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HOW DO CELL CROWDING AND STARVATION AFFECT

AVASCULAR TUMOR GROWTH OF THE EMT6/RO TUMOR?

Bjarke Spangsberg Bak, Morten Andersen,
Johnny T. Ottesen and J. S. Hansen*

Abstract. Here we re-examine experimental in vitro data for the EMT6/Ro tumor volume and viable
rim thickness. This shows that the growth speed is constant in time, and independent of nutrient con-
centration at large concentrations, but that the viable rim thickness increases in this high concentration
regime. We then present a simple mechanistic reaction-diffusion equation that includes crowding and
starvation effects, and show that the model qualitatively captures the experimental observations. More-
over, the model predicts that the cancer cell concentration is characterised by a wave pulse (soliton),
and the pulse shape is explored through zero’th order perturbation analysis corresponding to large wave
speeds. It is shown that this zero’th order term is dominant for the experimental condition, further
indicating that the non-linear reaction governs the pulse characteristic shape. Finally, at low nutrient
concentrations we find that the front is a pulled-front, that is, the growth speed is determined by the
cell multiplication at the wave front edge in accordance with earlier modelling approaches.
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1. Introduction

Tumor growth can be separated into three growth stages: the avascular, vascular and metastatic stages [23].
In the first avascular stage the tumor is divided into three cell layers; the outermost layer consists of proliferating
cells and the tumor growth is envisioned to be due to cell multiplication in this layer by consumption of nutrients
[3]. Behind this proliferating cell layer there is a layer of living quiescent cells that do not multiply, but are
in a hibernating state. At the tumor centre there are dead cells forming the so-called necrotic core [3]. This
three-layer picture is commonly referred to as the multi-cellular spheroid (MCS) model. It is important to note
that proliferating and quiescent cancer cells are not clearly distinguishable, and these two layers should be
considered as a single layer of living cells wherein the fraction of proliferating cells is varying [15, 23]; we will
refer to this single layer as the viable rim.

The common understanding of avascular tumor growth is that the tumor volume initially increases expo-
nentially with time, and after this initial phase the growth rate decreases, and the volume eventually reaches
a constant plateau [2, 3, 9, 12, 15, 19, 22]. The first exponential growth is a consequence of the fact that
all proliferating cancer cells are exposed to approximately constant nutrient resources, however, as the tumor
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Figure 1. (a) Tumor volume versus time for different glucose and oxygen concentrations.
Data are from Jiang et al. [15] and punctured line a super-imposed line with slope of 3. The
tumor is EMT6/Ro mouse mammary tumor cell grown in vitro [8, 9]. (b) The corresponding
viable rim thickness versus glucose concentration. The glucose concentration varies by a factor
of 32. Data are taken from Mueller-Klieser et al. [17]. The tumor specifications are the same as
in (a).

volume increases the proliferating cells in the viable rim consume the nutrients and starve the cells closer to
the tumor center, hence, the growth rate decreases. For long times the growth eventually stops and the entire
growth dynamics may be described empirically, for example, by the Gompertz function [3].

In Figure 1a we re-plot data from Jiang et al. [15] showing the avascular solid tumor volume, V = V (t), for
the EMT6/Ro tumor. The tumor is grown in vitro in a homogeneous gel and do not attach to any surface before
growth, hence, it can grow in all three directions. Notice that both axes are in logarithmic scales and that the
superimposed line has slope of 3. From this, one observes that V ∝ t3 in the time span of at least 1 to 22 days.
Equivalently, as the tumor is to a good approximation spherical [3, 15] the tumor radius, R, is proportional
with time. If the tumor radius is R0 as the growth reaches the power law regime, the tumor radius can then be
written as R = R(t) = st+R0, where s is a characteristic growth speed. This interpretation of the data results
in the growth speed (or rate) of s = 19.6± 0.6 µm per day; the error estimator is the standard error assuming
the slope is normal distributed.

The speed is, within statistical uncertainty, independent of the oxygen and glucose concentrations for the con-
centrations investigated by Jiang et al. A natural first approach is to assume that the growth rate is proportional
to the tumor surface area, i.e., proportional to V 2/3 which agrees with behavior V ∝ t3 [10, 16]. However, this
coarse-grained picture does not provide details about, for example, the nutrient penetration depth and viable rim
thickness. In fact, to our knowledge only few other authors [6, 10, 14, 16, 21, 25, 26] actually discuss this simple
power law.

Jiang et al. [15] also showed that the viable rim thickness, L, is constant as a function of tumor diameter,
that is, L is constant with respect to time. This contradicts earlier findings by Freyer and Sutherland [9] who
conclude that the viable rim thickness decreases as the tumor grows, however, from their data it is questionable
whether this claim is supported within statistical uncertainties. We therefore follow Jiang et al. and conjecture
that the viable rim thickness remains constant after some short time at specific glucose and oxygen concen-
trations. In Figure 1b we plot data for the viable rim thickness of the EMT6/Ro tumor as function of the
nutrient concentration; data are from [17], see also comment [20]. As shown, the rim thickness increases as the
nutrient concentration increases. Comparing the glucose concentrations in Figure 1a and b one sees that the
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concentrations used in (a) corresponds to the high concentration regime in (b), where the viable rim thickness
is increasing. In this work we seek to qualitatively model the behaviour shown in Figure 1.

From the description above, we envision the viable cancer cell concentration as a traveling wave-pulse prop-
agating through the nutrient enriched gel at constant speed. Ahead of the pulse the system is homogeneous,
and behind the pulse the necrotic core is located. Such systems can be modelled through a reaction-diffusion
equation[13, 18], see e.g. Jiang et al. [15] for a specific example, and this approach is also sought here. There
exists an overwhelming large body of previous modelling efforts on the growth of avascular tumors, see for
example [2, 4, 12, 19, 23–25]. With time the models have become highly detailed involving many mechanisms
and can often only be analysed numerically due to the non-linear nature of the problem and the many dynam-
ical degrees of freedom. Also, the parameter space in these models can be very large, thus, complicating the
interpretation and insight into the underlying mechanisms that are responsible for the growth phenomena. In
this paper we will move in the opposite direction and propose a simple mechanistic model for the MCS growth
that emphasizes the main relevant underlying mechanism(s) behind the data. Such a simplified model can also
act as an integral part of a larger modelling effort for the multi-stage tumor growth development.

2. The model

As an initial approximation we assume that the tumor is perfectly spherical and that the concentrations are
independent of the angles. The model dynamical variables are then defined by the nutrient (glucose) concentra-
tion N = N(r, t), living cancer cell concentration C = C(r, t), and dead cell concentration D = D(r, t). r is the
radial distance to the sphere centre and t is the time. We will not include the oxygen dependency here. There
is no bulk flow present in the system, and also neglecting effects from cell volume changes we can disregard
advection, hence the general balance equation [5] reads

∂φ

∂t
= fφ −∇ · jφ , (2.1)

where φ represents one of the concentrations, fφ the reaction term, and jφ the flux of φ.
We first address the reaction terms, fφ. We stress again that there is no clear distinction between proliferating

and quiescent cells [15], thus, we simply let both these cell states make up the pool of living cells C; this also
follows Ward and King [25]. The cell concentration must be bounded, i.e., there exists a finite cell carrying
capacity, C0. Moreover, we introduce a metabolic saturation state wherein the cell division rate is bounded by
an upper limit with respect to nutrient concentration. The cell division rate, r1, then follows the functional form

r1 = k1
(C0 − C)NC

N +K1
, (2.2)

where k1 is a second order rate constant, and K1 > 0, hence, it acts as a Michaelis-type constant.
We let the cell death rate, r2, be dependent on the nutrients available. At zero concentration the cells are

in a starvation state, where the death rate is largest. As the nutrient concentration increases the death rate
decreases and approaches an inherent minimum death rate. Again, we describe this using the functional form
[25]

r2 = k2

(
1− N2N

N +K2

)
C , (2.3)

where k2 is the corresponding first order rate constant, and K2 > 0 the Michaelis constant. N2 is a positive
dimensionless constant fulfilling 0 < N2 < 1.

We can now write the reaction terms for the nutrient concentration, fN , living cell concentration, fC , and dead
cell concentration, fD. If ν is the stochiometric relationship between nutrient consumption and cell production



4 B.S. BAK ET AL.

we have

fN = −νr1, fC = r1 − r2 and fD = r2 . (2.4)

fC is also referred to as the mitotic rate. While the algebraic expressions for the cell division and cell death rates
are of the Michaelis-Menten type, they are not related to enzyme kinetics, nor are they unique. However, they
do offer intuitive mathematical expressions for the cell dynamics and, also, ease the analysis below compared
to non-algebraic expressions.

Next we address the cell mobility. The cells do not attach to any surface and are thus mobile, and we will
assume that only the living cells feature mobility as the dead cells are caged in the necrotic core. The living cell
mobility is caused by a crowding effect meaning that the cells migrate towards lower concentration regions. In
the most general case the cells move down gradients of both living and dead cell concentrations, and importantly,
in the presence of a dead cell concentration gradient a flux of cells can naturally be realised if C > 0 at that
point. The cell flux jC must therefore be a function of C as well as the gradients ∇C and ∇D. Applying simple
linear constitutive relations we write the flux jC = jC(r, t) of C as

jC = −DC

(
∂C

∂r
+ α(C)

∂D

∂r

)
, (2.5)

where DC is the mobility or diffusion coefficient for the living cells, and α is a weighting function describing the
migration due to gradients in dead cells. We will denote this the cross-mobility or cross-diffusion effect, where
the weighting function fulfills α ≥ 0 and α = 0 for C = 0. Notice that cell crowding enters both the reaction
term, equation (2.2), via the carrying capacity and the migration term.

The nutrients will also diffuse in presence of gradients, and we here ignore any cross-diffusion effects. The
flux, jN = jN (r, t), of N is therefore simply Fickian

jN = −DN
∂N

∂r
, (2.6)

where DN is the corresponding diffusion coefficient. Substitution of fN , fC , fD, jC , and jN into the balance
equation for N,C, and D in three dimensional spherical geometry gives

∂N

∂t
= DN

(
2

r

∂

∂r
+

∂2

∂r2

)
N − νk1

(C0 − C)NC

N +K1
(2.7a)

∂C

∂t
=
DC

r2

∂

∂r

[
r2

(
∂C

∂r
+ α(C)

∂D

∂r

)]
+ k1

(C0 − C)NC

N +K1
− k2

(
1− N2N

N +K2

)
C (2.7b)

∂D

∂t
= k2

(
1− N2N

N +K2

)
C (2.7c)

assuming that the diffusion coefficients are constants.
Introducing the variable transformation

τ = k2t, x = r
√
k2/DC , c = C/C0, n = N/C0, d = D/C0 (2.8)

we get the dimensionless and final form

∂n

∂τ
= D

(
2

x

∂

∂x
+

∂2

∂x2

)
n− νβ (1− c)nc

n+ κ1
(2.9a)

∂c

∂τ
=

1

x2

∂

∂x

[
x2

(
∂c

∂x
+ α(c)

∂d

∂x

)]
+ β

(1− c)nc
n+ κ1

−
(

1− N2n

n+ κ2

)
c (2.9b)
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∂d

∂τ
=

(
1− N2n

n+ κ2

)
c . (2.9c)

The model parameters follow D = DN/DC > 0, β = k1/k2 > 0, κ1 = K1/C0 > 0, and κ2 = K2/C0 > 0, and we
have τ ≥ 0, x > 0. It is worth highlighting that for D > 1 the systems has high nutrient diffusivity compared to
cell migration, and large values for β indicates a faster cell multiplication rate compared to the death rate.

The tumor growth can be initialised by a non-zero initial concentration of cancer cells around x = 0, c(x, 0) =
c0(x) and a uniform nutrient distribution n(x, 0) = n∞, where n∞ is the constant concentration ahead of the
front. We assume that the number of dead cells is initially zero, d(x, 0) = 0, and we let the boundary conditions
for n and c be given by

∂n

∂x

∣∣∣∣
limx→0

=
∂c

∂x

∣∣∣∣
limx→0

= 0 and lim
x→∞

n = n∞ , lim
x→∞

c = 0 . (2.10)

Equations (2.9) together with initial and boundary conditions, equation (2.10), form the basic tumor growth
model.

2.1. Zero order perturbation analysis

In this section we focus on the regime where the cross diffusion effect can be ignored, i.e., we set α = 0
such that the dynamics decouples from the dead cell concentration d. We will comment on this choice later in
Section 3. After a transient time the tumor radius is sufficiently large while the gradient in concentrations are
bounded such that in the wave we can ignore the differential operator (1/x)∂/∂x that enters in the diffusion
terms. The validity of the simplification is addressed numerically in Section 3, where the different biophysical
effects are studied. In this regime the model, equation (2.9), reads

∂n

∂τ
= D∂

2n

∂x2
− νβ (1− c)nc

n+ κ1
(2.11a)

∂c

∂τ
=
∂2c

∂x2
+ β

(1− c)nc
n+ κ1

−
(

1− N2n

n+ κ2

)
c (2.11b)

Assume that a wave exists and that this wave has, after the transient, a constant propagation speed s. We can
now introduce the moving frame coordinate z = x− sτ , and we have from the chain rule

Dd2n

dz2
+ s

dn

dz
− νβ (1− c)nc

n+ κ1
= 0 (2.12a)

d2c

dz2
+ s

dc

dz
+ β

(1− c)nc
n+ κ1

−
(

1− N2n

n+ κ2

)
c = 0 (2.12b)

such that c = c(z) and n = n(z). Thus, following the wave in the moving frame, the system is described through
two coupled ordinary differential equations. Notice that z → −∞ is the moving frame coordinate behind the
wave and z → ∞ is the moving frame coordinate ahead of the front, hence, we have limz→∞ n(z) = n∞ and
limz→∞ c(z) = 0.

It is possible to introduce a perturbation parameter, ε = 1/s2. By a second change of variable, see e.g. [18],
ξ = z/s =

√
εz we obtain

εDd2n

dξ2
+

dn

dξ
− νβ (1− c)nc

n+ κ1
= 0 (2.13a)
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ε
d2c

dξ2
+

dc

dξ
+ β

(1− c)nc
n+ κ1

−
(

1− N2n

n+ κ2

)
c = 0 (2.13b)

and we arrive at a singular perturbation problem. Notice that ε → 0 as s → ∞, that is, the perturbation
analysis valid at small ε-parameter values correspond to large wave speeds. From equation (2.13) we see that in
this large speed limit, diffusion has small effect on the wave characteristics which is controlled by the reaction
terms. However, diffusion enters the problem implicitly as equations (2.13) are formed under the fundamental
assumption that a wave exists.

Now, let n and c be given by the power series

n =

∞∑
k=0

εknk and c =

∞∑
k=0

εkck , (2.14)

where nk and ck are functions of ξ. Substituting into Equations (2.13), and ordering in powers of ε we have for
zeroth order

dn0

dξ
= νβ

(1− c0)n0c0
n0 + κ1

(2.15a)

dc0
dξ

=

(
1− N2n0

n0 + κ2

)
c0 − β

(1− c0)n0c0
n0 + κ1

(2.15b)

Note, only the reaction terms remain on the right-hand side. For ν 6= 0 equations (2.15) allow for fixed points
fulfilling (1−N2n0/(n0 + κ2))c0 = 0. Since we restrict the investigation to positive nutrient concentrations we
have the constraint n0 ≥ 0, hence, c0 has fixed point at 0. Due to the boundary conditions n0 → n∞ as ξ →∞.
The solution to equation (2.15) is not known to the authors, and it is therefore solved numerically by using
backwards integration with n0 = n∞ and c0 = 10−4 as initial condition. Notice that equations (2.15) is an initial
value problem which is now independent of the boundary values at r = 0, or equivalently x = 0.

For the numerical treatment one needs to consider the model’s characteristic concentration scales. Assuming
a cell volume of 102−103µm3 one has, with ideal packing, on order of 1013−1014 cells per liter. This corresponds
to a molarity, C0, on order of 10−9−10−10 M. The molarity of the nutrient is on order of N = 10−2 M, meaning
that the dimensionless nutrient concentration, n∞ = N/C0, ahead of the wave is on order of 107−108. We
will ease ideal packing and use the concentration 105 ≤ n∞ ≤ 3× 106 unless otherwise stated. This particular
choice does not affect the overall results, for example, letting n∞ = 107 and varying the model parameters
appropriately gives approximately the same solution curves.

Figure 2a shows the (n0, c0)-phase plane and four solutions. Figure 2b shows the corresponding profiles; notice
that the origin of the ξ-coordinate is arbitrary. One clearly sees the existence of a wave-pulse, i.e., a maximum
value for c0. The persistent pulse shape is thus due to the non-linear reaction terms, that is, the phenomena is
a soliton.

In the regime κ2 � n� κ1 and 0 < c� 1 it is possible to find an analytical expression for the maximum in
terms of the model parameters. First, note in this regime we have

r1 ≈
β

κ1
nc (2.16)

and

r2 ≈ (1−N2)c = ∆Nc , (2.17)
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Figure 2. (a) Solution curves for the zero’th order problem, equation (2.15). Arrows indicate
direction of increasing ξ. (b) Corresponding c0 profiles; here the arrow indicates increasing n∞.
Punctured line is the solution for c0 using equation (2.18) and n∞ = 3× 105. The filled circle
represents the maximum value, equation (2.20). For both (a) and (b) the parameter values are
κ1 = 106, κ2 = 102, β = 10, N2 = 0.9, and ν = 5× 105.

where ∆N = 1 − N2, that is, we are well below the system cell carrying capacity and starvation point. The
zeroth order perturbation term is then

dn0

dξ
=
νβ

κ1
n0c0 (2.18a)

dc0
dξ

= − β

κ1
n0c0 + ∆Nc0 (2.18b)

Notice, that this perturbation equation does not bound the cell concentration to c ≤ 1, that is, c can exceed the
carrying capacity. The solution for c0 at relatively low nutrient concentration is shown in Figure 2b as punctured
line. Compared to equation (2.15) the tail (decreasing ξ) decays slowly and the pulse thickness increases. This is
due to the simple linear decay for the death rate in equation (2.18b). For n0 > 0 we have from Equations (2.18)

dc0
dn0

=
κ1

νβ

(
∆N

n0
− β

κ1

)
. (2.19)

This equation is separable, and integrating with lower bounds c0 = 0 and n0 = n∞, that is, applying the values
ahead of the front we get

c0 =
n∞ − n0

ν
+
κ1∆N

νβ
ln

(
n0

n∞

)
. (2.20)

This function has a maximum at n0 = ∆Nκ1/β with value

max(c0) =
n∞
ν

+
κ1∆N

νβ

[
ln

(
κ1∆N

n∞β

)
− 1

]
. (2.21)
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max(c0) is indicated in Figure 2b by the filled circle for n∞ = 3 × 105. This expression for the maximum
concentration is convex always fulfilling max(c0) ≥ 0 with max(c0) = 0 whenever n∞β = κ1∆N . For n∞β >
κ1∆N the first term on the right-hand side dominates and max(c0) ∝ n∞. This result is, of course, only valid
for low cell and nutrient concentrations.

2.2. Wave pulse speed

We now leave the perturbation analysis, i.e., we are not limited to large wave-pulse speeds and continue
the investigation of the non-perturbed system. Specifically, we study the regime α = 0, κ2 � n � κ1, and
0 < c� 1. Furthermore, assume that in the wave front-edge the change in nutrient concentration is dominated
by the reaction, such that for C cells produced the nutrient amount νC is consumed, i.e. n ≈ n∞ − νc in the
front edge. Substitution into equation (2.9b) leads to a single dynamical equation for the cell dynamics in the
front-edge

∂c

∂τ
=
∂2c

∂x2
+

(
βn∞
κ1
−∆N

)
c− βν

κ1
c2 (2.22)

after the initial transient. In the moving frame where c = c(z) this becomes

d2c

dz2
+ s

dc

dz
+

(
βn∞
κ1
−∆N

)
c− βν

κ1
c2 = 0 . (2.23)

This equation is on the form of a standard auto-catalysis process with decay [11, 13], and can be studied using
straight forward linear stability analysis. To this end we identify two fixed points, namely,

cmin = 0 and cmax =
βn∞ −∆Nκ1

βν
. (2.24)

This implies an imposed constraint βn∞ ≥ ∆Nκ1 since c ≥ 0. This is the region of increasing maximum cell
concentration with respect to nutrient as shown above. The former fixed point cmin has eigenvalues

λ = −s
2
±
√
κ1(s2 + 4∆N)− 4βn∞

2
√
κ1

(2.25)

and, again, as c ≥ 0 this fixed point cannot be a spiral point which is fulfilled if

s2 ≥ 4

(
βn∞
κ1
−∆N

)
. (2.26)

From this we define the minimum allowed speed by

smin = 2
√
βn∞/κ1 −∆N . (2.27)

This linear analysis is equivalent to the assumption that at the front edge c decays proportional with e−λz, λ
being the eigenvalue at cmin. The concentration constraint is illustrated in Figure 3 showing the solution curves
for equation (2.23). Also note that for βn∞ > ∆Nκ1 the fixed point is a stable node. The latter fixed point
cmax has eigenvalues

λ = −s
2
±
√
κ1(s2 + 4βn∞)− 4∆N

2
√
κ1

(2.28)
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Figure 3. Solution curves for equation (2.23) using s = smin and s = smin − 1. The shaded
area is the forbidden region of negative concentration, c < 0. The parameter values are the
same as in Figure 2.

which is then a saddle point if βn∞ > ∆Nκ1. Thus, we expect that for α = 0, κ2 � n� κ1, a wave front exists
with a lower bounded speed given approximately by equation (2.27) if

βn∞ > ∆Nκ1. (2.29)

For this relation we also have from equation (2.21) that max(c0) < n∞/ν. Importantly, this analysis is based
on an unbounded reaction term which is only valid in the limit of sufficiently small concentrations. This in turn
leads to an unbounded wave speed with respect to nutrient concentration. Even if smin is not bounded with
respect to n∞, we conjecture that the wave-pulse speed resembles a pulled front mechanism, such that the speed
increases with nutrient concentration, at least, in the sufficient low nutrient concentration regime.

3. Numerical solution

The model equation system, equation (2.9), poses a relatively simple numerical problem. The system is
dissipative and an explicit first order time integrator with a second order spatial finite difference scheme (FTCS)
[7] suffice for the numerical integration. In order to control the integration error an adaptive time step algorithm
is implemented. The error estimator is given by the maximum of the spatial difference in the cell concentration,
i.e., err(τ) = max(|c(x, τ)∆τ − c(x, τ)∆τ/2|), where c(x, τ)∆τ is the cell concentration at position x and time
τ using a time step ∆τ and c(x, τ)∆τ/2 is the corresponding value using half the time step. The relative
acceptance tolerance is set to 0.1 per cent. The spatial resolution of the dimensionless spatial coordinate is set
to ∆x = 0.25. The system length Lsys is around 20 to 40 times the viable rim thickness. Finally, in accordance
with the boundary conditions, equations (2.10), we apply homogeneous Neumann boundary conditions at x = 0.
For x = Lsys we use n(Lsys, τ) = n∞ and c(Lsys, τ) = d(Lsys, τ) = 0. The validity of the scheme settings was
tested by increasing the system size Lsys, decreasing the error estimator, and changing the spatial resolution
showing no measurable effects.

In the first simulation series we investigate the full model, equation (2.9), by assuming

α = α0(1− e−kc) , (3.1)

where k is sufficiently large; here we use k = 50. This corresponds to a smoothed step function modelling no
cross-migration at zero cell concentration to cross-migration α = α0 for non-zero concentrations. In particular,
α goes from zero to α0 over the cell concentration range 0 to 0.1, resulting in a full coupling effect even in the
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Figure 4. (a) Concentration profiles for the living cells at different times using a Gaussian
initial condition, see text for details. (b) The radial distance traveled by the front as function
of time. In both (a) and (b) the model parameters are D = 1, ν = 105, α0 = 1, β = 10, κ1 =
107, κ2 = 103, and N2 = 0.5.

front’s edge. The system is initialized using three different initial conditions: (i) A Gaussian c(x, 0) = e−x
2/10, (ii)

a step function c(x, 0) = 1 for 0 ≤ x ≤ 2 otherwise c(x, 0) = 0, and (iii) a linear function c(x, 0) = −x/2 + 1 for
0 ≤ x ≤ 2 otherwise c(x, 0) = 0. The different initial conditions may not all be experimentally relevant, but are
used here to investigate whether the wave features are sensitive to the initial conditions. We let n(x, 0) = n∞ and
d(x, 0) = 0. Figure 4(a) shows the living cell concentration profile for five different times in the case of initial
condition (i); the first profile, corresponding to τ = 0, is scaled with a factor 1/2 for clarity. A propagating
wave-pulse is clearly seen to develop in agreement with the zero order perturbation analysis above, Figure 2.

The tumor radius is defined to be the point, x = R, where the wave-pulse has its maximum; this is illus-
trated for time τ = 25 in Figure 4a. Figure 4b plots the corresponding radius R as a function of time. After
approximately τ = 50 the speed is within 5 per cent of the final speed (within numerical accuracy). Using the
experimental data, Figure 1a, where the speed is constant within statistical uncertainty after approximately
24 hours, we can from equation (2.8) define the characteristic time scale 1/k2 = 1/2 h. From the time scale we
can estimate the characteristic length scale

√
DC/k2 in term of the dimensionless diffusion coefficient D. Jiang

et al. [15] estimate DN to be on order of 10−7cm2h−1, hence, we obtain
√
DC/k2 =

√
DN/(Dk2) ≈ 2µm/

√
D.

Importantly, the final wave-pulse profile and speed is observed to be independent of the three different initial
conditions, indicating that the model features a stable wave-pulse solution (solition).

Recall that in the analysis in Section 2.1 we ignore the curvature, i.e., the results are only valid for times
where the operator (1/x)∂/∂x is sufficiently small. At τ = 25, approximately 50 hours, the terms (1/x)∂c/∂x
and ∂2c/∂x2 were evaluated numerically; the former contribution (i.e. the tumor curvature) to the total diffusion
is less than 4 per cent. Thus, the effect of curvature is neglectable after a relative short transient time compared
to the experimental time span, Figure 1a, and we will simply ignore this term in the treatment from here on.
We then proceed and study the wave-pulse in the moving frame coordinate z. This is done by monitoring the
pulse maximum and shift it such that the wave maximum is fixed at z = 2/3Lsys. The total shift length is stored
and from this the speed is calculated.

Figure 5 shows the wave-pulse for α0 = 0, 1, and 2 in the moving frame after convergence to constant profile
and speed (within numerical accuracy). It is seen that, for these parameters, the pulse profile does not change
dramatically when the cross-migration term is included. Especially, the wave front-edge is very similar. Also,
the front speeds for α0 = 0 and α0 = 2 are evaluated to 1.25 and 1.56, respectively, that is, the speed does
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Figure 5. Wave-pulse profile for α0 = 0, 1 and 2; arrow indicates increasing α0 values. z is
the moving frame coordinate. The remaining model parameters are the same as in Figure 4.

not feature a significant dependency on the exact value of α0. In line with Section 2.2, we conjecture that this
low dependency of the cross diffusion is because the pulse speed is dominated by the reactions occurring at the
edge (denoted a pulled front), i.e., away from the region of non-zero dead cell gradient. We therefore conclude
that the pulse features are not significantly dependent on the crowding due to the dead cells, and we continue
without the cross-migration term, reducing the problem to that of equation (2.11).

We return to the experimental data in Figure 1, and recall that while the wave propagation speed is constant
with respect to nutrient concentration in the interval from 5.5 to 16.5 mM glucose, the rim thickness increases.
Figure 6 shows the wave-pulse speed and rim thickness as function of nutrient concentration. The rim thickness
is defined as the pulse width, where c is 10 per cent of the maximum value (see inset in Fig. 6b); the qualitative
behavior is independent of the exact definition. At relative low concentrations the speed increases with increasing
nutrient concentration, but convergences to constant in the large nutrient concentration regime. On the other
hand, the wave-pulse width increases linearly in the entire nutrient concentration interval studied here.

The regime of constant speed and increasing rim thickness is characterized by a large cell concentration in
the pulse, C ≈ C0. This is also seen in the inset in Figure 6b. We therefore attribute the maximum allowed cell
concentration (or crowding) to be the limiting factor for the speed. Moreover, the model assumes that the cell
death rate decrease with increasing nutrient concentration, i.e., for large concentrations the nutrients penetrates
deeper into the tumor resulting in a cell death rate decrease in these regions. This picture is supported by the
mitotic rate

fc = β
(1− c)nc
n+ κ1

−
(

1− N2n

n+ κ2

)
c , (3.2)

which is plotted in Figure 7 for different nutrient concentrations. Positive mitosis (cell multiplication) is observed
to be located only at the wave front-edge, and negative mitosis (cell death) is located the pulse back-end.
The negative mitosis is shifted backwards as the nutrient concentration increases, thus, increasing the rim
thickness.

Figure 8 compares the perturbation equations, equations (2.15) and (2.18), with the numerical solution. In
(a) where n∞ = 105 we are in the low cell concentration limit and we expect equation (2.18) to show fair
agreement with simulation results. This is also the case at the pulse front-edge, however, the pulse tail decays
slowly compared to simulation data. This is due to the linear cell death rate of equation (2.18). This linearity
is not assumed in equation (2.15) and the agreement with the simulation result is much better. In (b) we have
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Figure 6. Wave-pulse speed, s, and rim thickness, L, as function of nutrient concentration.
Inset in (b) shows the wave-pulse profile for n∞ = 7× 105. Other parameter values: κ1 = 105,
κ2 = 102, β = 5, D = 1, N2 = 0.9, and ν = 105.

Figure 7. Mitotic rate, equation (3.2), for different nutrient concentrations. The distance
between minimum and maximum peaks indicates the wave-pulse width. Model parameter values
are the same as in Figure 6.

n∞ = 106 which is outside the limits of equation (2.18); this is evident from the maximum cell concentration
that goes above the bound C0, or equivalently c = 1. On the other hand, equation (2.15) agrees perfectly with
the output from the numerical simulation. The agreement is better for the high nutrient concentration regime
which is consistent with larger speed s and thus smaller perturbation parameter ε. This strongly indicates that
the pulse characteristics is dominated by the reaction term in the domain of large wave speeds.

Equation (2.27) predicts that the minimum allowed wave-pulse speed increases as the square root of the
nutrient concentration. Recall, that strictly the prediction is (i) limited to the regime κ2 � n � κ1 and 0 <
c � 1, and (ii) based on the assumption that the nutrient concentration at the wave front-edge is given by
the cell consumption alone. Figure 9 compares smin and s found in the numerical simulations. First, it can be
seen that smin, in fact, overestimates the speed, which is likely due to assumption (ii) since the large gradients
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Figure 8. Comparison between zeroth order perturbation term, equations (2.15) and (2.18),
and numerical solution to the full model, equations (2.9). (a) n∞ = 105, (b) n∞ = 106. Model
parameter values are the same as in Figure 6.

Figure 9. Comparison between smin (filled grey circles connected with line), equation (2.27)
and actual speed, s, (filled squares connected with lines) found from numerical simulations. The
relative difference 1− smin/s is also shown (filled black circles connected with line). Parameter
values are the same as in Figure 6.

in n is ignored. As expected, however, the difference goes to zero as the nutrient concentration goes to zero.
Interestingly, the relative difference is approximately linear indicating different functional forms for s and smin;
this is also evident in Figure 6 where s is seen to be bounded and converge to a constant value.

4. Conclusion

In this paper we revisited the experimental data for the growth of EMT6/Ro avascular solid tumor from
Mueller-Klieser et al. [17], Freyer and Sutherland [9], and Jiang et al. [15], see Figure 1. It was shown that
the tumor radius grows linearly in time, and that the viable rim thickness increases with increasing glucose
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concentration. From this we proposed a reaction-diffusion model, which includes the cross-migration effects
between dead and living cells, a cell carrying capacity, as well as metabolic saturation and starvation.

Through numerical explorations it was shown that the model features a propagating wave-pulse with a
constant speed. It was also shown that in the high nutrient concentration regime the wave speed is approximately
constant, but the pulse thickness, i.e., the tumor viable rim thickness, increase. This is also in agreement with
experimental data. The model features are present for zero cross-migration and also when ignoring the tumor
curvature. Therefore, we conjecture that the experimental observations are due to (i) maximum cell carrying
capacity which constrains the pulse speed, and (ii) a starvation phenomenon, where the cell death rate increases
as the nutrient concentration decreases.

In the limit of large wave-pulse speed, it is possible to make a perturbation analysis. It was shown from
this analysis that the pulse shape is primarily determined by the reaction terms in the model. This is in good
agreement with the conjecture above.

Assuming that the pulse speed is determined by the cell multiplication at the very front-edge it is possible
to derive a minimum allowed wave speed. The predicted minimum speed was observed in fair agreement with
simulation in a limited parameter regime and for low nutrient concentrations indicating that the pulse is in this
case a so-called pulled-front.

It is important to point out that recently Brüningk et al. [1] showed that the HCT116 tumor (human colon
cancer) also features a linear growth regime for up to 25 days, hence, the present model is not limited to
describing the mechanisms for the RMT6/Ro tumor growth, but is more general.

This work focuses on the affects from varying nutrient concentration. A natural continuation of this would
be inclusion of effects from, for example, oxygen concentrations and vascular development. In line with the
underlying philosophy used here, insight into important mechanisms in these extended and more complicated
systems may still be achieved by low dimensional models, which allow for more than numerical analysis and,
thus, a deeper understanding of the tumor development and treatments.
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[1] S.C. Brüningk, I. Rivens, C. Box, U. Oelfke and G. Ter Haar, 3D tumour spheroids for the prediction of the effects of radiation

and hyperthermia treatments. Sci. Rep. 10 (2020) 1.

[2] A.C. Burton, Rate of growth of solid tumors as a problem of diffusion. Growth 30 (1966) 157.
[3] H.M. Byrne, Dissecting cancer through mathematics: from the cell to animal model. Cancer 10 (2010) 221.

[4] H.M. Byrne, Mathematical biomedicine and modeling avascular tumor growth. In A.V. Antoniouk and A.R.V. Melnik, editors,
Mathematics and Life Sciences, chapter 12, page 279. De Groyter, Germany (2012).

[5] S.R. de Groot and P. Mazur, Non-equilibrium Thermodynamics. Dover Publications (1984).
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[7] J.H. Ferziger and M. Perić, Computational methods for fluid dynamics.Springer-Verlag, Berlin (2002).
[8] J.P. Freyer and R.M. Sutherland, Prolifirative and clonogenic heterogeneity of cells from EMT6/Ro multicellular spheroids

induced by the glucose and oxygen supply. Cancer Res. 46 (1986) 3513.
[9] J.P. Freyer and R.M. Sutherland, Regulation of growth saturation and development of necrosis inEMT6/Ro milticellular

spheroids by the glucose and oxygen supply. Cancer Res. 46 (1986) 3504.
[10] P. Gerlee, The model muddle: In search of tumor growth laws. Cancer Res. 73 (2003) 2407.
[11] P. Gray and S.K. Scott, Chemical Oscillations and Instabilities:Non-linear Chemical Kinetics. Clarendon Press, Oxford (1994).

[12] H.P. Greenspan, Models for growth of a solid tumor by diffusion. Stud. Appl. Math 52 (1972) 317.
[13] P. Grindrod, Patterns and Waves. Oxford University Press, New York (1991).

[14] G. Hochman, Y. Kogan, V. Vainstein, O. Shukron, A. Lankenau, B. Boysen, R. Lamb, T. Berkman, R. Clarke, C. Duschl and
Z. Agur, Evidence for power law tumor growth and implications for cancer radiotherapy (2012).

[15] Y. Jiang, J. Pjesivac-Grbovic, C. Cantrell and J.P. Freyer, A multiscale model for avascular tumor growth. Biophys. J. 89
(2005) 3884.

[16] W.V. Mayneord, On a law of growth of Jensen’s rat sarcoma. Am. J. Cancer 16 (1932) 841.

[17] W. Mueller-Klieser, J.P. Freyer and R.M. Sutherland, Influence of glucose and oxygen supply conditions oxygenation
ofmulticellular spheroids. Br. J. Cancer 53 (1986) 345.

[18] J.D. Murray, Mathematical Biology. Springer Verlag (1989).
[19] K.-A. Norton and A.S. Popel, An agent-based model of cancer stem cell initiated avasclular tumorgrowth and metastasis: the

effect of seeding frequency and location. J. R. Soc. Interface 11 (2017) 20140640.



HOW DO CELL CROWDING AND STARVATION AFFECT AVASCULAR TUMOR GROWTH OF THE EMT6/RO TUMOR? 15

[20] Notice that in Freyer et al. Cancer Res. 46 (1986) 3504, their Figure 3 the symbols are reversed giving the erroneous conclusion
that rim thickness is decreasing with increasing nutrient concentration.

[21] J.M. Prewitt L.A. Dethlefsen and M.L. Mendelsohn, Analysis of tumor growth curves. J. Natl. Cancer Inst. 40 (1968) 389.

[22] F.L. Ribeiro, R.V. dos Santos and A.S. Mata, Fractal dimension and universality in avascular tumor growth. Phys. Rev. E 95
(2017) 042406.

[23] T. Roose, S.J. Chapman and P.K. Maini, Mathematical models of avascular tumor growth. SIAM Rev. 49 (2007) 179.

[24] S. Sahoo and A. Sahoo abd S.F.C. Shearer, Stochastic modelling of avascular tumor growth and therapy. Phys. Scr. 83 (2011)
045801.

[25] J.P. Ward and J.R. King, Mathematical modelling of avascular-tumour growth. Math. Med. and Biol. 14 (1997) 39.
[26] J.P. Ward and J.R. King, Mathematical modelling of avascular-tumour growth II: Modelling growth saturation. Math. Med.

Biol. 16 (1999) 171.

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S2O). We are thankful to our subscribers and supporters for making it possible to publish
this journal in open access in the current year, free of charge for authors and readers.

Check with your library that it subscribes to the journal, or consider making a personal
donation to the S2O programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.

mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	How do cell crowding and starvation affect avascular tumor growth of the EMT6/Ro tumor?
	1 Introduction
	2 The model
	2.1 Zero order perturbation analysis 
	2.2 Wave pulse speed 

	3 Numerical solution 
	4 Conclusion

	References

