Math. Model. Nat. Phenom. 18 (2023) 6 Mathematical Modelling of Natural Phenomena
https://doi.org/10.1051 /mmnp/2023001 www.mmnp-journal.org

THRESHOLD BEHAVIOR OF AN AGE-STRUCTURED TUMOR
IMMUNE MODEL*
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Abstract. In this paper, we present and analyze an age-structured tumor immune model. Based on
the fact that tumor cells of different ages tend to exhibit different physiological behaviors, we consider
the age structure of tumor cells, age-based proliferation function and age-dependent death function in
the model. The threshold R for the existence of tumor-free steady state is derived. It is found that
if Mo < 1, the tumor-free steady state is not only locally stable but also globally stable. Moreover,
numerical simulation shows that the threshold fi¢p may be regarded as an index to reflect the ability
of “tumor immune surveillance”, that is, the smaller the fRo, the better the ability of tumor immune
surveillance. If Ry > 1, it is proved that the tumor steady state is existent and uniformly persistent.
The local stability of the tumor steady state is investigated under some further conditions besides
PRo > 1. In the end, we estimate the system parameters, verify the theoretical results and analyze some
system parameters’ sensitivities.
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1. INTRODUCTION

As one of major diseases that endanger human health, there are many kinds of treatments for cancers (such as
surgery, chemotherapy, radiotherapy, etc.), but these treatments are usually used only when tumors are detected
and cause some damage to the body. The immune system is one of the most important lines of defense against
tumors until humans intervene to treat them. It is particularly important to study the interrelationship between
tumors and the immune system. Cells of the immune system are constantly monitoring our body tissues. When
natural killer cells (NK cells) find damaged cancerous cells, they release stimulus-related molecules to activate
dendritic cells (DC cells). Cytotoxic T cells release tumor-associated antigens through T-cell receptors and other
co-receptors after DC cells activate them. Helper T cells help DC cells to activate cytotoxic T cells and secrete
the cytokine interferon, which facilitates the recruitment and activation of more NK cells. Activated NK cells
and cytotoxic T cells release relevant cytotoxic substances such as perforin, which cause gradually apoptosis of
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cancerous cells. The immune system monitors and removes cancerous cells through a complex mechanism. This
process is called “tumor immune surveillance” [21, 23].

Many scholars have proposed tumor immune related mathematical models to describe and explain the inter-
actions between tumors and the immune system. In 1994, Vladimir et al. [16] proposed a mathematical model
of cytotoxic T cells and immunogenic tumors and analyzed the global bifurcation of the model. They derived
estimations of the model parameters by comparing the model with experimental data from mice. In 1998, Denise
et al. [6] established a mathematical model to study the relationship between the interleukin-2 (IL-2) and the
tumor immune and partially explained the effect of which to the short term oscillations in tumor sizes and
the long term recurrence of tumors. In 2005, Lisette et al. [25] proposed a tumor immunity model containing
NK cells and CD8T T cells and estimated model parameters using a least squares method combined with data
from mouse and human studies. In the following years, many scholars considered tumor models with treatments
such as immune-modifying therapy [7], pulsed chemotherapy [30], comprehensive therapy [27, 29], oncolytic
virus therapy [15] and so on and studied the models dynamical behaviors. In 2021, Ruan [26] reviewed and
described some findings on the dynamics of delayed differential equation (DDE) models of immune and tumor
cells interactions. These works have greatly enriched the tumor immune models and provided some suggestions
for tumor treatment.

Individuals with different ages in the population tend to exhibit different physiological behaviors [22]. For
example, tumor cells of different ages tend to have different mortality and proliferation rates. A large number
of authors have taken into account cell physiological age in tumor models. In 1987, Gyllenberg and Webb [12]
proposed and analyzed a framework for the continuous age-size distribution of a population that has both
normal growth and quiescent individuals. They demonstrated that the cell population’s age-size distribution
tends to converge to a stable state. In 1997, Arion et al. [1] investigated a linear model for age-structured cell
populations and obtained sufficient and necessary conditions for asynchronous exponential growth of the model
(exponential growth in population size and stabilization of population age distribution).

In 2002, Dyson et al. [8] proposed a tumor model that divides age-structured cell population into proliferative
and quiescent states, allowing cells to transition between the two states and newly cells enter the quiescent state
with age 0. They also obtained that the population eventually shows asynchronous exponential growth and
demonstrated that the final age distribution of the population is independent of the initial age distribution. In
2008, Brikci et al. [4] proposed a nonlinear model of age-structured cell populations and considered the effect of
cyclins in the model. Besides, they analyzed the asymptotic behavior of this nonlinear model solutions. In 2012,
Gabriel et al. [10] analyzed an age-structured tumor model for the effect of anticancer compounds and fitted
age-structured proliferation functions based on experimental data. In 2018, Liu et al. [19] considered a nonlinear
age-structured tumor model and analyzed the stability of the model, after which a series of works were done to
refine and improve this model [17, 18]. The consideration of cellular physiological age in tumor growth models
has been studied extensively and it is natural to think of taking age structure into account in tumor immune
models.

To our knowledge, little work has been done to consider the effect of age structure on tumor immune models.
Hence, this paper considers the age structure of tumor cells in the tumor immune model and analyzes the
threshold conditions for the presence of tumors. Compared to the description of tumor population growth in
most tumor immune models, our age-structured tumor immune model has the following improvements.

(i) Compared with traditional tumor immune models that apply Logistic form [6, 16] describing tumor pop-
ulations’ growth, this paper considers the age structure of tumor cell population in the tumor immune
model.

(ii) Age-based proliferation and death functions are considered in the model that can reflect different
physiological behaviors of tumor cells at different ages [10, 19].

(iii) The tumor-free threshold R is proposed. Moreover, the correlation between JRy and system parameters
is appropriately illustrated by parameter sensitivity analysis.

The article following this paper is structured as follows. In Section 2, we present the basic age-structured
tumor immune model. In Section 3, some basic properties and dynamics behavior of the model are proved. In
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Section 4, the parameters are estimated, the theoretical results are verified by numerical simulations and the
sensitivity of parameters is analyzed. In Section 5, we give a short discussion.

2. AGE-STRUCTURED TUMOR IMMUNE MODEL

We construct partial and ordinary differential equations to characterize the interaction of an age-structured
tumor population with immune cells in vivo. The parameters associated with tumor population depend on
cellular physiological ages. Newly dividing tumor cells enter directly into the tumor population with age 0.
Tumor immune surveillance mechanisms are complex and often involve the interaction of multiple immune
cells with tumor cells. For simplicity, we only consider effector cells that can recognize and clear tumor cells.
Assuming that immune cells entering the tumor area are mature and insensitive to cell age, we only consider
the age structure of tumor cells.

Let n(t, a) represent the number of tumor cells at time ¢t with age a. Let FE(t) represent the number of effector
cells at time t. We consider the following age-structured tumor immune model

ot O = (it a) — p(an(t,a) — ola) EWn(t,a),
dE oo (2.1)
Friat i deE(t) + Q(E(t), N(t)) — /0 k(a)E(t)n(t,a)da
with boundary and initial conditions
n(t,0) = 2/Oa Bla)n(t,a)da, (2.2)

n(0,a) = ng(a) € LL((0,a%),Ry), E(0) = Ey > 0,

where N(t) = [ ’ n(t,a)da represents the total number of tumor cells at time ¢. The function £(-) and pu(-)
represent the age-based proliferation and mortality rates of tumor cells, respectively. The function o(-) describes
the clearance of tumor cells at different ages by effector cells. The parameter a™ is the maximum survival age of
tumor cells and it can be simply assumed from the biological significance that n(t,a) = 0 when a > a™. Mature
effector cells enter into the tumor area at a constant rate s (assuming that s is not affected by the existence
of tumor cells). The positive constant dg represents the mortality rate of effector cells. Q(N, E) represents the
promotion effect of the existence of tumor cells on the entry of effector cells into the tumor area. There are two
usual forms: pN(¢)E(t) [9] and % [16] in which g and p are both positive constants. The function x(-)
represents the inactivation rate of immune cells in response to interaction with tumor cells of different ages.

In order to better investigate the dynamical properties of system (2.1)—(2.2), we make some necessary
assumptions and simplifications to the model.

Assumption 2.1. Throughout this paper, we always let the following assumptions hold.

(A1) The function u(-) € L} ;,.((0,a™)) and all age-based parameters are continuous positive functions in
[0,a™].

(A2) Assuming that the promotion rate of tumor cells to effector cells into the tumor area is greater than the
inactivation rate of tumor cells to effector cells, the last two terms of the second equation of (2.1) are
simplified to 7N (¢t)E(t) in which 7 is a positive constant.
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Under the above assumptions, we simplify system (2.1)—(2.2) to the following model

o O Blan(t,a) — p(@nt,a) ~ o(a)B(Dn(t,a),
a Ot (2.3)
e _ dgE(t) + TN (t)E(t)
dt
with boundary and initial conditions
n(t,0) = 2/0a Ba)n(t,a)da, (2.4)

n(0,a) = ng(a) € LY ((0,a%),Ry), E(0) = E > 0.

Next we will discuss the ultimate boundedness of model (2.3)—(2.4) as well as the existence and uniqueness of
the system solutions.

3. BASIC MODEL PROPERTIES AND MODEL DYNAMICS BEHAVIOR

In this section, we study the basic properties and dynamics behavior of the model. We first discuss the
boundedness of system (2.3)—(2.4) and then prove the existence and uniqueness of system solutions by rewriting
it to an abstract Cauchy problem.

3.1. Boundedness, existence and uniqueness of system solutions

Before proving the boundedness, existence and uniqueness of solutions of system (2.3)—(2.4), we firstly show
that the solutions are non-negative.
From the second equation of system (2.3), we know that

E(t) > E(0)e~ Jo (=N >

holds for all £(0) > 0 and ¢ > 0. Applying the characteristic line method to the second equation of system (2.3),
we easily obtain

n(t — a,0)e” Jo BO+uO+o(OB(t—at0))dC t>a>0,
n(t,a) = n(0,a — t)e- foi(ﬁ(aftJrC)+u(a7t+C)+0(a7t+C)E(C))d(, a>t>0.

Therefore, n(t,a) > 0 holds for all n(0,a) > 0,n(¢,0) > 0 and ¢ > 0. Solutions of system (2.3)—(2.4) are non-
negative.

Recalling that N(t) = fotﬁ n(t,a)da. We now study the ultimate boundedness of solutions (n(t,a), E(t)) of
system (2.3)—(2.4) in the norm of

+

1, 2)lly :/0 2 (@)|da + [y,
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where the function space Y = L1 (0,a%) x R,. Integrating the first equation of system (2.3), and noting the
fact that n(t,a™) =0, we get

+ +

/ B(a)n(t,a)da — /Oa w(a)n(t,a)da — /Oa o(a)n(t,a)daE(t),

E = s—dpB(t) + TE(t)N(t), (3.1)

+

N(0) = /0‘1 n(0,a)da = Ny, E(0) = Ey.

For system (3.1), we have the following theorem.

Theorem 3.1. System (3.1) is ultimately bounded. That is, there are two positive constants N and E such that
limsup,_,., N(t) < N and limsup,_,._ E(t) < E for any initial value N(0) = Ny > 0 and FE(0) = Ey > 0.

The proof of Theorem 3.1 will be shown in Appendix A.
The existence and uniqueness of solutions to (2.3)—(2.4) is given by the following theorem.

Theorem 3.2. For any initial value £ € Xoy, there exists a unique continuous map S € C([0,+00), Xo+) of
the abstract Cauchy problem (B.1) as its integral solution and the uniquely determined semiflow {S(t)}i>0 is
asymptotically smooth.

The proof of Theorem 3.2 classically uses semigroup theory and will be developed in Appendix B.
Let Q= {((0,n), E)|N(t) < My, E(t) < Mg }. From Theorem 3.2 we know that €2 is a positive invariant set
of the semiflow {S(¢)}i>0, that is, S(¢)2 C Q.

3.2. Local and global stabilities of the tumor-free steady state

In this subsection, we study the equilibrium state equations of the system and then study of the local and
global stabilities of tumor-free steady state.

System (2.3)—(2.4) always admits a tumor-free steady state I° = (n°(a), E°) with n°(a) = 0 and E° = -
However, the tumor steady state I* = (n*(a), E*) must satisfy the following time-independent system

LD — (@) + Bla))n* (@) ~ o(@)E*n* ()
0=s—dpgBE* +TN"E", (3.2)

+

n*(0) = 2 /0 " 2*(0)B(a)da,

where N* = fo a)da. Solving the second equation of (3.2), we have

S
Fr=—oo .
dE—TN*’ (33)

where dg — TN* > 0 has to be satisfied, whereas if not, it contradicts with s > 0. Calculating the first equation
of (3.2) yields

n*(a) = n*(0)e~ Jo EOFTBE+ET o (£))dE (3.4)
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Substituting (3.4) into the third equation of (3.2) yields

at
n*(0) = 2/ B(a)n*(0)e~ Jo' (&+BE)+E"0(£))dE g, (3.5)
0

Because of n*(0) > 0 (n*(0) = 0 leads to the tumor-free steady state), from (3.5) we get

at
1—9 / Bla)e o O+BEO+E 7O g (3.6)
0

From (3.3) we can know that E* > EY > 0. Combining (3.6), we obtain that

ot
9 Bla)e™ I3 (W(©+BE)+350(6)dE g, 1

0

needs to be satisfied when the tumor steady state I* exists. Similar to the basic reproduction number in the
epidemic model, we define the threshold

N
Ry = 2/@ Ba)e™ o HOHHEO TGOy, (3.7)
0

Remark 3.3. The threshold R is similar to the interpretation of the basic reproduction number in the epidemic

model, ¢~ Jo (HEO+BE)+ 750 (€))de

hence fotﬁ Bla)e o O+bO+FoE)de g, represents the proliferation probability of a tumor cell during its
lifetime. Coefficient 2 means that a proliferating tumor cell divides into two daughter cells. Different from the
epidemic model, SRy only represents the average number of newborn tumor cells produced during the lifetime
of a tumor cell when a tumor first arises.

is the probability that a tumor cell survives to age a when a tumor first arises,

By a simple calculation we can also obtain that tumor-free steady state satisfies the following equation
ot
n%(0) = 2/ B(a)n’(0)e~ Jo (@) +B(E)+E o (£)dE g (3.8)
0

If Ry < 1, we can obtain that (3.8) holds if and only if n°(0) = 0, that is, there exists a tumor-free steady state.
For the special case Ry = 1 we are able to get

n9(a) = nO(0)e— J5 (MO+BE)+Eo(€)de

If n°(0) > 0 we can obtain

at a .
1= 2/ Bla)e Jo OB TR o @ 4 (3.9)
0

where NO = [ n%(s)ds > 0. Equation (3.9) contradicts with o = 1. Therefore, n®(0) = 0 when Ry = 1. We
obtain the following theorem.

Theorem 3.4. When the time is long enough, the tumor-free stable state must exist if Ro < 1 and the tumor
steady state I* presences must lead to Ry > 1.
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For the local stability of the tumor-free steady state, we give the following theorem.

Theorem 3.5. For system (2.3)—(2.4), the tumor-free steady state I° is locally asymptotically stable if R < 1
and I° is unstable if Ry > 1.

The proof of Theorem 3.5 will be developed in Appendix C.

From Theorem 3.5, one can see that I is locally asymptotically stable if Rty < 1. Next we will show that I°
is also globally asymptotically stable if Ry < 1.

From the second equation of (2.3) we know that

dF
— >s—dpE(t).
= s—dg (t)

It follows that

—)e et (3.10)

Therefore, for any small enough positive constant ¢ > 0, there exists Ty > 0 such that E(¢) > i — ¢ for all
t > Tp. We construct the comparison system for system (2.3)—(2.4) as follows

on on s
P2 1 X2 () + B(@) + —o(a)malt,a),
dEt “ B (3.11)
d—f = 5 — dgEy(t) + 7Na(t) By (t)
with boundary and initial conditions
at
na(t,0) = 2/ Bla)na(t,a)da, (3.12)
0
ng(T(), ) = ’n(To, ) = Nnor, EQ(T()) = E(T()) = E2T7 (313)

0.+ . . . .
where No(t) = [' no(t,a)da, t > Ty and d3, = dg — £. As in [19], based on the principle of comparison, we get

0

n(t,”) < na(t,”), E(t) < Es(t) (3.14)

for all t > Ty, where n(¢,-) and E(t) are integral solutions of (2.3)—(2.4), na(t,-) and F(t) are integral solutions
of (3.11)—(3.13). Using the same approach as the proof in Theorem 3.5, we can obtain that

<1 < li =
0< tlggo supn(t,a) < tlggo supng(t,a) =0 (3.15)

when Ry < 1. Solving the second equation for (3.11) we get

t
Ez(t) = efot(TNz(f)—dE)dE % (S/ efof(dE—'er("?))dndg + EQT) . (316)
0

Combining (3.10), (3.14) and (3.16) we have

S . . S
i < lim E(t) < lim Ey(t) = a5
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Same as equation (3.7), for Ny we define

a+ a s
f_9 / Bla)e™ S0 OO+ ANy
0

Noticing that JR§ < PRo < 1 is satisfied when € is small enough. Thus for the global stability of the tumor-free

steady state I we have the following theorem.

Theorem 3.6. For system (2.3)—(2.4), the tumor-free steady state I° is globally asymptotically stable if R <

R < 1.

3.3. Uniform persistence

In this section we will show that system (2.3)—(2.4) is uniformly persistent and that the tumor is not cured

Define

+

Mo{((O,n),E)GQ:/()a n(a)da > 0}

and 8M0 = Q\MO

We know that the total number of tumor cells is expressed as N = foa+ n(t,a)da. For any ((0,n), E) € My,

we have
%t(t) _ /Oa (_ M(a) n ﬁ((l) _ UE(t)) X n(t,a)da
> —(i+5Mg)N(t)
2 _alN(t)7

(3.17)

where ji = esssupyg ,+1{p(a)}, & = esssupy ,+1{o(a)} and a; := fi + 5Mg. Then, N(t) > Noe~** > 0. This

indicates that S(t)My C Mp.
Similarly, for any ((0,n), E) € My, we have

(3.18)

where = ess sup +{8(a)}. From the definition of 9My we know that N(0) = 0 if ng € OMp. Then we can
get 0 < N(t) < N(0)eP* = 0. Hence, S(t)dM, € OM,. Furthermore, one can obtain that for each ¢ € OMo,

S(t)¢ — X as t — oo, where

Or
Xo == OLl

EO
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is the boundary steady state of {S(¢)}¢>0. It can be known that the subsets My and 9M, are invariant sets
under the semiflow {S(t)}>0.
By using the relevant conclusions in [13, 20], the following theorem can be obtained.

Theorem 3.7. If Ry > 1, the semiflow {S(t)}i>0 generated by system (2.3)—(2.4) is uniformly persis-
tent with respect to the pair (My,0My); that is, there exists constant € > 0, such that for each ¢ € My,
tlim inf d(0My, S(t)¢) > e.

hde el

Proof. We prove the uniform persistence of the system by applying the Theorem 4.1! in [13]. Conditions (i) — (iii)
of Theorem 4.1 in [13] are clearly true. In order to prove that S(¢);>¢ is uniformly persistent, it is necessary to
show that it is satisfied by

We({X°) N My =0,
where

W ({X°}) ={ceq: Jim S(t)¢ = X°}.

Since $Ry > 1 holds, there exists a positive constant £* small enough such that
at
9 / Bla)e o MOTHEOT 5o 5 g 4 ox, (3.19)
0

Make the contradictory assumption that there exists ¢ € W*({X°}) N My, then exists Ty > 0 such that
J5° n(Ty, a)da > 0. Since S(t)My C My, we have [ n(t,a)da > 0 for any ¢ > Tp. Again, since ( € W*({X°}),
ice., limy oo E(t) = 2= and limy, o0 Jy° n(t,a)da = 0, there exists Ty > 0 such that i SE(t) < & +e" for
any t > T. Let

C(CL) — efoa N(§)+ﬂ(£)+(dsE +5*)U(f)d5. (320)
ds(a) s .
Then ¢(a) > 1 and % = (1(a) + B(a) + (d— +¢*)o(a))s(a) a.e. a > 0. Define
E
at
J(t) :/ s(a)n(t, a)da. (3.21)
0

Then, for ¢t > max{Ty,T1}, we have

It [ on(t,a)
Q. /0 s(a) = da

+

s(0)n(t,0) + /Oa (é +&" = E@t))s(a)n(t, a)da (3.22)

v

[ e = Bt
0 E
0,

Y

!The theorem is on page 5, line 19 of [13], and the same theorem is used in [24] and [28].
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which implies that if Ry > 1, J(¢) is a non-decreasing function for ¢ large enough. Therefore, J(t) > 0 for
all t > max{Ty,T1}, which prevents n(t,a) converging to Op1 as t — oo. A contradiction with ¢ € W*({X°})
occurs. This completes the proof. O

3.4. Existence, uniqueness and local stability of the tumor steady state

In this subsection, we discuss the existence, uniqueness and local stability of the tumor steady state I* with
Ro > 1.

Theorem 3.7 tells us that the presence of tumor steady state I* must lead to SRy > 1. Now we show that if
Ry > 1, the tumor steady state I* is existent and unique.

It is obvious from (3.2) that n*(a) € C[0,a™]. Also, it is easy to see that n*(a) is a solution of system (3.2)
if and only if it is a solution of equation (3.4). We use the Schauder’s fixed point theorem to study the existence
of solutions of integral equation (3.4). The lemma is as follows.

Lemma 3.8. There is a closed convex set T in a Banach space X. T is a continuous mapping from Y to Y,
ie., T: YT = Y. If T(Y) is a relatively compact subset of Y, then T has a fixed point.

We first prove the existence of the solutions of the integral equation (3.4). Let Ry > 1, then there must be
some positive E* such that (3.6) holds. Study of equation

v(a) =T(v)(a) (3.23)

for any continuous function v € C[0, a*], where
at
T(v)(a) = 2/ B(a)v(a)da x e Jo MEO+AEO+E o (§)dE (3.24)
0

It can be seen that T is a mapping from a continuous function to a continuous function, i.e., T(C[0,a™]) C
Cl0,at].
From system (3.2), we have

dn*(a)
da

= —B(a)n*(a) — pla)n*(a) —n*(a)o(a) E* < —p(a)n”(a) (3.25)

and

n*(0) = 2/“ n*(a)B(a)da < 26 /Oa n*(a)da, (3.26)

0

It can be known that n*(a) < n*(0) for all a € [0,a™]. For the initial value n*(0) , we know from Theorem 3.1
that n*(0) is always less than a positive constant Ny := 26Mpy. We have

1T (v)(a)|| < 26(No+1)e® := By (3.27)

for all continuous functions ||| < Ny. Due to the fact that n*(a) < n*(0) , the closed convex set S is chosen
to be S :={v € C([0,a™]) : ||v|]| < Bx}. T is uniformly bounded on S. It is easy to see from the definition of S
that it must satisfy T(S) € S. Due to the continuity of T'(v)(a) with respect to a, it can be obtained that T'(.5)
is equivalently continuous on S. T'(.S) is relatively compact.
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Next we show that T : S — T(S) is continuous. For any small positive constant € > 0 and arbitrary vy, vs €
S, |lv1 — 2]l < e/(2By + 1) we have

IT(1) =T(r)l = sup |T(v1)(a) - T(v2)(a)|

a€l0,a™t]

a+
< swp 2 [ Bl - ra(lda x e HOOE e (3.29)
a€l0,at] 0

<e.

Now, we have verified all the conditions of Lemma 3.8. Schauder’s fixed point theorem shows that equation
(3.4) has at least one solution. Furthermore, T' is monotonic with respect to v, then we can assert that the
solution of equation (3.4) is unique. Thus we have the following theorem.

Theorem 3.9. System (2.3)—(2.4) has a unique tumor steady state if and only if Ry > 1.
The local stability of the tumor steady state is given by the following theorem.

Theorem 3.10. If Ry > 1 and the characteristic roots of equation (D.9) are satisfied with only negative real
parts, then the tumor steady state I* is locally asymptotically stable.

The proof of Theorem 3.10 will be developed in Appendix D.

Remark 3.11. It is noticed that the characteristic equation (D.9) has no monotonicity on A. Thus, it is difficult
to derive explicit sufficient conditions mathematically on the locally asymptotical stability for the tumor steady
state. We illustrate the existence (Fig. 4) and stability (Figs. 5 and 6) of the tumor steady state numerically in
Section 4, which show that the system really has locally asymptotically stable tumor steady state if coefficients
of the system have taken appropriate values.

4. NUMERICAL SIMULATIONS AND PARAMETER SENSITIVITY ANALYSIS

In this section, we estimate the system parameters, verify the obtained theorems and analyze numerically
the sensitivities of some system parameters.

4.1. Parameters estimation

The choice of appropriate system parameters is important because they determine the dynamical behaviours
of the system (types of steady states and stabilities). Different tumor cells have different maximum cell survival
ages [2, 3, 10]. For convenience we selected the maximum cell survival age as a* = 72 hours for all examples.
For tumour cells, there are three important age-based coefficients: the proliferation function 3(a), the mortality
function p(a) and the tumour clearance function o(a) by immune cells.

Gabriel et al. [10] fitted several tumor cell proliferation functions 8(a) with mouse PC-9 lung cancer cell data.
The exponentially modified Gaussian (EMG) can well reflect the intermitotic time distribution of tumor cell
mitosis [11]. There is no significant difference by the numerical comparison between the proliferation function
fitted by EMG and the proliferation function fitted directly by the error equation (see Fig. 4 in [10]), which
shows that the proliferation function fitted with the error equation also reflects the real tumor cells proliferation
behavior well. We describe the following proliferation function in terms of an error function (as Eq. (20) in [10])

Bla) = foBrfe(*—") (4.1)

for all a € [0,a™], where the (complementary) error function is defined by Erfc(w) =1 — % Iy e=€°de, ais
the age at which tumor cells begin to divide, w = 2.2394 is a constant and [y is a positive constant. The age
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TABLE 1. Parameters estimation and description.

Parameter Description Baseline value Source
Bo A parameter within the proliferation function 0.20004 h—* [10]
140 Mortality rate of tumor cells before division 0.001 h=! [19]
o Tumor cells clearance rate caused by effector cells  4.5875x107 h~! cells~! [16]
s Rate of mature effector cells enter into the tumor 542 cells h™! [16]
dg Mortality rate of effector cells 0.0017 h=! [16]
T Promotion coefficient of tumor cells to effector cells  2.5693x1071% h=1 cells ! [16]

of beginning proliferation tends to be different in different tumor cell populations. The mitotic phase of some
cells usually occupies a very small part (approximately less than 5%) of the total cell life cycle [2, 3]. Thus we
take @ = 69.5h for all numerical simulation examples. Take the tumor cells death rate

u(a)Z{ Ho 5 ‘

IN
Is]

(4.2)

\
Is]

po + pola —a)”, a

for all a € [0,a™] (see [19]). The clearance function is small in order of magnitude [16]. We ignore the effect of
age on the clearance function in numerical simulations and assume that the age-based clearance function o(a)
is a constant, that is,

o(a) = og (4.3)

for all @ € [0,a™]. By and og are positive numbers. The forms of 3, p and o satisfy the biological significance
and the assumptions of this paper.

For immune cells, there are three important parameters: the constant rate s of effector cells entry into tumor
area, the effector cells mortality rate dg and the coefficient 7 of the tumor cells to effector cells promotion term.
The references and the baseline values of the estimated system parameters are shown in Table 1.

In the following work we will study the effect of the parameters in Table 1 on the system.

4.2. Numerical simulations

In this subsection, we perform numerical simulations to study the effect of parameters on $Ry and to verify
the asymptotic stability of the tumor-free steady state I° as well as the existence of tumor steady state I*.
Thereafter, we analyze the sensitivity of the system parameters.

From Theorems 3.4 and 3.9, we know that the kind of steady state depends on values of Rg. Equations (3.7)
and (4.1)—(4.3) tell us that R is related to the values of parameters g, fo, s, dg and op. We first investigate
the effect on Ry from changes of parameters po and fy (see Fig. 1). Figure 1a shows the effect of the parameter
1o on Rg when 5y takes values 0.15, 0.20 and 0.25, respectively. Figure 1b shows the effect of o and By on Ry.
From Figure 1, we know that the value of R increases as [y increases and decreases as p increases. A smaller
Bo and a larger po are needed to guarantee the condition 9y < 1 of tumor-free steady state I°. Fixed pg, we
know that the larger the Sy the larger the Jy, which indicates that a larger 5y leads to a higher the malignancy
of the tumor.

It follows from the expression of E? and equation (3.7) that the effect of parameters s, dg and o¢ on Ry can
be simplified to the effect of the number of tumor-free steady state immune cells E° and oy on Ry. Figure 2
demonstrates the effect of E° and oy on fRg. From Figure 2, it is known that a larger E® and a larger o are
required to satisfy the condition Ry < 1 for the tumor-free steady state. This means that the higher the body’s
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FIGURE 1. (a)The effect of ug on Ry when Sy takes values 0.15, 0.20 and 0.25, respectively.
(b) The effect of pg and By on Rg. Other parameters are the same as that in Table 1.
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FIGURE 2. (a) The effect of o9 on Ry when E° takes values 2 x 105, 3 x 10° and 4 x 10°,
respectively. (b) The effect of og and E° on %Ry. Other parameters are the same as that in

Table 1.

immune cell content and the greater the ability to recognize and clear tumor cells, the better the tumor immune

surveillance ability.

We study the global stability of the tumor-free steady state I° when the condition Ry < 1 is satisfied. Let
age-dependent tumor cells initial value function n(0,a) = 2 x 10° x (a™ —a)/a™ and effector cell population
initial value Ey = 3.2 x 10°. Let 1o = 0.003 and other parameters be chosen the same as which in Table 1. It
is easy to calculate that Ry = 0.9339 < 1, which satisfies the condition of Theorem 3.6. Thus, the tumor-free
steady state I of system (2.3)—(2.4) is globally asymptotically stable. Figure 3a shows the age distribution of
tumor cells when PRy < 1. Figure 3b plots the time series of effector cells E. It can be seen from Figure 3b that
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FI1GURE 3. (a) Age distribution of tumor cells n(t¢, a). (b) Time series of immune cells E. These
two figures show the global stability of the tumor-free steady state I° when Ry < 1.

the system requires approximately no less than 7000 hours to reach the tumor-free steady state. This means
that even if Ry < 1 is satisfied, the immune system needs a time long enough to clear the tumor cells when the
tumor occurs.

Next, we illustrate the existence and the local stability of the tumor steady state I*.

Let p = 0.001 and the other parameters be chosen as those in Table 1. It is easy to calculate that Ry =
1.0747 > 1 and thus the positive steady state exists from Theorem 3.9. Choose the tumor population initial
value function n(0,a) = 2 x 105 x (a* —a)/a™* and the effector cell initial value Ey = 3.2 x 10°. Figure 4a shows
the age distribution of tumor cells. Figure 4b plots the time series of effector cells E. It can be seen that both
the effector cells and the age-dependent tumor cells will tend to a steady state after a long time. Moreover, the
fact that E* > EY > 0 can also be known in Figures 3b and 4b.

We take different initial values to illustrate the local stability of the tumor steady state. Figures 5a and 6a
show the time series of tumor cells with age 0 under three different tumor cell initial value functions and three
different effector cell initial values respectively. Figures 5b and 6b plot the curves of the total number of tumor
cells N under three different tumor cell initial value functions and three different effector cell initial values
respectively. Figures 5¢ and 6¢ demonstrate tendencies of number of effector cells E under different initial
values as time goes. As can be seen in Figures 5 and 6 for different initial values, the number of newborn tumor
cells n(t,0) tend to stabilize to a positive constant and the number of tumor cells N(t) as well as effector cells
E(t) converge to the same value over a long period of time, which implies that the positive steady state I* of
the system is unique and stable. The steady state of the system is independent of the initial values. The initial
value only affects the time the system reaches the steady state.

4.3. Parameter sensitivity analysis

It is of importance to determine that which parameters have significant effects on growth of the number
of tumor cells. We investigate effects of parameter changes on the total number of tumor cells N and effector
cells F at a sufficiently large time point (¢ = 16000 hs). We numerically analyze one parameter’s sensitivity by
assuming the other parameters are unchanged.

From Figures 5 and 6, we have known that system (2.3)—(2.4) tends to steady state after ¢ = 16000hs.
Figure 7 shows successively the effects of changes of parameters ug, By, 0o, 7, s and dg on the total number of
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FIGURE 4. (a) Age distribution of tumor cells n(t, a). (b) Time series of immune cells E. These
two figures show the existence of the tumor steady state I* when Ry > 1.

tumor cells N and effector cells E at time point ¢ = 16000hs. Figure 7a plots changes of the number of tumor
cells N and the number of effector cells ' with mortality rate of tumor cells 1o goes. One can see that as pg
increases, N and E will decrease. N decreases significantly and forces the system shifts its steady state from
tumor steady state to tumor-free steady state as pg increases. Figure 7b shows variation tendencies of N and
E as the proliferation-dependent coefficient 5y changes. Obviously, an increase of parameter 8y contributes to
an increase of N and E. But the increase intensity of the effector cells E is not significant compared to the
total tumor cells N as (3 increases. Figure 7c demonstrates that an increase of tumor cells clearance function
o will lead to number decrease of both tumor cells and effector cells. Figure 7d presents that an increase of
promotion coeflicient of tumor cells to effector cells 7 will cause number decrease of tumor cells significantly but
number changes of effector cells unobviously. Figure 7e shows changes of NV and E as rate of mature effector
cells entering into the tumor area s changes. It can be seen that the increase of s will cause N’s decrease but
E’s increase. Figure 7f illustrates that the larger the mortality rate of effector cells dg the more the tumor cells
but the larger the dg the less the effector cells.

The numerical sensitivity analysis on parameters pg, fo, 0o, 7, s and dg yields that all parameters above
except 7 can determine the types of system’s steady state, which is consistent with the expression of the
tumor-free steady state threshold fRg, that is,

at
Bo=2 [ plape BUO O o (g, o, 0,5 d).
0

One can see from figures that although parameters g, 8o, 0g, s and dg can all affect the steady state population
numbers and steady state types, the sensitivities of parameters are different. Obviously, the system is more
sensitive to parameter og. Moreover, we find that number changes of N and E are very sensitive to changes of
parameter 7, though who does not affect the kind of the system steady state.

5. CONCLUSION AND DISCUSSION

We proposed and analyzed an age-structured tumor immune model. First, reasonable assumptions and simpli-
fications were made on the model, and then the existence, uniqueness and ultimate boundedness of the solutions
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FIGURE 5. Time series of (a) number of newborn tumor cells n(t,0), (b) total number of
tumor cells N and (c¢) number of effector cells E under three different tumor cell initial value
functions. One can see that system (2.3)—(2.4) converges to a positive steady state I* under
different tumor cell initial value functions.

of the simplified system were proved. The threshold condition PRy < 1 for the existence of the tumor-free steady
state was obtained, after which the local and global stabilities of the tumor-free steady state were investigated.
The existence and uniqueness of the tumor steady state was also proved, and it was known that the tumor steady
state is uniformly persistent when the condition SRy > 1 is satisfied. The local stability of the tumor steady state
was proved under further conditions. We verified the theoretical results and analyzed the sensitivities of some
system parameters by numerical simulations, knowing that the system is more sensitive to parameters oy and 7.

The established age-structured tumor immune model and its theoretical results as well as numerical analysis
can offer some suggestions for assessing the ability of tumor immune surveillance. The parameter values of py,
Bo, 00, s and dp determine the threshold condition for the presence of tumors. Larger values of parameters pg,
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FIGURE 6. Time series of (a) number of newborn tumor cells n(t,0), (b) total number of tumor
cells N and (¢) number of effector cells E under three different effector cell initial values. One
can see that system (2.3)—(2.4) converges to a positive steady state I'* under different effector
cell initial values.

op and s or smaller values of 5y and dg are favorable for tumor control. If specific parameter values can be
determined in different individuals in vivo, it may provide suggestions for personalized tumor prevention.

The parameter settings in the present work are from literatures. If real human experimental data can be
acquired, we may be able to estimate the parameter values better and improve the applicability of this paper.
This may be an important direction for the future work.

This paper only considered interactions between tumor cells and effector cells. It is more relevant to consider
the role of different therapeutic approaches when diagnosing a tumor. Moreover, spatial factors, stochastic
perturbations and different objects involved in the tumor micro-environment in the modelling process are not
ignored and will be the challenging problems in the future work.
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FIGURE 7. (a)—(f) demonstrate respectively the effect from the changes of parameters pg, Bo,
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APPENDIX A. PROOF OF ULTIMATE BOUNDEDNESS OF SOLUTIONS

Proof. Tt is easy to know that N(t) > 0, E(t) > 0 for all t > 0. Let 3 = sup (a), i = inf u(a),s = inf o(a) for
all a € LO, a™]. Next, we prove the ultimate boundedness of system (3.1) in two cases.

(i) (B—i+1)/o<s/dp.

From the second equation of system (3.1), we know that

tlggo inf E(t) > I (A1)
Therefore, there exists Ty > 0 and 0 < ¢ < min{s/dg,1/(26)} such that
Et)> — —¢ >0 (A.2)
dg
holds for all ¢ > Tp.
If 6 — 1 <0, it follows from (A.2) that
dN 5. . S
O < (B A sBOIN() < —0BUN() < ~5 (d - ) N () (A3)
E
holds vfor all ¢ > Ty.
If B — i > 0, then
dN S . [ s 1
W Gop—sBN® < (A-f—6 (2 —e)) N < —2N@) (A1)
dt dp 2
can be obtained from (A.2) for all ¢ > Tpy. From (A.3) and (A.4), there is
lim N(¢) — 0. (A.5)

t—o0

Thus, there exist 7} > Ty and 0 < N < dg /7 such that N(t) < N holds for all ¢ > T;. Then, for all ¢t > T}, we
have

dE -
which implies that
S
i < —
tgrgo sup E(t) < p——— (A.6)

holds. According to (A.5) and (A.6), we know that the system (3.1) is ultimately bounded.
(i) (B =4 +1)/6 > s/dg.
Let '={(E,N): E>0,N >0} =T, Ul UT'3 UT4 (see Fig. 8), where

)
I'y = (E,N)ZE>Em,N>Nm2},
F3={(E,N):E>Em,0§N§Nm2},
Iy = (E,N):OgEgEm,OgNgle}
and

(le — fE;f) .
T
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I, dEdt>s

P

dN/dt< -N
m2

m1

m2

dE/dt< -4, PS

Y

0
sid, E, E

FicUrRE A.1. Range and location of regions I'y, I's, I's and T'y.

Clearly, 0 < Npy2 < N1

We will show the ultimate boundedness of solutions of system (3.1) in two steps.

Step I: We firstly show that all solutions starting from regions I'y, I'y and I's must cross N = N, or
E = E,, and enter into region I'y at least once in a finite time.

It is easy to calculate that

in I'y,
%f — s+ (rN(t) —dp)B(t) > 5 >0,
in I'y,
O < (B = 6BuN() = ~N(1) < Ny <0,
in I's,
% <s—(dg —TNm2)E(t) = —i (B_&ﬂ“ - dz) 1= —dp < 0.

Thus, all solutions starting from I'y must cross N = N,,; and enter into 'y at least once or cross E = E,,, and
enter into I's in a finite time. Similarly, all solutions starting from I's must cross F = E,,, and enter into I'y at
least once or cross N = N2 and enter into I's in a finite time. And, all the solutions starting from I's must
cross F = E,, and enter into I'y in a finite time.

Step II: We now prove that all solutions that start from region I'y must have an upper bound.

It is obvious that solutions starting from I'y are bounded if they always stay in this region.

For the solutions starting from I'y that cross N = N,,,; and enter into I'y, we are sure that there is a positive
constant N such that N(t) < N for all ¢ > 0. In fact, it follows from dE/dt > s in I'; that the longest time
the solution starting from I'y stays in I'; for one time is no more than E,,/s. Therefore, to these solutions, the

maximum of N is no larger than Ny, - #Em/ because of the inequality dN/d¢ < BN. Denote N = N, - P Fm/s
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since dN/dt < —Np,2 < 0 for all solutions that in I's, we can conclude that all solutions starting from I'y must
have an upper bound in direction of N. That is, N(t) < N for all t > 0 and (N(0), F(0)) taken from T'y.

Similarly, we can calculate that the time that solution starting from I'y stays in I'; for one time is no longer
than N/Nm2 and then the maximum of F in I'y is no larger than E,, - elde+TN)N/Nm2 .— B And then due to
the fact dE/dt < —& in I's, the maximum of F in T3 is also no larger than F for all t > 0 and (N(0), E(0))
taken from I'y.

Finally, we have the result that there are two positive constants N and E such that limsup,_, ., N(t) < N and
limsup,_, ., E(t) < F for any initial value N(0) = Ny > 0 and E(0) = Ey > 0. This completes the proof. O

APPENDIX B. PROOF OF EXISTENCE AND UNIQUENESS OF SOLUTIONS

Proof. To study the existence and uniqueness of solutions of the system (2.3)—(2.4), we use the method
introduced by Inaba [14] to rewrite the system (2.3)—(2.4) as an abstract Cauchy problem. Let

X =R x L}R;,R) xR,
Xo = {0} x L'(R+,R) xR,
X, =R, x L'(R,,R) x Ry,

and
Xot = Xo N X4
Define a linear operator A: D(A) C X — X by
(#)) - (o 0 o)
Al \g/) | = \—¢ = (ula) + B(a))p
®1 s —dgpy

with D(A) = {0} x W1((0, ), R) x R, where W11((0, 00),R) is defined as the Sobolev space for all absolutely
continuous functions. Define a nonlinear map F : X — X by

(0) (2 f0a+ go(t,a)ﬁ(a)da)
Fl\p)|= —sogt,a)a(a)wl(t)
1 Tfoa o(t,a)daps (t)

We can rewrite system (2.3)—(2.4) as the following abstract Cauchy problem:

iff) =AS(t) + F(S(t)), t>0,

d
S5(0) = So € Xog,
where
0
S(t) = (n(t7 ))
E(t)

From the definition of the linear operator A and applying the Hille-Yosida Theorem, we know that A is an
infinitesimal generator of a Cy — semigroup {T'(t)};~0 = {€4*};~0. From Assumption 2.1(i) we know that the



22 Z. LUO ET AL.

nonlinear operator F is Lipschitz continuous. By applying the results given in [5, 13, 14], we obtain the existence
and uniqueness of solutions of the system (2.3)—(2.4). O

APPENDIX C. PROOF OF LOCAL STABILITY OF THE TUMOR-FREE
STEADY STATE

Proof. Let ni(t,a) = n(t,a), E1(t) = E(t) — E°. We can calculate that the linearized equations of (2.3)—(2.4)
at I is

on on S
71 + 71 = —(M(CL) + 5(‘1) + 70(0'))”1(1570')’
Oa ot dg (C.1)
dEy S ’
with boundary and initial conditions
at
na(t0) = 2 / na(t, a)A(a)da, (C.2)
0
n1(0, ) = nio, E1(0) = Eqo (C.3)

at
where Ny(t) = [,

o M(t,a)da. We first study the following subsystem of linear equations (C.1)-(C.3)

(9711 8n1

Ba + T —®(a)ni(t, a),

ot (C.4)
na(t,0) = 2 /0 na(t, a)B(a)da,

where ®(a) = B(a) + p(a) + - o(a). Separating variable as
ni(t,a) = eMny(a), (C.5)

we have

dny (Cl)

e -y (a) — ®(a)ny(a),
n1(0) = 2/0 B(a)n(a)da.

Solving the first equation of (C.6) and substituting it into the second equation of (C.6) yields

at
n1(0) =2 / B(a)niy (0)e™ Jo A2 qq, (C.7)
0
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Since 71 (0) # 0 (71 (0) = 0 leads to the tumor-free steady state), (C.7) yields the following characteristic equation
at
1= 2/ B(a)e™ x e~ o' 2©dqq, (C.8)
0

Define the right hand side of equation (C.8) by H(A). It is clear that H'(A) < 0, H(0) = R < 1 and

limgp(x) o0 H(A) = 0 (R(A) represents the real part of A). Thus we can know that H(\) is a monotonically

decreasing function and equation (C.8) has no positive real roots if Ry < 1. If any complex root has non-

negative real part, the modulus on the right hand side of equation (C.8) is always less than 1 when Rg < 1,

which contradicts to equation (C.8) . Therefore, all roots of (C.8) have negative real parts when Ry < 1.
Solving the second equation of (C.1) yields

t
E\(t) = Ejge~ %t + éT/ Ny (€)ed=E=dg. (C.9)
0

Therefore, lim;_, o n1(t,a) = 0 for any a € [0,a™] and limy_, o F1(¢t) = 0 if and only if Ry < 1. If R > 1, we
have H'(A) < 0, H(0) = Ro > 1 and limp(y)—0c H(A) = 0. This shows that equation (C.8) has at least one
positive root. Then I° is unstable. The end of this proof. O

APPENDIX D. PROOF OF LOCAL STABILITY OF THE TUMOR STEADY
STATE

Proof. Let (ns3(t,a), E3(t)) be the perturbation from the tumor steady state I*, i.e
nB(tva) :n(tva) _n*(a)a E3(t) :E(t) - E

Then we obtain the perturbation system around the tumor steady state as:

8n3({§;5,a) n Bngé(t,a) — —(u(a) + Bla) + E*o(a))ns(t,a) — o(a)n*(a)Es(t),
’ (D.1)

E
d ;t(t) = —dEEg(t) + TNg(t)E* + TN*Eg(t)

with the boundary condition
a+
3(t,0) = 2/ B(a)ns(t, a)da, (D.2)
0

where N3(t) = fo(ﬁ n3(t, a)da. Similarly, we assume that ns(t,a) = e’nz(a) and Es(t) = Eze*, then

A0 _ _ (x4 ufa) + Ba) + Bo(@)na(a)  o(a)n (o) Ba,

()\+ dE E3 = TN3E +7'N*E3, (D?))

_2/5
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where N3 = fo a)da. Combining the second equation of (D.3) and equation (3.3), one have
TN3 (E‘*)2
Py = ———. DA4
8 AE* + 5 (D-4)
Substituting it into the first equation of (D.3), we obtain
dn N. * E*)?
15(9) _ _ (3 + u(a) + Bla) + E*o(a))s(a) - 22TZWT@E)
da AE* + s
N (D.5)
n3(0) = 2/ B(a)niz(a)da
0
Solving equation (D.5), we have
_ *) f{ A+ *
=— N7 u(m)+B8(m+E o (n))dnyq
/ /\E* + s ¢
(D.6)

+ 2/ B(a)nz(a)da x e~ Jo Q@+ +E0(€)de,
0

Since f(a), nz(a) are continuous on the interval [0,a™] and fi3(a) does not change its sign because of the
existence and uniqueness of solutions for ordinary differential equations, applying the median integral value
theorem, one can know that there exists a constant ¢4 € [0, a™] such that

B(cs) N3 = /Oa B(a)ns(a)da (D.7)

holds. This leads to

_ “7a()n*(E)(E*) e ngu .
= _— N- o AFp(m+B8(m+E"a(n))dn g
a(a) ‘3/ AE*+s ¢ (D.8)
+ 2N3Bppe™ Jo Oru(©FBE+Eo(£)de

where (.4 := ((c4). Integrating a from 0 to a™ for both sides of equation (D.8) yields the characteristic equation

at a * *\2
1=— / / To(E)n*(§)(E”) SO HBON B o (m)dn e 4
0 0 )\.E‘>k + S

at
+ 26 / o JEOFREO+BEO B o (©)dE g
0

If all characteristic roots satisfying characteristic equation (D.9) have only negative real parts, all solutions of
equation (D.5) converge to 0 as time ¢ goes to infinity. This proof ends. O
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