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FORECAST ANALYSIS AND SLIDING MODE CONTROL ON A
STOCHASTIC EPIDEMIC MODEL WITH ALERTNESS AND
VACCINATION*

YUE ZHANG™ AND X1JU WU

Abstract. In this paper, a stochastic SETR epidemic model is studied with alertness and vaccination.
The goal is to stabilize the infectious disease system quickly. The dynamic behavior of the model is
analyzed and an integral sliding mode controller with distributed compensation is designed. By using
Lyapunov function method, the sufficient conditions for the existence and uniqueness of global positive
solutions and the existence of ergodic stationary distributions are obtained. The stochastic center
manifold and stochastic average method are used to simplify the system into a one-dimensional Markov
diffusion process. The stochastic stability and Hopf bifurcation are analyzed using singular boundary
theory. An integral sliding mode controller with non-parallel distributed compensation is designed
by linear matrix inequality (LMI) method, which realizes the stability of system and prevents the
outbreak of epidemic disease. The correction of theoretical analysis and the effectiveness of controller
are validated using numerical simulation performed in MATLAB/Simulink.
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1. INTRODUCTION

The importance of mathematical models is increasing in formulating prevention and control measures. The
research results of many scholars have established a solid scientific theoretical basis to fight against epidemics and
control the spread of diseases efficiently by proposing various defensive measures, such as, getting vaccination
in time, wearing protective masks [17], avoiding crowed places [35] and volunteering quarantine [3]. By exerting
public awareness and reducing the infectivity of infected individuals, the spread of disease can be effectively
reduced. There have been some research results in this area. Such as, Julien Arino et al.[2] proposed a new
SETAR model for influenza controlled by vaccination and antiviral treatment. Subsequently, a model of birth
rate equal to death rate was studied by PI and sliding mode control [28]. Regardless of the birth and natural
mortality, Abbasi et al.[1] presented a class of SQEITAR model and proposed the theory of optimal control to
eliminate disease by quarantine and treatment to infected people. In general, the detailed models may more
accurately predict the course of an outbreak, but simple models may be more useful for planning the early
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stages of an epidemic. It is notable that all of them are determined models and take into account the infectivity
of the latent.

In reality, the growth of organisms and the spread of epidemics are inevitably disturbed by random factors
[22, 23, 37|, such as temperature and individual differences, which cannot be ignored in the prediction and
control of the spread of diseases. Thus, it has great significance to apply stochastic theory to analyse epidemic
model, which is more practical. Constructing suitable Lyapunov functions, some authors established sufficient
conditions of the existence of global positive solutions [8, 25, 36] and ergodic stationary distribution. Huang
et al.[9, 10] discussed the stochastic stability and bifurcation according to stochastic center manifold and
stationary probability density.

T-S fuzzy control [40] is flexible approximate to a global nonlinear system using several local linear system
model by membership functions. Sliding mode control (SMC') [27, 31] based on T-S fuzzy is used extensively in
various fields to stabilize the nonlinear system on a desired sliding mode surface. Furthermore, integral sliding
mode control (ISMC') [33] guarantees the robustness of the ISMC system in the whole trajectory from the
initial time by using a new class of nonlinear sliding surfaces [6, 21, 34]. Thus, it is significant to apply sliding
mode control to epidemic model to prevent large-scale outbreaks of contagion and eliminate some instability
phenomenon. However, there are two limiting assumptions about SMC for stochastic fuzzy T-S systems [13].
Using nonparallel distributed compensation(Non — PDC) ISMC control [14] can completely eliminate both
of these limitations, thereby reducing the conservatism introduced by the choice of the slip surface coefficient
matrix.

In this paper, we mainly analyze the stochastic stability and stochastic bifurcation in the vicinity of the
representative equilibrium point, and control the epidemic spread by designing a sliding mode controller. The
details are as follows: in Section 1, we establish a class of SETR epidemic model with alertness and vaccination.
In Section 2, the existence and uniqueness of the positive solution is discussed, as well as the existence of
ergodic stationary distribution. In Section 3, the stochastic center manifold, singular boundary theory and
invariant measure are applied to discuss the stochastic stability and stochastic Hopf bifurcation. To control the
spreading of the epidemic, we focus on the stability of sliding mode system and the design of integral sliding
mode controller with Non-parallel compensation in Section 4. The principal theory results are illustrated via
numerical simulations in Section 5. In the last section, this paper ends with conclusions.

2. MODEL FORMULATION

We assume that one gets lifelong immunity with vaccination and infected individuals first enter the latent
period during which they have less infectious [1, 2, 28]. To simplify the model, we ignore individuals who
are asymptomatic. The proposed epidemiological model describes four states including S(t)(susceptible),
E(t)(exposed), I(t)(infective) and R(t)(recovered) as follows.

S(t)=A-=pBS(t)(E(t) + (1 =)L) — (n+m1) S(t),

E(t) = BSU)(eE(t) + (1 — q)1(t)) — (p+ k1 +m2) E(1), (2.1)
(1) = k1E(t) — (n+ v + k) I(1), '
R(t) = miS(t) +maB(t) + koI () — uR().

~

where A denotes the birth rate, u and -y are the natural death and disease-induced death coefficient, respectively,
my and mso are the vaccination rates of the susceptible and the exposed, respectively, 5 denotes the average of
contacts between members in the population during infectious period, ¢ is the decreasing factor of the latent
infection rate and q represents a reduction in infectivity owing to the quarantine, isolation and other imperative
measures, eE(t) + (1 — ¢)I(t) denotes the number of people who are contagious. Latent members proceed to the
infective at a rate k; and infective members go to the recovered at a rate ks.

There are stochastic disturbances in death rate among different populations affected by epidemics. Taking
the effect of the noise perturbation on death rates p of S(t), E(t), I(t) and R(t), the death rate coefficient p is
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replaced by a random variable p — 0;£(t) [7, 19, 20] and the following system is obtained

S(t) = A—BS(t) (cE(t) + (1 —q) I(t)) — (1 +m1) S(t) + 01S(1)E(t),
E(t) = BS(t) (cE®) + (1 —q) I(t)) = (1 + k1 + m2) E(t) + 02 E()E(1), (2.2)
I(t) = ki E(t) = (p+ v + k2) 1(t) + o1 (£)E(2), '

R(t) = m1S(t) + maE(t) + koI (t) — pR(t) + o4 R(H)(L),

where o7 > 0(i = 1,2,3,4) are the intensity of environmental white noise £(¢) which satisfies dB(t) = £(¢)dt,
B(t) denotes mutually independent standard Brownian motion.

Since the state R(t) does not effect the dynamics of S(t), E(t) and I(t), system (2.2) can be reduced to the
following system

A= pBS(H)(E®) + (1= g)I(t) = (1 +ma) S(t) + 015 ([)E(),
( ) =BS(t)(eE®) + (1= q)I(t) = (1 + k1 +m2) E(t) + 02 E()E(1), (2.3)
= k1 E(t) = (u+ 7+ k2) I(t) + o3I (£)(2).

The dynamics properties of system (2.2) is obtained by analyzing the global dynamic behavior of system
(2.3). For the corresponding deterministic system to system (2.3), the disease-free equilibrium point is denoted
as Pl( ,0,0). Using the next-generation matrix method [5], we obtain the basic reproduction number Ry is as
follovvs

Ro = BA(eb+ k1 (1 — q))’
abc

where a = p+m1, b=p+ v+ ks, c = p+ k1 +mo. When Ry > 1, there exists an endemic equilibrium point
denoted as P*(S*, E*,I*), where

Al - 2+ Ak (1 — 2+
S*: A E*: ( Rg) I** 1< Ro).

aRy’ c ’ - be
3. THE GLOBAL DYNAMIC BEHAVIOR

3.1. Existence and uniqueness of the global positive solution

Given the number of population is non-negative, we will study the existence and uniqueness of the global
positive solution to system (2.3) with any positive initial value.

Theorem 3.1. For any initial value (S(0), E(0),1(0)) € R3., there exists a unique solution (S(t), E(t), I(t))
system (2.3) on't > 0 and the solution will remain in RS with probability one, namely, (S(t), E(t),1(t)) € R
for all t > 0 almost surely (a.s.).

Proof. Since the coefficients of system (2.3) satisfy the local Lipschitz condition, then for any initial value
(5(0), E(0),1(0)) € R, there exists a unique local solution (S(t), E(t),1(t)) € R3 on t € [0,7,) a.s., where 7.
denotes the explosion time [26]. The next step is to prove that it is global, i.e., 7. = co a.s. Let kg > 1 be
sufficiently large such that (5(0), F(0),I(0)) € (%, EO). For each integer k > kg, define the stopping time [26]

as follows

or max{S(t),E(t),I{t)} >k }7

T =

T, = inf {t €(0,7e): min{S(),E(t),I(t)} <
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where inf ) = co (as usual () denotes the empty set). 7, is increasing as k — oo. Set 7o, = klim Tk, where 7o, < 7
—00

a.s. If 7o = 00 a.s. is true, then 7, = co a.s. and (S(t), E(t),I(t)) € R3 for all ¢ > 0. In order to complete the
proof, we just need to prove 7., = 0o a.s. If not, then there is a pair of constants 7" > 0 and ¢; € (0,1) such
that P (7, <T) > € for any k > ko. Hence, there exists an integer k1 > ko such that

P(r, <T) > e, Vk > k. (3.1)
Define a C?-function V : R — Ry by
S(t)
V(S#),E(t),I(t)=S(t)—as—aq th +E(t)—-1-InEQW)+I(t)—1—1InI(t),
4

where a4 = min { ﬁf , 6(1 D } is a positive contant. V' (S(t), E(t), I(t)) is non-negative since inequality x — 1 —

Ink > 0 holds for all k > 0. By Ito’s formula, it can be calculated that

LV(S(8), E(t), I(t)) = — aS(t) = aﬁ — peS(t) + (aafe = (¢ = k1)) E(t) + (a4 (1 = q) = b) I(t)
B(1—q)S(t) k1 E(t) c%a4 o2 o2
T By (O Ty tAteatbredt Tttt

Since (a4fe — (¢ — k1)) E(t) + (aaf (1 — q) — b) I(t) < 0, then

LV(S(t), E(t), I(t)) L W
R - 2 2 2
where K is a positive constant. Furthermore,
dV(S(t), E(t),I(t)) < Kdt + 015(t) dB(t) + 02 E(t) dB(t) + 03I (t) dB(t). (3.2)

Integrating both sides of (3.2) from 0 to 7, AT = min{7y, T} yields

T NT
V(S ANT),E(ri, NT), I(m, NT)) <V (S(0), E(0),1(0)) + K(mx ANT) + 01 /0 S(7)dB(7)

vor [ E@ABD o [ 1) aB()
0),E 0), ( )) +K(7’k /\T) +M1(Tk /\T)
+M2(Tk T)+ Ms(mpx NT), (3.3)
where
T NT
M (7 /\T):Ul/o S(r)dB(r),
T AT
Ma(rg AT) = 02/ E(r)dB(r),
0‘rk/\T
Mi(rx ANT) = 03/0 I(r)dB(7)
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are three local matingales.
Since the solution (S(t), E(t),I(t)) of system (2.3) is Fi-adapted, taking the expectation on both sides of
(3.3), we have

EV(S(te AT), E(tix NT), (1 NT)) < V(5(0), E(0),1(0)) + KE(1, AT).
Thus,
EV(S(tu ANT),E(te NT), I(mx NT)) <V (5(0), E(0),1(0)) + KT. (3.4)

Let 2, = {we N:7, =7, (w) <T} for k > ky, We obtain P(£2;) > €;. Note that for every w € (2, there is
S(1,w) or E(1,w) or I(7y,w) equals either &k or +. Hence, V(S (1, w), E(7k,w), I(Tk,w)) is no less than either
(k:—a4—a4lnaﬁ) (k—1—Ink)or (+ —as— a4lnka4) ( —1—1In4). That is,

V(S(tk,w), E(tg,w), I (1, w)) >(k — ag —aqIn —k YA (k—1—1nk)
Gy
1

1
/\(E—a4+a4lnka4)/\(E —1+1Ink). (3.5)

It can be obtained from (3.4) that

V(S(O)v E(O)7I(O)) + KT zE(IQk(w)V(S(Tkaw)a E(Tk7w)a I(Tkvw)))

zel(k—a4—a41na£)/\(k—l—lnk;)
4

1 1
/\(E—a4+a4lnka4)/\(E —1+1Ink), (3.6)

where I, () denotes the indicator function of 2. Taking k — oo, we get
oo > V(5(0), E(0),1(0)) + KT = oo,
which leads to the contradiction. Thus we draw the conclusion that 7. = oo a.s. O

3.2. Existence of ergodic stationary distribution

To explore the prevalence of epidemic, we talk about the persistence of disease. Based on the theory of Khas-
minskii [15], there exists a stationary distribution which indicates that the epidemic will prevail if parameters
of the system (2.3) are subject to the following condition.

Theorem 3.2. If Rj = — klAﬂ(l 9) >~ > 1, then the system (2.3) has a unique ergodic stationary
a+ ><b+ >( +72>

distribution for any given initial value (S(0), E(0), 1(0)).
Proof. Define

Vi(S,E,I) = 1n5—a51nE—a61n1+@1,
Vo(S,E,I) = —In S,

Vs(S,E,I) = —In1,

Vi(S,E, I) = (S+E+I)m+1
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where m is a sufficiently small constant satisfying u — %(0% + 0% +02) > 0, and as, ag are positive constants
as follows

of of
a+ 5 a+ 5
a5 = 0_22 ) ag = 0_22
c+ 3 b+ 3
It can be calculated that
ki(1—q) A asB(1—q)SI  asky
LV, =— —— | E— = — — E
% (Z55€S + ﬂ (E + b g E Ti
02 a502 a602
b ‘1 2 3
+a+asc+ag +2+ 9 9
k(1 — 2 2 2 1
<B (e+1(bq)> E+a+% + as <c+ U;’) + ag <b+ U;) — 3(asack1BA (1 - q))?
k(1 —
:—)\+B<s+1(b(1))E, (3.7)
where
o? 1
A=3(a+ 2 ((R8)3—1)>0.
Similarly, it can be computed that
A o?
LVo=— S +feE+F(1—q)+a+ =, (3:8)
__ kB,
LVs==— 7 +b+2, (3.9)

m(S+E+1)™ "
2
m(a%\/ag\/ag)

LVi=(S+E+ID™(A—aS— (c—k)E—bl)+ (01S® + o5 E® + 031°)

<SASH+E+D" —pu(S+E+D)™ + (S+E+Dn™t"

2
2 2 2
SA(S+E+I)m _ </J— W) (Sm+1 +Em+1 +Im+1)
2 2 2
<Cy — % (u - W) (8™ BT Yy (3.10)

where

m (0% \/ag \/032))

m ]‘ m
Cy = sup {A(S+E+I) 2<u )(S+E+I) +1}<oo,

(S,B,1)eRS 2
Define a Lyapunov function Vj : Ri — R as
Vs (S,E, I)=v V1 (S, E, I)+ Vo (S, E,I)+ V3 (S,E,I)+Vy(S,E,I), (3.11)

where v is a positive constant satisfying

—v A+ C3 < =2, (312)
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1 m (o2 Vo3V o3 2
C3= sup {— uw— (o v 73 v o) (Serl—f—Eerl—|—Im+1)—|—B(1—q)1’—|—a+ﬁ
(s.B,ery L 2 2 2

2

It is easy to verify that

lim inf Vs(S, B, I) = 400
k—+00,(S,E,1)ER3 \ Uy

where Uy, = (%,k) X (%,k;) X (%,k). Note that V5 (S, E, I) is continuous, V5 (S, E, I) has a minimum at point
(So, Eo, Ip) in the interior of R3. Constructing a nonnegative C2-function V4(S, E, I): R3 — R, by

Ve (S,E,I)=V5(S,E, I) — V5(So, Eo, o). (3.13)

Hence, from (3.7) to (3.13), it can be obtained that

A E 1-— 2
LVeS—mA—S—klI+6<v1 (E—ijl(bq))—FE)E—&-ﬁ(l—q)I—i-a—i-U;

m(a%Va%\/a%)
2

2 1
+h+ B0 - = <u—

m+1 Elm+1 Im+1 . 14
5 5 )(S + + ) (3.14)

Define a bounded closed set D, as
3 1 1, 1
D€2: (S7Eal)€R+:62SSS7762§ES7762§I§72 )
€9 €9 €3

where €5 > 0 is a small enough number satisfying the following conditions in the set R3 \ D, :

A
— =40y <1, (3.15)
€2
k(11—
U1>\+ﬂ<’01 (€+1(bq)> +€> €2+03 S 71, (316)
sk
Bl-q)ed——+Ci< -1, (3.17)
2
1 m(a%\/ag\/ag) 1
- = — < -1 1
1 <[L 9 €£n+1 + C’5 > ) (3 8)
1 m(a%\/a%\/a%) 1
- = — < -1 1
4 <ﬂ 2 EgH_l + OG =~ 5 (3 9)

m (o2 V o2V o2 1
(u— (oF Vo3 a)) gz + Cr < L (3.20)
2
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where

_ 2 2
Cy= sup {(Bvl (E-i-w)+/35)E+ﬁ(l—q)1+a+ﬁ+b+af3+01

(5,B,1)€RY, 2 2
1 m(c?V o2 Vo m m m
- p- (1 2 3) (S +1+E +1+I+1) ,
2 2
1 \% vV 2 2
— s { 1 01 o3V 03) (Sm+1 4 gt +Im+1) ta+ Ty T3
(S,B,I)erR} 2 2 2 2
+Cl+ﬁ< ( )>+E>E}
Vo3V IVoiVol
= sup 1 (of 02 03) gmHl _ 1 [y M (Em+1 b
(SEI)E]R3 4 2 2

+ﬁ<yl(5+ 1 (1= )> >E+ﬂ(1—q)1+a+—+b+—+cl}

2 2
1 v \V] 1 2\/ 2\/ 2
Cs= sup { 4(u (o 02 UB))Em+1_2<M_W (57 4 )
(S,B,I)eR}
k1(1 q)
th v et E+6(1—q)l+a+—+b+—+(}1
1 O‘ VosVa m 1 m (o1 Vo3 Vo m m
C; = sup { 4<,u ! 2 3)>I+1_2<M—(1223)>(S Ry ) +1)
(S,B,I)erR}
(

1 2 2
)> >E+B(1—q)l+a+%+b+%+01}.

oo

We can get (3.16) holds from (3.12). Dividing D., into six domains as follows:

Dy ={(S,E.I)eR}:0< S <e}, Dy ={(S,E,]) R :0< E < &5},
1
Dy={(S,E,I)eR} :E>e,0<I<e}, Dy—%&EJMﬂﬁ:S>€},
2
1 1
D5={(S,E,I)6R12E>}, D6={(S,E,I)€R‘3_:I>2}.
€2 €5

In order to verify LV < —1 for any (S, E,I) in R} \ D.,, we will clarify it by the following six cases.
Case 1. For (S, E,I) € Dy, it follows from (3.14) and (3.15)

A ki (1— 2 2
M%S—S+B<m<a+l(q»4ﬁ)E+ﬁO—@I+a+m4w+03+Q

b 2 2
1 2V o3 Vo?
1 (,u— m(CT1 (5] (73)) (Sm+1 +Em+1+1m+1)
2 2
<-=+0
€2
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Case 2. For (S, E,I) € Ds, it follows from (3.12), (3.14) and (3.16)

ki (1 — 2 2
s —ont 6 (o (e + 202D v prsa-grear oo Do
1 Vo3 Vo3
_2<H—m(01 202 U3)>(Sm+l+Enl+1+1m+1)
ki (1—
Svl)\+ﬂ<vl<€+l(bq)>+€)€2+03
<-1

Case 3. For (S, E,I) € D3, it follows from (3.14) and (3.17)

kE Ky (1— 2 2
LV6<—I+ﬂ(v1 <E+l(l)cj))+a>E+6(1—q)I+a+a21+b+023+01
1 2vo?vo?
_2<M_m(01 202 03))(snl+l +Em+l+lm+1>

K
sﬂ(l—Q)ei—éJrCz;

<-1

Case 4. For (S, E,I) € Dy, it follows from (3.14) and (3.18)

LVgS—l M_m(a%VU%\/U%) 5m+1_1 M_m(o%\/o%\/og) gt

4 2 4 2
1 m (o3 V o2V o? ki (1 —

_2<M— (of 22 03)>(Em+1+1m+1)+3<711<5+l(bq)>+5>E

o? o3

+B(1—q)[+a+?+b+?+C1
1 m(o%\/o%\/ag) 1

§_4<M_ 2 6;,14’,1 +05

-1

IN
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Case 5. For (S, E,I) € Ds, it follows from (3.14) and (3.19)

LV(;S—E M_m(a%\/a%\/ag) Em"'l—} M_m(a%\/ag\/ag) pm1
4 2 4 2
1 m (02 V o2V o? ki (1 —
_2<'u_ (1 22 3)>(Sm+1+lm+1)+ﬂ<111(5+l(bq)>+E)E
o o3
+[3(17q)1+a+7+b+7+01
1 m (0% Vo3V o3) 1
<_4<M_ 2 EgLJrl +Cﬁ
<-—1.

Case 6. For (S, E,I) € Dg, it follows from (3.14) and (3.20)

1 m(o%\/ag\/ag) 1 m(of\/ag\/ag)
LV < —— — Im"‘l_, _ Im+1
6= 4(“ 2 1 \! 2
1 m (o3 Vo3 Vo3 ke (1 —
_2<N— (of 22 3)>(Sm+1+Em+1)+ﬁ<'Ul<€+1(b(])>+€)E
of o3
+B(1—q)]+a+?+b+7+01
1 m(cr%\/crg\/ag) 1
< _ = _
- 4('u 2 e§m+2+C7
<-1

Hence the condition A in Lemma 3.1 [24] is satisfied. Additionally, the condition A; is clear. Above all, the
system (2.3) has a stable stationary distribution and the solution is ergodic. O

4. STOCHASTIC CENTER MANIFOLD AND HOPF BIFURCATION

To further consider the dynamic behavior of system (2.3), we discuss the stochastic stability and stochastic
Hopf bifurcation in this section.

Let z1(t) = S(t) — S*,22(t) = E(t) — E*,x3(t) = I(t) — I*, system (2.3) is transformed into the following
form:

&1(t) =(=B(eE" + (1 =) I") — a) x1(t) — BeS™w2(t) — BS™ (1 — q) 23(¢)
— Bex1(t)za(t) — B (1 — q) 1 (t)as(t) + o1 (z1(t) +57) E(1),

Bo(t) =B (L™ + (1 —q) I") 21 (1) + (BeS™ — ¢)) za2(t) + BS™ (1 — q) ws(?) (4.1)
+ Bex1(t)x2(t) + B (1 — q) z1(t)z3(t) + 02 (x2(t) + E7) (1),

i3(t) =ki22(t) — brs(t) + o3 (z3(t) + 17) ().

To discuss the stability of the system (2.3) near the equilibrium P*, we only need the stability of the system
(4.1) near the origin O(0,0,0,0). The Jacobian J of the deterministic system corresponding to the system (4.1)
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at the origin 0(0,0,0,0) can be expressed as

—BEE*+(1—-q)I*)—a —BSe —BS*(1-q)
J = BeE* + (1 —q)I*) BS*e —c¢  BS*(1-gq)
0 k1 —b

The characteristic equation of J is that
)\3 + (11)\2 —+ CLQ>\ —+ asz = 07 (42)

where

a1 =BS"e+a+b+c+ BeE” + (1 -q)I"),
ag =—FS"(e(a+b)+ki(1—¢q)+Bb+c)(eE* + (1 —q)[*) 4+ ab+ ac+ be,
ag = abc + Bbc(eE* + (1 — q)I*) — pS*a(eb+ k1 (1 — q)).

4.1. Stochastic center manifold

The system (4.1) is projected onto its two-dimensional central manifold applying the theory of stochastic
central manifold.
For sufficiently small § > 0, let

26((a1 + 26)% + bo)
a1—|—25

9

a
by = =, by = by +
ai

the eigenvalues of equation (4.2) can be shown as

as
aq =+ 25

A2 =0+ —0%i, A3 = — (a1 + 29).

When 6§ =0, by = by. It follows that

)\172 = i\/ﬂi,)\g = —aj.

It implies (0,0,0) is a degenerate critical point of system (4.1), which possesses a two dimensional local center
manifold. Owing to § — 0, the system (4.1) possesses a local invariant manifold.

Take
x b1 b12 b3 01
a3 52
To — \ a1 +25 s b—(a1+26) 5+b (P2 ,

E E E
x3 01 11 11 ®3
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where

55 — 07
bu = kiBeE* + (1 — q)I*) (b+c— S +20),
bro — (—(a1+26)—k165*+c)(b—(a1+26))—k1ﬁ5*(1—q)
e MBEE + (1 - g)I") ’
oo “@ts —0%) —BS*(1 —q) + (—PeS" + e+ 0 +b)
13 = )

kiB(eE* 4 (1 —q)I*)
Then the system (4.1) can be transformed into the following equivalent system

as
a1 + 29
+o2(di1pr + diapa + dizps + dia)é(t) + o3(dispr + diswa + dirps + dig)é(1),
P2 = — (a1 +20)p2 + Fo(p1, 2, p3) + o1(e7p1 + €sp2 + egps + e10)&(t)
+ oa(e11p1 + e1292 + 13903 + e14)§(t) + o3(e1501 + e16p2 + e1rps + e1g)é(t),

. a
3 =003 + 4 / o j% — 0201 + F53(p1, p2, 03) + 01(lrp1 + lspa + lows + 1i0)E (1)

+ oa(li1p1 + liape + lisps + 114)E(t) + o3(liser + lispz + lirps + l1s)E(2),

1 =0p1 — — 0203 + Fi(p1, p2, p3) + o1(drp1 + dspa + dows + dio)§(t)

where

Fi(1, 92, 93) = dip} + dap1pz + dspr10s + dap + dsp203 + deps,
Fa(p1, 02, 03) = €107 + e201902 + €30103 + €403 + €50203 + €63,
F3(01, 02, 03) = l19? + larpa + 130103 + 1403 + 50203 + L3,

Here, the lengthy expressions of d;,e;,[;(i = 1,...,6) are omitted.
Denote the local invariant manifold of system (4.1) near the origin as follows:

Wi5.(0) ={(1, p2, p3)p2 = b1, ¢3), 1] + [ws| < 1,R(0,0) = dhy, (0,0) = dhy, (0,0) = 0}.
Assume that the form of h(y1, ¢3) as follows

h(1,p3) =h197 + hap1ps + hap101€(t) + hap102E(t) + hspr03E(t) + hews
+ hrp3o1£(t) + hapsoal(t) + howsosé(t) + hioo &3 (t) + hi1o1&(t)oa€(t) (4.4)
+ h1201€(t)03E(t) + h1305E%(t) + h1409€03E () + hiso3E2(t) + - - - .

in which h satisfies

8h¢1¢1 + 6/7,903(/.73 = — (a1 + 2(5)h + 61(,0% + 62(,01]1 + e3p1p3 + 64h2 + €5]’L§03
+ esp3 + o1(erpr + esh + egps + €10)E(t) + o2(e11p1 + erzh
+ e13p3 + €14)E(t) + o3(e1s1 + ersh + eirps + e1s)é(t),
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that is

as
8h901 (6301 - a1 + 26

+ dshes + dep3 + o1(drp1 + dsh + dops + dio)&(t)

— 023 + d1 3 + daprh + d3prp3 + dyh?

+ o2(dirpr + digh + disps + d14)&(t) + o3(dispr + dispa + dirps + dls)f(t))

a
+ Ohg, | 63 + S 6201 + 1192 + laprh + lspr s + Lah?
a1 + 29

+ Ishs + lew3 + o1 (o1 + lspz + lows + lio) £(t)

+ oa(linpr + lizpa + lizps + La)E(t) + o3(liser + lispe + lirps + 118)5(15))

= — (a1 +20)h + €17 + e201h + esp103 + eah® + eshs + egp3
+ o1(erp1 + esh + egps + €10)E(t) + o2(e11p1 + e1ah + e13p3 + e14)E()
+ o3(e1sp1 + e16h + e17ps + e18)E(1).

Substituting (4.4) into (4.5) and equating coefficients of similar terms, it can be obtained that

(a2 + 2b1)er — arv/bres + 2bieg ~ 2vbier +ares — 2v/bieg

hi = h
! al(a% + 4b1) ’ 2 a% + 4b;

arer — Vbieg — 2a1diohy + (vbidio — ailio)ha + 2l10v/bihe

b

h =
3 CL% —+ bl
P Vbieis — 2a1diahy + (Vbidia — arlis)hg + 2l14v/b1he
4 a% + bl )
he — ai€is — \/Een — 2a1d1ghy + (\/Edléi - allls)h2 + 2118\/Eh6
5 a% + by ’
h - 2b161 =+ al\/aeg —+ ((l% =+ 2b1)€6
6 al(af +4b1) ’
b — Vbier + areg — 2¢/bidiohy — (Vbilio + ardio)he — 2a1l10he
’ a% + by ’
he Vbienr + arers — 2¢/bidiahs — (Vbilia + ardia)he — 2a1l14hg
8 a% ¥ bl )
he = Vbieis + arerr — 2¢/bidisht — (Vbilis + ardig)he — 2a1l1she

a%—i—bl
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Substituting them into (4.3) yields

. a
1 =0p1 — 8205+ ¢1 (g1, 93) + o1 (drpr + dos + dio
ay + 20

+ O(le1]* + los?)E(t) + o2(dr1pr + disps + dia + O(|p1 |
+ [p3)E(t) + o3(dispr + dires + dis + O(J1|* + |s]?))E(t),

. a
$3 =0p3 + 2 5201 + ¢3(p1, 93) + o1 (lrpr + lows + Lo
ap + 20

+O(le1]* + les?)E(t) + o2(lirer + lisps + lia + O(|1|?
+13?))E®) + o3(liser + lires + lis + O([e1]? + |3 ]*)E(),

where

d1(p1, ¢3) =d19p] + dapthy + dsp1ps + (daha + dshy)@Tes + (dahe + dsha) 193 + dshee3 + O(le1|* + |es]?),

d3(p1, p3) =l1oT + lah1gf + lsp1p3 + (lahs + Ish1)@Tes + (Izhe + lshe)p195 + Ishews + O(le1]* + |es]*).

Omit high items, a two dimensional stochastic center manifold of system (4.1) can be shown as

. a
P1= =4/ £¢3 + d1p} + doihy + d3p1p3 + (daha + dsha )@l es

+ (d2hs + dsha) 193 + dsheps + o1(drpr + dops + dio)E(t)
+ oa(di1pr + dizps + dia)E(t) + o3(dispr + dirps + dig)é(t),

. a/(
@a :\/:‘1‘@1 + 1@t + Lhi o} + lsp1ps + (Iaha + Ish)ples

+ (Izhe + Isha) o165 + lshep3 + o1 (lrp1 + lows + €10)&(t)
+oa(liipr + lises + 14)€(t) + o3(liso1 + lires + 11s)E(1).

4.2. Stochastic stability and stochastic Hopf bifurcation

Taking transformation ¢; = rcos, @3 = rsinf, system (4.6) becomes the following form:

7 =g1(r,0) 4+ 01(d1o cos 8 + l19sin 8 + rdy cos? 6 + (I7 + dy) sinf cos 0 + Iy sin® 0)¢(t)
+ 09(dy4 cos 0 4 114 sin 0 4 rdyq cos? @ + (111 + dy3) sin O cos O + l13 sin? 0)&(t)
+ 03(dyg cos 0 + l1g sin 6 + rdy5 cos? @ + (Iys5 + di7) sin 6 cos 0 + 17 sin” 0)&(t),
. 1
0 =ga(r,0) + o1 ((z10 cos @ — dyigsin @) + l7 cos? 6 + (lg — dy) sin § cos § — dg sin® 9> £(t)
r

1
+ o2 (’I’ (114 cosf — d14 sin 9) + l11 COS2 0 + (l13 — dll) sinf cos — d13 SiIl2 9) g(t)

1
+ o3 (r(llg cos O — digsin @) + 115 cos® 0 + (I17 — dy5) sin @ cos @ — dy7 sin® 9) (),

(4.6)
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where

g1(r, 0) =dir? cos® 0 + dohyr? cos* 0 + lshgr® sin® 0 + (ds + 11)7"2 sin 0 cos? @ + 11127 sin® 0 cos 6
+ (dohg + dshg + lahg 4 Ishy )r® cos? 0 sin? 0 + 1372 sin 0 cos 6 4 go1 goor sin 0 cos® 6
+ (dzhg + dshy + lth)T3 cos® @ sin 6 + (d5h6 + lohg + l5h2)7“3 COSQSiH3 %

+ g22g03 8in 0 cos® 0 + q12g13 sin® 6 + ga1go3 cos® 0 + qi1¢13 sin® 6 cos 0

1 . . 1 .
+5 (qur sin® 0 + g3, cos” 0 + (¢7; + ¢3,) rsin® 6 cos” 6 + - (g75sin” 0 + ¢35 cos® 9)) ,

g2(r,0) =, /% — dsrsin? 6 cos O + 17 cos® 0 + lohy 72 cos* 0 — dshgr? sin* 0
aj

+ (I3 — dy)rsin @ cos? @ + (Iahg 4 Ishy — dohy)r? sin 6 cos® 0
+ (Ighg + lshg — dahg — dshy)r? sin? 6 cos? 0 + (Ishe — dahg — dsha)r? sin® 6 cos 0

. . sin @ cos 6
+ (Q% - qg1) sin 6 cos®  + (Q%z - qu) sin® § cos § + (Q%s - qg3) 2

. 2 . 2 .
+ 2 (q11¢12 — q21q22) sin® O cos® O + - (q11913 — g21q23) sin 0 cos® 6 + - (q12q13 — g22423) sin® 0 cos 0,

qu1 = (01d7 + 02d11 +03d15),  qu2 = (01dy + 02d13 + 03d17), @3 = (01d1o + 02d14 + 03d18) ,
q21 = (o1l7 + 02011 + 03l15) q22 = (01lg + 02l13 + 03l17),  qo3 = (01l10 + 02l14 + 03l13) .

According to the Khasminskii limit theorem [16, 18, 39], when the intensities of the white noise (o1, 02, 03)
are sufficient small, the response process {r(t),0(t)} weakly converged to the two-dimensional Markov diffusion
process [39]. Using the stochastic averaging method, we obtain the It6 stochastic differential equation

{ dr = m, dt + 011 dW, 4+ 015 dWp,

df = mg dt + 091 AW, + 099 AWy, (48)

where W,, Wy are independent standard Wiener processes, ( zr ) is the drift vector, ( ZH 212> is the
0 21 22
diffusion coefficient matrix, and

O Ogin(x,t

mi(w) =< i)+ [ 2D g kR ar
—00 J
+oo

ou(x)oi(z) =bjj(z) = < / gik(x,t)g;i(x,t + 7) R (1) dT >4,

— 00
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to+T

< - >y= hmf to

< - > dt is a time averaging operator. The parameters are as follows

:3d2h1 + 315h6 + d2h6 + d5h2 + lQhQ + l5h1,

1
po =02 (3d2 + 313 + 2d7lg + 3(l7 + do)? + 2(lg — d7)?) + 5 (qi1 + 332 + 3a5, + 43)

+ 03(36@1 + 31%3 + 2d11l13 + 3([11 + d13)2 + 2(l13 — d11)2)
+ 03 (3d35 + 313, + 2disli7 + 3(lis + di7)? + 2(lir — dis)?),
1
ps =7 (afs + 35 + 207 (dfy + 130) + 203 (dfy + 13) + 203 (dis + Ifs))
)

g =02 (3d% 4 (do + 17)% + 312 4 2d7lg + 4(d3y +13)) + 05 (3d3, + (diz + 111)% + 3135 + 2d11 113 + 4(d3, + 12)))
+ 0%(3d%5 + (d17 + l15)2 + 3l%7 + 2d15l17 + 4(d§8 + l%g)),
of o3 o3

I3 Zz(d7 +1o)(l7 — dg) + Z(du +li3)(l — dis) + Z(dw + li7) (s — dir),

L6 =3lyh1 — 3dshg + lashg + lsho — dshy — dghg,

2
U7 = (312 (lg — d?) + 3dg - 217617) + %(31%1 + (113 — d11)2 + 3d%3 — 2[11d13)

71
8
o2
+ *3(3115 + (I17 — di5)* + 3d35 — 2l15d17),

o as n 1 ( )
us = o 1 411912 — 421422) -

When 0%, = 03, # 0, rewriting (4.8) as follows

=ttt ) s e (19)
?T

(us7) 2 AW, + (p7 + 22)* dWp.

When 0%, = 03, = 0, the averaging amplitude r(¢) is a one-dimensional Markov diffusion process, which implies
that

1
dr = (&r‘g + B2y &) dt + (M:’, + &7"2) S aw,. (4.10)
8 8 r 8
In the following, we discuss the stochastic stability of system (4.1) through analyzing the change of stability
of the averaging amplitude r(¢) in the meaning of probability. According to the singular boundary theory [39],
it can be obtained the global stochastic stability of the stochastic averaging system (4.10).
Obviously, us # 0. Let p; = 0, the system (4.10) is rewritten as follows

dr — (%r + 52 dt+ (s + %7’2) aw,. (4.11)
T

Owing to 011 # 0 at r = 0, r = 0 is a nonsingular and regular boundary of system (4.11). If » = 400, then
m, = 4+00; so r = +00 is the second kind of singular boundary. The results are presented as follows:

ar =2, B =1,
2m,. e —Br G 2415

¢ =— lim —5—=—- lim ————F—— = — .
T r—+o00 0‘%1 r—-+oo 13 + %7‘2 m
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So, if ¢, > —1,i.e. ﬁ < %, the boundary r = +oc is exclusively natural; if ¢, < —1,i.e. ﬁ > 1, the boundary
r = 400 is attractively natural; if ¢, = —1,i.e. ﬁ = %, the boundary r = +o0 is strictly natural.

Consider 1 # 0, 011 # 0 at » = 0, r = 0 is a nonsingular and regular boundary of system (4.10). If r = +o0,
then m, = +00, so r = +00 is the second kind of singular boundary. The results are presented as follows:

Qp = 27 ﬁr = 33
. 2myror B . 2(%7‘3 + B+ %)7’2_3 2411
¢ =— lim ————=— lim T =——.
r—4o00 o171 r—+4o00 us + ST U4

Besides, 8, > a, — 1, m,(+00) = 400 > 0, 8, > 1, so r = 400 is exist boundary. To sum up, the following
conclusion can be drawn.

Theorem 4.1. The trivial solution r = 0 is unstable, i.e., the stochastic system (2.3) is unstable at equilibrium
point P* regardless of whether the deterministic system is stable at P* or not, a Hopf bifurcation may occur. If
ﬁ > %, the boundary r = +00 is attractively natural, the equilibrium point P* is unstable.

Next, we will discuss the effect of randomness on the stochastic dynamical behavior. According to the It6
equation of amplitude r(t), the FPK equation form of (4.10) can be shown as

i (20 2) )+ 325 (o) )

with the initial value condition P(r,t|ro,to) = 0(r — rq), t — to where P(r,t|ro, o) is the transition probability
density of diffusion process r(t). The invariant measure of r(¢) is the steady-state probability density P(r) which
is the solution of the degenerate system as follows:

(e ) (= ) ) 0

The solution is as follows

Mo _ 8uipg

P, = cleﬁrzr2(8u3 + u4r2)_ Nz , (4.12)

where ¢ is a normalization constant.
According to Namachivaya’s theory [29, 39], the most possible amplitude of system (4.10) is r*(¢),i.e. Ps:(r)
maximizes at 7*(¢). So we have

dPSt dQPSt (7“)
r=r* = Oa 19 lr=r* 07
dr | dr? | <

2p1
the system subjected to stochastic excitations is almost unstable at P* when r = 0 in the meaning of probability.
By the singular boundary theory, the stochastic system (4.1) occurs a stochastic Hopf bifurcation at r*, that
is

. . - - - 2 . . . . . .
it is calculated that r* = \/ patpa—y/ (s —pa)® 8215 Meanwhile, Py (r) is minimal at = 0. It indicates that

—pi2 + pa — /(p2 — pa)? — 32p1 13
2 ’

o7+ 3 =



18 Y. ZHANG AND X. WU

5. NON-PDC INTEGRAL SLIDING MODE CONTROL SCHEME

For the results of the above system analysis, what we expect is to stabilize the system (4.1), in other
words, to control the outbreak of disease. Taking transformation z1(t) = S(t) — S*, z2(t) = E(t) — E*, z3(t) =
I(t) —I*,24(t) = R(t) — R* for system (2.2) and introducing a sliding mode controller u(t) to x3(t), the following
controlled system can be obtained

@1(t) =(=BEE" + (1 = g)I") — a)z1(t) — BeS z2(t) — BS™ (1 — q)x3(t)
— Bex1(t)w2(t) — B(1 — q)zi(t)ws(t) + o1 (1 (t) + S7)E(),

Za(t) =B(eE™ + (1 — )" )z1(t) + (BeS™ — c)za(t) + BS™(1 — q)as(?)
+ Pexi(t)w2(t) + B(1 — q)z1(D)as(t) + o2(2(t) + E)E(1),

&3(t) =k1w2(t) — bas(t) + u(t) + os(ws(t) + I7)E(1),

T4(t) =maxy(t) + moxa(t) + koxs(t) — pxa(t) + oa(za(t) + R¥)E(L).

(5.1)

Constrained by the total population, we take x1(t) € (—ca, ca). The following T-S fuzzy stochastic system is
confined in the probability space (£2,F,P).

Rule 1: if 24 (¢) is My, then (t) = Ayz(t) + Bu(t) + C(z(t) + *)&(t).
Rule 2: if 21(t) is Ma, then @(t) = Asz(t) + Bu(t) + C(z(t) + x*)&(t).
where
$1(t) S* 0 o1 0 0 0
za(t * E* 0 0 o2 0 O
a(t) = a;ggtg =l [ BEL 9= 0 e 0
24 (t) R* 0 0 0 0 o4
—BEE*+(1—-q)I*)—a —pBe(S*+ca) —B(S*+e)(l—¢q) O
A | BEETFA=gI7)  Be(S"te)—e BSTHe)(l-q) 0O
b 0 k1 —b 0"
mi mo kQ -l
—BEE "+ (1 —q)I") —a  —fe(5" —c2) —B(S" —c2)(1—¢q) O
A BeE* + (1 —q)I*) Be(S* —ca)—c  B(S*—c)(1—¢q) O
’T 0 k1 —b o[’
miq mao kg — K

u(t) is the input vector, \;(x1(t)) is the membership function of z; () belonging to fuzzy sets M;(i = 1,2), and

Mler(®) = 3 (1+28), da(ar (1) = 3 (1- 22).
Based on the center average defuzzifier, product inference, and the singleton fuzzifier, the overall T-S fuzzy
stochastic system can be inferred as

da(t) = Z Ni(z1 (1) (Aiz(t) + Bu(t)) dt + C(2(t) + 2*) dB(t).

To ease the notation, A(A) denotes Zle Ai(z1(t)) Ai, the T-S fuzzy stochastic system is shown as follows:

da(t) = (AN a(t) + Bu(t)) dt + C(z(t) + ) dB(1). (5.2)
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5.1. Construction of sliding surface
The sliding surface is defined by s(t) = 0, where the sliding variable is constructed as follows:

s(t) = Gx(t) — Gx(0) — /0 G(A\) + BK\)(Y(\) ™ Ha(r)dr. (5.3)

Here G = (BTB)"'BT [4], K(\) = 327, (a1 (D)) K, YN = 7, M@0 (1))Ys, Ki € RV Y, e RV = 1,2
are unknown coefficient matrices to be designed later.

5.2. Stability of the sliding motion
Based on (5.2) and (5.3), we obtain that

ds(t) = (GB(u(t) — K\ (Y (\) " tz(t))) dt + GC(x(t) + 2*) dB(t). (5.4)
In the sliding phase, ds(¢) = 0 holds. It is necessary to satisfy
GB(u(t) — KO)(Y(\) (1) = 0

when the state trajectories of the system (5.2) reach and are confined to the sliding surface with sliding variable
(5.3). Since det(GB) # 0, the equivalent control is established as

Ueg = KN (Y (V) " Ha(t). (5.5)
The following sliding mode dynamics is shown by substituting (5.5) into the system (5.2).
dz(t) = (A\) + BE(A)(Y (X)) Da(t) dt + C(x(t) + z*) dB(t). (5.6)

Assumption 5.1. [30, 32] W > @, ($; <0) for all i = 1,2 where &;, ¢ = 1,2 are scalars.

Lemma 5.2 (Finsler’s Lemma). [11] Let x € R", 2 = QT ¢ R™" W € R™*". The followings are equivalent,
1) 2T0x <0, YWz =0, x # 0.
2) exists X € R™™: Q + He(XW) < 0, where He(XW) = XW + WTXT.

Theorem 5.3. If the following matriz inequalities:

Pi+X>0, i=12 (5.7)

@ii<0; i=1,2

1
Oii + 5(@@ +0) <0, i,j=1,2, i#j (5.8)
are solvable for (P;, Y;, K;, X,n),i=1,2, where P, >0, n >0, P, =Pr, and
He(A;Y; + BK;) = Y p_y ®1(Ps + X) *

*
Qij = P,-Y, + U(AZ)/j + BKj)T —nHe(Yi) *
CP; 0 —P;
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S*

Then, the sliding motion dynamics (5.6) is asymptotically mean square stable when x1(t) > —=-, x2(t) >

—E () > — L wa(t) > - B

Proof. Tf the matrix inequalities (5.8) hold, then

O\ = Z Z Ai(21(8))\j (21 ()5 < 0.

Based on P; > 0 , it is obtained that P(\) = Zle Xi(21(t))P; is invertible and its inverse is named (P()\))~!.
Since w > @; and &; <0, we have

2 2 OMe(z1 (1))
—qu (P +X) = Z%&—Z%XZ 2:: Pk—ZTX.

k=1 k=1 k=1

Note that Zi:l Ar(z1(t)) =1, so Zi:l w =0, it can be further obtained that

> (P X) == m’“(;l(mpk = 78};?). (5.9)
k=1 k=1
Due to
He(ANY(\) + BK(\) — S, $i (P + X) * *
O(AN) PN\ =Y (A) +n(AN)Y(\) + BE(A)T —nHe(Y (X)) * (5.10)
CP(\) 0 —P(\)
and ©(A\) < 0, by using the Schur complement lemma, it can be obtained that:
He << n(é(?g) T ) ((A()\)+BK()\) (v (A))_l)T 4))
2P0 (P ()" (P (V) CP () o
— r J’_ *k
(O ;) <0
By Lemma 5.2, (5.11) holds if
o (U CPOI PO PO ), <o 612

for any w = (w} wQT)T # 0 satisfied ((A()\) +BK(/\)(Y(A))‘1)T —I) w = 0. Furthermore, (5.12) implies
that

He ((AQ) + BEQ)Y () ™) POY) + (@PO) (PO op) - 2P < (5.13)
Due to P(\)(P(\))~! = I, it can be obtained that
oP(A) "t _ 10PN -1
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Premultiplying and postmultiplying (5.13) by (P(\))~T and (P(\))~1, it is obtained from (5.14) that:

A(x(t)) 2 He ((A(A) +BEMN (Y)Y (P(A))*l) +Ct(PO) e+ % <0. (5.15)
Select the Lyapunov function candidate as
V(z(t) = (z(t) +2%) T (PN) " Hz(t) + 2¥). (5.16)
By Ito’s formula, it can be obtained that
AV (z(t)) = LV (x(t)) dt + V,C(x(t) + 2*) dB(t). (5.17)
From (5.15), there exists a positive constant p such that
LV (2(t) < —plla(t) +="||*. (5.18)
According to (5.16), the following inequality holds
Amin (P)) Dl(®) + 277 < V(@(t) < Amax((PO) ™) |2() + 27| (5.19)
Using Ito’s formula and (5.17), we obtain
d (e**V(z(t)) = ae™V (2(t)) dt + e* LV (z(t)) dt + e Vo C(z(t) + ) dB(t). (5.20)

Integrating and taking expectations on both sides of equation (5.20), it can be obtained that
t t

e"E{V(x(t)} = E{V(x(0))} +IE/U aeMV(a:(T))dTJrE/ e "LV (z(r))dr. (5.21)

0

Substituting (5.18)—(5.19) into (5.21), it can be obtained that

E{V(2(t)} < e”"E{V(2(0))} +E/O e (Amax (PN) 1) = p) ll(t) + 2" dr. (5.22)

Tt is noted that z;(t) > —‘%*, xa(t) > —%*, x3(t) > —%, x4(t) > —%*, taking expectations on (5.19), we can
obtain

BV (2 (6)} 2B Do (PO o () + 272
>E {in (PO)) ™) Il ]2} (5.23)
Pick a > 0 to satisfy admax((P(A))™1) — p < 0. Substituting  and (5.23) into (5.22), we can obtain
E{|2(1)]1%} < Amax(PONELV (2(0)) }e . (5.24)

As t tends to oo, (5.24) yields tlim E{||z(t)||*} = 0. As a consequence, the sliding motion (5.6) is asymptotically
xde el

mean square stable. O

Remark 5.4. If LMI (5.7)—(5.8) in Theorem 5.3 are solvable, the sliding mode exists. System (5.6) can be

proved to be asymptotically mean square stable. It indicates that epidemics will reach a stable state. Moreover,
the matrices K;,Y;(i = 1,2) are known, which provides convenience for designing controller.
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5.3. Design of the sliding mode controller

Based on Theorem 5.3, the controller relative to the sliding variable (5.3) of system (5.2) is designed as
follows.

Theorem 5.5. Assume that matrices G and K;, Y;, i = 1,2, satisfy Theorem 5.3. The sliding mode controller

u(t) = KO)(Y(N)~(t) — s(t) — Quzgn (5.25)

can confine the state trajectories of the closed-loop system to a sufficiently small band around the sliding mode
surface with sliding variable (5.3), where o is a positive constant.

Proof. Select Lyapunov function as V(s(t)) = $s7(t)s(t). By Ito’s formula and (5.4), we have

dV (s(t)) =sT(t)GB(u(t) — K\ (Y (\) "tz () dt + (z(t) + ) Ttr (;CTGTGC) (z(t) +x*)dt

+ 5T (4)GC(x(t) + =) dB(?)
=LV (s(t))dt + sT(t)GC(x(t) + z*) dB(t).

Using (5.25), it can be obtained that
LV (s()) < —ells@)ll = s + Am () + 2", (5.26)

where \,;, = Amax (%) To achieve the sliding mode, it should be satisfied that

LV (s(t)) < —olls()]], (5.27)
where ¢ > 0. Combining (5.26) with (5.27), (5.27) holds if
=@ + Amll(t) + 27| < 0,

which means that for ||s(t)|| > v/ Amllz(¢) + z*||?. Inspired by Gao et al. [12], we select the following small band
around the sliding surface

D(s(1)) = {s@IlIsO) < VAnllal®) + 2}

It can be obtained that the sliding variable remains in the band D(s(t)) from Zhang et al. [38] and Gao et al. [13].
It concludes that the state trajectories of the closed-loop system are not kept on the sliding surface, but remain
in an arbitrarily small band around the sliding surface almost surely since the initial time [12]. O

Remark 5.6. For system (2.2), when the number of susceptible, latent, infected and recovered individuals
exceeds half of the endemic equilibrium value, the population of each class can be eventually restricted to a
sufficiently small area around the endemic equilibrium point by the sliding mode controller (5.25), which implies
that the epidemic is effectively controlled in time.

Remark 5.7. Controller u(t) can be implemented through state and social measures to the confirmed patients.
For example, the government formulates rules and regulations for the prevention and treatment of infectious
diseases, and all sectors of society actively participate in and strictly implement them to ensure the effective
isolation and medical treatment of the infected in the first time. The spread of the epidemic can be largely
contained by targeting those who have been diagnosed.
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TABLE 1. The possibilities and positions of the Hopf bifurcation occurrence in system (4.10).

Condition 1 L2 Hs  pg rT=1%* %:)
Cond1 -06 —-0.2 0.1 2 05774 0.1413
Cond?2 —-0.6 —-0.2 0.2 2 0.786 0.0739
Cond3 -0.6 —-0.2 0.3 2 0.9380 0.0566
Cond4 -06 —-0.2 04 2 1.0561 0.0515

0.16
"""" Cond1
g —==-Cond2| |
i / ."\ Cond3
A s Gondd
{ \
0.12 - ! 3 4
i \
! \
! \
j \
01 i \\ i
— ! \
E i \
< | J008F i \ |

0.06

0.04

0.02F

FIGURE 1. The steady-state probability density Ps:(t) and position 7* of stochastic Hopf
bifurcation at g1 = —0.6, pua = —0.2, puz = 0.1,0.2,0.3,0.4, pg = 2 in system (4.10).

6. NUMERICAL SIMULATION

To indicate the validity above, some parameters are taken to reflect the relationship among the probability
density and position of stochastic Hopf bifurcation with the different value of us. Furthermore, the effect of the
controller u(t) in Section 4 is demonstrated as far as possible.

For system (4.12), selecting p1 = —0.6, uo = —0.2, ug = 2, taking ps with different values listed in Table 1,
the relevant results are shown in Figure 1. It is not difficult to find that the positions of the Hopf bifurcation
occurrence increase as the increase of the value of ps.

Let 8 = 0.0139, € = 0.001, ¢ = 0.5, A =400, x = 0.1, m; = 0.5, ky = 0.54, mgo = 0.5, v = 0.02, ky = 0.5,
o1 =0.2, 02 = 0.3, 03 = 0.4, 04 = 0.2, under the initial condition z(0) = (3,2, 5,4), the time responses of the
system (5.1) without controller are given in Figure 2. It implies that the stochastic system (2.2) is unstable and
oscillatory around P*. By calculating, we can obtain

—2.1288 —0.0082 —4.0859 0 0
1.5288 —1.1318  4.0859 0 0
A= 0 0.5400 —0.6200 0 yB=| | 6= (0 0 1 0.
0.5000  0.5000  0.5000 —0.1000 0
—2.1288 —0.0029 1.4741 0 0.2
A, — | 15288 —1.1429 —1.4741 0 oo 0.3
2= 0 0.5400  —0.6200 0 ' - 0.4

0.5000 0.5000 0.5000  —0.1000 0.2
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FIGURE 2. Time responses of the system (5.1) without controller u(t) with 5 = 0.0139, ¢ =
0.001, ¢ = 0.5, A = 400, it = 0.1, my = 0.5, k1 = 0.54, ma = 0.5, 7 = 0.02, ks = 0.5, 01 = 0.2,
o2 = 0.3, 03 = 0.4, 04 = 0.2 with the initial value z(0) = (3,2, 5,4).

180

200

Take ¢1 = ¢2 = —5000 and n = 0.01. Utilizing LMI toolbox in Matlab software, it can be computed from
Theorem 5.3 as follows

Y

Yo

K, = (2.3524, —3.9257, —73.6791, 0.0295),
Ky = (—4.5078, 2.9692, —73.6642, 0.0087),

—0.0056 —0.6358
—0.0208 —0.3819
—0.0253

1.8488
—0.3187
—0.0056
—0.6358

1.8475
—0.3246
—0.0106
—0.6497

—0.3187
2.2261
—0.0208
—0.3819

—0.3246
2.2324
—0.0227
-0.3719

1.2390
—0.0253

—0.0106 —0.6497
—0.0227 —0.3719
—0.0346

1.2419
—0.0346

3.0068

3.0123
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FIGURE 3. Time responses of the system (5.1) using integral sliding mode controller (5.25) with
B =0.0139, e = 0.001, ¢ = 0.5, A =400, p = 0.1, my = 0.5, k& = 0.54, mo = 0.5, v = 0.02,
ky =0.5, 01 =0.2, 05 = 0.3, 03 = 0.4, 04 = 0.2 and the initial value z(0) = (3,2,5,4).

The sliding variable s(t) is shown as

2

t 2 -1
s(t)y=az3(t)—5— /0 GZ Ai (1 (7)) | Ai + BK; (Z Ai (z1 (7)) Yi> x (1) dr.

=1

With ¢ = 0.1, the sliding mode controller u(t) is shown as

_ N s(1)
u(t) = (M ()KL 4+ A (1) K2) (A (1)Y1 + Ao (t)Ya) " La(2) (t)—0.1 T5(0)] + 0.005°

It is obvious that the state variables (x1(t),x2(t), x3(t), x4(t)) of the closed-loop system gradually tend to
zero as time changes in Figure 3(a). That is to say, it is asymptotically mean square stable. Figure 3(b) describes
the time response of sliding mode controller. From biological point of view, epidemics can be contained around
the endemic equilibrium point in short order and prevented with taking effect advantage of this controller in
theory. This fully demonstrates the feasibility of the sliding mode controller (5.25) in Theorem 5.5.

7. CONCLUSION

In this paper, it is studied that a stochastic epidemic model with alert factors and varying population size.
The dynamic behavior and the method of epidemic control are analyzed. The existence and uniqueness of global
positive solution, and the existence of condition of ergodic distribution are proved. Especially, at the endemic
equilibrium P* | the dimension reduction is realized using stochastic central manifold and stochastic average
method. The results show that system (2.2) is unstable at P* when £2 > % Meanwhile, a Hopf bifurcation
will occur at r*. Taking us as a bifurcation parameter, it is further obtained that the position where Hopf-
bifurcation occurs increases with the increase of uz. Next, T-S fuzzy control is adopted to make the system
stable. We construct a sliding surface and prove that the sliding motion is asymptotically mean square stable.
More than anything, an integral sliding mode controller with Non-parallel compensation is designed to stabilize
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the system to a sufficient small neighborhood around P*, which implies it is theoretically effective in preventing
outbreaks.
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