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DECAY IN FULL VON KARMAN BEAM WITH TEMPERATURE
AND MICROTEMPERATURES EFFECTS

MONCEF AOUADI" ® AND SOUAD GUERINE?

Abstract. In this article we derive the equations that constitute the mathematical model of the full
von Karméan beam with temperature and microtemperatures effects. The nonlinear governing equations
are derived by using Hamilton principle in the framework of Euler—Bernoulli beam theory. Under quite
general assumptions on nonlinear damping function acting on the transversal component and based
on nonlinear semigroups and the theory of monotone operators, we establish existence and uniqueness
of weak and strong solutions to the derived problem. Then using the multiplier method, we show that
solutions decay exponentially. Finally we consider the case of zero thermal conductivity and we show
that the dissipation given only by the microtemperatures is strong enough to produce exponential
stability.
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1. INTRODUCTION

The modeling of elastic material models with temperature and microtemperature effects has been increasing
interest in recent years due to their nice mathematical and physical properties which are required in several
engineering applications and nanofabrication activities. Thus, the theory of thermoelasticity with microtempera-
tures has been the subject of several studies. Without trying to be exhaustive, let us refer to some studies carried
out with microtemperatures applied to different kinds of materials (elastic, plastic, microfluids, hyperthermia,
etc.) [1-4, 11, 17, 23-26, 33, 35, 36] among others.

To provide a more realistic formulation of beams which are widely used in several engineering and industrial
applications, the influence of temperature and microtemperatures should be taken into account. In addition to
microdeformations of the beam, the microelements of the continuum possess microtemperatures which reflect the
variation of the temperature within a microelement. The von Kdarmén model is a second-order approximation of
geometrically exact beam theory, accurately reproducing the bending-stretching coupling arising from bending
displacements in the order of the thickness. This is due to the fact that the beam is stretchable implying the
existence of nonlinear terms in the equations describing the motion. Since von Karman beams are used frequently
in nanotechnologies, we derive in this paper new governing equations for this beam including the coupled effects
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of temperature with microtemperatures. Hence the derived model becomes more adequate to study important
problems related to size effects and nanotechnologies and can be employed in various applications, including
nonlinear vibratory behavior of nano beams. Moreover, experimental data for the silicone rubber containing
spherical aluminium particles and for human blood were found to conform closely to the predicted theoretical
thermal conductivity.

Lagnese and Leugering [27] proposed the following coupled two hyperbolic equations to represent the vibration
of a one-dimensional von Karman beam

1 .
wie — dy [(ug + §W§)wx]x + dowggzr = 0, in (0, L) x (0,7, o)
1.1
1
g — dy [ug + §w§]x =0, in (0, L) x (0,7,

where w(z,t) is the transverse displacement, u(z,t) is the longitudinal displacement of a generic point, d; and
do are material constants.

The nonlinear full von Kérmén system coupled with temperature has been derived in [6, 7]. Then many
results were provided concerning the solutions to von Karman’s systems through different thermal laws (without
thermodynamics derivation) in different dimensional setting (see e.g. [8-10, 13, 15, 21, 22, 29, 31, 32] and others).

We may think that the thermal conduction is the only realistic phenomenon to take into account in full von
Karmén beams. However, the research conducted in the development of high technologies and in nanotechnolo-
gies, confirmed that the field of microtemperatures in solids cannot be ignored. So, the obvious question is: what
happens when the microtemperatures effect is considered with the thermal effect in full von Kérmén beams?

In this paper, we include both the temperature and the microtemperatures effects into the full von Karméan
beams governing equations. The concept of microtemperatures has been introduced for the first time by Wozniak
in [37]. Grot [20] extended the thermodynamics of a continuum with microstructure to introduce the microtem-
peratures concept. He developed a theory of thermodynamics for elastic materials with microstructure whose
microelements, in addition to microdeformations, possess microtemperatures in the context of the classical the-
ory. The Clausius-Duhem inequality is modified to include microtemperatures, and the first-order moment of
the energy equations are added to the usual balance laws of a continuum with microtemperatures. lesan and
Quintanilla [23—-25] were the first to introduce the concept of microtemperatures in thermoelasticity.

The first goal of this paper is to derive the von Kdarman beam equation with temperature and microtemper-
atures effects. We limit our attention to the one-dimensional model otherwise we will encounters difficulties in
proving the well-posedness result since the nonlinear terms of the derived model are not bounded in the space
of finite energy (due to the lack of appropriate Sobolev’s embeddings). In fact, the nonlinear forcing modeled by
[(W2)w,], is neither bounded nor locally Lipschitz on the space # of finite energy defined here by (3.5). This
follows from the fact that the map w — [(w?)w], is not bounded from H?(2) to L?(Q2), unless the dimension
of the domain 2 is equal to one. Moreover, the restoring force is therefore supercritical on 7 if the dimension
of  is strictly greater than one. This fact will be a source of difficulties in the generation of semigroup.

The second goal of this paper is to show that the Cy—semigroup associated with the nonlinear derived
equations in one dimensional setting is well-posed and exponentially stable. Our intention is to show how the
dissipation mechanism, due to temperature and microtemperatures effects, implies the exponential stability.

The third objective of this article is to study the case where the dissipation of the derived equations is due
only at microtemperatures. It is natural to think in this case that the system lacks exponential stability unless
some other damping mechanism is added. However, in this work we establish a contrary result. In this case, we
show that the single dissipation due to microtemperatures is strong enough to exponentially stabilize the system
without adding damping terms. So far, this case has only been considered for porous thermoelastic materials in
[4, 17, 26, 35, 36].

The sections of this paper are organized as follows. In Section 2, we derive the equations that constitute the
mathematical model of the one-dimensional full von Karméan beam with temperature and microtemperatures
effects. In Section 3, we shall prove that the derived problem is well-posed and in Section 4 is exponentially
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stable. In Section 5, we show that the single dissipation due to microtemperatures without thermal effects
stabilizes the system exponentially. These results are new and improve recent results from the literature.

2. DERIVATION OF THE MODEL

In this section, we start by reviewing the main steps involved in the derivation of the governing PDEs for
the von Karméan beam. We consider the planar motion of a uniform prismatic beam of length L. Inspired from
[6, 27, 28], we consider the planar motion of a beam that occupies, in the reference position, the region

QZ{(I,y,Z), OSISL7 —1§y§1, _ggzgg}a
where we suppose that h < L.

In view of the assumptions of the Euler-Bernoulli beams theory and by following [6, 27, 28], we assume
that the motion and the deformation of the beam occurs in the x — z plane. Upon denoting the displacement
components along the x—, y— and z—directions by wuq, us, and ug, respectively, the displacement field can be
written in view of the above assumptions

ur(x, z,t) = u(x, t) — 2wy (x,t), wo(x,2,t) =0, us(z,z2,t) =w(z,t), z€]l0,L], (2.1)

where the quantities u and w will represent, respectively, longitudinal and transversal displacement.
In accordance, the von Karméan type nonlinear strain—displacement relationship takes the following form

£11 = Ug + fwg — 2Wgg- (2.2)

In order to account for the thermal effects, we suppose that the beam, at a generic point (z, z), is subject to
an unknown temperature field 7(x, z,t). Let 79 be the reference-temperature constant value, that is to say, the
uniform temperature at which the natural (unstressed) configuration is attained. In the following, we note T'
the difference between the temperature 7 and its reference constant value 7, i.e.

T(x,z,t) = 7(x,2,t) — 7.

In this case, the stress tensor has only one component different from zero, which is expressed in the following
way

011 — EEH - EOZ()T, (23)

where 011 denotes the normal component of the Cauchy stress, €11 is the normal strain, E is the Young’s
modulus and «yg is a positive constant representing the coefficient of thermal expansion. Integrating (2.3) over
the beam’s cross section area A yields

h/2 1
N1 = / oy11bdz = EA(UQ; + *Wi - 0100)5 (24)
—h/2 2

where b is the width of the beam, A = bh is the area of a cross section and 6 defined by

O(x,t) = h/h/z T(x,z,t)dz, (2.5)

represents the mean value of temperature variation.
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Multiplying (2.3) by 2z and integrating the result over the area of a cross section leads

h/2
My = / zo11bdz = —EI(W;M + 009)7 (26)
—h/2
where I = [~ h}{jz bz2dz = YL is the moment of inertia, ET is known as the flexural rigidity and © defined by
19 h/2
O(z,t) = —/ 2T(x, z,t)dz (2.7)
W) nye

represents the (normalized) first moment of temperature. Thus, the full deformation energy of the beam takes

the following form:
h/2
/ / o : € bdzdx
h/2

where in our case o : € =3, . 0yj&;; = o11€11. By virtue of (2.2) and (2.3), we have

h/2 Ly 2 1,
Euy + —wy — 2wes)” — Eag(ug + —w; — zwm)T} bdzdzx.
h/2 2 2

After computation of integrals with regard to z and a few simple transformations one gets
L ) 1 1
Ut) = f/ [Elwm + EA(u, + FWe 2)? — 2Ebad(u, + SWe 2) — 2Eba0@wm}d
0

Kinetic beam energy vibration K takes the following form [19]

L
K(t) = §/ (pAu? + pAw? + plw?,)dz,
0

where p is the mass density of the beam in its reference configuration.
On the other hand, we assume that on the boundary, the displacement is only horizontal, which implies

w(z, ) =wg(z,-)=0, forz=0, x=L.
External work associated with the forces, moments and stress on the boundary plane is governed by the formula
L
W(t) = / (F(x,t)w+G(x,t)u>dx
0

where we have neglected the boundary terms expressing all the resulting forms of normal stress o1;.
Following Hamilton’s principle for continuous systems, we have to introduce the dynamical variation

5/ U(t) + W(t))dt =0, (2.8)
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where § is the first variation with respect to u and w. The first variation of U, K and W are given, respectively,
by

L h/2 L
(SU(t) = / / 0116611bd2d{£ = / (Nllm(&uz + wm&um) — Mllm&um)dx,
0 —h/2 0
L

OK(t) = / (pA(ut(Sut + widwy) + plwwtﬁwwt>dx,
0

L
SW(t) = /0 pA(Fow + Gou)da. (2.9)

Substituting (2.9) into (2.8), integrating by parts and grouping terms by dw and du lead to the following partial
differential equations

T h/2
/ / (pAwtt - plwzxtt — Mi1ge — (Nllwx)z - F)(Sdedt =0,
0

—h/2
T rhj2 (2.10)
/ / (pAutt — Ni1g — G) dudxdt = 0.
0o J-n/2
Substituting (2.4) and (2.6) into (2.10), yields the following resulting equations of motion
1
pAws — plwgzts + EI(wee + 09©) gy — EA((uw + §wi - aoe)ww> = F,
1 “ (2.11)
pA’U,tt —FEA (Um + iwi — CY()H) = G,

with appropriate boundary conditions and initial data.

The equations (2.11) are the same as those derived in [6] and in [27, 28] (except that the effects of temperature
are not taken into account).

Now we are interested in the thermodynamic counterpart of the problem.

In the following, the second law of thermodynamics is modified in order to introduce the concept of microtem-
peratures and the first-order moment of the energy is added to the usual balance law. In one dimensional setting,
we have two principles of thermodynamics [20, 23, 37]:

(i) the local form of the second law of thermodynamics

1 1
+ —0) > 2.12

(ii) the balance of first moment of energy

P = Qo +q—¢, (2.13)

where v denotes the microtemperatures, ¢ is the heat flux, ¢ is the mean heat flux, @ is the first heat flux
moment, 7 is the first moment of energy vector and S is the entropy deviation from the environmental entropy
(per unit mass). Without loss of generality, we have neglected the external heat source and the first moment of
the heat source from (2.12) and (2.13).

According to [20, 23, 37], the linear constitutive equation for 7 is given by

pm=—-biv, (2.14)
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where by is a positive constant. According to [12], the linear constitutive equation for S is given by

Fa C
0€11+Pv
1—v T0

pS = T (2.15)

where v € (0,1/2) is the (dimensionless) Poisson ratio and ¢, > 0 is the beam heat capacity per unit mass at
constant strain. By substituting (2.2) into (2.15), and retaining only the linear terms, one can obtain

E v
pS: aouw+pc
1—v T0

T. (2.16)

In thermoelasticity, the heat equation can be deduced directly from the entropy balance equation by using
the Gibbs relation [18]

,D(Et — TSt) - P = O,

where £ is the internal energy density per unit mass and P =), ; Oij€ijt- In fact, this relation allows us to
rewrite the internal energy balance equation,

Pgt - P — 4z = 07
in the following form, also known as entropy balance,
pT'S: = ¢z, (2.17)

where we have neglected, from the last two equalities, the external heat source supplied within the beam by
internal sources or dissipators. The linear form of (2.17) gives the balance equation of the energy

PT0SE = Q- (2.18)

By combining (2.12) and (2.18), we obtain after some manipulations the following linearized dissipation
inequality [20]

1
T—qu —Qugy+ (g —5)v > 0. (2.19)
0

In view of (2.19), the linear approximations for ¢, ¢ and @ are given by [20]

q=kT, 4+ kv, <= (k‘ — kg)Tm + (]{31 — ]{?2)1}, Q= —(k‘4 + ks + k‘(;)’l)z7 (220)
where the constitutive coefficients k and k; (i = 1,...,6) satisfy the inequalities [23]
4 1 ?
k>0, 3ky+ks+ke>0, ks+ke>0, ke¢—Fks>0 —kko—|—ki+ks| >0. (2.21)
To To
Substituting (2.16) (resp. (2.14)) into (2.18) (resp. (2.13)) together with (2.20) and integrating the result
over the interval [—%, %], we get the evolution equation of temperature (resp. microtemperatures):
ToEOéQ
ol — kOpy — k19, + Ugp = 0,
PCuUy 1 1 Yat (2.22)

19 — (kg + ks + k6)Ospa + ko + k36, = 0,
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where 6 is defined by (2.5) and

h/2
Iz, t) / (z,2,t)d (2.23)
Tk h/2

represents the mean value of microtemperatures variation.
Equations (2.11) together with (2.22), give the governing equations of full von Kérmén beam with temperature
and microtemperatures

/)Awtt - lemtt + El(wllLL + 04091:1‘) - EA((U% + 2“5 - O‘OG) ) = F7
T
1
Au —EA(ux—Ffwz—a 9) =G,
PAULL B 0 (2.24)

E
peolly — Ky — K1ty +71° il

Ugt = 0,
b1, — (k‘4 + ks + k‘ﬁ)ﬁML + kot + k30, = 0.

After this complete procedure, we will take into account some considerations to facilitate the mathematical
analysis in the following sections:

(i) We neglect the effects of the first moment of temperature in the axial direction, i.e. O, = 0;

(ii) In the spirit of the linear context used in the previous thermodynamics process (see (2.16) and (2.18)),
the nonlinear term (fw;), in (2.24), becomes linear in the form 6w, where 6y is the reference constant value
of the mean temperature variation;

(iii) We neglect the external body forces, i.e. F' = G = 0 and the rotational inertia term, i.e. plw,.¢r = 0;

(iv) To control the component wy, we add to (2.24), the damping function g(w;).

Under the above considerations (i)—(iv), we obtain the following von K&rmén beam equations with
temperature and microtemperatures in (0, L) x RT,

1
Wit — dl ((um + 2‘*)93)‘*]95) + QWgr + d2wzzxm + g(UJt) = 07

1
up — difug + W Ha + B0, =0, (2.25)

cly — K0y — K105 + Puge =0,
by — Koy + K30, + K49 = 0,

with the following boundary conditions
w(z,t) = wy(z,t) = ux(x,t) = 0(x,t) =Vy(z,t) =0onz=0,L, t >0, (2.26)

and initial conditions

=do(x), z€(0,L) (2.27)
The above physical constants are positive and given by

E ET E 1-—
dy = —, dy=—, a=agbydy, ﬁ—iao w = V, c = pc,@, b="biwm,
p pA Top
k=kw, k1 =kw, ko= (ks+ks+ kg)wm, k3 = k3wTg, K4 = kowTy. (2.28)
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We assume that the damping function g : R — R is continuous, monotone increasing with ¢g(0) = 0 and there

exist positive constants m and M such that m < M

m<g'(s) <M, VseR
which gives as the monotonicity propriety

mlu —v| < |g(u) — g(v)| < M|u—wv|, VYu,v€R,

and

g(u) < Mu|, VueR.

The dissipation inequalities (2.21) become
k>0, 4dkkg— (k1 + /<;3)2 > 0.

Note that the last condition in (2.32) implies that

L
K0l + ol 9l + (51 + /«ug)/ 0, 9dz > 0,
0

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

Remark 2.1. (i) Note that the microtemperatures evolution equation is not coupled with any elastic defor-
mation as in the theory of thermoelasticity with microtemperatures (see Eq. (11) of [23]), in the theory of
thermo-elastic-plasticity flow with microtemperatures (see Eq. (4.1) of [3]) and in others (see e.g. [23-25]).

(ii) Meanwhile, from (2.25), and the boundary condition (2.26), ,, we easily verify that
d2 L
@/0 u(z,t)de =0, Vt>0.
By solving (2.34) and using the initial data of u, we arrive at

L L L
/ u(z, t)de = t/ uy(x)de + / uo(x)de, Vt>0,
0 0 0

consequently, if we set

L L
1
w(z,t) = u(x,t) — %/0 up(x)da — Z/o uo(z)dz, Vt>0, z€l0,L],

we find
L
/ (z,t)de =0, V¢>0.
0

Now, from (2.25), and the boundary condition (2.26),, we easily verify that

d rr L
b—/ I, t)dx + /{4/ Y, t)de =0, V>0,

(2.34)
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thus

/OL Wz, t)dz = </0L ﬁo(x)dw>e_%4t.

So, if we put

L
D(,t) = O, t) — %(/0 ﬂo(x)dx)e*%t, vt >0, z €[0,L],

we arrive at

L
/ Iz, t)dz =0, Vt>0.
0

Clearly, the use of Poincaré’s inequality for @ and o is justified. In addition, (w, G, wy, U, 9,19) satisfies (2.25)—
(2.27) with initial data

1 [t 1 [f . 1 (L
Gg = ug — Z/ uop(z)de, U1 =uyg — Z/ up (z)dx, Yo =1 — Z/ Jo(z)d.
0 0 0

In what follows we will work with @ and 9 but, for simplicity of notations, we write u and ¢ instead of @ and 0.

3. WELL-POSEDNESS

In this section, we shall study the well-posedness of the problem (2.25)—(2.27) by using the nonlinear semi-
groups theory and monotone operators [5, 14]. Throughout this paper, we use the standard Lebesgue space
L?(0, L) and the Sobolev spaces H™(0,L) = W™2(0,L) (1 < m < oo) with their usual scalar products and
norms. Let (-,-) and || - || denote the L?— inner product and L?— norm, respectively.

For convenience, we denote by the space H2(0, L) the dual of H2(0, L), where

H{(0,L) = {w € H*(0,L) |w=w; =00n 0,L}.
Obviously, HZ(0, L) < L?(0, L) < H~2(0, L). Define the operator A : HZ(0, L) — H~2(0, L) by
Aw = AW = Wapas, (3.1)

for every w € D(A) = {w € L*(0,L) | wyzax € L*(0,L)} = H*(0,L) N HZ(0, L). The operator A is self-adjoint
and strictly positive on HZ(0, L). Hence, A is an isomorphism from HZ(0, L) onto H ~2(0, L) and from H?(0, L) N

H}(0,L) onto L?(0,L). We recall that A\; > 0 is the first eigenvalue of the bi-harmonic operator A = A? in
HZ(0, L). Indeed, since \; satisfies

Jwl? < AT well®,  Vw € HE(0, L), (3.2)
there exist proper constants Ao > 0 and A3 > 0 will always refer to the following embedding inequalities,

— 2 2 — 2
ol < A3 lwaalI”, Nwall” < A5 lwaall” (3-3)
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such that
Azds > a. (3.4)
Introducing the new variables ¢ = w; and 1 = u;, we define the Hilbert space
H = HZ(0,L) x H}(0,L) x L*(0, L) x L?(0,L) x L*(0,L) x L%(0, L), (3.5)

where
L
L2(0,1) = {w € L2(0,L) : / w(s)ds = 0}, HY(0,L) = HY(0,L) N L2(0, L).
0

The Hilbert space is equipped with the inner product

for U = (w, u, ,1,0,9) and U= (@, u, @, {/;, 5, 5) and with the norm
U115 = llell® + 911 + dollwsl* — allws |1 + dil|ual* + c[|6]* + b]| 9|, (3.7)

Thanks to (3.4), we get the above norm is nonnegative.
The system (2.25)—(2.27) can be rewritten as an equivalent Cauchy problem

dUu
E:VQ{U-F]:(U), t>0, U(O) = Uoz(wo,uo,wl,ul,ﬂo,ﬂo)E%", (38)

where o = A+ B, A:D(A) C H — 3, B: 5 — # and F are defined by

¥

0 0
(G
dow aw 0 0
—U2Wrzxxr — T o 1,2
C_l (Hewx + ,{/119([ - 5’(/Jw) O ’ OI '
0 0

b1 (@ﬂm — kgl — m419)
with the domains

D(A) = [H*(0, L) N H3(0, L)] x [H*(0,L) N H}(0,L)] x H3(0, L) x H}(0, L) x [H?*(0,L) N Hy (0, L)]
x [H*(0,L) N H}(0,L)],
D(B) = # and D() = D(A) ND(B) = D(A).

Lemma 3.1. Suppose that assumptions (2.29)—(2.32) and (3.4) hold. Then the operator —A is mazimal
monotone in J.

Proof. For the first step, we prove that the operator —A is monotone. Let us denote U = (w, u, ¢, 1, 0,9) € D(A).
Using integration by parts and the boundary conditions, we have

<_-AU7 U>3f = <d2wwmcx + QWgq, ‘P> —d; <u9mv 1/)> + B<0$7 1/)> - d2<§0xwa wxw> —d <'¢)xa ux>
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+ £ll02]1? + B, 0) + alw, we) + w2l Oal* + w49 + (k1 + K3) {0z, )

11

L
— kol Dul® + #l|6s 12 + rall 92 + (51 + 53)/ 0, 9dz. (3.10)
0

From (2.33), we conclude that —A is monotone in 2.

In order to prove that —A is maximal monotone, we need to prove that Range (Z — .A) = 5. We must prove

that

U—-AU =U",

has a solution U = (w,u,p,¥,0,9) € D(A) for any U* = (w*, u*, ¢*,*, 0%,9*) € 5. This equation leads to

the system

w—p=w"e H(%(O7L)’

u—1=u*e€ H0,L),

P+ d2wx;caca: + Wy = 90* S L2(O,L),

g—c1 (nem T ry, — ﬁ%) = 0" € L2(0, L),
9 — b1 (;wm — ksl — 5419) = 9% € L2(0, L).

Substituting (3.11); 2 into (3.11)3_5 we obtain

w+ d2wxwwx + QWgy = 30* + W*7

U — ditge + B0, = P* +u*,

cl — KOyy — K1V, + Puyg = c0* + Su,
b — Koy + K30, + K4 = DO,

We denote the Hilbert space H = HZ(0,L) x [H}(0, L)] x [Hg(0, L)] x [H}(0, L)], equipped with the norm
W13 = lwl? + lwaa I + lull® + llusl® + 1017 + 102012 + [19]% + 192112,
for any W = (w, u,0,9) € H. Consequently the problem (3.12) is equivalent to
AWW)=LW), VW =709 cH,
where the bilinear form .# : H x H — R, and the linear form £ : H — R are defined by
MW, W) = (w0,@) + (u, 8) + (W, Faa) — 0wy, Bx) + dy (U, Ug) + B0, T) + c(0,0)
N +ﬂ<0zv 01> - K:1<19zv 9> + 6<uma 0> +i)<'l9719> + K:3<19:6719:6> t ﬂ3<9:m19> + n4<19,19>,
LW) = (¢ +w", @) + (V" +u",0) + (07, 0) + Blug, 0) + b(I", 7).

Moreover, thanks to (3.3),, (3.4) and Young’s inequality, we have

MW W) = [lw||? + lull® + 6522\\wm||2 — aflws ] + leuw||22+ cllef* + o||9||?

+ [0z + £a 9] + (51 + K3) (0, F) + Kol |

> Jlwl? + [[ull® + (d2 = @Az ) lwae | + dillus || + 0] + bI9]* + w204

1 (Hl + Hg)2 2 1 (Hl + 53)2 2
+ 5= 0 + 5 )9l

% — diugy + B0, = ¢* € L3(0, L), (3.11)

(3.12)
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By assuming 4kr4 — (k1 + #3)% > 0, we get, respectively,

2 2
) N TR

>0,
4/‘64 4K

then there exists a positive constant Cy such that for any W = (w, u, 8,9) € H, we have
MW, W) > C1|W |3,
Thus, .# is coercive. Similarly, we show that there exist positives constants Cs and C5 such that
A (W, W] < Co W[ Wil and  [L(W)] < Cl| W]l
Thus . is a bilinear and continuous form on H x H and L is a linear and continuous form on H. So, by applying
the Lax-Milgram theorem, we deduce that for all W = (w, u, 0,19) € H, the elliptic system (3.12) admits a unique
(weak) solution
we H0,L), we HN0,L), 6¢cH}0,L), 9 HN0,L). (3.13)
Moreover, from system (3.11) we obtain
p=w-—w"=w € HX(0,L), ¢Y=u—u*=u; € H(0,L).
Then, by (3.12), we have
doWppre = —QWey + " +w* —w € L*(0, L),
—diUuge = — 0, + " +u* —u € L?(0, L),

—kOpp = K10z — Bug + (0% — 0) + Bul € L*(0, L),
—kolWpe = —k3l, + b(19* — 19) — kgt € L2(O, L)

(3.14)

Since dy # 0, we conclude from (3.13), that w € H*(0,L) N HZ(0,L). Using (3.14), , and (3.13), , we
have u € H2(0,L) N H(0,L), § € H2(0,L) N HL(0,L) and 9 € H2(0,L) N H(0, L). Finally, the vector U =
(w,u, p,1,0,9) € D(A). Therefore, Range (Z — A) = 5. This complete the proof of the maximal monotonicity
of —A. O

Lemma 3.2. Under the assumptions (2.29)—(2.32) and (3.4), the operator —B is monotone, bounded, and
hemicontinuous.

Proof. For any U; = (w;, us, i, ¥4, 0;,9;) € 7,0 = 1,2, we have from (2.30) that
(—BUy + BU3, Uy — Ua) = (g (1) — g (2) , 1 — p2) = m [l o1 — a* > 0.
This means that —B is monotone. In addition, from (2.31), we have
[=BU|| 5 < Ml¢l, (3.15)
then —B is bounded.
To prove the hemicontinuity of —B, counsider U; = (w;,w;, @i, Vi, 0;,9;) € H,i = 1,2. So, for any U =

(waua %1/)7 0719) € %, we have

(=B (U1 +1U2),U) o = {9 (1 + tp2) , 0) - (3.16)
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Taking

h(z) = g (¢1(x)) (x) € L1(0, L) (3.17)

and sequence (h,,) C L'(0, L) given by

(e =3 (1(0) + 1oale) ) (o) € 10, (3.18)
We have
nlgrréo hn(z) = h(x) a.e. in (0, L). (3.19)

Using again (2.31), we have

< M ([e1(2)] + [@2(2)]) [o()].  (3.20)

)l = o (11000 + 2l ) o) < 31| (160) + Lia(o)) t2)

From Lebesgue’s dominated convergence theorem, it follows that

lim (B (U + 1), U)o = (g (1) ) = (~BU1, U} . (3:21)
Hence, —B is hemicontinuous. O]

Lemma 3.3. The nonlinear operator F : & — € defined by (3.9)3 is locally Lipschitz continuous.

Proof. We denote that Uy = (w1, u1, 91, %1, 61,%1) and Uy = (wa, ug, 2, 12, 02, 92) such that ||U]| e, ||Uz]l e <
R, where R > 0. Then, we have

1 2 2
2 2 +d1”§<“’1x*“’2x)m
< dy | K((wr,ur), (w2, u2)) || + di]|G(wr, w2)]. (3.22)

1 1
H]:(UO - ]:(Uz)H < le ((le + —wi)wiz — (u2e + *ng)wm)

where K(-,-) and G(-) are given by

1 1 1
K((wr,u1), (wa,u2)) = ((ulw + iwfz)wlw — (ugsz + gwgm)ougm) and G(wy,ws) = 3 (w%$ - ng) . (3.23)

The functional G is estimated as follows:

IN

G, wa)ll = | 5 [re =~ w2a)ene +wa)]
= [| 5 @100 — w0 o1+ 22) + & 010 — )10+ t0202)
< %H(wm — Waga) Wiz +wag)|| + %H(wu — W) (Wize + Was)
<o /O [ — wnen) re + w2)] o) 4 o /O [0 — w20) 010 +200)] o)
C
(

wize — waze || (”wlz”oo + HerHoo) + [Jwiz — WZIHOO ([lwrzz || +]] WQM:”))
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From the embedding of H'(0, L) into L>°(0, L), we conclude that there exist positive constants C' such that
[w12]l o + w2z lloo < Clllwraz |l + [lwazall)s  [[wie — wallog < Cllwize — waael- (3.24)
Consequently, we obtain
1G (w1, w2)|| < C([|U1llse + 1U2]l2) UL — Uzl
As ||U1|| sz, |Uz]l# < R, where R > 0, then it follows that
1G(wr,w2)l| € CCR)|UL — Uallse- (3.25)

Let’s estimate the functional . Adding and subtracting the term (u1, + %wfx)wgz in IC, we get

(o, ), 2,2 s = e = ) (s + 502) + e (112 = 022) + 5 (10 + 022) (02— 022)) |
L 9 1
< (/o {(wlw — wag)(Uiz + %w%ﬁ)} dx) ’

+ (/OL [wzz ((uu — Uz ) + %(wu + way ) (Wiz — wz))rdm)

Nl

1 2
Uiz + Wiz

< Clez_szHoo B

+ Cllwzellog (e = zell + 5 e + ez | ora = ozl )-

Using again the embedding of H'(0, L) into L>°(0, L), one has from (3.24) that

1
(w1, 1), (w2, u2)) |1 < Cllwize — wage || (Jure]l + §||w1m||2)
1

+ Cllwzasll (ltrzs = uzsell + 5 (lwrall + lwell) foras — wasell )

< C(IU1lloe + [Uz]le) UL = Usll 2

< CR)|Ur = Us| s (3.26)

By inserting (3.25) and (3.26) into (3.22), we conclude that
[F(U1) = F(U2)| 52 < C||Ur — Us|| e (3.27)

Therefore, F satisfying the local Lipschitz condition. O

We are now in a position to give the definitions of weak solutions and strong solutions to problem (2.25)—(2.27)
(see [34]).

Definition 3.4. (i) A function (w,u,ws, ut, 8,19) is called a generalized (or weak) solution to (2.25)—-(2.27) if
(W, u, wt, ug, 0,9) € C([0,00); ), (w(0),u(0),w:(0),u:(0),0(0),3(0)) = (wo, ug,wr,u1, b, %) € I,

and satisfies the following identity in the sense of distributions

(o 61) -+ {929 + i (g + 502N, b10) + i (s 1) — s 1)
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+di (uz + %wfm B22) — (g(we), P1) — BLO, P2z) + (O, P3) + bV, Pa)
+/f<9ma ¢31:> + Ko <?91;7 ¢4z> — k1 <19z> ¢3> + <’$301 + "{4797 ¢4> + B<uxt7 ¢3> =0, (328)

in [0, L] x [0,T] and for all (¢1,¢2) € HZ(0,L) x HL(0,L), (¢3,¢4) € L*(0,L) x L2(0, L).
(ii) Moreover, if a weak solution further satisfies

(w, u,wy, ug, 0,9) € C([0,00); D(A + B)) N CL([0, 00); )

then it is called strong solution.
To prove the existence of global solutions, we need first to show an energy estimate.
Lemma 3.5. We assume that assumptions (2.29)—(2.32) and (3.4) hold. Let (w,u,w;,us,0,9) be a solution to

problem (2.25)—(2.27) on the mazimal interval [0,T); then there exists a small parameter ¢ satisfying

I‘€1+I€3

5 )2 (3.29)

(k= Q)(ra =€) > (

such that the energy functional of problem (2.25)—(2.27) defined by

1 1
B(6) = 5 (o 1+ el + daline? = P + i+ 217 + Ol 4 01912)  (330)
satisfies
dE(t
20 < el — ol — IO+ [91) <0, Vi € [0.T). (3.31)

There exists also a positive constant C' independent of t such that
UM%, <4(1+CE(0)E(t), Vte[0,T), (3.32)

where [|U(t)| ,, is defined by (3.7).

Proof. Let (w,u,wy, us,8,79) be a strong solution to problem (2.25)-(2.27). We multiply (2.25); by w:, (2.25),
by u¢, (2.25), by 0 and (2.25), by 1, using integration by part and the boundary condition, we obtain

dE(t) 2 2 2 g
S = o) ) = a0 = K0P~ a9 = (61 o) [ Ontdo <0, Ve pT). (339
0

From (2.30), we have
— (gwe), wr) < —mllwg]®. (3.34)

From (3.29) we infer that

L L
1012 + ]9 + s 4 ) [ 0,00 = (= O 1 + (1 + ) [ 00z + (s = )10
0 0

(
+ (16217 + 11911)
> C([162]1* + 1911 (3.35)
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Substituting (3.34) and (3.35) into (3.33), then (3.31) follows immediately, which gives
E(t) < E(0), Vte[o,T). (3.36)

Using Young’s inequality, we obtain

L 1 2 L 1 L L
/ (um—Fwi) dx:/ uidx—}-f/ widx—k/ upwide
0 2 0 4 Jo 0
L 1 (L L
2/ uidx+7/ widxf/ |upw?|da
0 4 Jo 0
L 1 /L 1 /L 1 (L
/ uidx—&—f/ widx—f/ uidx—f/ wida
0 4 Jo 2Jo 2.Jo
1t L 2
= / uldr — C / w2 dx
2Jo o

% /0 Ww2dz — C(B()?, (3.37)

v

%

v

where C' is a positive constant independent of t. By (3.36), we obtain

s |2 = CE(O)E(®). (3.38)

DO =

1
[z + 5“3”2 >

After substituting (3.38) into (3.30) and using (3.3),, it follows that

1 d
B(6) 2 5 (el + Dl + daloel? = s+ G e+ 012 + 9] ) = CEOE()
1
> 2 VW% ~ CEOE(.

Combining this we obtain (3.32). By using a density argument, we obtain that (3.31) and (3.32) are valid for
generalized (or weak) solutions. O

Now an application of the theory of semigroups [34] gives the following:

Theorem 3.6. (Existence of global solutions). Suppose that assumptions (2.29)-(2.32) and (3.4) hold. Then

(1) for every initial condition Uy = U(0) = (wo, ug, w1, u1, 0o, %) € S, problem (2.25)-(2.27) has a unique
generalized (or weak) solution satisfying U(t) € C([0,00), 5);

(2) if Uy € D(&), then the above generalized solution is a strong solution; and

(3) for all T > 0, if U1(t) and Ux(t) are two solutions to problem (3.8), then there exists a positive constant
C depending on Uyg = U1(0) and Uyg = U2(0) such that

[UL(t) = Ua(t)]| s < €“T [|UL(0) = U2(0)[| ), 0<t<T. (3.39)

Proof. (1)-(2) Since —A is maximal monotone; —B is monotone, bounded, and hemicontinuous; and J# is
a Hilbert space, it follows from [5, Corollary 2.1] that —«&/ = —(A + B) is a maximal monotone opera-
tor. In addition, as F : 5 — S is locally Lipschitz, it follows from [14, Theorem 7.2] for all Uy € D(<),
there exists tmax < 00 and a unique strong solution U for (3.8) defined on the interval [0,%m.x). Moreover,
if Uy € # = D(«), then (3.8) has a unique weak solution U € C ([0, tmax) , 7€), and such solutions satisfy
limsup,_,,  [[U(t)|| s = oo, provided tyax < 00.

max
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Next we prove that the solution is global, that is, tymax = 00. Let U = (w, u, wy, ug, 6,9) be a strong solution
in [0, tmax)- Then, by (3.32), we obtain

U®)]1% < 4(1+ CE(0))E(t) < 4(1+ CE(0))E(0), (3.40)
which yields
[U@)le < oo, Vt€E [0, tmax). (3.41)

By a density argument, the inequality (3.41) also holds for weak solutions. Therefore t,.x = 0o, proving (1)
and (2).

(3) Now, we want to prove the continuity dependence of weak solutions on the initial data Uy = U(0) in 5.
First we consider the case of strong solutions. Let Uy = (w1, u1,wis, U1, 01,91) and Uy = (wa, ug, wat, ust, O2, U2)
be strong solutions to problem (2.25)—(2.27) with corresponding initial data Ujg, Uz € . Then U =
(w, u,wy, ug, 0,9) = Uy — Uy is solution to

1 1
wyr — di [(u1g + iwfm)wu — (ugq + iwgz)wm]x + Waz + doWaaae + (9(wie) — g(war))we = 0,

1
u = dafu + 5 (Wi, = w3,)]e + B0 =0, (3.42)
cet - "ieza: - '%179:1: + Bumt = 07

by — ko¥pe + K3l + Ka¥ = 0,

with initial conditions and Dirichlet boundary conditions

w(z,0) = w1(0) —w2(0), wi(x,0) =wi(0) —wae(0), =z € (0,L),

w(z,0) = u1(0) —u2(0), we(x,0) =u1(0) —uze(0), 2 € (0,L), (3.43)
0(x,0) = 01(0) — 02(0), J(x,0) =11(0) —92(0), ze€(0,L), '
w(x,t) = we(x,t) = ug(z,t) = 0(x,t) = I (x,t) =0onxz=0,L, t >0.

We multiply the first equation of the system (3.42) by wy, the second equation by w;, the third one by 6 and
the fourth one by 9, integrate the result over (0, L) to conclude that

1d L L L
FIVOR =i [ (), @n s +dr [ Gorwnuds = [ (o) - glom))wrds

L
— kall0al = 6,1 — O = (1 + ) [ 6,00
0

where |U|| s = ||[U1 — Us|| ;- is defined by (3.7) and K(-,-) and G(-) are defined by (3.23).
By Young’s inequality and the monotonicity of g, we get after using (2.33) and the fact that (g(cm) -

g(wzt))wt >0,

1d

&2 1 &2 1
5 T3 < (@1 w), o, u) I+ S el + GG @r,w2) [P + 5 el (3.44)
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Since from (3.41) we have ||U;(t)|| < oo for i = 1,2, we infer from (3.25) and (3.26), that there exists a
positive constant C' such that

d? dz
5 IR (@), (@s,u2)) 7 + S 1G(wn, w2)[* < C (101l + 1Tsl]oe) 115
< CIU. (3.45)
Substituting (3.45) into (3.44), we get
d 2 2
IV D5 < CIU @15 (3.46)
Applying Gronwall’s inequality to (3.46), we conclude that
U@l < “TNUO) e V€ [0,T], (347)

where we obtain the continuous dependence of strong solutions on the initial data. The continuous dependence
for weak solutions can be proved by using density arguments. The proof is complete. O

Remark 3.7. (i) The well-posedness of problem (2.25)—(2.27) implies that the solution operator S(t) : ¢ —
JC given by
St)Up =U(t) = (w(t), u(t), w(t), us(t), 8(t), 9(¢)), t>0, (3.48)

defines a nonlinear Cy—semigroup.

(ii) It is not difficult to show that S(t) satisfies the semigroup property. By using (3.39), one can establish
that S(¢) is a continuous operator for all ¢ > 0, and since t — S(¢)Up = U(t) is continuous for all Uy € S, it
follows that S(¢) is a Cp—semigroup [16].

(iii) The continuous dependence result means that for a given 7' > 0 and a bounded set & of J#, there exists
a constant C'gr > 0 such that

S UL — S()Uz|le < Car||Ur — Usz|| e (3.49)
for all t € [0,T] and Uy, Us € A.

4. EXPONENTIAL STABILITY

In this section, we prove the stability of the nonlinear system (2.25)—(2.27) using the multiplier technique.
We start by introducing some functionals and stating some lemmas.

Lemma 4.1. Let assumptions of Theorem 3.6 hold, then the functional defined by

L
S(t) = /0 (uu + %wwt)dam (4.1)

satisfies for all t > 0,

s 1 d d 1
7O < —difus + 502 = P llwse|® + collwrl® + fuel® + 5 lluall + Selws]* +

LB?

== 16012 4.2
o USSR

where cg = 1(1+ %)
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Proof. Differentiating the functional S and using the first and the second equation of (2.25) we get

1
—(t) = |lue)? +/ [d1[um + 2wz] Bﬁm}udx—i— §Hwt||2
0
1 L
+ 7/ {dl ((ul’ +sw )wm) — QWgy — doWegze — g(wt)i| wdzx
0 T

2 T
do dq

1
el ~ & [+ Juea

9 1 2 L 1
= ||| +§||wt|| —d; ; [uzs + 2wm]uxdx_

1 L 1 L
+ *Ck||wz||2 + ﬁ/ Qu,dx — = / g(wy)wdz
2 0 2 Jo
1 1 d 1 [F 1
= Jluel® + 5“%”2 — dilus + 3 Wi - 2 || wae||® — 3 /0 g(wp)wdx + §a||wx”2

L
—1—5/ Ou,dx.
0

Using (2.31) and (3.3),, we get

1 [F M ds
_ dz < 2 4 2 weel.
2/0 g(wp)wdz < ods oo |I* + 4||w |

Applying Young’s inequality to the last integral of (4.3) gives

@/ww<—uw 27 1oy
r - 2L Uz d2 ’

After substituting (4.4) and (4.5) into (4.3) we obtain the desired result (4.2).

We define the functional J# (1)

L c x
H(t) = 7/0 (59 + bﬁ)/o ug (y)dydz.

19

(4.6)

Lemma 4.2. Suppose that assumptions of Theorem 3.6 hold, then there exists a constant € > 0 such that the

functional & defined by (4.6) satisfies

ax

1 1
20 < — 5wl + elfus + 50212 + CEAP + [91%) + Il ¥t >0,

(4.7)
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Proof. Taking the derivation of (4.6), integrating by parts the result and using the fact that fOL u(x)dz = 0, we
arrive at

dx L c T L c T
G0 == [ Gorw) [ wine— ["Go+) [ unmays

, ok [F K [F L L
= —|lwe]|” + 3 w0 dx + 3 w9dx + Ko u¥dr — K3 uf0dz
0 0 0 0

L T L ¢ T (48)
+ /@4/ 9| w(y)dyde — / (=0+ bﬁ)/ g (y)dyde
0 0 o B 0
1 2 2 2 2 boe ’
< =5 lluell® + CUG + 1911 + [19:17) — ; (59 + b)) ; gy (y)dydz.
It follows that
L ¢ T L ¢ 1 )
[ (o) [ untdyde =~ [ (504 00) (da(us + 52 - 6) s
o B 0 o B 2 (4.9)
1
<eflua + 5wzl® + CENOI7 + [19]%).
Then the estimate (4.7) follows from (4.8)—(4.9). O
Next, we define a Lyapunov functional X and show that it is equivalent to the energy functional FE.
Lemma 4.3. Under the assumptions of Theorem 3.6, there exists a constant By > 0 such that
(N = Bo)E(t) <N(t) < (N + Bo)E(t), vt >0, (4.10)
where N(t) is a Lyapunov functional defined by
N(t) = NE(t) + S(t) + 47 (t), (4.11)
where N > [y is a sufficiently large constant.
Proof. Tt follows from Young'’s, Poincaré, Cauchy-Schwarz inequalities that
SO < C(Ilull? + el + el + Jeel), 12 0] < Cr (lluall® + 1611 + 19]2).
Thus there exists a constant By > 0 such that
[R(t) = NE(t)| = [S(t) + 42 (t)| < BoE(?)
and therefore (4.10) holds. O

Theorem 4.4. Suppose that assumptions of Theorem 3.6 hold. Then, there exist positive constants cg, ¢1 such
that the energy functional defined by (3.30) satisfies

E(t) < 1 E(0)e™ !, vt > 0. (4.12)
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Proof. By following the same approach as in (3.37), one can show that (see [15])

1 L
i < 2ty + 5211 + Ll

Combining (3.31), (4.2), (4.7) and (4.13), we get

d d 1
SR < —(mN = co)ljwel® = el = (N2 = 4C)Wall® = Ll + el
ds 1
_ v 2 2\ _2e -,202
(N¢ = (@) Ul + 191) = (s = F =4 s + 521

We need to select our coeflicients in an appropriate way. First, we pick N large enough such that

N>sup{c—0 1c Cl(g)}.

m’ Ky

From (2.28), and (2.28), we pick ¢ small enough such that

d h?
e< Zl(l - T57)-
Since h < L, we have necessarily % < 1. Thus, there exists a positive constant ¢ such that
AN < —<B®)
dt
which yields, by using (4.10),
d

&N(t) < —coR(?)

for some positive constant ¢y. Then (4.12) follows by using (4.10) again, which completes the proof.

5. CASE WITHOUT THERMAL CONDUCTIVITY

21

(4.13)

(4.14)

(4.15)

(4.16)

In this section, we consider the thermal effects, but without the thermal conductivity. Apalara [4] considered
this case for porous-elastic system and proved that the dissipation given only with the microtemperatures is
sufficient to get an exponential stability for the case of equal speeds of wave propagation. In [17, 26, 35, 36],
the authors studied the porous thermoelastic system in case of zero thermal conductivity with temperatures
and microtemperatures effects. They proved that the unique dissipation due to the microtemperatures is strong
enough to make the energy of the considered systems decay to zero in an exponential manner without any
condition on the coefficients of the system. Without the thermal conductivity and under the condition k1 + k3 =

0, i.e.
k=0 and k3= —kK1 >0,
the system (2.25) becomes

1
Wit — dl ((ux + iwg)wx) + QWyy + d2wxmxx + g(wt) = 07
T

(5.1)



22 M. AOUADI AND S. GUERINE

1
—dyfu, + 2w ] + B0, =0,

Cet + K?ﬂ?a: + ﬁuxt =0,
b — kolyy + K30y + K40 = 0, (52)

subject to the boundary conditions (2.26) and the initial data (2.27).

By following the same steps under the condition (5.1), it is easy to check that the problem (5.2), (2.26) and
(2.27) is global well posed with respect to strong and weak solutions over J# and the estimations (4.2) and (4.7)
keep the same form. In this case, the energy functional of problem (5.2), (2.26) and (2.27) defined by (3.30)
satisfies

dE
B = —ml|we]|* = w29z | = kall9]* <0, V>0 (5-3)

We omit the details here for the sake of brevity.
To control the term ||0]|? in (4.2) and (4.7), we define the functional

I(t) = cb/OL 0(/()w19(y)dy)dx, vt > 0.

Lemma 5.1. Let (w,u,w, ut, 0,9) be a solution of (5.2), (2.26) and (2.27). Then the functional & satisfies,
for any 1 > 0, the following estimate

ds Clig

2
CK
< ® < -8l + 32 1921 + exlluel* + Clen)9]%, vt >0. (5-4)

Proof. Differentiating .#(t) and integrating by parts, we get

%(t) :CK2/0L9</Om19yy(y)dy>d3:—cm/ / Iy dx—cnzg/LH(/OIGy(y)dy>dz
- bﬁ/OLum(/Omﬂ(y)dy)dx—bmg/O 9, /O ﬁ(y)dy dac

By integrating by parts and using the fact that fo z)dz = 0, we arrive at

as

L L x L
() < —cmg||9H2+b/£3||19||2+c,‘-€2/ Hﬂxdx—cm/ 9(/ ﬁ(y)dy)derbﬂ/ wddz.  (5.5)
0 0 0 0

By virtue of Young’s inequality, we find
L 2
6“2/ 00.dw < 210 ]” + 201,
0 K3

L T
CR,
—ent [ o( [ otay)as < clof? + 3||0||2
0 0

L
bﬂ/ wddz < eqlul|? + Cle)||9)% (5.6)
0

Estimate (5.4) follows by substituting (5.6) into (5.5). O

We are now ready to state and prove the following exponential stability result.
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Theorem 5.2. Let (w, u, wy, ug, 0,9) be a solution of (5.2), (2.26) and (2.27). Then, there exist positive constants
co, 3 such that the energy functional of the problem defined by (3.30) satisfies

E(t) < c3E(0)e™ ", vt > 0. (5.7)
Proof. As previously, we define the following Lyapunov functional
N(t) = NE(t) + S(t) + 4 (t) + 0.7 (1), (5.8)

where § > 0 and N > 0 is a sufficiently large constant. Similarly, one can prove that there exists a positive
constant By < N such that

(N — Bo)E(t) < R(t) < (N + Bo)E(t), vt > 0. (5.9)
Using (4.2), (4.7), (5.4), (5.8) and (4.13), we get

CN(E) < —~(mN — co)rl]? — (2N — 40 - 6"’”2)||ﬁ 12 = (kalV = 4C(e) = 6C (=) ) 9]

_(cersd _ LB 2 (1_ a_By e Lo e 5.10
(5" — 5 —4C@)I0 — (1 = 218)lull® = Gl + Gl (5.10)

~ (dr— 2t e+ 5202

We need to select our coefficients in an appropriate way. First, we pick €1, § and N such that

1 2 L2
e = o, (s>7(2d2

4C + 6% 4C(e) 4+ 6C(eq) }
20 CK3

+4C (e )), N>sup{:72 . , o

and we pick € small enough such that (4.15) holds, i.e. e < 4 (1 — 12L) Thus, there exists a positive constant
¢ such that

SN < ~<B()

which yields, by using (5.9),

d

RO < —eR(D) (5.11)

for some positive constant co. Then (5.7) follows by using (5.9) again, which completes the proof. O

6. CONCLUSION

(a) The equations that constitute the mathematical model of the von Kdrmén beam have been derived for the
first time by including the microtemperatures concept into the second law of thermodynamics. The proposed
model in this paper is more reasonable in predicting the propagation of thermal, microtemperatures and elastic
waves in the von Karman beam. This work, which has not been obtained in any reference yet, represents a first
step towards understanding the fundamental limits of intrinsic thermal and microtemperatures dissipations in
von Karman beams.
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(b) We have proved the well-posedness and the exponential decay of solutions of the derived model with a
damping function. This dapping function is added to the derived equations in order to guarantee the exponential
decay of solutions. Moreover, the temperature effects introduce into von Karman beam equations the term
(Qwz)g in (2.24), which becomes in the linear context in the form fywy,. This term requires the condition (3.4)
to ensure the well-posedness and the exponential stability of the model. This is contrary to the case of linear
thermoelastic systems with microtemperatures where the thermal and microtemperatures dissipations provides
the exponential stability in the one dimensional setting without imposing conditions on the physical parameters.

(c) We have proved that the unique dissipation due to the microtemperatures is strong enough to exponentially
stabilize the system. This result is new for von Karman beam equations and improve some recent results in the
literature.

(d) It should be pointed out that the extension of the results from the one-dimensional case to higher
dimensional case is nontrivial. Indeed, in addition to considerably higher complexity of the equations involved,
the nonlinear term is not bounded on the space determined by the finite energy solutions. This is due to critical
exponents occuring in Sobolev’s embeddings and, in particular, the fact that H'(Q2) does not embed, in the
two-dimensional case, in L% ().

Acknowledgements. The author would like to thank the anonymous reviewers for their recommendations and remarks
aiming at improving the manuscript in terms of clarity.
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