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THE ADIABATIC EXPONENT LIMITS OF RIEMANN SOLUTIONS

FOR THE EXTENDED MACROSCOPIC PRODUCTION MODEL∗

Shan Shan, Chun Shen** and Zhijian Wei

Abstract. The exact Riemann solutions for the extended macroscopic production model with an
adiabatic exponent are constructed in perfectly explicit forms. The asymptotic limit of Riemann solu-
tion consisting of 1-shock wave and 2-contact discontinuity tends to a delta shock solution for the
pressureless gas dynamics model under the special over-compressive entropy condition as the adi-
abatic exponent drops to one. In contrast, the asymptotic limit of Riemann solution composed of
1-rarefaction wave and 2-contact discontinuity tends to the vacuum solution surrounded by two con-
tact discontinuities by letting the adiabatic exponent tend to one, in which the state in the interior
of the 1-rarefaction wave fan is developed into vacuum. The intrinsic phenomena of concentration and
cavitation are identified and investigated carefully during this limiting process, which displays more
complicated and completely different behavior compared with previous literature. In addition, some
representative numerical calculations are also provided, which are in well agreement with our theoretical
results.
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1. Introduction

Recently, the 2-order macroscopic production model of data fitting has been introduced originally by Forestier-
Coste, Gottlich and Herty [10] in the following formρt + (ρu)x = 0,(

ρu
(
1 + p(ρ)

))
t

+
(
ρu2
(
1 + p(ρ)

))
x

= 0,
(1.1)

where the two non-negative state variables u and ρ are served as the product velocity and density separately and
the equation of state p = p(ρ) is usually used to represent the anticipated factor of the production line. More
precisely, the model (1.1) was well used to simulate the interactivity between the product density ρ and the
weighted product property z = ρu

(
1 + p(ρ)

)
= ρu+ ρ2u by taking the anticipated factor p(ρ) = ρ from discrete

event simulations according to sampled data. It is of interest to find that the model (1.1) is very reasonable
to describe a high-volume multistage production line for the reason that the information propagation speed is
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bounded by the product velocity u as well as all the emerged hyperbolic waves can travel with non-negative
speeds. In addition, it should be pointed out that the variable x is used to stand for the degree of completion
or stage of production.

It is of very interest to notice that the model (1.1) is attributed to the well-known hyperbolic systems of
Temple class [6, 42] and thus it has been received extensively attention in the field of hyperbolic conservation
laws although the variable x does not served as a physical position. More specifically, the singular δ-standing
wave was found by Sun [39] when the Riemann problem for (1.1) was considered under the situation p(ρ) = ρ.
Furthermore, some new exact solutions for (1.1) in the case of p(ρ) = ρ have also been obtained by Sil and Raja
Sekhar [37, 38] with the help of nonclassical symmetry analysis as well as interactions of nonlinear waves have
been widely investigated by Minhajul and Raja Sekhar [21]. Very recently, exact Riemann solutions have been
obtained and wave interactions have been dealt with carefully in [43] for (1.1) by taking the pressure-density
relation p(ρ) = − 1

ρ for Chaplygin gas.

It should be addressed especially that the asymptotic limits ε→ 0 of Riemann solutions for the model (1.1)
with the perturbed anticipated factor p(ρ) = ερ have been considered by Zhang and Sun [47]. It is clear to
find that the formal limit ε→ 0 of the model (1.1) with p(ρ) = ερ is the well-known pressureless gas dynamics
model. However, it was shown in [47] that the limits ε→ 0 of Riemann solutions for the model (1.1) associated
with p(ρ) = ερ cannot converge to the corresponding ones for the pressureless gas dynamics model. In order to
remedy it, a new perturbed macroscopic production model was also proposed in [47]. It is worthy noticing that
the establishment of macroscopic production model was usually to imitate the isentropic gas dynamical Euler
model by taking the anticipated factor p(ρ) = ργ−1 with the requirement γ ∈ (1, 2). In fact, it was stressed in
[10] that other anticipated factors or clearing functions were of course caused when the proposed procedure
was not limited to the assumptions made there and could be extended to other distributions for the serving
and arrival process. It was also pointed out in [3] that the kinetic derivation of the macroscopic production
model was usually carried out in terms of an adiabatic closure, which motivates us to choose the anticipated
factor p(ρ) = ργ−1 with the requirement γ ∈ (1, 2) here. In the current work, we will take the anticipated factor
p(ρ) = ργ−1 for the macroscopic production model (1.1), which can be simplified into the form

{
ρt + (ρu)x = 0,

(ρu+ ργu)t + (ρu2 + ργu2)x = 0.
(1.2)

To be more specific, we shall draw our attention on the Riemann problem for the system (1.2) subject to the
following initial condition consisting of two piecewise constant states separated at the origin in the form

(ρ, u)(x, 0) =

{
(ρ−, u−), x < 0,

(ρ+, u+), x > 0.
(1.3)

Actually, it is not difficult to find that the 1-characteristic field is genuinely nonlinear when ρ > 0 and u > 0
or linearly degenerate when ρ = 0 or u = 0 under our assumption 1 < γ < 2. On the other hand, the 2-
characteristic field is linearly degenerate for ever. As a consequence, if the restrictive conditions ρ± > 0 and
u± > 0 are required in (1.3), then the Riemann solution of (1.2)–(1.3) is made up of 1-rarefaction (or 1-shock)
wave and 2-contact discontinuity where vacuum may be involved under some suitable initial conditions.

It is of great interest to take into account the influence of the parameter γ on the solutions of the Riemann
problem (1.2)–(1.3). It was shown in [24] that the high Mach number limit amounts to the limit γ → 1+ for
fixed initial total energy in the study of the one-dimensional piston problem for the non-isentropic compressible
Euler system of polytropic gas, where the mass concentration at the piston position or the vacuum formation
is possibly caused. It is evident to see that if the limit γ → 1+ is taken in the system (1.2), then it is formally
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transformed into the pressureless gas dynamics model [7, 14, 32] as follows:

{
ρt + (ρu)x = 0,

(ρu)t + (ρu2)x = 0.
(1.4)

It is well-known nowadays that the system (1.4) is weakly (or non-strictly) hyperbolic and has only a coincident
and linearly degenerate eigenvalue. The main feature lies in that the Riemann solution of (1.4)–(1.3) is either a
delta shock wave denoted by δ-shock for the case u+ < u− or vacuum surrounded by two contact discontinuities
for the case u+ > u−. Significantly, the system (1.4) was also adopted in the study of the product flow in
connection with queuing networks and supply chains [4, 5], in which it was very effective for slowly changing
inflows and was based on the closure hypothesis that was a rare event for each part to overtake each other.

The main aim of this work is concerned with the intrinsic phenomena of concentration and cavitation by
sending the limits γ → 1+ of Riemann solutions of (1.2)–(1.3). On the one hand, if 0 < u+ < u−, then the
Riemann solution of (1.2)–(1.3) is made up of 1-shock wave S1 and 2-contact discontinuity J2 for any γ > 1. It
is found evidently that the front of 1-shock wave S1 tends to the front of 2-contact discontinuity J2 at the line
x = u+t when the limit γ → 1+ is taken. Moreover, the concentration phenomenon can be observed clearly due
to the fact that the mutual superposition of S1 and J2 on the line x = u+t gives rise to a δ-shock Sδ in the limiting
γ → 1+ situation. It is of interest to find that the strength and wave-speed of δ-shock are obviously different from
each other between the limit γ → 1+ of Riemann solution S1 +J2 of (1.2)–(1.3) and the corresponding Riemann
solution of (1.4)–(1.3). This is due to the fact that the δ-shock solution for the pressureless gas dynamics model
(1.4) is usually obtained under the over-compressive δ-entropy condition u+ < σδ < u−. However, the limit
γ → 1+ of Riemann solution S1 + J2 of (1.2)–(1.3) results in another special over-compressive entropy condition
u+ = σ̃δ < u− in the marginal situation. In fact, it may not be surprising to find that different perturbations for
the pressureless gas dynamics model (1.4) usually produce delta shock waves with different strengths and wave-
speeds. On the other hand, if 0 < u− < u+, then the Riemann solution of (1.2)–(1.3) is composed of 1-rarefaction
wave R1 and 2-contact discontinuity J2 with the intermediate non-vacuum constant state when u− < u+ < 2u−
or the vacuum intermediate state when u+ > 2u− by taking γ − 1(> 0) as our expected smallness. It is very
interesting to see that the state in the interior of the 1-rarefaction wave fan R1 is developed into vacuum in the
limiting γ → 1+ situation. Furthermore, the limit γ → 1+ of Riemann solution of (1.2)–(1.3) is well concurrent
with the corresponding vacuum solution surrounded by two contact discontinuities of the Riemann problem
(1.4)–(1.3). During the limiting γ → 1+ process, the cavitation phenomenon can be well observed and studied
in detail, which displays more complicated and completely different behavior compared with previous literature.

To the end, we briefly review some related results about the formation of δ-shock wave and vacuum state in
the Riemann solutions for the pressureless gas dynamics model (1.4) and also other related models. First of all,
the vanishing pressure method was extensively used such as in[8, 11, 12, 22, 26, 30, 33, 41]. Subsequently, the
approach of the so-called flux function limit was also adopted such as in [29, 40, 44–46]. Recently, the approach
of the adiabatic exponent limit has been well carried out for example in [15, 31, 34–36, 48, 49]. In addition, there
are still some other very effective methods [9, 16, 17, 23, 25, 27] to deal with the related problems of δ-shocks.
Finally, it is necessary to point out that delta shock wave has also been found in other hyperbolic models, such
as in the nonlinear chromatography [20], in the shallow water dynamics [18], in the thin film [28] and also in
the porous media [13].

The structure of this paper is organized as follows. In Section 2, the Riemann solutions of (1.4) and (1.3) are
stated concisely for completeness, which include either δ-shock or vacuum state. In Section 3, the fundamental
properties and the curves of elementary waves are analyzed at first before all the exact Riemann solutions
of (1.2)–(1.3) are constructed in fully explicit forms. In Section 4, the limits γ → 1+ of Riemann solutions
of (1.2)–(1.3) are analyzed carefully for two different cases. More specifically, if 0 < u+ < u−, then the limit
γ → 1+ of Riemann solution S1 + J2 of (1.2)–(1.3) tends to a δ-shock solution of (1.4)–(1.3) under the special
over-compressive entropy inequality u+ = σ̃δ < u− in the marginal situation, which also satisfies the system
(1.4) in the weak sense of Schwartz distributions. Otherwise, if 0 < u− < u+, then the limit γ → 1+ of Riemann
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solution R1 + J2 of (1.2)–(1.3) also tends to the corresponding vacuum Riemann solution of (1.4)–(1.3). To the
end, the numerical calculations are also offered to confirm the formation of δ-shock and vacuum in Section 5.

2. Preliminaries

In order to facilitate the readers and make the paper self-contained, this section summarizes briefly the
results of Riemann solutions for the pressureless gas dynamic system (1.4), please see [7, 8, 32] for a thorough
presentation. It is found evidently that (1.4) is a weakly (or non-strictly) hyperbolic system and has only a
coincident and linearly degenerate eigenvalue λ = u.

If u− < u+, then the Riemann solution of (1.4)–(1.3) is made up of two contact discontinuities including
vacuum state in the middle of the form

(ρ, u)(x, t) =


(ρ−, u−), −∞ < x < u−t,

(0, xt ), u−t < x < u+t,

(ρ+, u+), u+t < x < +∞.
(2.1)

Otherwise, if u− > u+, then a solution involving a weighted δ-measure supported on a curve should be
considered. Hence, we need to first introduce the definition of δ-measure [8, 16, 32] in order to give a detailed
description of δ-shock solution of (1.4)–(1.3).

Definition 2.1. For each ϕ(x, t) ∈ C∞0 (R × R+), a weighted Dirac δ-function ω(t)δΓ superimposed upon a
smooth curve Γ = {(x, t)|x = x(t), 0 ≤ t < +∞} in the (x, t) plane is given by

〈ω(t)δΓ, ϕ(x, t)〉 =

∫ +∞

0

ω(t)ϕ(x(t), t)dt. (2.2)

In view of Definition 2.1, if u− > u+, then we can construct a δ-shock solution of (1.4)–(1.3) given by

(ρ, u)(x, t) =


(ρ−, u−), x < σδt,

(ω(t)δ(x− σδt), uδ), x = σδt,

(ρ+, u+), x > σδt,

(2.3)

in which Γ = {(σδt, t), 0 ≤ t < +∞}. Actually, the formal solution (2.3) should satisfy

〈ρ, ϕt〉+ 〈ρu, ϕx〉 = 0, 〈ρu, ϕt〉+
〈
ρu2, ϕx

〉
= 0,

holding for each ϕ(x, t) ∈ C∞0 (R×R+), where

〈ρuk, ϕ〉 =

∫ +∞

0

∫ σδt

−∞
ρ−u

k
−ϕ(x, t)dxdt+

∫ +∞

0

∫ +∞

σδt

ρ+u
k
+ϕ(x, t)dxdt+ 〈ω(t)ukδδΓ, ϕ〉,

with k = 0, 1, 2. More specifically, it is obtained that

σδ = uδ =

√
ρ+u+ +

√
ρ−u−√

ρ+ +
√
ρ−

, ω(t) =
√
ρ−ρ+(u− − u+)t. (2.4)
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It suffices to show that the δ-shock solution (2.3)–(2.4) needs to satisfy the following generalized Rankine-
Hugoniot conditions

dx

dt
= σδ,

dω(t)

dt
= σδ[ρ]− [ρu],

d(ω(t)uδ)

dt
= σδ[ρu]− [ρu2], (2.5)

in connection with the over-compressive δ-entropy inequality u+ < σδ < u−.

3. Construction of Riemann solutions of (1.2)–(1.3)

The aim of this section is devoted to constructing all the possible solutions of the Riemann problem (1.2)–(1.3).
The system (1.2) is adapted conveniently into the following quasi-linear form

(
1 0

u+ γργ−1u ρ+ ργ

)(
ρ

u

)
t

+

(
u ρ

u2 + γργ−1u2 2ρu+ 2ργu

)(
ρ

u

)
x

=

(
0

0

)
. (3.1)

It suffices to get two real and different eigenvalues

λ1(ρ, u) =
u(1 + (2− γ)ργ−1)

1 + ργ−1
, λ2(ρ, u) = u, (3.2)

as well as the associated right eigenvectors

−→r1 = (1 + ργ−1, (1− γ)ργ−2u)T , −→r2 = (1, 0)T . (3.3)

Moreover, it is shown that

λ1 − λ2 =
(1− γ)ργ−1u

1 + ργ−1
,

such that λ1 < λ2 holds provided that u > 0 and ρ > 0 under our assumption 1 < γ < 2. Hence, the system
(1.2) is strictly hyperbolic in the interior of quarter (ρ, u) plane and weakly (or non-strictly) hyperbolic on the

positive ρ−axis or u−axis. Let ∇ = ( ∂
∂ρ
, ∂
∂u

) be the gradient operator, by a trivial and tedious calculation,

then we have

∇λ1 · −→r1 =
(1− γ)(γ + (2− γ)ργ−1)ργ−2u

1 + ργ−1 6= 0, ∇λ2 · −→r2 = 0,

holding for 1 < γ < 2, u > 0 and ρ > 0. The above result shows that the characteristic field of λ1 is genuinely
nonlinear and the characteristic field of λ2 is always linearly degenerate in the interior of the quarter (ρ, u) plane,
which implies that λ1 corresponds to shock or rarefaction wave and λ2 corresponds to contact discontinuity.

The rarefaction curve is firstly studied. Since the Riemann problem (1.2)–(1.3) remains unchanged under
uniform stretching, the following form of transformation is carried out to find self-similar solutions

(ρ, u)(x, t) = (ρ, u)(ξ), ξ =
x

t
.
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Thus, we can convert the Riemann problem (1.2)–(1.3) into the boundary value problem of the following form
−ξρξ + (ρu)ξ = 0,

−ξ(ρu+ ργu)ξ + (ρu2 + ργu2)ξ = 0,

(ρ, u)(±∞) = (ρ±, u±),

(3.4)

which allows us to get(
u− ξ ρ

(1 + γργ−1)(u− ξ)u ρ(1 + ργ−1)(2u− ξ)

)(
ρ

u

)
ξ

=

(
0

0

)
. (3.5)

For a given left state (ρ−, u−) in the interior of the quarter (ρ, u) plane, by using the standard process and with
the help of λ1(ρ, u) > λ1(ρ−, u−), the 1-rarefaction curve may be represented concisely as

R1(ρ−, u−) : ξ = λ1(ρ, u) =
(1 + (2− γ)ργ−1)u

1 + ργ−1 , (1 + ργ−1)u = (1 + ργ−1
− )u−, ρ < ρ−, u > u−. (3.6)

It can be obtained that

du

dρ
= −

(γ − 1)(1 + ργ−1
− )u−ρ

γ−2

(1 + ργ−1)2 < 0,

d2u

dρ2 =
(γ − 1)(1 + ργ−1

− )u−(γρ2γ−4 − (γ − 2)ργ−3)

(1 + ργ−1)3 > 0,

which permits us to find that the curve R1(ρ−, u−) is convex in the quarter (ρ, u) plane. In addition, it is obvious
to find that the curve R1(ρ−, u−) and the positive u-axis intersect at the point (0, u−(1 + ργ−1

− )).
It is quite natural to consider the discontinuous curve now, then the Rankine-Hugoniot jump conditions are

written as

σ[ρ] = [ρu], σ[ρu+ ργu] = [ρu2 + ργu2]. (3.7)

where σ = dx
dt is the wave-speed of the discontinuity and [q] = q − q− represents the jump of the quantity

q passing through the discontinuity,. If σ = 0, then the solution (ρ, u) = (ρ−, u−) is a trivial constant state.
Otherwise, if σ 6= 0, then we obtain

[ρu][ρu+ ργu] = [ρ][ρu2 + ργu2].

which gives

ρρ−

(
(ργ−1
− + 1)u− − (ργ−1 + 1)u

)
(u− u−) = 0. (3.8)

If u 6= u−, by using the classical Lax entropy condition, then the 1-shock curve follows from (3.8) clearly that

S1(ρ−, u−) : σ1 =
ρu− ρ−u−
ρ− ρ−

, (1 + ργ−1)u = (1 + ργ−1
− )u−, ρ > ρ−, u < u−. (3.9)
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Figure 1. Let the left state (ρ−, u−) be fixed in the interior of quarter (ρ, u) plane, then
the Riemann solution of (1.2)–(1.3) can be constructed uniquely according to the right state
(ρ+, u+) in the different regions I, II and III.

It is evident to find from (3.9) that the curve S1(ρ−, u−) regards the positive ρ−axis as its asymptotic line in
the quarter (ρ, u) plane. It is also known obviously that the expressions of shock and rarefaction curves are
exactly the same, thus the system (1.2) belongs to the famous Temple-type [6, 42]. Otherwise, if u = u−, then
the curve of 2-contact discontinuity is obtained immediately that

J2(ρ−, u−) : τ2 = u = u−. (3.10)

It can be easily analyzed from Figure 1 that the quarter (ρ, u) phase plane is divided into three parts by the 1-
rarefaction curve R1(ρ−, u−), the 1-shock curve S1(ρ−, u−) and the curve of 2-contact discontinuity J2(ρ−, u−).
As a consequence, the Riemann solutions of (1.2) and (1.3) can be represented as the usual notations S1 + J2,
R1 + J2 and R1 + V ac+ J2 when the right state (ρ+, u+) varies from bottom to top in the quarter (ρ, u) phase
plane.

(1) If 0 < u+ < u−, then (ρ+, u+) falls in the region I and the Riemann solution of (1.2)–(1.3) can be expressed
as

(ρ, u)(x, t) =


(ρ−, u−), −∞ <

x

t
< σ1,

(ρ∗, u+), σ1 <
x

t
< τ2,

(ρ+, u+), τ2 <
x

t
< +∞,

(3.11)

where ρ∗ is calculated by

u+(1 + ργ−1
∗ ) = u−(1 + ργ−1

− ), (3.12)
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namely

ρ∗ =

(
(1 + ργ−1

− )u− − u+

u+

) 1
γ − 1

. (3.13)

Additionally, the wave-speeds of 1-shock wave S1 and 2-contact discontinuity J2 are given respectively by

σ1 =
ρ∗u+ − ρ−u−
ρ∗ − ρ−

, τ2 = u+. (3.14)

(2) If u− < u+ < u−(1 + ργ−1
− ), then (ρ+, u+) is situated in the region II and the Riemann solution of

(1.2)–(1.3) can be written as

(ρ, u)(x, t) =



(ρ−, u−), −∞ <
x

t
< λ1(ρ−, u−),

(ρ, u), λ1(ρ−, u−) ≤ x

t
≤ λ1(ρ∗, u+),

(ρ∗, u+), λ1(ρ∗, u+) <
x

t
< τ2,

(ρ+, u+), τ2 <
x

t
< +∞,

(3.15)

where ρ∗ is also calculated by (3.12) and given by (3.13) due to the feature of Temple-type. In addition,
the state (ρ, u) in the wave fan of R1 changes from (ρ−, u−) to (ρ∗, u+), which is uniquely determined by

(1 + ργ−1)u = (1 + ργ−1
− )u−, ξ =

x

t
=

(1 + (2− γ)ργ−1)u

1 + ργ−1 . (3.16)

For convenience, we use the notation u = u−(1 + ργ−1
− ) and then we further get


ρ =

(
(2− γ)u− 2ξ +

√
(2− γ)2u2 + 4(γ − 1)ξu

2ξ

) 1
γ−1

,

u =
(γ − 2)u+

√
(2− γ)2u2 + 4(γ − 1)ξu

2(γ − 1)
.

(3.17)

Accordingly, the wave-speed of J2 is also τ2 = u+ as well as the wave-back and the wave-front of R1 are
computed respectively by

λ1(ρ−, u−) =
(1 + (2− γ)ργ−1

− )u−

1 + ργ−1
−

, λ1(ρ∗, u+) =
(1 + (2− γ)ργ−1

∗ )u+

1 + ργ−1
∗

. (3.18)
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(3) Finally, if u+ > u−(1 + ργ−1
− ), then (ρ+, u+) is located in the region III and the Riemann solution of

(1.2)–(1.3) is represented by

(ρ, u)(x, t) =



(ρ−, u−), −∞ <
x

t
< λ1(ρ−, u−),

(ρ, u), λ1(ρ−, u−) ≤ x

t
≤ λ1(0, u),

vac, λ1(0, u) <
x

t
< τ2,

(ρ+, u+), τ2 <
x

t
< +∞.

(3.19)

In the formula (3.19), the varying state variable (ρ, u) in the wave fan of R1 is also given by (3.17), the
wave-speed of J2 is still τ2 = u+, and the wave-front of R1 is also given by the first relation of (3.18) but
now the wave-back of R1 is given by λ1(0, u) = u.

As a consequence, we have constructed three different structures of Riemann solutions of (1.2)–(1.3) according
to the ordering relations 0 < u+ < u−, u− < u+ < u−(1 + ργ−1

− ) and u+ > u−(1 + ργ−1
− ). In the remaining

content, it is of interest to consider the limiting behavior of Riemann solution of (1.2)–(1.3) as u+ → 0+. For
each fixed γ ∈ (1, 2), sending the limit u+ → 0+ in (3.13) immediately gives

lim
u+→0+

ρ∗ = lim
u+→0+

(
(1 + ργ−1

− )u− − u+

u+

) 1
γ − 1

= +∞. (3.20)

Moreover, it also follows from (3.14) that

lim
u+→0+

σ1 = lim
u+→0+

ρ∗u+ − ρ−u−
ρ∗ − ρ−

= 0, lim
u+→0+

τ2 = lim
u+→0+

u+ = 0, (3.21)

which implies that the 1-shock wave S1 and the 2-contact discontinuity J2 coincide with each other at the line
x = 0 in the (x, t) plane to form a so-called delta standing wave when the limit u+ → 0+ is taken. It is necessary
to compute the total quantity of ρ between S1 and J2 in the limiting u+ → 0+ circumstance as follows:

lim
u+→0+

∫ τ2+0

σ1−0

ρ∗dξ = lim
u+→0+

∫ u++0

ρ∗u+−ρ−u−
ρ∗−ρ−

−0

(
(1 + ργ−1

− )u− − u+

u+

) 1
γ − 1

dξ.

Integrating the first equation in (3.4) with respect to ξ from σ1 − 0 to τ2 + 0 leads to

∫ τ2+0

σ1−0

−ξdρ+ d(ρu) = −ξρ
∣∣∣τ2+0

σ1−0
+

∫ τ2+0

σ1−0

ρdξ + ρu
∣∣∣τ2+0

σ1−0
= 0,

which gives

∫ τ2+0

σ1−0

ρ∗dξ = τ2ρ+ − σ1ρ− − ρ+u+ + ρ−u−.
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Thanks to (3.21), one can arrive at

lim
u+→0+

∫ τ2+0

σ1−0

ρ∗dξ = ρ−u− and further lim
u+→0+

∫ τ2t+0

σ1t−0

ρ∗dx = ρ−u−t, (3.22)

which indicates that the singularity occurs for the density ρ with a weighted Dirac delta function at the position
x = 0 when u+ = 0. Motivated by [8, 32], for the special case u+ = 0, the Riemann problem (1.2)–(1.3) admits
a delta standing wave solution in the form

ρ(x, t) =


ρ−, x < 0,

ρ−u−tδ(x), x = 0,
ρ+, x > 0,

u(x, t) =

{
u−, x < 0,

0, x > 0.
(3.23)

Moreover, we further have

λ1(ρ+, 0) = λ2(ρ+, 0) = 0 < λ1(ρ−, u−) < λ2(ρ−, u−),

which indicates that the characteristics on the right-hand side are parallel to the front of delta standing wave
as well as the characteristics on the left-hand side break into the front of delta standing wave. Thus, the mass
concentration on the front of delta standing wave only comes from the particles on the left-hand side.

4. The limiting behavior of Riemann solutions of (1.2)–(1.3) as
γ → 1+

In this section, we shall discuss the limits of Riemann solutions of (1.2)–(1.3) as γ → 1+. More precisely, our
discussion will be divided into two parts according to the ordering relation between u− and u+.

When 0 < u+ < u−, it is shown that the Riemann solution of (1.2)–(1.3) is made up of 1-shock wave S1

and 2-contact discontinuity J2 for any γ > 1 (see Fig. 2a). It is easy to know from (3.11) that (ρ−, u−) and
(ρ∗, u+) are connected by 1-shock wave at the velocity σ1, and (ρ∗, u+) and (ρ+, u+) are connected by 2-contact
discontinuity at the velocity τ2. Sending the limit γ → 1+ in (3.12) immediately leads to

lim
γ→1+

ργ−1
∗ =

2u− − u+

u+
. (4.1)

It suffices to obtain 2u−−u+

u+
> 1 from the requirement 0 < u+ < u−. In view of the limiting relation lim

γ→1+

1
γ−1 =

+∞, it also follows from (4.1) that

lim
γ→1+

ρ∗ = lim
γ→1+

(
2u− − u+

u+

) 1
γ−1

= +∞. (4.2)

Taking into account (4.2), it can be derived obviously from (3.14) that

lim
γ→1+

σ1 = lim
γ→1+

ρ∗u+ − ρ−u−
ρ∗ − ρ−

= lim
γ→1+

(
u+ +

ρ−(u+ − u−)

ρ∗ − ρ−

)
= u+ = lim

γ→1+
τ2, (4.3)

which indicates that S1 and J2 coincide on the line x = u+t in the limiting γ → 1+ situation (see Fig. 2b).
Let us use Lemma 4.1 to describe the formation of singularity at the position x = u+t in the limiting behavior

of Riemann solution of (1.2)–(1.3) as γ → 1+ for the case 0 < u+ < u−.
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Figure 2. In the case of 0 < u+ < u−, the Riemann solution S1 + J2 of (1.2)–(1.3) is shown
on the left-hand side and the corresponding limit γ → 1+ of this solution is displayed on the
right-hand side.

Lemma 4.1. Let us denote σ̃δ = u+, then the limiting relations are indicated as follows:

lim
γ→1+

(τ2 − σ1)ρ∗ = ρ−(u− − u+) = σ̃δ[ρ]− [ρu], (4.4)

lim
γ→1+

(τ2 − σ1)(ρ∗u∗ + ργ∗u∗) = 2ρ−u−(u− − u+) = 2(σ̃δ[ρu]− [ρu2]), (4.5)

in which [q] = q+ − q− denotes the jump quantity of q across the discontinuity, etc.

Proof. It can be deduced from (3.14) together with (4.2) that

lim
γ→1+

(τ2−σ1)ρ∗ = lim
γ→1+

(
u+−

ρ∗u+ − ρ−u−
ρ∗ − ρ−

)
ρ∗ = lim

γ→1+

ρ∗ρ−(u− − u+)

ρ∗ − ρ−
= ρ−(u−−u+) = σ̃δ[ρ]− [ρu]. (4.6)

Carrying out the Rankine-Hugoniot conditions on S1 and J2 for the second equation of (1.2) allows us to arrive
at

{
σ1(ρ∗u+ + ργ∗u+ − ρ−u− − ργ−u−) = ρ∗u

2
+ + ργ∗u

2
+ − ρ−u2

− − ρ
γ
−u

2
−,

τ2(ρ+u+ + ργ+u+ − ρ∗u+ − ργ∗u+) = ρ+u
2
+ + ργ+u

2
+ − ρ∗u2

+ − ρ
γ
∗u

2
+,
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which immediately gives

lim
γ→1+

(τ2 − σ1)(ρ∗u+ + ργ∗u+) = lim
γ→1+

(τ2ρ+u+ + τ2ρ
γ
+u+ − σ1ρ−u− − σ1ρ

γ
−u−

+ ρ−u
2
− + ργ−u

2
− − ρ+u

2
+ − ρ

γ
+u

2
+)

= 2σ̃δρ+u+ − 2σ̃δρ−u− + 2ρ−u
2
− − 2ρ+u

2
+

= 2ρ−u−(u− − u+)

= 2(σ̃δ[ρu]− [ρu2]).

Moreover, we further have

lim
γ→1+

(τ2 − σ1)ρ∗u+ = lim
γ→1+

(
u+ −

ρ∗u+ − ρ−u−
ρ∗ − ρ−

)
ρ∗u+ = ρ−u+(u− − u+), (4.7)

lim
γ→1+

(τ2 − σ1)ργ∗u+ = lim
γ→1+

(τ2 − σ1)ρ∗u+ · lim
γ→1+

ργ−1
∗ = ρ−(u− − u+)(2u− − u+), (4.8)

in which the limiting relation (4.2) has been used. The proof is accomplished.

In the case of 0 < u+ < u−, it can be concluded from the above discussion that the mutual superposition of
S1 and J2 on the line x = u+t leads to a δ-shock Sδ in the limiting γ → 1+ situation. According to the formula
(4.4), let us calculate the strength of δ-shock obtained from the limit γ → 1+ of Riemann solution S1 + J2 of
(1.2)–(1.3) as follows:

α̃δ(t) = lim
γ→1+

∫ τ2t

σ1t

ρ∗dx = lim
γ→1+

ρ∗(τ2t− σ1t) = (σ̃δ[ρ]− [ρu])t = ρ−(u− − u+)t. (4.9)

In conclusion, for the case 0 < u+ < u−, such δ-shock solution derived from the limit γ → 1+ of Riemann
solution S1 + J2 of (1.2)–(1.3) can be written as

ρ(x, t) =


ρ−, x < u+t,

α̃δ(t)δ(x− u+t), x = u+t,
ρ+, x > u+t,

u(x, t) =

{
u−, x < u+t,

u+, x > u+t.
(4.10)

It is sufficient to find from (2.3)–(2.4) and (4.9)–(4.10) that the strength and wave-speed of δ-shock are obviously
different from each other. This is due to the fact that the δ-shock solution (2.3)–(2.4) for the pressureless gas
dynamics model (1.4) is obtained under the over-compressive δ-entropy inequality u+ < σδ < u−. It should be
stressed that taking the limit γ → 1+ of Riemann solution S1 + J2 of (1.2)–(1.3) here leads to another special
over-compressive entropy inequality u+ = σ̃δ < u− in the marginal situation. Actually, it is probably not a
surprise to find that different perturbations for the pressureless gas dynamics model (1.4) may usually give rise
to different strengths and wave-speeds of δ-shocks [47]. In order to prove rigorously that such δ-shock solution
(4.10) in connection with (4.9) satisfies the system (1.4) in the weak sense of Schwartz distributions, one of the
correct and effective ways is to use a suitable space such as Borel measure, make multiplications in densities
and fluxes there, and then map the obtained products into the space of Schwartz distributions and differentiate,
which is not the content of the current work and thus omitted here.
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Theorem 4.2. Suppose that the Riemann solution of (1.2)–(1.3) consists of a 1-shock wave S1 and a 2-contact
discontinuity J2 when u+ < u− and 1 < γ < 2, then the limit γ → 1+ of Riemann solution S1 + J2 tends to a
δ-shock solution (4.10) associated with (4.9) in the sense of distributions. More specifically, the following two
weak limiting relations hold that

lim
γ→1+

ρ = ρ− + (ρ+ − ρ−)H(x− u+t) + ρ−(u− − u+)tδ(x− u+t), (4.11)

lim
γ→1+

(ρu+ ργu) = 2ρ−u− + 2(ρ+u+ − ρ−u−)H(x− u+t) + 2ρ−u−(u− − u+)tδ(x− u+t). (4.12)

Proof. Under our assumptions, the Riemann solution S1 + J2 of (1.2)–(1.3) can be represented exactly as the
formula (3.11), which satisfies the weak sense of the model (1.2) as follows:

∫ +∞

−∞
ρ(ξ)(ξ − u(ξ))ϕ′(ξ)dξ +

∫ +∞

−∞
ρ(ξ)ϕ(ξ)dξ = 0, (4.13)

∫ +∞

−∞
(1 + ργ−1(ξ))ρ(ξ)u(ξ)(ξ − u(ξ))ϕ′(ξ)dξ +

∫ +∞

−∞
(1 + ργ−1(ξ))ρ(ξ)u(ξ)ϕ(ξ)dξ = 0, (4.14)

holding for each ϕ(ξ) ∈ C∞0 (−∞,+∞).
Let us draw our attention on (4.14), whose first term can be divided into

∫ +∞

−∞
(1 + ργ−1(ξ))ρ(ξ)u(ξ)(ξ − u(ξ))ϕ′(ξ)dξ =

(∫ σ1

−∞
+

∫ τ2

σ1

+

∫ +∞

τ2

)
(1 + ργ−1(ξ))ρ(ξ)u(ξ)(ξ − u(ξ))ϕ′(ξ)dξ.

(4.15)
Sending the limit γ → 1+ in the first and last integrals on the right-hand side of (4.15) immediately gives

lim
γ→1+

(∫ σ1

−∞
+

∫ +∞

τ2

)
(1 + ργ−1(ξ))ρ(ξ)u(ξ)(ξ − u(ξ))ϕ′(ξ)dξ

= lim
γ→1+

∫ σ1

−∞
(1 + ργ−1

− )ρ−u−(ξ − u−)ϕ′(ξ)dξ + lim
γ→1+

∫ +∞

τ2

(1 + ργ−1
+ )ρ+u+(ξ − u+)ϕ′(ξ)dξ

= lim
γ→1+

(
(1 + ργ−1

− )ρ−u−σ1ϕ(σ1)− (1 + ργ−1
− )ρ−u

2
−ϕ(σ1)− (1 + ργ−1

+ )ρ+u+τ2ϕ(τ2) + (1 + ργ−1
+ )ρ+u

2
+ϕ(τ2)

−(1 + ργ−1
− )ρ−u−

∫ σ1

−∞
ϕ(ξ)dξ − (1 + ργ−1

+ )ρ+u+

∫ +∞

τ2

ϕ(ξ)dξ
)

= 2ρ−u−(u− − u+)ϕ(u+)− 2

∫ +∞

−∞
(ρ−u− + (ρ+u+ − ρ−u−)H(ξ − u+))ϕ(ξ)dξ,

in which limγ→1+ σ1 = u+ and τ2 = u+ have been used. Thanks to (4.5), passing to the limit γ → 1+ in the
second integral on the right-hand side of (4.15) leads to
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lim
γ→1+

∫ τ2

σ1

(1 + ργ−1(ξ))ρ(ξ)u(ξ)(ξ − u(ξ))ϕ′(ξ)dξ

= lim
γ→1+

∫ u+

σ1

(1 + ργ−1
∗ )ρ∗u+(ξ − u+)ϕ′(ξ)dξ

= lim
γ→1+

(1 + ργ−1
∗ )ρ∗u+(u+ − σ1)

(
ϕ(σ1)− 1

u+ − σ1

∫ u+

σ1

ϕ(ξ)dξ
)

= 2ρ−u−(u− − u+)(ϕ(u+)− ϕ(u+)) = 0.

In summary, it can be concluded from (4.14) that

lim
γ→1+

∫ +∞

−∞

(
(1 + ργ−1(ξ))ρ(ξ)u(ξ)− 2(ρ−u− + (ρ+u+ − ρ−u−)H(ξ − u+))

)
ϕ(ξ)dξ = 2ρ−u−(u− − u+)ϕ(u+).

(4.16)
In addition, in terms of the formulae (4.7) and (4.8), it also holds that

lim
γ→1+

∫ +∞

−∞
ρ(ξ)u(ξ)ϕ(ξ)dξ = lim

γ→1+

(∫ σ1

−∞
+

∫ τ2

σ1

+

∫ +∞

τ2

)
ρ(ξ)u(ξ)ϕ(ξ)dξ

= lim
γ→1+

{∫ σ1

−∞
ρ−u−ϕ(ξ)dξ +

∫ +∞

τ2

ρ+u+ϕ(ξ)dξ +

∫ τ2

σ1

ρ∗u+ϕ(ξ)dξ
}

= ρ−u−

∫ u+

−∞
ϕ(ξ)dξ + ρ+u+

∫ +∞

u+

ϕ(ξ)dξ + lim
γ→1+

(τ2 − σ1)ρ∗u+ · lim
γ→1+

( 1

τ2 − σ1

∫ τ2

σ1

ϕ(ξ)dξ
)

=

∫ +∞

−∞
(ρ−u− + (ρ+u+ − ρ−u−)H(ξ − u+))ϕ(ξ)dξ + ρ−u+(u− − u+)ϕ(u+),

and

lim
γ→1+

∫ +∞

−∞
ργ(ξ)u(ξ)ϕ(ξ)dξ = lim

γ→1+

(∫ σ1

−∞
+

∫ τ2

σ1

+

∫ +∞

τ2

)
ργ(ξ)u(ξ)ϕ(ξ)dξ

= lim
γ→1+

{∫ σ1

−∞
ργ−u−ϕ(ξ)dξ +

∫ +∞

τ2

ργ+u+ϕ(ξ)dξ +

∫ τ2

σ1

ργ∗u+ϕ(ξ)dξ
}

= ρ−u−

∫ u+

−∞
ϕ(ξ)dξ + ρ+u+

∫ +∞

u+

ϕ(ξ)dξ + lim
γ→1+

(τ2 − σ1)ργ∗u+ · lim
γ→1+

( 1

τ2 − σ1

∫ τ2

σ1

ϕ(ξ)dξ
)

=

∫ +∞

−∞
(ρ−u− + (ρ+u+ − ρ−u−)H(ξ − u+))ϕ(ξ)dξ + ρ−(u− − u+)(2u− − u+)ϕ(u+).

Performing the same procedure on (4.13) as before gives rise to

lim
γ→1+

∫ +∞

−∞
(ρ(ξ)− ρ− + (ρ+ − ρ−)H(ξ − u+))ϕ(ξ)dξ = ρ−(u− − u+)ϕ(u+). (4.17)
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It is desired to obtain the limits γ → 1+ of ρ and ρu+ ργu. Let ψ(x, t) ∈ C∞0 (R×R+), taking into account
ξ = x

t , then it follows from (4.16) that

lim
γ→1+

∫ +∞

0

∫ +∞

−∞
(ρu+ ργu)

(x
t

)
ψ(x, t)dxdt

= lim
γ→1+

∫ +∞

0

t
(∫ +∞

−∞
(1 + ργ−1(ξ))ρ(ξ)u(ξ)ψ(ξt, t)dξ

)
dt

=

∫ +∞

0

t
(

lim
γ→1+

∫ +∞

−∞
(1 + ργ−1(ξ))ρ(ξ)u(ξ)ψ(ξt, t)dξ

)
dt

=

∫ +∞

0

t
(∫ +∞

−∞
2
(
ρ−u− + (ρ+u+ − ρ−u−)H(ξ − u+)

)
ψ(ξt, t)dξ + 2ρ−u−(u− − u+)ψ(u+t, t)

)
dt

=

∫ +∞

0

t
(1

t

∫ +∞

−∞
2
(
ρ−u− + (ρ+u+ − ρ−u−)H(

x

t
− u+)

)
ψ(x, t)dx+ 2ρ−u−(u− − u+)ψ(u+t, t)

)
dt

=

∫ +∞

0

∫ +∞

−∞
2
(
ρ−u− + (ρ+u+ − ρ−u−)H(x− u+t)

)
ψ(x, t)dxdt+

∫ +∞

0

2ρ−u−(u− − u+)tψ(u+t, t)dt,

which permits us to get the desired result (4.12). To be more precise, it can be further obtained that

lim
γ→1+

∫ +∞

0

∫ +∞

−∞
ρu
(x
t

)
ψ(x, t)dxdt

=

∫ +∞

0

∫ +∞

−∞
(ρ−u− + (ρ+u+ − ρ−u−)H(x− u+t))ψ(x, t)dxdt+

∫ +∞

0

ρ−u+(u− − u+)tψ(u+t, t)dt,

and

lim
γ→1+

∫ +∞

0

∫ +∞

−∞
ργu

(x
t

)
ψ(x, t)dxdt

=

∫ +∞

0

∫ +∞

−∞
(ρ−u− + (ρ+u+ − ρ−u−)H(x− u+t))ψ(x, t)dxdt+

∫ +∞

0

ρ−(u− − u+)(2u− − u+)tψ(u+t, t)dt,

On the other hand, it can also be deduced from (4.17) that

lim
γ→1+

∫ +∞

0

∫ +∞

−∞
ρ
(x
t

)
ψ(x, t)dxdt =

∫ +∞

0

∫ +∞

−∞
(ρ− + (ρ+ − ρ−)H(x− u+t))ψ(x, t)dxdt

+

∫ +∞

0

ρ−(u− − u+)tψ(u+t, t)dt,

which gives rise to the expected result (4.11). This ends the proof.

Let us turn our attention to investigate the limiting behavior γ → 1+ of Riemann solution of (1.2)–(1.3) in
the case of u+ > u− > 0, which can be illustrated well in the following theorem.

Theorem 4.3. Suppose that γ−1(> 0) is taken small enough, then the Riemann solution of (1.2)–(1.3) consists
of 1-rarefaction wave R1 and 2-contact discontinuity J2 with the intermediate non-vacuum constant state when
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Figure 3. In the case of u− < u+ < 2u−, the Riemann solution of (1.2)–(1.3) consists of a
1-rarefaction wave R1 and a 2-contact discontinuity J2 with the non-vacuum intermediate state
(ρ∗, u+) for γ− 1(> 0) sufficiently small on the left-hand side. In the limiting γ → 1+ situation,
the wave-front of R1 coincides with the front of J2 as well as the state inside the interior of R1

becomes vacuum gradually on the right-hand side.

u− < u+ < 2u− or the vacuum intermediate state when u+ > 2u−. In the limiting γ → 1+ situation, the state
in the interior of the 1-rarefaction wave fan R1 is transformed into vacuum. Moreover, the limit γ → 1+ of
Riemann solution of (1.2)–(1.3) is well consistent with the corresponding solution (2.1) of the Riemann problem
(1.4) and (1.3).

Proof. It is evident to know from Section 3 that the Riemann solution of (1.2)–(1.3) consists of a 1-rarefaction
wave R1 and a 2-contact discontinuity J2 accompanied with the non-vacuum intermediate state when u− <
u+ < u−(1 + ργ−1

− ) (see Fig. 3a) or the vacuum intermediate state when u+ > u−(1 + ργ−1
− ) (see Fig. 4a). In

other words, the vacuum state appears or not depending on the ordering relation between u = u−(1 + ργ−1
− )

and u+. It suffices to get

lim
γ→1+

u = lim
γ→1+

u−(1 + ργ−1
− ) = 2u−. (4.18)

Thus, if u− < u+ < 2u−, then the vacuum state cannot appear in the Riemann solution of (1.2)–(1.3) when
γ − 1 is taken to be a sufficiently small positive number. Otherwise, if u+ > 2u−, then the vacuum state is
certainly presented in the Riemann solution of (1.2)–(1.3) by taking γ− 1(> 0) small enough. As a consequence,
we need to deal with our limiting problem by taking into account two different cases according to u+ < 2u− or
not.

On the one hand, for the case u− < u+ < 2u−, we can take γ − 1(> 0) sufficiently small, such that it suffices
to get u− < u+ < u−(1 + ργ−1

− ). In this situation, the Riemann solution of (1.2)–(1.3) can be expressed as
R1 + J2 given by (3.15). It is evident to find that the following inequality

0 < lim
γ→1+

(1 + ργ−1
− )u− − u+

u+
=

2u− − u+

u+
< 1 (4.19)
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Figure 4. In the case of u+ > 2u−, the Riemann solution of (1.2)–(1.3) consists of a 1-
rarefaction wave R1 and a 2-contact discontinuity J2 with the vacuum intermediate state by
taking γ − 1(> 0) small enough on the left-hand side. Then, the wave-front of R1 tends to the
line J : x = 2u−t as γ → 1+. In the limiting γ → 1+ situation, the state inside the interior of
R1 also becomes vacuum as well as the region between the fronts of J and J2 is also covered
by the vacuum state on the right-hand side.

holds now when u− < u+ < 2u−. By (3.13), it holds that

lim
γ→1+

ρ∗ = lim
γ→1+

(
2u− − u+

u+

) 1
γ−1

= 0, (4.20)

which implies that the intermediate state (ρ∗, u+) becomes the vacuum state (0, u+) in the limiting γ → 1+

situation. It can be derived from the second equation in (3.18) together with (3.13) that

λ1(ρ∗, u+) =
( (2− γ)u−(1 + ργ−1

− ) + (γ − 1)u+

u−(1 + ργ−1
− )

)
u+. (4.21)

Therefore, sending the limits γ → 1+ in the first equation of (3.18) and (4.21) respectively gives

lim
γ→1+

λ1(ρ−, u−) = lim
γ→1+

(1 + (2− γ)ργ−1
− )u−

1 + ργ−1
−

= u−, (4.22)

lim
γ→1+

λ1(ρ∗, u+) = lim
γ→1+

( (2− γ)u−(1 + ργ−1
− ) + (γ − 1)u+

u−(1 + ργ−1
− )

)
u+ = u+. (4.23)

This means that the wave back of R1 tends to the line x = u−t as well as the wave front of R1 tends to the
line x = u+t in the limiting γ → 1+ situation. It is of interest to find in the limiting γ → 1+ situation that the
wave front of R1 is coincident with that of J2, such that the middle region between the wave front of R1 and
J2 disappears although the state (ρ∗, u+) in this middle region also becomes the vacuum state (0, u+).
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In the current position, we have no choice but to study elaborately all the states (ρ, u) in the interior of
1-rarefaction wave fan. For a fixed point (x, t) in the interior of R1, it is obvious to see that the following
inequality

u− < ξ =
x

t
< u+ < 2u−

holds in the limiting γ → 1+ situation, which allows us to get

0 <
2u−t

x
− 1 < 1. (4.24)

In addition, it follows from (3.16) that

x

t
=

(1 + (2− γ)ργ−1)(1 + ργ−1
− )u−

(1 + ργ−1)2 , (4.25)

and also

x

t
=
( (2− γ)(1 + ργ−1

− )u− + (γ − 1)u

(1 + ργ−1
− )u−

)
u, (4.26)

in which 0 < ρ < ρ− and u− < u < u+ < 2u−. With (x, t) being fixed in the interior of R1, sending the limit
γ → 1+ in (4.25) and (4.26) yields

lim
γ→1+

ργ−1 =
2u−t

x
− 1 and lim

γ→1+
u(x, t) =

x

t
. (4.27)

Taking into account (4.24), it can be derived obviously from the first equation of (4.27) that

lim
γ→1+

ρ(x, t) = lim
γ→1+

(
2u−t

x
− 1

) 1
γ − 1

= 0. (4.28)

In a word, in the case of u− < u+ < 2u−, the wave-front of R1 coincides with the front of J2 as well as the
state inside the interior of R1 becomes the corresponding vacuum state with the virtual velocity u = x

t in the
limiting γ → 1+ situation (see Fig. 3b), which is exactly the same as the solution (2.1) of the Riemann problem
(1.4) and (1.3).

On the other hand, for the case u+ > 2u−, we can also take γ − 1(> 0) small enough, such that u+ >
u−(1 + ργ−1

− ) holds now. In this situation, the Riemann solution of (1.2)–(1.3) can be written as R1 + vac+ J2

given by (3.19). As before, we can also arrive at (4.22) and

lim
γ→1+

λ1(0, u) = lim
γ→1+

u = lim
γ→1+

u−(1 + ργ−1
− ) = 2u−. (4.29)

This indicates that the velocities of wave-back and wave-front of R1 converge to u− and 2u− as γ → 1+,
respectively. Similarly, we need to study all the states (ρ, u) in the interior of 1-rarefaction wave fan. For a fixed
point (x, t) in the interior of R1, the following inequality

u− < ξ =
x

t
< 2u− < u+
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is true in the limiting γ → 1+ situation, which also permits one to get (4.24). With the same argument as
before, we also arrive at (4.27) and (4.28) by sending the limits γ → 1+ in (4.25) and (4.26). All in all, in the
case of u+ > 2u−, the state inside the interior of R1 is also changed into the corresponding vacuum state with
the virtual velocity u = x

t in the limiting γ → 1+ situation. Simultaneously, the region between the fronts of

J and J2 is also covered by the vacuum state in the limiting γ → 1+ situation as before (see Fig. 4b). Hence,
the limit γ → 1+ of Riemann solution R1 + vac+ J2 of (1.2)–(1.3) for the case u+ > 2u− is also in agreement
with the solution (2.1) of the Riemann problem (1.4) and (1.3). The proof is completed by gathering the two
different cases together.

5. Numerical simulations for δ-shock and vacuum

In this section, some representative numerical results are presented for the Riemann solutions of (1.2)–(1.3) to
give the exact description of the formation process of δ-shock and vacuum mentioned in Section 4. Thereinafter,
we consider the following three different typical cases of Riemann initial data:

u− > u+, 2u− > u+ > u−, u+ > 2u−.

Many more numerical tests have also been performed to make sure that the obtained results displayed in the
current work are not numerical artifacts. Based on split-coefficient matric method (SCMM) [19], we employ the
first order upwind scheme to discretize the system (1.2). We now convert (1.2) into the following quasi-linear
form:

Ut +AUx = 0,

in which

U =

(
ρ
u

)
and A =

 u ρ

0
(1 + (2− γ)ργ−1)u

1 + ργ−1

 .

Furthermore, one has A = RΛL, where

R =

(
1 + ργ−1 1

(1− γ)ργ−2u 0

)
, Λ =

(
λ1 0
0 λ2

)
, L =

 0 1
(1− γ)ργ−2u

1
1 + ργ−1

(γ − 1)ργ−2u

 .

Based on the SCMM, the first order upwind scheme can be written as

Un+1
j = Unj −

∆t

∆x

{
A−j

(
Unj+1 − Unj

)
+A+

j

(
Unj − Unj−1

)}
,

where

A+
j =

Anj + |Anj |
2

, A−j =
Anj − |Anj |

2
and |A| = Rnj |Λnj |Lnj .

In the following numerical simulations, as in [1, 2], we shall take the same initial data to observe the formation
of δ-shock and vacuum from the Riemann solutions of (1.2)–(1.3) under the different γ−values given by γ =
1.5, 1.1, 1.01. For the case u− > u+, we take the following initial data:

Data 1 : ρ− = 0.35, u− = 0.4, ρ+ = 0.25, u+ = 0.25, (5.1)
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Figure 5. Numerical results for ρ and u are displayed respectively for the Riemann solution
of (1.2)–(1.3) in the case of u− > u+ > 0 by taking the detailed initial data (5.1) at the time
t = 1.

Figure 6. Numerical results for ρ and u are displayed respectively for the Riemann solution
of (1.2)–(1.3) in the case of 2u− > u+ > u− by taking the initial data (5.2) at the time t = 2.

and present the numerical results at t = 1 in Figure 5. It is shown that ρ has a sudden jump to indicate Dirac
δ-function developed at the position of δ-shock front as γ tends to 1, which is in accordance with Theorem 4.2.
In addition, u is a L∞(R2

+;R) function, which is also consistent with the result in (4.10).
For the case 2u− > u+ > u−, we take the initial data as below:

Data 2 : ρ− = 0.55, u− = 0.15, ρ+ = 0.8, u+ = 0.29, (5.2)

and present the numerical results at t = 2 in Figure 6. It is shown that ρ(x, t) goes from ρ− to ρ∗ by a continuous
function and then ρ goes from ρ∗ to ρ+ by a L∞(R2

+;R) function. The state variable ρ(x, t) in wave fan of R1

and ρ∗ tend to 0 as γ tends to 1, which is in accordance with (4.28). In addition, u(x, t) changes from u− to u+

by a continuous function, which is also consistent with the result in (4.27).
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Figure 7. Numerical results for ρ and u are displayed respectively for the Riemann solution
of (1.2)–(1.3) in the case of u+ > 2u− by taking the initial data (5.3) at the time t = 1.

To the end, for the case u+ > 2u−, we take the initial data as follows:

Data 3 : ρ− = 0.2, u− = 0.4, ρ+ = 0.4, u+ = 1.7, (5.3)

and present the numerical results at t = 1 in Figure 7. It is shown that ρ(x, t) goes from ρ− to 0 by a continuous
function and then ρ goes from 0 to ρ+ by a L∞(R2

+;R) function. The state variable ρ(x, t) in the wave fan of
R1 tends to 0 as γ tends to 1, which is in accordance with (4.28). In addition, u(x, t) changes from u− to u+

by a continuous function, which is also consistent with the result in (4.27).
As a result, under the condition u− > u+ > 0, the state variable ρ has an impulse at the specific position

x = u+t, which implies that Dirac δ-function is developed gradually for the state variable ρ in the Riemann
solution of (1.2)–(1.3) at the position of δ-shock front during the limiting γ → 1+ process. On the other hand,
the vacuum state between two contact discontinuities is also formed in the Riemann solution of (1.2)–(1.3)
during the limiting γ → 1+ process when the condition u+ > u− > 0 is satisfied. It is interesting to see that
the above numerical solutions are very close to our theoretical derivations under some appropriate initial data.
As a consequence, we can conclude that these numerical results are in complete agreement with our theoretical
analysis in Section 4.
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