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THE EFFECT OF CONNECTING SITES IN THE ENVIRONMENT

OF A HARVESTED POPULATION

Rafael Bravo de la Parra1,* , Jean-Christophe Poggiale2

and Pierre Auger3

Abstract. This work presents a model of a harvested population in a multisite environment. Locally
it has the shape of the Gordon-Schaefer model. This model gives rise, placing us in the case of a fishery,
to an equilibrium of the stock and the fishing effort and, therefore, of the yield that is obtained per
unit of time. Considering that the management of the fishery can act on the fishing costs, the yield is
optimized as a function of the cost. The objective of the work is to compare the maximum obtained
yield in two extreme cases: unconnected sites and connected sites with rapid movements of both the
stock and the fishing effort. The analysis of the model, first in an environment with two sites and later
with any number of them, makes it possible to establish the conditions for one of the two cases to be
more favorable from the point of view of the yield. In this way, it is proposed towards which of the two
compared cases management should be directed.
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1. Introduction

Multisite fisheries consist of a network of discrete fishing sites connected to each other by fish movements.
Some sites can be created by man as areas where fishing is totally prohibited such as marine protected areas
(MPA), [16], or partially prohibited, especially at certain periods of the year. Other fishing areas are intentionally
created as fish aggregating devices (FADs) because they attract fish that can be caught there more easily, [13]
and [10]. The various fishing zones generally correspond to heterogeneous sites, in particular with regard to
the environmental characteristics, such as the surface of the zone, the depth, the presence of a shelter zone,
the underwater vegetation or even the resources available for the growth of the various species of commercial
fish. All these local characteristics of the fishing sites affect the growth rate and carrying capacity of the fish
species which is usually assumed to grow logistically. Heterogeneity can also result from human intervention,
in particular by installing reefs or artificial habitats (AHs). AHs are known to increase the carrying capacity of
the site where they are installed [22] and attract fish [7]. In the case of a heterogeneous multisite fishery made
up of sites that are more or less rich in the resources available for the fish, it is frequently assumed that the

Keywords and phrases: Multisite fishery, Gordon-Schaefer model, time scales, maximum sustainable yield.
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fish are distributed according to the resource available on each site. Fish will be more numerous in resource-rich
areas than in poorer areas. For logistic sites, when the fish are distributed among them proportionally to the
corresponding carrying capacities, they are said to adopt the Ideal Free Distribution (IFD), [6] and [15].

In the case of a single fishing site, without adding economic assumptions, it is usual to consider the Schaefer
model, [9, 23]:

N ′ = rN
(

1− N

K

)
− qEN (1.1)

It represents a population of size (stock) N(t) at time t, whose growth is depicted by the logistic model with
intrinsic growth rate r > 0 and carrying capacity K. The exploitation term, qEN , follows the catch-per-unit-
effort hypothesis and, thus, it is proportional to the stock level, with E denoting the constant fishing effort and
constant q being the catchability coefficient. If r − qE > 0, for any positive initial condition, N(t) tends to an
equilibrium N∗ = K(1− qE/r). It is also well known [9] that the yield at equilibrium Y (E) = qK(1− qE/r)E,
as function of E, attains its maximum for EMSY = r/(2q). The corresponding yield, called maximum sustainable
yield (MSY), is YMSY = rK/4, and the equilibrium stock biomass is NMSY = K/2.

In [5] a simple spatialized version of Schaefer’s model is studied. Only two sites are considered and the local
dynamics is of the form (1.1). Furthermore, the fish stock move between the two sites on a faster time scale
than that associated with local dynamics:

dN1

dτ
= m2N2 −m1N1 + ε

(
r1N1(1− N1

K1
)− qE1N1

)

dN2

dτ
= m1N1 −m2N2 + ε

(
r2N2(1− N2

K2
)− qE2N2

) (1.2)

For i = 1, 2, Ni is the population density on site i. Parameters ri, Ki, and Ei represent the intrinsic growth
rate, the carrying capacity, and the fishing effort, respectively, on site i. The catchability is q. The movement
rates for the stock, mi, are constant and site dependent. Time scales are included in the model by using the
fast time variable τ together with the small positive parameter ε that represents their ratio.

As a consequence of the existence of two time scales, the two-dimensional model (1.2) can be analyzed
through a one-dimensional Schaefer-type model. The MSY of (1.2) is easily approximated with the help of this
one-dimensional model. From it, it is straightforward to compare the MSY for connected and isolated sites. In
this latter case the MSY is calculated just by adding the two local MSY. An important result obtained in [5] is
that the MSY for a system of two connected fishing sites is always less than or equal to the MSY of the system
with isolated sites. Thus, there is no interest in facilitating the connection between the sites because this would
not increase the MSY of the system. This is the conclusion when we have not yet brought economic issues into
the model.

Fishing boats also travel between the various fishing areas. The fishing boats are evenly distributed among
the various fishing areas, avoiding having to meet all at the same time on the same site. The distribution of the
boats in the fishing fleet on the different sites has an effect on the overall catch made on the multisite fishery.
In a global way, the combined distribution of fish stock and fishing vessels among the various fishing areas has
a significant effect on the overall catch of the multisite fishery, [8].

From the shipowner’s point of view, it is important to distribute the fishing fleet over the different fishing
areas to maximize his benefit which is constituted by the catch multiplied by the price of the resource on the
market, which is usually called the landed value. The net income is obtained by subtracting from it the various
operating costs of the fishery, such as the price of fuel necessary for the boats, the various taxes to be paid
to the government, the wages of the fishermen, the maintenance of the vessels and again the minimum profit
desired which corresponds to a threshold below which the shipowner considers that the fishing operation is not
sufficiently profitable. The operating costs of the fishery therefore constitute an important parameter and it
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is legitimate to seek the cost per unit of fishing effort allowing the overall catch of a multisite fishery to be
optimized.

To deal with this question it is necessary to introduce the economy in Schaefer’s model. A widespread way of
doing this is to consider fishing effort as a system variable whose rate of change is proportional to the benefit,
i.e., the difference between revenue and cost. An alternative way of introducing the economy is to consider,
along with the stock variable, the capital of investment in the activity of fishing, see [19] and the references
it includes. We use Gordon’s model of an open access fishery together with Schaefer’s model to approach the
analysis that we propose in this work. We want to study the conditions for a network of discrete fishing sites,
connected to each other by fast displacements, to obtain a higher or lower fishing yield than if the sites were
isolated.

We highlight the importance of the cost per unit of fishing effort by choosing it as the parameter to calculate
the MSY. The Gordon-Schaefer model, if benefit is positive when the stock is at its carrying capacity, has a
positive equilibrium to which all positive solutions tend. With the constant values that this equilibrium gives
us for the stock and the fishing effort, the yield expression, that depends on all model parameters, is obtained.
The maximum of this expression as a function of cost c is what we consider to be the MSY.

We assume that the fishing sites are relatively close to each other allowing fast movements of the stock and
the fishing fleet between these various fishing areas. When the sites are close enough, it makes sense to consider
that the operating costs are the same in all fishing areas, same wages, taxes, fuel and maintenance costs as well
as minimum profit required. The government or the national fisheries management institution has no reason to
impose different taxes on fishing sites close to each other.

Starting from the previous hypotheses, in this work, for a multisite fishery, we develop a comparison between
the MSY with connected sites and with isolated sites. For it, in Section 2 we recall the basic Gordon-Schaefer
model results including the optimization of the sustainable yield in terms of the cost. Section 3 considers
a multisite fishery with two fishing sites and compares the MSY in the case where the sites are connected by
movements of the stock and the fishing effort to the case where the sites are isolated in the absence of migrations.
Section 4 extends the previous results to a multisite fishery with any number of sites. The manuscript ends with
a discussion of the results, a conclusion and application perspectives.

2. A single-site harvested population model

As said in the introduction, the influence of economics on harvesting of renewable resources can be described
with the help of the Gordon model of an open-access fishery, that is one in which anyone can harvest the
resource. In its simplest form it is assumed a constant price p per unit of harvested biomass, so that the total
revenue is obtained as pY (E), where Y (E) is the yield resulting from the effort E. The total cost is expressed
as cE where c is a constant representing the cost per effort unit. Finally, the effort is considered variable with
its rate of change being equal to the benefit pY (E)− cE. Equation (1.1) together with the effort equation give
the following simple model that it is at the base of all the models that we are presenting.

dN

dt
= rN

(
1− N

K

)
− qEN

dE

dt
= pqEN − cE

(2.1)

We refer to (2.1) as the basic Gordon-Schaefer model. It has the same form as the Lotka-Volterra predator-prey
model with prey logistic growth [18]. The asymptotic behaviour of its solutions is simply expressed. If c < pqK,
i.e., the benefit is positive when the stock is at the carrying capacity, then all positive solutions of the system
tend to the so-called bionomic equilibrium:

N∗ =
c

pq
, E∗ =

r

q

(
1− c

pqK

)
, (2.2)
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with an associated yield

Y ∗ =
rc

pq

(
1− c

pqK

)
. (2.3)

In the open-access fishery, Gordon-Schaefer model, the fishery effort and the stock tend to reach an equilibrium
at the level at which the benefit vanishes [9], as the E equation imposes. This occurs regardless of the initial
conditions of both stock and effort.

In the models that we are presenting, we consider the cost per unit of effort as a parameter that the manager
can change, by providing the fishers with subventions to decrease it or by setting up some taxes to increase it.
We thus look for a maximum sustainable yield considering the yield so far obtained as a function of the cost c.

In model (2.1), the value of c that maximizes the equilibrium yield (2.3) is

copt =
1

2
pqK, (2.4)

obtaining

Yopt =
1

4
rK, with Nopt =

1

2
K and Eopt =

r

2q
. (2.5)

So, we recuperate the situation of MSY (1.1) of the constant effort case.
Notice that copt is one half of the maximum cost yielding positive benefit. It leads the stock Nopt to one

half of the environment carrying capacity K, that is the population size with the largest growth rate. Both, the
optimal cost copt and the stock Nopt, as well as the optimal yield Yopt are proportional to K. Nevertheless, the
corresponding effort Eopt depends on the ratio intrinsic growth rate to catchability and it is independent of K.

3. A two-site harvested population model

We consider a harvested population in a multisite environment. The objective is showing that the maximum
sustainable yield can be larger in a heterogeneous environment where stock and effort can move than it would
be in the same environment without movements.

We begin by limiting the multisite environment to two sites. We will extend this for an arbitrary number
of sites later on. In each site, the stock-effort dynamics is ruled by a local basic Gordon-Schaefer model (2.1).
The movements between sites are described by constant rates and in a first approach, are considered fast in
comparison to the local dynamics.

Thus, let us consider the following model:

dN1

dτ
= m2N2 −m1N1 + ε

(
r1N1(1− N1

K1
)− qE1N1

)

dN2

dτ
= m1N1 −m2N2 + ε

(
r2N2(1− N2

K2
)− qE2N2

)

dE1

dτ
= µ2E2 − µ1E1 + ε

(
pqE1N1 − cE1

)

dE2

dτ
= µ1E1 − µ2E2 + ε

(
pqE2N2 − cE2

)

(3.1)

where, for i = 1, 2, Ni and Ei are the population density and the fishing effort on site i. Parameters ri and Ki

represent the intrinsic growth rate and the carrying capacity, respectively, on site i. The catchability q, the price
per harvest unit p and the cost per unit effort c are assumed equal in both sites. The movement rates for the
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stock, mi, and the effort, µi, are constant and site dependent. Time scales are included in the model by using
the fast time variable τ together with the positive parameter ε that represents their ratio.

We proceed now to compare the maximum sustainable yield in two different cases. In the first one, that
we call connected sites case, stock and effort movements are allowed so that the dynamics is defined through
system (3.1). In the second one, unconnected sites case, there is no stock and effort movements and, therefore,
the dynamics is represented by the following independent systems, both with the form of (2.1), for i = 1, 2:

dNi

dt
= riNi

(
1− Ni

Ki

)
− qEiNi

dEi

dt
= pqEiNi − cEi

(3.2)

System (3.1) is not of the form of system (2.1) but it can be reduced to one of this form. The fact that it
includes two time scales allows us to apply the reduction method developed in [3, 4]. It consists in a sort of
decoupling the fast and the slow parts of the system.

The fast part of the system corresponds to the movements dynamics. Considering the fast part of the stock
equations,

N ′1 = m2N2 −m1N1, N ′2 = m1N1 −m2N2,

we note that the total stock N = N1 +N2, N ′ = 0, is kept invariant. This allows us to substitute N2 by N −N1

in the first equation N ′1 = m2N2 −m1N1, obtaining N ′1 = −(m1 +m2)N1 +m2N . This last equation is linear
and has a single globally asymptotically stable equilibrium N m2/(m1 +m2). Thus, we can conclude that any
solution of the stock fast system tends to

(
m2

m1 +m2
N,

m1

m1 +m2
N

)
.

Therefore, the fast movements rapidly tend to distribute the stock between patches according to the following
equilibrium proportions:

u1 =
m2

m1 +m2
and u2 =

m1

m1 +m2
.

The same arguments made with the fast part of the effort equations lead us to conclude that the total effort
E = E1 + E2 remains constant and that it quickly tends towards a distribution with the following equilibrium
proportions:

v1 =
µ2

µ1 + µ2
and v2 =

µ1

µ1 + µ2
.

If we assume now that the movements have brought stock and effort to their equilibrium proportions, we can
write a reduced system for the total stock and effort in terms of the slow time variable t = ετ . We add the two
stock equations and the two effort equations, and substitute each of the state variables by the corresponding
total variable times the associated site proportion, i.e., for i = 1, 2, Ni = Nui and Ei = Evi:

dN

dt
=
d(N1 +N2)

dt
= r1Nu1

(
1− Nu1

K1

)
− qEv1Nu1 + r2Nu2

(
1− Nu2

K2

)
− qEv2Nu2

dE

dt
=
d(E1 + E2)

dt
= pqEv1Nu1 − cEv1 + pqEv2Nu2 − cEv2.
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Rearranging terms, it yields the following basic Gordon-Schaefer model:

dN

dt
= r̄N(1− N

K̄
)− q̄EN

dE

dt
= pq̄EN − cE

(3.3)

whose parameters, r̄ = r1u1 + r2u2, K̄ =
(r1u1 + r2u2)K1K2

r2u22K1 + r1u21K2
and q̄ = q(u1v1 + u2v2), include the local param-

eters and the equilibrium stock and effort proportions on sites. The so-called aggregated model (3.3) possesses

a positive globally asymptotically stable equilibrium provided that K̄ >
c

pq̄
. It is given, using (2.2), by

(N̄ , Ē) =
( c
pq̄
,
r̄

q̄

(
1− N̄

K̄

))
.

The yield at equilibrium is, using (2.3), thus

Y =
r̄c

pq̄
(1− c

pq̄K̄
).

Thanks to the aggregated model, all these calculations are very simple and provide us with results concerning
the complete model. Figure 1 illustrates that the above mentioned results work perfectly.

To compare the maximum sustainable yield in the connected and unconnected sites cases, we now consider
the yield at equilibrium maximized as a function of a single cost. In the first case using system (3.3) and in the
second case with the help of systems (3.2).

3.1. Connected sites

The maximum sustainable yield as a function of the cost, in the case with fast movements of the stock and
the efforts can be obtained by using (2.4)–(2.5) in system (3.3). For the cost

copt =
1

2
pq̄K̄ =

1

2

pq(u1v1 + u2v2)(r1u1 + r2u2)K1K2

r2u22K1 + r1u21K2

the maximum yield is

Yopt =
1

4
r̄K̄ =

1

4

(r1u1 + r2u2)2K1K2

r2u22K1 + r1u21K2
. (3.4)

This expression does not depend on either the price, the catchability or the efforts movements rates. On the
other hand, copt does depend on all of these quantities. The stock and effort at equilibrium are

Nopt =
1

2
K̄ =

1

2

(r1u1 + r2u2)K1K2

K1r2u22 +K2r1u21
, Eopt =

r̄

2q̄
=

(r1u1 + r2u2)

2q(u1v1 + u2v2)
.

The maximum yield (3.4) is strongly dependent on the equilibrium distribution of the stock to which the
movements give rise. Let us show this with the help of a simple case. If we assume two biologically identical
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Figure 1. Comparison between the complete model (3.1) and the aggregated model (3.3)
for the following parameters values: m1 = 2, m2 = 1, µ1 = 2, µ2 = 3, r1 = 1, r2 = 2, K1 = 5,
K2 = 5, q = 1, p = 1, and c = 1 . ε = 0.1 is chosen. Top panel shows the total population density
simulated with the complete (blue) and aggregated (dashed red) models. The centre panel shows
the effort obtained with the complete (blue) and aggregated (dashed red) models. The bottom
panel corresponds to the simulation of the yield. In blue and dashed red respectively are the
yields obtained with the complete and aggregated models with the same parameter values as
previously. In orange is the yield obtained with the complete model for a cost chosen in a such
way that the yield becomes maximal at equilibrium. The dashed black horizontal line is the
yield level obtained from the relation Yopt = rK/4.

sites, r1 = r2 = r and K1 = K2 = K/2, then we have

Yopt =
rK

4
· 1

2(u21 + u22)

If the stock is homogeneously distributed, u1 = 1/2 = u2, then Yopt = rK/4, that corresponds to the MSY
considering a single stock with biological parameters r and K. Nevertheless, if u1 approaches 1 and, thus, u2
approaches 0 (or vice versa), i.e., the stock is mainly established in the first site (or the second one), then Yopt
tends to rK/8. Uneven stock distribution could almost halve the maximum yield.

Let us see which is the equilibrium stock distribution that maximizes Yopt in a general situation. For this, we
consider Yopt as a function of u1, making u2 = 1− u1:

Yopt(u1) =
1

4

(r1u1 + r2(1− u1))2K1K2

r2(1− u1)2K1 + r1u21K2
.

Its derivative can be expressed as

Y ′opt(u1) =
r1r2K1K2

(
r1u1 + r2(1− u1)

)

2
(
r2(1− u1)2K1 + r1u21K2

)2
(
K1 − (K1 +K2)u1

)
,
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and, therefore, its sign just depends on expression K1 − (K1 + K2)u1. The maximum is attained for u1 =
K1

K1 +K2
, that implies u2 =

K2

K1 +K2
. This stock distribution, proportional to the sites carrying capacities, is

known in ecological literature as the Ideal Free Distribution (IFD) [15]. The corresponding yield is

Yopt

(
K1

K1 +K2

)
=

1

4

(
r1K1 + r2K2

)
,

that it is associated to a cost copt = 1
2pq(K1v1 +K2v2) at an equilibrium

Nopt =
1

2
(K1 +K2) and Eopt =

1

2

r1K1 + r2K2

q(K1v1 +K2v2)
.

The yield Yopt(u1) grows from 1
4r2K2, for u1 = 0 (the whole stock living in site 2), to its maximum, at the

IFD, and then decreases to 1
4r1K1, for u1 = 0 (the whole stock living in site 1).

The closer the stock distribution is to the IFD, the larger is the MSY obtained.
In the unconnected case, this question does not apply because, as there are no stock movements, its

distribution is constant.

3.2. Unconnected sites

Now, let us assume that there is no movement. The sites are independent of each other from the point of
view of stock and effort, though they share the catchability q, the price p, and the cost c.

In this case, the yield of the system is the sum of the yields on each separate site. Using expression (2.3) in
both systems (3.2), one gets:

YS =
r1c

pq

(
1− c

pqK1

)
+
r2c

pq

(
1− c

pqK2

)

As a function of c, YS has a maximum for the cost cS,opt =
(r1 + r2)pqK1K2

2(r1K2 + r2K1)
equal to

YS,opt =
(r1 + r2)2K1K2

4(r1K2 + r2K1)
. (3.5)

The equilibria attained by the stock are the same in both sites:

N1
S,opt =

cS,opt
pq

=
(r1 + r2)K1K2

2(r1K2 + r2K1)
= N2

S,opt.

Due to different biological parameters in the two sites, the equilibrium attained by the effort in each site is
different

E1
S,opt =

r1
q

(
1− cS,opt

pqK1

)
=
r1
q

(
1− (r1 + r2)K2

2(r1K2 + r2K1)

)
, E2

S,opt =
r2
q

(
1− (r1 + r2)K1

2(r1K2 + r2K1)

)
.

In the previous case of connected sites we showed that the MSY (3.4) is strongly dependent on equilibrium
stock distribution. We found that to maximize MSY this distribution must be the IFD. In this case of uncon-
nected sites the equilibrium stock distribution does not apply because they are independent. Nevertheless, we
are showing that the way in which the total carrying capacity of the system, K = K1 + K2, is distributed
between the sites does play a relevant role.
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We start approaching the question in a simple case. Let us assume r1 = r2 = r, and represent the total
carrying capacity distribution by means of the fraction α ∈ (0, 1) of K in the first site, i.e., K1 = αK and
K2 = (1− α)K. Substituting these values in (3.5) we get

YS,opt = α(1− α)rK,

which attains the well known maximum 1
4rK for α = 1

2 , that is, when there is half of the total carrying capacity
in each site. On the other hand, if K tends to be mostly in one of the sites the MSY approaches zero.

In the general case, r1 6= r2, the MSY as a function of α is

YS,opt(α) =
(r1 + r2)2Kα(1− α)

4(r1(1− α) + r2α)
.

This function also tends to zero when α tends to zero or one. Its maximum is attained for

α =

√
r1√

r1 +
√
r2
,

that is, when the carrying capacities of the sites are proportional to the square roots of the corresponding
intrinsic growth rates. If this is the case, the maximum yield is

YS,opt

( √
r1√

r1 +
√
r2

)
=

1

4

(
r1 + r2√
r1 +

√
r2

)2

K.

where

(
r1 + r2√
r1 +

√
r2

)2

is in between r1 and r2.

Uniform costs in separated sites seem reasonable if the carrying capacities ratio is close to the ratio of the
square roots of the intrinsic growth rates.

3.3. Comparison of the MSY for connected and unconnected sites

To compare the MSY obtained in the two cases, connected and unconnected sites, we define the ratio ρY of
Yopt (3.4) to YS,opt (3.5),

ρY =
Yopt
YS,opt

=
(r1K2 + r2K1)(r1u1 + r2u2)2

(r1 + r2)2(r2u22K1 + r1u21K2)
. (3.6)

If ρY > 1 then we can conclude that the movements increase the MSY whereas ρY < 1 indicates that the
movements reduce the MSY.

We can remark that ρY depends only on the biological parameters, ri and Ki, and the equilibrium stock
distribution given by frequencies u1 and u2 = 1 − u1. On the other hand, it does not depend on the efforts
frequencies vi, that is, changing the efforts movements rates will not change ρY .

As we pointed out in Section 3.1, the MSY in the case of connected sites attains its maximum when the
equilibrium stock distribution coincides with IFD. The value of ρY in this case (u1 = K1/(K1 + K2)) can be
expressed in the following form:

ρIFD
Y =

(r1 + r2)2K1K2 + r1r2(K1 −K2)2

(r1 + r2)2K1K2
,

therefore, ρIFD
Y > 1 except in the case of equal carrying capacities, K1 = K2, in which it is equal to 1.
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If the stock movements tend to IFD, the system with connected sites gives a larger MSY than the one with
unconnected sites. If IFD is not the equilibrium of stock movements then this is not always the case.

Considering ρY as a function of u1 it is straightforward to find the conditions for ρY > 1 to hold. Solving the
equation ρY (u1) = 1 we obtain two solutions

1

2
and ū1 :=

(r1 + 2r2)K1 − r2K2

2(r2K1 + r1K2)
.

Depending on K1 > K2, or K1 < K2, the second root satisfies ū1 > 1/2, or ū1 < 1/2, and we have then ρY > 1
if and only if one of the next two conditions is met

K1 > K2 and u1 ∈
(1

2
,min{ū1, 1}

)
(3.7)

K1 < K2 and u1 ∈
(

max{ū1, 0},
1

2

)
(3.8)

We illustrate the results obtained with Figure 2.
To do it, we first express ρY in terms of the ratio between K1 and K2, ρK = K1/K2, and the ratio between

r1 and r2, ρr = r1/r2, getting

ρY =

(
ρru1 + u2
ρr + 1

)2
ρr + ρK

ρru21 + ρKu22
. (3.9)

If both sites have equal carrying capacities, K1 = K2, i.e., ρK = 1, we have

ρY =

(
ρru1 + u2
ρr + 1

)2
ρr + 1

ρru21 + u22
=

(ρru1 + u2)2

(ρru1 + u2)2 + ρr(u1 − u2)2
,

then ρY = 1 for u1 = 1/2 = u2 and is less than 1 for any other value of u1. Figure 2a shows the value of ρY as
a function of u1 (u2 = 1− u1) for ρK = 1 and different values of ρr.

The rest of the figures in Figure 2 make this same representation for three increasing values of ρK . In them
one can clearly see the range of values of u1 (3.7), the fraction of the stock that stabilizes in site 1, for which
ρY > 1, i.e., for which the optimal yield is higher if the sites are connected. It can be seen that in all cases
the maximum of ρY is approximately reached when u1 represents the IFD, that is, for u1 = ρK/(1 + ρK). We
note that to obtain ρY > 1 it is necessary for the equilibrium stock distribution to have more weight in the
site with the highest carrying capacity. In Figure 2 we see that for any u1 < 1/2 the site connection does not
improve the maximum yield, i.e., ρY < 1. Concerning the role of the intrinsic growth ratio, ρr, we observe that
the maximum value of ρY , for fixed ρK , is obtained for ρr = 1, that is, when r1 = r2.

4. An L-site harvested population model (L > 2)

In this section we extend the analysis carried out in Section 3 to a general multisite environment encompassing
L different sites.

We continue to consider a harvested population and are interested in comparing the maximum sustainable
yield between the case with connected sites and the case with isolated sites.

In each site, the stock-effort dynamics is ruled by a local basic Gordon-Schaefer model (2.1).
In the case of connected sites, we assume that movements between sites are fast compared to local dynamics.

They are described by constant rates. Let us denote mij and µij , i 6= j and i, j ∈ {1, . . . , L}, the transition rates
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Depending on K1 > K2, or K1 < K2, the second root satisfies ū1 > 1/2, or ū1 < 1/2, and we have then
ρY > 1 if and only if one of the next two conditions is met

K1 > K2 and u1 ∈
(1

2
,min{ū1, 1}

)
(14)

K1 < K2 and u1 ∈
(

max{ū1, 0},
1

2

)
(15)

We illustrate the results obtained with Figure 2.

(a) ρK = 1 (b) ρK = 2

(c) ρK = 5 (d) ρK = 10

Figure 2. Graphs of ρY as a function of u1 for different values of ρK : 1, 2, 5, and 10; and
different values of ρr: 0.1, 0.5, 1, 2, and 10.

To do it, we first express ρY in terms of the ratio between K1 and K2, ρK = K1/K2, and the ratio between
r1 and r2, ρr = r1/r2, getting

ρY =

(
ρru1 + u2
ρr + 1

)2
ρr + ρK

ρru21 + ρKu22
. (16)

Figure 2. Graphs of ρY as a function of u1 for different values of ρK : 1, 2, 5, and 10; and
different values of ρr: 0.1, 0.5, 1, 2, and 10.

from site j to site i, for stock and effort respectively. To ease the model writing, let us define, for i ∈ {1, . . . , L},

mii = −
L∑

j = 1
j 6= i

mji , µii = −
L∑

j = 1
j 6= i

µji.

They represent the rate at which stock or effort leave site i to go to the rest of sites.
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The extension of model (3.1) to an L-site environment reads as follows:

dNi

dτ
=

L∑

j=1

mijNj + ε
(
riNi

(
1− Ni

Ki

)
− qEiNi

)
,

dEi

dτ
=

L∑

j=1

µijEj + ε
(
pqEiNi − cEi

)
, i = 1, . . . , L.

(4.1)

where, Ni and Ei are the population density and the fishing effort on site i. Parameters ri and Ki represent the
intrinsic growth rate and the carrying capacity, respectively, on site i. The catchability q, the price per harvest
unit p and the cost per unit effort c are still assumed to be equal in all sites. The fast time variable is τ and
positive parameter ε� 1 represents the time scales ratio.

In the case of unconnected sites, as there is no stock and effort movements, the dynamics is represented by
the following independent systems, for i = 1, . . . , L:

dNi

dt
= riNi

(
1− Ni

Ki

)
− qEiNi

dEi

dt
= pqEiNi − cEi

(4.2)

Assuming that matrices M1 = (mij) and M2 = (µij) are irreducible, the same method we used to reduce
system (3.1), [3, 4], apply to system (4.1). The interpretation of the irreducibility of a matrix in this context
is that the connections between sites allow to establish a path joining any site to any other. The movements
dynamics leave the total stock N = N1 + · · · + NL and the total fishing effort E = E1 + · · · + EL invariant.
Moreover, it makes the proportions of stock and effort in each site rapidly tend to an equilibrium. Let ū =
(u1, . . . , uL) and v̄ = (v1, . . . , vL) be these equilibrium proportions for stock and effort respectively. Vectors ū
and v̄ are the right eigenvectors of matrices M1 and M2 associated to eigenvalue 0 and whose entries sum up
to 1, see Section A.5. in [24] for details on this kind of matrices called quasipositive irreducible.

The associated reduced system for the total stock and effort in terms of the slow time variable t = ετ is the
following basic Gordon-Schaefer model:

dN

dt
=

L∑

i=1

(
riuiN

(
1− uiN

Ki

)
− qviEuiN

)
= r̄N

(
1− N

K̄

)
− q̄EN

dE

dt
=

L∑

i=1

(
pqviEuiN − cviEi

)
= pq̄EN − cE

(4.3)

where

r̄ =

L∑

i=1

uiri , K̄ =
r̄

L∑

i=1

(u2i
ri
Ki

)

, q̄ =
( L∑

i=1

(uivi)
)
q. (4.4)

To compare the maximum sustainable yield in the cases of connected and unconnected sites, we now consider
the yield at equilibrium maximized as a function of a single cost. In the first case using system (4.3) and in the
second case with the help of systems (4.2).
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4.1. Connected sites

In the case of connected sites, we apply (2.4), the value of the cost that maximizes the equilibrium yield in
the basic Gordon-Schaefer model, to system (4.3), obtaining

copt =
1

2
pq̄K̄,

and the maximum equilibrium yield

Yopt =
1

4
r̄K̄ =

1

4

( L∑

i=1

uiri

)2

L∑

i=1

(u2i ri/Ki)

. (4.5)

It does not depend on either the price, the catchability or the efforts movements rates. On the other hand, it is
strongly dependent on the equilibrium stock distribution. Let us show this through a simple extreme case as we
did in the case of two sites. Assuming biologically identical sites, ri = r and Ki = K/L, for i = 1, . . . , L, then
we have

Yopt =
rK

4
· 1

L

L∑

i=1

u2i

.

If the stock is homogeneously distributed, ui = 1/L, then Yopt = rK/4, that corresponds to the MSY considering
a single stock with biological parameters r and K. Nevertheless, if the stock tends to concentrate in a single
site, let us think that u1 approaches 1 and ui approaches 0 for i = 2, . . . , L, then Yopt tends to rK/(4L), i.e.,
the previous maximum yield is divided by the number of sites.

If we now consider Yopt as a function of variables ui (i = 1, . . . , L) we can prove that the maximum of Yopt is

obtained for a distribution that corresponds to IFD, i.e., ui = Ki/
∑L

j=1Kj . To see it, let us consider function
Yopt(u1, . . . , uL) with the constraint u1 + · · ·+uL = 1, ui > 0, and use a Lagrange multiplier λ. For j = 1, . . . , L,

λ =
∂Yopt
∂uj

=
1

4
r̄K̄ =

1

2
rjK̄ −

1

2
K̄2ujrj

Kj
,

multiplying each equality by uj and summing up all of them yields

λ =

L∑

j=1

uj

(
1

2
rjK̄ −

1

2
K̄2ujrj

Kj

)
=

1

2
r̄K̄ − 1

2
K̄2 r̄

K̄
= 0,

substituting λ = 0 in the first equality gives

uj =
Kj

K̄
,
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and, as u1 + · · ·+ uL = 1, K̄ = K1 + · · ·+KL. So, as we wanted to prove, the stock distribution that maximizes
Yopt is the IFD. This yield value is

Y IFD
opt = Yopt(K1/K̄, . . . ,KL/K̄) =

1

4

L∑

i=1

riKi,

and it is associated to a cost copt =
1

2
pq

L∑

i=1

riKi at an equilibrium

Nopt =
1

2

L∑

i=1

Ki and Eopt =
( L∑

i=1

riKi

)
/
(

2q

L∑

i=1

viKi

)
.

4.2. Unconnected sites

When the sites are not connected we must consider them independently. Thus, the yield of the system is just
the sum of the yields on each separate site. Using expression (2.3) in all the L systems (4.2), one gets:

YS =

L∑

i=1

ric

pq

(
1− c

pqKi

)
=

c

pq

L∑

i=1

ri −
c2

p2q2

L∑

i=1

ri
Ki

We look for a common value of c that optimizes YS . Considering YS as a function of c, the maximum is attained
at

cS,opt =
1

2
pq
( L∑

i=1

ri

)
/
( L∑

i=1

ri/Ki

)
,

and the maximum yield is equal to

YS,opt =
( L∑

i=1

ri

)2
/
(

4

L∑

i=1

ri
Ki

)
. (4.6)

The equilibria attained by the stock is the same in every site j = 1, . . . , L

N j
S,opt =

1

2

( L∑

i=1

ri

)
/
( L∑

i=1

ri/Ki

)
,

but this need not be the case concerning the effort equilibria

Ej
S,opt =

rj
q

(
1−

( L∑

i=1

ri

)
/
(

2Kj

L∑

i=1

ri/Ki

))
.

In the previous case of connected sites we showed that the MSY (4.5) is strongly dependent on equilibrium
stock distribution associated to stock fast movements. When this distribution is the IFD the maximum equilib-
rium yield attains its maximum. In the case of unconnected sites movements are not considered and, therefore,
it does not make sense to speak about the equilibrium stock distribution they lead to. Nevertheless, we can
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consider the distribution among sites of the total carrying capacity of the system, K =
∑L

i=1Ki, and show that
it does play a relevant role by treating a simple case.

Assuming, equal intrinsic growth rates in all sites, ri = r for i = 1, . . . , L, and setting Ki = αiK, with
αi ∈ (0, 1), we have

YS,opt =
( L∑

i=1

r
)2
/
(

4

L∑

i=1

r

αiK

)
=

1

4
rKL

L
∑L

i=1 1/αi

,

where the term L/
∑L

i=1 1/αi is the harmonic mean of the constants αi. As the harmonic mean is always less
than or equal to the arithmetic mean we have that

YS,opt ≤
1

4
rK,

with the equality obtained if all sites share the same carrying capacity, i.e., αi = 1/L for all i = 1, . . . , L. On
the other hand, it can be noted that if one of the constants αi tends to zero then so does the harmonic mean
of all, what entails the YS,opt also tending to zero.

Uniform cost in separated sites with very different carrying capacities would lead to small YS,opt.
If we treat the general case with possibly different local intrinsic growth rates ri, we obtain analogous results

to those found in the model with two sites. Let us set, as above, Ki = αiK, with αi ∈ (0, 1), and consider YS,opt
as a function of variables αi (i = 1, . . . , L). To calculate its maximum we can use function YS,opt(α1, . . . , αL)
with the constraint α1 + · · ·+ αL = 1, αi > 0, and use a Lagrange multiplier λ. For j = 1, . . . , L,

λ =
∂YS,opt
∂αj

=
K

4
·

(∑L
i=1 ri

)2
(∑L

i=1(ri/αi)
)2 ·

rj
α2
j

,

which implies that αj is proportional to
√
rj

αj =
1

2

√
K

λ
·

∑L
i=1 ri∑L

i=1(ri/αi)

√
rj

and, therefore, for j = 1, . . . , L,

αj =

√
rj∑L

i=1

√
ri
.

If the carrying capacities Ki of the sites are proportional to the square roots of the corresponding intrinsic
growth rates

√
ri then YS,opt attains its maximum

YS,opt

( √
r1∑L

i=1

√
ri
, · · · ,

√
rL∑L

i=1

√
ri

)
=

1

4
K

( ∑L
i=1 ri∑L

i=1

√
ri

)2

.
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4.3. Comparison of Yopt and YS,opt

To compare the maximum yield as obtained in the two studied cases, connected and unconnected sites, we
define the ratio ρY of Yopt (4.5) to YS,opt (4.6),

ρY =
Yopt
YS,opt

=

( L∑

i=1

uiri

)2 L∑

i=1

(
ri/Ki

)

( L∑

i=1

ri

)2 L∑

i=1

(
u2i ri/Ki

)
. (4.7)

If ρY > 1, fast movements increase the maximum yield whereas ρY < 1 indicates that movements reduce it.
As it was remarked in the model with two sites, ρY depends only on the biological parameters, ri and Ki,

and on the stock movements through the equilibrium stock distribution ui, but it does not depend on the efforts
frequencies vi. Changing the efforts movements rates will not change the value of ρY .

As we pointed out in Section 4.1, the maximum yield in the case of connected sites is obtained when the
equilibrium stock distribution coincides with IFD. The value of ρY in this case (ui = Ki/

∑L
i=1Ki, i = 1, . . . , L)

is the following:

ρIFD
Y =

∑L
i=1(riKi)

∑L
i=1(ri/Ki)(∑L

i=1 ri
)2 .

Using that function f(x) = x + 1/x satisfies f(x) > 2 for x ∈ (0, 1) ∪ (1,∞) and f(1) = 2, we have, for any
i, j = 1, . . . , L,

Ki

Kj
rirj +

Kj

Ki
rjri > rirj + rjri if Ki 6= Kj , (4.8)

and the equality of both expressions holds if Ki = Kj . Now, as we can write ρIFD
Y in the following form

ρIFD
Y =

∑L
i=1

∑L
j=i+1(

Ki

Kj
rirj +

Kj

Ki
rjri) +

∑L
i=1 r

2
i

∑L
i=1

∑L
j=i+1(rirj + rjri) +

∑L
i=1 r

2
i

,

we obtain that ρIFD
Y > 1 except in the case of equal carrying capacities, Ki = Kj for all i, j ∈ {1, . . . , L}, in

which it is equal to 1.
If the stock movements tend to IFD, the system with connected sites gives a larger maximum yield than the

one obtained with unconnected sites. If IFD is not the equilibrium of stock movements then this is not always
the case. It does not seem straightforward to find necessary and sufficient conditions for ρY being bigger or
less than 1. To show that unconnected sites can also lead to a larger maximum yield, let us calculate ρY in
the simple case with equal intrinsic growth rates and equal carrying capacities (ECC) in all sites. Let ri = r
and Ki = K/L for i = 1, . . . , L, where K represents the total carrying capacity. The ρY , in this case, is readily
calculated to be

ρECC
Y =

1

L
∑L

i=1 u
2
i

.
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As ui ≥ 0 and
∑L

i=1 ui = 1, it is straightforward to find that 1/L ≤∑L
i=1 u

2
i ≤ 1 and, thus,

1

L
≤ ρECC

Y ≤ 1.

In this case, equal intrinsic growth rates and equal carrying capacities, the system with unconnected sites gives
a larger maximum yield than the one obtained with connected sites. If stock movements tend to IFD, then ρY
approaches 1, but it can be much less than 1 if stock movements equilibrium distribution gets away from IFD.

5. Conclusion

Multi-site models, often reduced to only two sites, are commonly used in ecology, epidemiology or the so-called
eco-epidemiology, see [20] as an example in this last field. In strong relation with our work, within the multi-site
models in ecology, the early contribution [14] showed that the global carrying capacity of two sites connected
by fast migrations where each sub-population grows logistically could be globally greater than the sum of the
carrying capacities of the two isolated sites. This result has received a lot of attention recently and has been
discussed in several other articles, [1, 2, 11, 12, 17, 21, 25]. A condition for obtaining higher productivity from
the system of two connected sites compared to the system of two isolated sites is to consider a heterogeneous
environment, that is to say with two sites having different environmental properties, in particular having different
growth rates and carrying capacities, [21].

In this work we have analyzed a similar problem. We have treated a population that grows according to
the logistic model but that, in addition, is harvested. The actual system we have in mind is a fishery. The
environment of the population can be considered divided into different sites, that is, we are dealing with the
case of a multisite fishery. Finally, what we seek to compare between the system of connected and unconnected
sites is not the total carrying capacity of the system, as in the works mentioned above, but the maximum
sustainable yield.

This problem, as we mentioned in the introduction, has already been dealt with in [5]. As can be seen in
system (1.2), the population is harvested at a rate proportional to its size following the classical Schaefer’s
model. Yield optimization is performed with respect to the fishing effort parameter E. The analysis of the
model offers a result that we could describe as negative. Regardless of the movement rates chosen and whether
or not the sites are environmentally homogeneous, connecting the sites does not allow increasing the sum of
the MSY of the unconnected sites. Equality occurs when the exploited species is distributed over the two sites
according to the ideal free distribution. This result is quite general as soon as the harvested population equation
includes a logistic growth term from which the catch is subtracted. Indeed, at equilibrium, the capture is equal
to a logistic growth term which is always maximum when the population is at half the carrying capacity. This
always leads to the same value of the catch at MSY and, therefore, to the inability to increase optimal yield by
connecting sites. A positive answer is obtained in the same work [5] considering a prey–predator community of
fish in the same environment, where only the predators are harvested. It is shown that the total MSY of the
system can be greater with connected sites. The condition leading to this result consist in connecting a fishing
site with a large prey carrying capacity and an average growth rate to a site with a small prey carrying capacity
but a large growth rate.

The models analyzed in this paper includes economic factors, which were not considered in [5]. The fishing
effort E becomes a variable whose dynamics follow the hypothesis of the open access fishery. The non-spatialized
model, (2.1), leads, under a certain condition, to an equilibrium of both the stock and the effort, and therefore
also the yield. From this, we have chosen the cost c as a parameter with respect to which to optimize the yield.
We have preferred c over other possible choices because it includes all the costs of operating a fishery, including
the profit margin that the owner considers profitable. In addition, it is an element on which management can
act through taxes or subsidies.

The model (2.1) is used as a local model to build a multisite fishery model. The management of the fishery is
unique and the same cost and price are established in each of the sites. When unconnected sites are considered,
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the model for the fishery is made up of a collection of independent systems (2.1). When the sites are connected,
with rapid movements of the stock and of the fishing effort, the model (3.1) is proposed for two sites and, in
general, for any number L of sites, the model (4.1). Once the maximum sustainable yield (MSY) is obtained
based on the cost c, the comparison between the fishery with connected and unconnected sites based on this
criterion is developed. The ratio ρY between the MSY with connected sites, Yopt, and with unconnected sites,
YS,opt, is used to decide whether to prefer a connected fishery, if ρY > 1, or an unconnected fishery, whenever
ρY < 1.

In the case of two sites the ratio ρY depends on two other ratios, that of the carrying capacities, ρK , and that
of the intrinsic growth rates, ρr, and on the equilibrium distribution of the stock reflected in u1. The rest of the
parameters do not play any role. A first general conclusion is that if the carrying capacities of the two sites are
equal, ρK = 1, then for any values of u1 and ρr we have that ρY ≤ 1, with the equality valid only if u1 = 1/2.
If the two sites have the same carrying capacities, it is better to keep the sites unconnected. Another general
result but in the opposite sense follows. If the equilibrium distribution of the stock coincides with the IFD then
it is better to use connected sites. Figure 2 shows that whenever the carrying capacity of site 1 is greater than
that of site 2, ρK > 1, there is an interval of values of u1, whose left endpoint is 1/2 and, on the right, can be
as high as 1, such that ρY > 1. If the fishery can be managed so that the equilibrium distribution of the stock
is in this interval, connecting the sites will give a higher MSY. Note that the best results are obtained when
the equilibrium distribution of the stock is around the IFD. The values of ρY obtained grow with ρK and are
reached for values of ρr close to 1, i.e. equal intrinsic growth rates. A symmetric analysis is valid if the largest
carrying capacity is that of site 2. Similar general conclusions can be reached in the case of L sites.

This work shows the importance of maintaining corridors allowing individuals to move from one site to
another in a network of sites. It also shows that the heterogeneity between the different sites is a favorable
factor for the increase in the total optimal catch in the multisite fishery. This work makes it possible to specify
the conditions favorable to this increase in the capture at the MSY. The manager of the multisite fishery can
use certain devices such as artificial reefs to increase the total productivity of the multisite fishery. In the case of
two connected fishing areas, it would be possible to increase the carrying capacity in only one of the two zones
by installing artificial reefs there, which are known to increase the productivity of the halieutic resource by
increasing the local carrying capacity. Artificial reefs have a priori no effect on the growth rate of the exploited
species. Thus it appears possible to create an asymmetry between the fishing zones by increasing the ratio of
local carrying capacities ρK while maintaining the ratio of growth rates ρr at one. Figure 2 shows that it is
possible as soon as ρK is equal to 2 or more to obtain ρY ≥ 1.

In [26], the authors performed experiments with aquatic plants growing logistically in containers. They
simulated in real world the fast migrations by transferring plants from one container to another with a periodicity
of a few days. They considered a heterogeneous environment with different growth conditions from container to
container of different sizes. Under these conditions, they showed that the total productivity, in terms of carrying
capacities, could be greater in heterogeneous conditions rather than in homogeneous conditions. An important
perspective of this work is to consider carrying out experiments of the same type making it possible to generalize
the results obtained in [26] to the case of exploited species, either a single commercial species as in this work
with an identical operating cost in all sites or in the case of fish prey-predator systems with exploitation of the
predator, [5].
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