number is one of the most benefit and
important tools to study of epidemic model’s stability and instability. In the following, by adding a
controller to the model and also using the optimal control strategy, model performance was improved.
To validate of the proposed models with controller and without controller we use the real data of
COVID-19 from 4 January, 2021 up to 14 June, 2021 in Iran. Maple and MATLAB software’s will
be used for programming. We will use Maple software for analytical parts and MATLAB software for
numerical and simulation parts.
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1. INTRODUCTION

In this section, brief description of the infectious disease COVID-19 has been given, and we also explain
mathematical modeling’s and their applications in the modelling and analysis of infectious diseases.

1.1. Epidemic disease

In the 1960s, effectivity of vaccination programs, antibiotics and better sanitation established this certainty
that infectious diseases would be eradicated soon; As a consequence, some chronic diseases like cardiovascular
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FI1GURE 1. Structure of respiratory syndrome causing human coronavirus.

disease and cancer drew further attention in the industrialized countries and also in the United States; never-
theless, in the developing countries the infectious diseases remained as the chief reason behind mortality and
suffer. Agents of the infectious diseases usually adjust and develop; however, new diseases have come forth,
and some were already in existence, while some other diseases that had faded away, have re-appeared. Some
examples on recently identified infectious diseases encircle hanta virus (1993), hepatitis E (1990), hepatitis C
(1989), toxic-shock syndrome (1978), Legionnaire’s disease (1976) and Lyme disease (1975); Moreover, the year
1981 faced the condition of human immunodeficiency virus (HIV). Then, Breeds of gonorrhea, tuberculosis, and
pneumonia that are resistant to antibiotics have developed [26, 30].

The coronavirus disease 2019 (COVID-19) pandemic is an ongoing crisis caused by severe acute res-
piratory syndrome coronavirus 2 (SARS-CoV-2). The Nidovirales order includes Coronaviridae, Roniviri-
dae, and Arteriviridae families. One of the families of Coronaviridae is called coronavirus that is 65-125 nm
in diameter and comprises a single-stranded RNA as a nucleic material. COVID-19 is a family of RNA Beta
virus with a confined length of 26-32kbs (Fig. 1) [38] in Nidoviral order. The first outbreak was detected in
December 2019 in Wuhan, the capital of Hubei province, rapidly followed by the rest of Hubei and all other
provinces in China. Within mainland China the epidemic was largely controlled by mid- to late March 2020,
having generated >81,000 cases [12, 34, 43, 44].

Coronavirus disease 2019 (COVID-19) pandemic has imposed an unprecedented challenge to global health-
care systems, societies, and governments [15, 47]. As of May 16, 2020, the severe acute respiratory syndrome
coronavirus-2 (SARS-CoV-2, causative pathogen for COVID-19) has been detected in every country, with more
than 4.6 million confirmed cases and a death toll exceeding 300,000 worldwide [15, 47, 49]. Furthermore, recent
pandemic model projections estimate that COVID-19 could result in ~40 million deaths globally this year, if no
interventions are implemented [15, 42, 47, 49]. Countries in Europe adopted different strategies to progressively
phase out the strict restrictions put in place to curb COVID-19 pandemic [20, 21, 24, 25, 27]. They aimed to
strike a delicate balance between reviving the economy and relieving social pressure while averting a poten-
tial resurgence of infections. Recent analyses suggest that various countries experienced disruptions to routine
immunisation programmes or corresponding decreases in vaccine coverage, or both, in 2020, especially during
the earlier phases of the COVID-19 pandemic [4, 7, 29, 31, 32, 45, 46, 48].

According to a poll of 260 health-care practitioners in May, 2020, respondents in 53 (85%) of 61 coun-
tries reported lower vaccination levels than those recorded in January and February, 2020 [48]. A systematic
review of 17 observational studies found consistent declines in vaccine coverage and administered doses across
locations and over time [29]. Additionally, the twenty-eighth meeting of the Emergency Committee under the
International Health Regulations noted that ongoing COVID-19 transmission continues to pose a risk to polio
eradication efforts, both for wild-type polio eradication activities and control of circulating vaccine-derived
polioviruses [46]. Analyses across 21 countries in Europe, sub-Saharan Africa, north Africa and the Middle East,
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and south Asia during the first half of 2020 found disruptions to childhood vaccination programmes of up to 90%
[8, 31, 46].

1.2. Mathematical modelling

The mathematical modelling is a significant instrument/tool that enables the analysis and control of the
infectious diseases outspread in a community. These models usually comprise of the parameters and different
variables of a particular problem. The process of formulating a model clarifies the parameters, variables, and
assumptions; likewise, these models render conceptual outputs like essential reproduction numbers, thresholds,
and contact numbers. Both computer simulations and mathematical models are considered as valuable exper-
imental tools proper for making and examining theories, answering particular related questions, evaluating
quantitative hypotheses, specifying sensitivity to change the values of the related parameters, and to assess
principal parameters from the input and output data.

Understanding the characteristics of infectious diseases transmissions in regions, countries, and communities
might result in the development of better methods effective in reducing diseases transmissions. The mathematical
models are usually used to plan, implement, compare, evaluate, and modify numerous programs of detection,
treatment, control, and prevention of infectious diseases. As shown in Figure 2, chambers labelled M, S, E,
I, and R, are usually used to denote epidemiological categories/groups. For instance, the category M hosts
infants exhibiting negative immunity. Upon the disappearance of the maternal antibodies from bodies with
passive immunity, the infant is transferred to class S which denotes susceptible individuals [5, 5, 6, 9, 10, 18,
36, 41].

Infants having no passive immunity, for the reason that their mothers have never developed infection, are
allocated to the same class S, i.e., of the individuals who might get infected. In case when there is enough
contact between susceptible and infective individuals such that transmission takes place, then the susceptible
individual is moved to class E which refers to the exposed individuals in the latent periods, that is, the infected
individuals who are not seriously infectious. When the latency periods terminate, the person enters the infective
individuals class I. This class corresponds to those individuals who are infectious, i.e. people who can transmit
the infection. Upon the end of the infectious period, the formerly infectious individual joins class R which is
made up of individuals having permanent infection, that is gained/developed immunity.

Births with Births without
passive immunity passive immunity

Transfer Transfer

Transfer

incidence

Deaths Deaths Deaths Deaths Deaths

FIGURE 2. The general transfer diagram for epidemic disease model.

2. MSI; Iy R_V EPIDEMIC MODEL FOR COVID-19

Finding wrecking parameters involved in the propagation of COVID-19, detection strategies to stabilize
coronavirus attacks, and prohibiting these attacks in the social network, are very significant. The presented
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FIGURE 3. MSI Iz RV epidemic model for COVID-19.

model to study the COVID-19, as shown in Figure 3, includes five classes, class M shows healthy people who
are resistant to the infection caused by coronavirus with congenital immunity, class S indicates the potentially
susceptible (healthy) people in the social networks, I;, shows people who are completely infected by coronavirus,
yet with less severity of infection, Iy shows people infected by coronavirus with high severity infection, class V'
indicated the vaccinated individuals (that is, that healthy people who already vaccinated prior to being attacked
by coronavirus), people who are recovered from infection is shown by class R and class D shows the dead people.
As shown in Figure 3, any of the determined classe has inputs and outputs.

In the social network, the newborns are entered into class M as constant migration (.Sy. Coefficient p indicates
the death rate of people for the the natural reasons; parameter o shows the transformation rate of healthy people
with congenital immunity into healthy people without congenital immunity, parameters 77; and 7 show the death
rates caused for the reason of the disease for classes I, and Iy, respectively. The rate of recovered people from
high severity infection individuals is shown by parameter v,. The rate of recovered people from infection with
less and high severity infection are defined with the parameters v and 9, respectively. The rate of vaccinated
individuals from among susceptible people is shown by parameter ¢, parameter @9 indicates the transformation
rate of vaccinated individuals into susceptible individuals and increase of susceptible people from the recovered
people can be defined with rate 3. The infection rate, A = ¢pI1, /N, depends on the transmission probability per
partner (p > 0), number of partners per individual per unit time (¢ > 0) and the ratio of infected individuals
to infection active individuals I, /N, with N = M + S + I.+Ig + R+ V (N is total population size). In the
following, the transmission dynamic system of M SIy Iy RV model for the pandemic COVID-19 can be defined
as follows [18],

dd—]\f =uS® —aM — M,

45 = M + ¢V + SR — S — 15 — AS,

% =AS —ulp —mip —~IL — i,

‘g—f =mly — plg —nelg — v2Im, (2.1)
& =1 + 72l — pR - BR,

& =018 — 2V,

‘il—[t’ =puM+S+I,+Ig+R+V)+miIL +vely,
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with initial conditions M(O) = Mo, S(O) = Sp, Ir, (O) =1Iro, Iy (0) = Ig,, R(O) = Ro and D (O) = Dy;
where, A = ¢pI/N and N = M + S+ V + I, + Ig + R. The conceivable region for the proposed system (2.1)
can be defined as follows,

0

S
0= {(M,SJL,IH,R,V) M+ S+ I+Iy+R+V < a’:
"

M >0,5>0,Ip>0,Ig>0R>0, V>0}.

2.1. Trivial, virus absenteeism and incidence equilibriums

Trivial equilibrium (TE) for the system (2.1) is as follows,
TE: (MUS)VV)IL7IH7 R):(Oa 0, 0, 0, 0, O)a

virus absenteeism equilibrium (VAE) can be defined as follows,

0 0 0
VAE: (M°, §°,V° 19,19, R%) = s~ as 15" 0, 0),
)

atpat+p’ (ot p

and virus incidence equilibrium (VIE) is defined as follows,

VIE : (5*7‘[27];{7}2*’@*) = (M7S7V7 ILa IHa R)»
0
M= P
o+
S =71 [(1he1+ (m (201 + @2) + Ber + (27 + 02 + 271 + 72) o1 — @acp) 1°

+ ( (p1 + ¥2)

+(BR2p1+@2) + 2y +2m+271 +2%) 1+ (V1 F 2+ 12 —cp))m
+((v 4+ 271 + 72 + 202) o1 — @acp) B+ (v +71) (v +2m2 + 71 + 272) 1
—pa((cp—m)m+cp(v+m +72)) 12

((p1 4+ @2) (B + 12 +72) 1

(v +2m2 4271 +2%2) o1 + 2 (Y +m2 + 71 +72 —cp) B

+2(m2 +72) (1)1 H 2 (V+ 271 —ep)me + 72 (v + 71 —ep)))m
+(((v+271)me+ (1 +72) (v + 7)) 1 + (1 —ep)m2 — ep (11 +72)) p2) B
+((m2 +72) (v +71) p1 + 92 (71 — ep) M2 — y2ep)) (v + 1)) p

+ +

+8 (nz +72)m +n271) ((p1+@2)m + (v +91) o1 + 2 (v + 71 —ep))) (a

J

V="T; [(a+p) (u*er + (201 + ©2) m + Ber + (27 + 271 + 72 + 1m2) 01 — wacp) 1
+ ((p1+ 02) 07 + (201 + ©2) B) + (27 + 271 + 272 + 22) 1
++e2 (vt t+r2+tn2—cp)m
+ (v + 271 + 72 +m2) o1 — p2cp) B+ (v +71) (v + 71 + 292 + 2n2) 1
—((ep=m)me+ep(v+m +72) @2) 1” + (01 + @2) (B+v2 +m2) M}
+ (v + 271 + 272+ 2m) o1 + w2 (Y + 71+ 2+ 12 —cp)) B
+2(2tm)n+r2)er+ (v +2n —cep)me+ 72 (v +71 —cp)) p2)m

(
)

+

I
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F (v +2v)me+ (v +71) (1 +72)) w1+ w2 (71 —cp)n2 —cp (1 +2))) B
+ ((va +m2) (v +71) 1+ (71 — ep) 2 — v2ep) w2) (v + 1)) 1
+((v2 +m2)m +mem) B (1 +@2)m + (11 +72) @1 + @2 (v +3 —ep)]

[a+u (o1 + ((B+ 2y + 21 4+ m2 + 27, +72) @1 + @2 (1 — cp)) 4
+(( + 2B+ 27+ 2y, + 27 +2m2) m + (Y + 29, + 2 +12) B)
+ (v +71)(’Y+’71+272+2772)<P1
M+ B+r+n+rt+n—cwm—PBp+(2—wp)m
—cp (11 + 72 +12)) P2) 1
+((B+r2+n)n+ (v +27+ 292 +202) B) +2(v2 + 1) (v + 7)) m

+ (M + (O +r2+2m)mn +7(72+772))6+(7+71)2(72+n2)) ©1

((B+ 2 +n2)ni
(Y+y+y2+m2—cp) B+ (v2+2n) 71+ (v2+m2) (v —cp) m
(2 —cp)y1 —ep(y2 +m2) B4 (2 —cp (2 +1m2)) (v +71)) w2)

+B8((vo+m2)m +71m2) (v + 71 +m) o1 o2 (y+71 +m1 —ep))] L,

+
+
_|_

Iy =S (u+B) [((pr+e2)p+ (v+m+m)er+ o2 (Y+7+m —cp)
+ ap (v + 71 +m +p) Iz,

R = pS° (py+n72
+y (v2 +12)) [((p1 +@2) o+ (v +71+m) 1 + o2 (v + 71 +m —cp)) a
Foop (v +y1 +m +w)] Iy,

where, T1, T5 and Y3 are defined as follows,

Ti = —pp2S® (n+v+m
) (2 + B+ +m +72+m) p+ (1 + 72+ 72) B+ ¥k
+y2 (71 +72)) o+ 12 + (B 471 + 72 + 11+ 1) 12
+((B+r2+m)m+(n+y2+nm2) B+ (e+mn)(y+1))u
+B8 ((v2 +m2) m +n2m))

Yo = —pe1 S (u+y+mn
+m1) (B2 + B+ +71 +32+m) p+ (v + 72 +12) B+ 702
+y2 (n+72)) a+ P+ B4y +7 + 72 +m A+ ) 4
+((B+r2tm)m+(n+y2+m)B+ (e +n)(v+m))p
+((v2 +m2) m +n2m) B) 5

=pS®(u+B)(n+v2+m) (pr+e)p+(v+mn+m)er+e2(Y+7+m —cp) o
+oop (Y +m +m+p).
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2.2. Linearizing of the proposed system for MSI; Iy R V model

Linearized of system (2.1)

around the virus absenteeism equilibrium is given by,

M — S0 — aM — pM,

4% = oM + p2sV + BR — puS — 1S — eply,

UL = cply, — pdy, —mIp — I —nlp,

Yn = I — ply — oIy — v21n,
% =l +7y2lg — pR - BR,

¥ =015 — @2V,

%:n(M+S+IL—|—IH+R+V)+771IL+’Y2IH7

Hence, can derive the Jacobian matrix for the linearized system (2.2) around the virus absenteeism equilibrium

as follows,

J (VAE) =

OF; OF; OF; OF; OF; OF;
oM aS A% oI Ol OR
—a— [ 0 0 0 0 0

0 —p—p1 g2 —cp 0 B

0 0 0 ep—K 0 0

0 0 0O m —p—r—mn O

0 0 0 Y V2 —p—_

0 1 —p2 0 0 0

Where,lC:,u—&-'y—i-vl—i-nl andFle, FQZS, F3:V7 F‘4:I.L7 F1 :IH

2.3. Reproductive number

(2.3)

The spectral radius of the next generation operator will help us to find an explicit formula for the reproductive
number. According the Jacobian matrix (2.3), along with virus absenteeism equilibrium (VAE), the transmission
matrix F' and transition matrix V' [1, 5, 10, 36, 41] can be defined as follows,

and

0o 0 0 0 0 O
a 0 w2 0 0 p
- 0 0 0 ¢ 0 O

0 0 0 ~» 0 0|’

0 O 0 ~v v O

0 po 0 0 0 O
+ u 0 0 0 0 0
a puter 0 cp 0 B
0 0 0 pu+y+m+m 0 0
0 0 0 0 w2+ 2 0 ’
0 0 0 0 0 w5
0 0 P2 0 0 0
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where, F' is a nonnegative matrix, V' is a non-singular matrix and J (VAE) = F — V. Hence, the reproductive
number, Ry, is equal to the spectral radius p (FV ') [11, 14, 19, 37, 41]. Matrix V!, invers of matrix V is
giving by,

- 1 -
0 0 0 0 0
o+ [ o
0 0 - 0 0
TR (u+v+711+m)(u+901)
vii=| Y o0 R F AT ? 0
0 0 0 0 0 ——
. p+p
0 0 = 0 0 0 |
therefore, the reproductive number R is deriving as follows,
[0 0 o0 0 0 0
(6] 0 2] _ 02p2 0 B
e N L S N T s m) (n+e1) Hten
Ro=p(FV')=p 000 pEtYtmnt+m 0 0
0 0 0 — 0 0
B2 02
0 0 0 —1 2 9
p+pB p+ 5
0 % 0 0 0 0

- { Cp sol }_ Cp ’ ( 801 >
= max _—y = ; (<1,
p+y+m+m w4+ o1 ut+y+y+m J ]

Theorem 2.1. The proposed system (2.1) around VAE: (“SO as? | _ap, S0 0, 0, 0) is locally asymptotical

atp’ atp’ @2(atp)’
stable if Ry < 1.

Proof. Characteristic Polynomial (CP) for the Jacobian matrix can be derived as follows,

—a—p—Y 0 0 0 0 0
! =1 =Y 2 —cp 0 B
0 0 -y op-K 0 0
PA) =17 (VAE) =)} = 0 0 0 sz—y —p=y2—m 0
0 0 0 v Y2 =Y —pu—p
0 ®1 — 2 0 0 —3)
=0,

with IC = p + v + 1 + n1. Therefore, the eigenvalues can be listed as follows,

1
Vi=-3 (u+<p1+<ﬁ2\/u2+2u<m2u¢2+2¢1¢2+<ﬁ%+<ﬂ§>,

1
y2=—§ (M+<P1+LP2+\/M2+2M<P1—2M<P2+2901<P2+¥7%+4P§),



OPTIMAL CONTROL STRATEGY TO CONTROL PANDEMIC COVID-19 USING MSIyIgR.V MODEL 9

Vs=—p—m—7, Va=-p—0F Vs=—p—a, YVs=cp—(p+yv+m+m),

It is clear that, the eigenvalues ),, Vs, V4 and )5 are negative. Easily can show that the eigenvalue ) is
negative also,

20101 + 212 > =200

2pp1 > —dpps =
= 2up1 + 2102 + O3 + 03 + p? + 20100
> =29 + @1 + 95 + 1P+ 20102
(1 + @14 92)° > 1 + 2001 — 202 + 20102 + 3 + 03

f+ o1+ o > 12+ 2up1 — 2109 + 20100 + 93 + P2

I

therefore, we have,

1
yl:_§ <M+@1+4p2—\/M2—|—2,U<P1—211902-1-24/)1%024'90%"‘%0%) <0.

Now, the second order Routh-Hurwitz criterion is applied to derived passable eigenvalue ()s),

C
p—(n+y+mn+m) <0, p<ptytmtm = Ro=—2 <1,
pty+m+m

therefore, the virus absenteeism equilibrium given by Routh-Hurwitz criteria as follows,

S0 @S0 50
R NN} 0),
a+p at+p o (a+p)

(M°, S VO 1D, 1%, R%) = (

is locally asymptotical stable. O

2.4. Study of sensitive parameters

The stability, instability and criticality of the proposed model depend on the parameters appearing in the
reproductive number. Therefore, we study the sensitivity of the reproductive number, R, relative to the param-
eters 0 < u<1,0<vy<1,0<1n<1,0<nm<1,0<p<1andc>0in order to be equal to one
(Ro = 1) or less than one (Ry < 1) or greater than one (Ry > 1). Figure 4 shows the stability and insta-
bility regions of transmission probability per partner wversus the number of partners per individual per unit
time when p = 0.05, v = 0.6, 1 = 0.08, n; = 0.03. Stability and instability regions of death rate of people
for the natural reasons versus the rate of recovered people from infection with less severity infection when
c=4, p=0.35 71 =0.08, 71 = 0.03 is indicated in the Figure 5. As can be seen from Figures 4 and 5, by
increasing the parameter ¢ for small values of the parameter p the stability region becomes smaller hurriedly,
and for small values of the parameter ¢ by increasing the parameter p also the stability region becomes small
rapidly. Figure 5 shows that with increasing the parameters p and v at the same time, the stability region
becomes larger. Figures 6-9 show the reproductive number of proposed model vs. p and v, g and 7, g and
11, b and y; respectively when ¢ =3, p=10.35, v = 0.6, 3 = 0.02, 77 = 0.03. Presented figure’s, indicate the
behaviors of pandemic COVID-19 for the modes of stability, criticality and instability of the proposed epidemic
model dynamical system.



10

Transmission probability per partner (p)

o
o

e
N

o
o

It
(2]

I
K'S

o
w

©
()

e
-

0 1 1 1 1 1 1 1 1

SH. S. CHAHABORJ ET AL.

= 0.05,~v = 0.6,y = 0.08,7; = 0.03

1 2 3 4 5 6 7 8 9 10
Number of partners per individual per unit time (c)

0.08, 11 = 0.03.

Rate of recovered people from less severity infection ()

-

o
©

o
©

e
q

o
o

o
t

o
>

o
w

o
(%)

e
-

o

FIGURE 4. Stability and instability regions of ¢ versus p when p = 0.05, v =
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2.5. Stability analysis

When there is a bifurcation at reproductive number equal to 1 (Rg = 1), the disease invade to popula-
tion wouldn’t be feasible if Rg < 1, because with entering some infected individuals into the population, the
system would then return to the disease-free equilibrium I = 0. For values of reproductive number, what-
ever greater than 1 and E° is shifted from stability to instability; in this case, the model embraces a unique
endemic equilibrium, which is locally asymptotically stable [28, 33]. To indicate the stability and existence
of endemic equilibrium for the proposed model we find the contact rate of ¢, from reproductive equation as
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Ficure 8. Reproductive number vs. p and 7; when ¢ =4, p=0.35, v = 0.6, v, = 0.08.
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FI1GURE 9. Reproductive number vs. p and p when ¢ =4, v = 0.6, v; = 0.08, 7, = 0.03.

follows,
R
c= 70(M+7+71 +m),

by placing this equation in the I7 we will have,

I} (Ro) = Mx {((¢2Ro — 1)
+(((+rv2+rv+m+n+B8)Ro—n)p2
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—my2) p2 — (11 +v2+m +n2) B+ (va+m2) (v +71 +m)) 1) p
+((y+m) e+ my2) B(Ro — 1) g2 — 1)) (a+ p)}
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where M is defined as follows,

M =pS® (B4 p) (1472 +n2) (np2 — a (Ro — 1) w2 — 1)),

with the production number of Ry > 1, the classical compartmental epidemic model includes just one endemic
equilibrium. Moreover, the stability of the disease-free equilibrium is achieved by Ry < 1, while it is unstable
when Ry > 1.

Figure 10 shows the bifurcation diagram so, that was obtained through numerical simulations using the
relation I (Ro); it indicates an exchange of stability between the disease-free and endemic equilibria. If Ry < 1
the disease-free state is always the final reachable stable condition. When Ry > 1, the disease establishes itself
in a community at endemic levels. This stability diagram confirms our analytic results; it shows that when
Ro > 1, a stable endemic equilibrium exists; and when the same condition holds, the disease free becomes
unstable.

3. OPTIMAL CONTROL STRATEGY TO CONTROL PANDEMIC COVID-19

Optimizing a system means minimizing or maximizing a function which measures the system performance.
Three important steps to optimize of a system can be considered, (1) understanding the system and the various
variables affecting it. (2) Selecting the functions as a measure of system performance. (3) Choosing the value for
the system variables with optimizing the proposed system. Using an appropriate optimization method to obtain
the optimal values is important [28, 33]. The aim of optimization is to obtain the efficient and best values for
the parameters. Defining the convenient objective function is one of the most momentous steps of optimization
[3, 40]. The most recent papers which provide mathematical models to control and predict the pandemic disease
spreading about the COVID-19 disease are showed in the references [2, 16, 23, 39]. Figure 11 presents a flow
chart of the proposed model with controller. This model was included the vaccination and protection covering
classes. The optimal control strategy based on the MSI; Iy RV model with protection covering is used. The
objective function is included with the three classes of susceptible, infected and quarantined peoples. The aim is
to find the maximum of number of susceptible people, minimum number of infected people, and the best value
for of quarantine people.

M—uSO—on—uM,

dat =
%:on—l—csz—l-ﬁR—uS’—)\S—(plS—(pS,
G =S —pulp —mIp — I -l

dly _

T =yl — g —nely — v2lu,
4B — I + 72l — pR— BR + S,
& =015 — @2V,

A2 — (M +S+1I,+In+ R+ V) +mly+721u,

the objective function can be defined as,

J= /T [wOM (t) +wiS(t) + w2V (t) + walp(t) + walp(t) + du(tﬂ dt;  te0,T], (3.1)
0
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purpose of optimization is minimized or maximized the objective function (3.1), to determine the target variables

with the following conditions,

M= puS° —aM — M,

S =aM + @3V +BR— S —AS — 1S — 8,
I =M\S — ply, — Iy —~Ip — g,

I= Iy — plg — ol — volm,

R =~yIp + Iy — uR — BR+ ¢S,

V =S — @2V,
D=puM~+S+Ip+Ig+R+V)+mnlL+1n,

where, safekeeping coating rate of the susceptible people (¢) is defined as follows,

p =uP,

(3.2)

where wu is an utility function or controller (u is positive coefficient) and P is protection covering (information
variable) [2, 3, 16, 17, 23, 28, 33, 39, 40]. Information about both the current and past condition of pandemic

COVID-19 can be defined by

the following formula,

t—7

t
P:/ ﬁxILxSxi xe(_?)dT,
0 T

here, 7 and T are the distributed delay and mean of the gathered information for the pandemic COVID-19,
respectively [33]. Thus, model (3.1) can be reformulated to presents the diffusion model for the pandemic

COVID-19 as the follows,

System (3.2) has a virus absenteeism equilibrium, VAE: (M°, S° VO 19 19 R° PY)

atp’ pa(atu)’

M= puS® — aM — pM,

S =aM + @3V + BR — uS — BSI;, — 1S — uPS,
I =BSI, — plp, — Iy — I — iy,

In=mly — plyg — oIy — v2In,

R =~Ip +vlg — uR— SR+ uPS,

V =018 — 92V,

D=uyM+S+Ip+Ig+R+V)+mly+vIg,
5 1

_ [ nS°
- a+p?

as’ | _ap S 0, 0, 0, 0), and Jacobian matrix for the linearized system (3.2) around the virus absenteeism
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equilibrium can be defined as follows,

oF; aF; aF; 8F; oF; aF; 8F;
M 85 v 8l B8l 3R oP
[—a —pu 0 0 0 0 0 0 ]
a —p—p1—uP w2 —cp 0 B —uS
0 0 0 ep—K 0 0 0
J (VAE) = 0 0 0 ! 0 0 0 ,
0 0 0 Y —u—ye-—n-p—5 0
0 ®1 — P2 0 Y2 0 0
0 B/TIL 0 B/7S 0 0 -1/7]

with I = g+ v+ v1 + 1. Transmission and transition matrixes F' and V', along with the VAE in the proposed
Jacobian matrix respectively can be found as follows,

0 0 0 0 0 0 O
@ 0 V2 0 0 B 0
0 0 0 cp 0 0 O
F=1]0 0 0 " 0 0 0],
0 0 0 zy 0 0 O
0 ©®1 0 0 Y2 0 0
| 0 B/7I, 0 B/7S 0 0 0 |
and
[ —a—p 0 0 0 0 0 0 ]
0 —pu—p;—uP 0 —cp 0 B —uS
0 0 0 —-K 0 0 0
V= 0 0 0 0 —p—v—n 0 0 ,
0 0 0 0 0 —— Y2 — M2 0
0 0 —p2 0 0 0 0
| 0 0 0 0 0 0 —1/7 |

where, F' is a nonnegative matrix, V' is a non-singular matrix and we have J (VAE) = F' — V. Therefore, the
reproductive number, Ry, is equal to the spectral radius p (F V_l). Matrix V!, inverse of matrix V is giving

by,

[ —a+% 0 0 0 0 0 0 ]

0 - 1 cp 0 0 0 TuS
w+or+ulP  K(u+ ¢+ uP) w1 +ulf
0 0 0 0 0 _ L 0
e ) 22
Vo= 0 0 % 0 0 0 0 ;
1
L 0 0 0 0 0 0 7 |
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therefore, the reproductive number R is deriving as follows,

— i 0 0 0 0 0 0 ]
a+p 5
0 0 0. 0 — B -1 0
0 0 o 0 0 0 0
Ro =p(FV ') =p 0 0 -3 0 0 0 0
0 0 —% -1z 0 0 0
pty2+n2 _
0 o ©1 picp 0 0 0 TpiuS
putp1+uP K(p+e1+uP) putp1+uP
0 - BIL Beplp —BS(pt+p1+uP) 0 0 0 BulrS
L T(u+p1+uP) T (p+e1+uP) pt+p1+uP
cp Bul,S — G Bulp S+ G
= max = Vo = , = =0,
{y1 it St b)Y T a0

:Oa yﬁz 07y7:0}a

with, G = \/(5uILS)2 + dp1uP + 4ppy + 4p3. Since, in the virus absenteeism equilibrium point the values of
Iy, and P are zero, then the eigenvalues of Vs and Vs can simplify as the follows,

y2:\/4/~L<P1+4<P%:\//~L<P1+<P%:\/<P1(#+901): [ e
2 (u+ 1) B+ 1 W+ Q1 u+ o1
ygz_\/4u</>1+4<pf _ Veert et Veirwte) o [Cor
#+<P1

2(p+e1)  pter 1+ 1

therefore, we have,

Rozmaac{yl @ }
M+'7+'Yl+771 \/u+<p1 Vo +s01

_ cp
pHY+7n+m

To optimize the equation (3.1) with the conditions (3.2), we gain the Lagrangian and Hamiltonian functions
[35] as follows,

Lagrangian: £ (M, S,V, Ip, 1) =woM (t) + w1 S(t) + waV (t) + wsIL(t) + walp (t) + du(t)?,

Hamiltonian: H = L (M, S,V, I, Iy)+1I (t) 9L+ 10, (£) 95 + 105 (£) 95 + 10y (£) UL + 105 () S+ 106 () <8 +
IT; (t) 92 + 5 (¢) 42

the Hamiltonian function can be rewritten as,

H = woM (t) + wyS(t) + woV () + wsly(t) + walp (t) + du(t)?
+I14 (¢) [,uSO —aM(t) — uM(t)]
o (t) [aM (t) + o2V (E) + BR(t) — pS(t) — BS()IL(t) — ¢15(t)
—uP(t)S(t)] + 5 (1) [p1S(t) — w2V (1)]
+I0y () [BS(O) L (t) — pl(t) — mIn(t) —vIL(t) — nlp(t)]
t) [l (t) — plu(t) — nelu(t) — v2lu(t)]
[(YIL(t) +v2lu(t) — pR(t) — BR() + uP(t)S(t)]
[ t)+S) +IL(t) + Iu(t) + R(t) + V(t)) +mIL(t) + v2lu ()]

~(BSOIL() - P()|
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where, II;s (i = 1...8) are the adjoint functions [22], and the adjoint equations for II;s are given by,

dIl dH

ditl:7d7M:7(w0706H17‘LLH1+04H2+,U/H7),

dII dH

T; = _E = — <w1 — /_LH2 — BILHQ — <p1H2 — UPHQ + (p1H3 +ﬁILH4 +UPH6 +,UH7 + fILH8> )
dII dH

7dt3 = _W = — (UJ2 + QOQHQ — Q02H3 + ,UH7) )

dII dH

d7t4 =3, = (wg—ﬁSﬂz—I—ﬁSlh—(M+’7+71+771)H4+71H5 +7H6+(M+771>H7+ESH8>7
dII dH

—2 = = = — (wg — (p+ 2+ ) T + 72llg + (i +72) TT7)

dt dlyg

dIlg dH

TS ——@——(5H2—(N+ﬁ)H6+MH7)7

dif7 _ _@ =0

dt  dD 7

dIlg dH 1

& - P (“SH6 -l r“8> |

with the conditions II; (T) = 0 (i =1...8)(transversally conditions). Using the Hamiltonian function the
optimal utility function u*(¢) can be derived as follows,

0 1
ot _ —du —IL,PS+1IIgPS =0, = u'(t)=
ou 2

I, (¢) P~ (t) S* (t) — e () P* (t) 5™ (¢)
2d '

using the exclusivity of control region, we gain,

w (6) — mas {mm { M OP 50 -Te®P (05" () 1} ,O}

the optimal points M*,S*, V*, I}, If;, R*, D* and P* can be defined as follows,

dM*
= uS —aM* — uM*
aQ I « VL,
dS* * * * * * * * * *
" =aM* + p2V* + BR* — uS* — BS*I} — 015" —uP*S
dl* * Tk * * * *
dtL = pBS* I} — ply, —mlp —~I] — iy,
dI* * * * *
df =yl — ply —nely — 21y,
dR* « N " * * Qx
i =~I7 + vy — pR* — BR* + uP*S",
dv*
=1 S* — V¥
dt ®1 p2v -,
dD* * * * * >k * * *
g =AM ST I+ I+ B+ V) ]+ el
dP*

1
— *I*_P*
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hence, optimal Hamiltonian can be defined as follows,

Il, — Ilg) P*S* 2
H* = woM™ + w1 S™ + woV* + wsl] —|—w4I;EI+d{max {min{“QS)S, 1} ,O}}

+11, [/J,SO —aM* — pM*|

+I1, |:OLM* + @ V* 4+ BR* — puS* — BS*I] — p15™

I, — Ilg) P*S*
— {mam {min {(222), 1} ,O}} P*S*} + 15 [p1S™ — 2 V¥
Iy [BS™IT — ply — mdp, — I = I+ s [ dp — pl g — n2l g — Y2 1]

II, — Ilg) P*S*
+11g [’ylz + vl — pR* — BR* + {maw {min{hmﬁl)s, 1} ,0}}P*S*]

+I7 [ (M™ + S* + 17 + I + R*+ V) + I} + vl + g [1/7 (BS* I} — P*)],

4. PROGRAMMING ALGORITHM OF THE PROPOSED METHOD

First order derivative limitation definition has been used to program of the proposed method,

/
F ) Al}sglo At ’ (4.1)
algorithms of the presented methods by using definition (4.1), are given by:
(M1 [M,] (11SO [~ —« 0 0 0 0 0 0 0 1 [M,]
Sn+1 Sh, 0 « —p—p1 —pBSy 0 I} v 0 —uS, Sh
IL,n+1 IL7’I’L 0 0 BnIL,n -K 0 0 0 0 0 IL,n
IH,TL—l—l _ IH,n +FL 0 + 0 0 71 — U =72 =12 0 0 0 0 % IH,n
Rn—i—l Rn 0 0 UPn Y 72 —H = 6 0 0 0 Rn ’
Vn+1 Vn 0 0 ¥1 — P2 0 0 0 0 0 Vn
Dy D, 0 7 T 7 B+ n+y u 0 0 D,
| Pov1 | | Po L0] | O Bn/TIL n 0 0 0 0 0 1/7] [P
with 8, = ¢p/N,, and h = (t,, — tg) /M (M stands as the number of iterations in the interval [to, t,]).
Ty 1] [ [—wo| [a+p « 0 0 0 0 I 0 1 [y,
Mo 11 Iz, —w1 0 Pn —p1 —BulLn 0 —ubPy, —H _ﬁn/?IL,n Iy
O3] (35 —W3 0 —p2 P2 0 0 0 -1 0 I3
H4,n+1 — H4,n +h —ws + 0 5571 0 K- ﬁnsn -N - it ﬂn/?sn > H4,n
HS,n+1 H5,n —Wy 0 0 0 0 L —72 K72 0 H57n
I, nt1| |6,n 0 0 - 0 0 0 wp+p —p 0 g,
107 i1 II7 0 n 0 0 0 0 0 0 0 17,
_l_I&n_H_ _H&n_ L 0 1 L 0 uS,, 0 0 0 —uS, 0 1/7 | _1_[&”_

where, ¢, =+ 1 + Bplrn +uP, and L = p + 2 + 12. Hence, the optimal controller is given by,

I, — g ,,) P*S*
u;:{max{min{( 2 22’) n-n. 1},0}}.
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Optimal values of M*,S*,V* I3, I}, R*, D* and P* can be obtained by solving the following optimal matrix
equation,

(M ] [M uS9 [~ —a 0 0 0 0 0 0 0 (M
et Sy, 0 o —n—1 =05, 0 g 2 0 —upSnl | Sy
i) 1% 0 0 Bil} -K 0 0 0 0 0 %8

Tt | Ln| g (1O 4] O 0 Mmoo —h=r-mn 0 0 0 0 | {Ln

I;I,n+1 I;il,n 0 0 u‘tLP‘;: Y Y2 K= ﬂ 0 0 0 Il%il,n
nt1 || 0 0 P1 —P2 0 0 0 0 0 R

Dy Dy, 0 7 % % B+ m pty2 n 0 0 Dy,
Pil P o] | O Bu/7I5 0 0 0 0 0 17 | |Pr]

with 8% = ¢p/N,, and h = (t, — tg) /M (M is number of iterations in the interval [tg, t,]). After, obtained
the optimal values of My, S;, V5. I7 . I .. Ry, Dy, Py and uy,, the optimal Hamiltonian function H;, can be
derived as follows,

Hiy = wo M + w1 Sy +wa Vi +wsl} , +walfy, +duf? + 10 [pS® — aM}; — ub;]
+10y [aMyy + oV, + BRy, — Sy, — B1S5 17, — 15, — upPpSy]
10 (018, — 02Vl + T (B STy, — pdf = I, — YT — T,
+10s [y 17 — 1l — 25, — 2l ]
s (V17 +V2lf, — nRy, — BR;, + up, Py Sy, |
+7 [ (M + Sy + 17+ i + Ry + Vi) +mdf, + Y215 )
+s [1/7 (8B5S 17, — Pr)] -

5. PROGRAMMING AND SIMULATION

Programming and simulation of proposed models is performed in this Section for the controller and without
controller cases. The source of parameters and its numerical values are as follows [13],

1=0.05, a=0.35, o =025 @s=005 =02 f =0.15, ¢ =0.05 m = 0.03,
e = 0.02, v = 0.6, 71 = 0.08, 72 = 0.15, c =4, p=0.35, T =5, S° =800, M (0) = 50,
S(0) =120,V (0) =5, I (0) =6, I (0)=2, R(1)=0, P(0)=0, D(0) =0, r=0.5,

ug = 0.15, w1 = wy = w3 = wg = w5 = we = 0.1, I (0) = 5 (0) =113 (0) = 114 (0)

=TI (0) = TIg (0) = IT7 (0) = IIs (0) = 0.01.

Figures 12-15 show the optimal controller function, u*(t), for # = 0.1, 8 =0.2, 8 = 0.3 and § = 0.4, respec-
tively. According to the figures, with the increase of the parameter 5 from 0.1 up to 0.4, the number of vibrations
of the controller function also increases over time. The immunity people, M (t), with controller and without con-
troller for 5 = 0.2 is showed in the Figure 16. As it can be seen from the figure, the use of the controller in the
proposed model has no effect on the immune individuals size.
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FIGURE 16. Immunity population vs. time when 8 = 0.2.
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FIGURE 18. Infected population with low severity vs. time when 8 = 0.2.

Figure 17 shows the susceptible people, S(t), with controller and without controller for 8 = 0.2. As can
be seen, using the utility function, the number of susceptible individuals increases outstandingly. The infected
people with low and high severity, I, (t) and Ig(t), with controller and without controller, are shown in the
Figures 18 and 19 for 8 = 0.2. The use of the controller in the proposed model has caused the rate of the infected
people to drop to zero more quickly. Figure 20, indicates the vaccinated individual’s ws. time with controller
and without controller when S = 0.2. The use of the controller in the proposed model shows that after a certain
period of time we need to increase the number of vaccinated people. Figure 21 indicates the recovered people,
R(t), with controller and without controller for 8 = 0.2. It’s depicted from this figure that in the proposed
model, along with the controller, the recovered individuals increase more rapidly.

6. VALIDATION OF PROPOSED MODEL WITH THE REAL DATA

Table 1 shows the real data of COVID-19 from 4 January, 2021 up to 14 June, 2021 in Iran.! In the present
section, we have used the real data to validate the proposed models with controller and without controller for
infected individuals and dead peoples. According the Table 1, mean of infected peoplesis I = I, + Iy = 77,062,
mean of dead peoples is D = 1,142, mean of infection rate is A\ = 0.0346 and mean of death rate is 77 = 0.0314.
Figure 22, indicates the optimal utility function versus time for the real data of COVID-19 from 4 Jan, 2021
up to 14 June, 2021 in Iran'.

Infected population versus time for the real data of COVID-19 from 4 Jan, 2021 up to 14 June, 2021 in
Iran! was shown in Figure 23. As seen from this figure, the infection population obtained from the model
without controller has been fitted to the real data. As seen from this figure, the infected population using the
proposed model without controller has been fitted to the real data. As can be seen, the use of the controller

Thttps://covid19.who.int/region/emro/country /ir


https://covid19.who.int/region/emro/country/ir

OPTIMAL CONTROL STRATEGY TO CONTROL PANDEMIC COVID-19 USING MSIyIgR.V MODEL

2.2 T T T T T

—O— w/o controller
2 —O— w controller |

18

16

0.6 -

IH: Infected Population with High Severity
Y
T

04

0.2 1 1 1 1 1
0 2 4 6 8 10 12

Time

FI1GURE 19. Infected population with high severity vs. time when 8 = 0.2.

250 T T T T T

—O— w/o controller
—O— w controller

200

150

100

V: Vaccinated Population

50

o 1 1 1 1 1
0 2 4 6 8 10 12

Time

FI1GURE 20. Vaccinated population vs. time when 8 = 0.2.



26

SH. S. CHAHABORJ ET AL.

250 T T T T T

—O— w/o controller
—O— w controller

200

150

100

R: Recovered Population

50

o 1 1 1 1 1
0 2 4 6 8 10 12

Time

F1GURE 21. Recovered population vs. time when 5 = 0.2.
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TABLE 1. Real data of COVID-19 from 4 Jan, 2021 up to 14 June, 2021 in Iran'.

Labels  Dates Infected Weekly Dead Weekly
peoples change (%) peoples change (%)

1 4 Jan 42,964 1.07 662 —23.38
2 11 Jan 43,957 2.31 617 —6.80
3 18 Jan 42,637 —3.00 577 —6.48
4 25 Jan 44,699 4.84 595 3.12

5 1 Feb 47,639 6.58 523 —12.10
6 8 Feb 51,503 8.11 471 —-9.94
7 15 Feb 55,208 7.19 526 11.68

8 22 Feb 57,078 3.39 571 8.56

9 1 March 58,523 2.53 614 7.53

10 8 March 57,678 —1.44 548 —10.75
11 15 March 54,445 —5.61 582 6.20

12 22 March 53,118 —2.44 584 0.34

13 29 March 73,471 38.32 691 18.32
14 5 Apr 128,684 75.15 1233 78.44
15 12 Apr 166,367 29.28 2095 69.91
16 19 Apr 161,594 —287 2793 33.32
17 26 Apr 139,118 ~13.91 2970 6.34

18 3 May 124,513 —10.50 2434 —18.05
19 10 May 99,205 —20.33 2109 —13.35
20 17 May 84,012 —15.31 1748 —17.12
21 24 May 69,331 —17.47 1360 —22.20
22 31 May 67,533 —2.59 1200 —11.76
23 7 June 59,771 —11.49 970 —19.17
24 14 June 66,452 11.18 943 2.78

I=I;,+1yg="77,062 A=0.0346 D=1,142 1 =0.0314

has significantly reduced the number of infected people and much better and more accurately optimized the
infected people. It is worth mentioning, we applied an interpolation for the actual data’s.

Figure 24, shows the dead population versus time for the real data of COVID-19 from 4 Jan, 2021 up to 14
June, 2021 in Iran'. According the results of Figure 24, the dead population obtained from the proposed model
without controller is almost consistent with the actual data. And use of controller efficiently and effectively has
optimized the dead population. The use of the controller, better and more accurately optimized the dead people
and significantly reduced the number of dead population.

7. CONCLUSION

In this paper, a mathematical model including classes M, S, V| Iy, Iy and R has been presented for the
pandemic COVID-19. Disease-free equilibriums TE, VAE and VIE were derived to study the stability, criticality
and instability of the proposed model for pandemic COVID-19. Using Jacobian matrix of dynamical system in
the virus absenteeism equilibrium point, reproductive number was derived. Results showed that, the spectral
radius of the new operator, using the transmission matrix and transition matrix as well as virus absenteeism
equilibrium, was a very powerful tool to obtain the reproductive number. To control pandemic COVID-19
spread, the effect of vaccination and protective covering were studied. The results showed that by following the
health and safety protocols such as wearing face masks, keeping proper distances from others, hand washing,
using disinfectants, etc. might help a lot in controlling the infectious disease of COVID-19. In the following,
optimal control theory is used to optimize the proposed model, for the prediction and the control of pandemic
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COVID-19, and to improve the performance of the model. The results of the optimal control theory show that
the optimal utility function could be extremely advantageous and effective in controlling infectious diseases.
Validation of proposed methods with the real data shows that use of the controller in the epidemic COVID-19,
efficiently and accurately has optimized the infected and dead populations and has significantly reduced the
number of infected and dead peoples.
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