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OPTIMAL ORDERING STRATEGY AND BUDGET ALLOCATION
FOR THE COVID-19 VACCINATION PLANNING

XUEPING Liv!, SHENG ZHUY*® AND JINTING WANG?

Abstract. During the COVID-19 pandemic, the most important thing was to control the overall
infection rate. To achieve this goal, social managers can choose to use vaccines with different production
cycles and therapeutic effects for epidemic prevention and control under financial budget constraints. In
this paper we adopt a two-tier queueing system with reneging to characterize the operation management
of COVID-19 vaccine ordering and vaccination, in which a higher-efficacy vaccine queue (HQ) and a
lower-efficacy vaccine queue (LQ) are employed to account for two types of vaccines service. In light of
this framework, a recursive formula is proposed for deriving the infection rates of residents in both HQ
and LQ. Social managers can achieve the lowest total infection rate by selecting appropriate vaccine
ordering strategies under fixed service capacity, or by allocating financial budgets reasonably under
the investment cost regime. Accordingly, we obtain the socially optimal vaccine ordering strategies
and financial budget allocation. Finally, we analyze the sensitivity of various parameters to relevant
optimal strategies and discover that utilizing a mixed ordering strategy is socially optimal in most
circumstances. However, in some extreme cases, ordering a single type of vaccine (higher- or lower-
efficacy) may also result in the lowest societal infection rate.
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1. INTRODUCTION

The COVID-19 pandemic has resulted in significant loss of life globally, with hundreds of thousands of people
succumbing to the disease every month. Vaccination is currently the most effective way to combat the spread
of the disease. To minimize losses, especially in the early and middle phases of the pandemic, it is crucial to
minimize overall infection rates worldwide. For social managers, including public organizations and governments,
one of the things that is challenging is making decisions on the optimal vaccine ordering strategy when faced
with shortages of vaccine supply and financial budget constraints.

The progress of biomedical technology is closely following the emergence and development of the epidemic.
Based on the study of Castillo et al. [1], the vaccines can be classified into two categories on the market, higher-
efficacy vaccine and lower-efficacy vaccine. Vaccines with lower efficacy are known for their faster development,
lower storage requirements, and shorter manufacturing cycles as compared to vaccines with higher efficacy. For
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instance, studies [2] have shown that the mRNA vaccines developed by Pfizer-BioNTech and Moderna have
been highly effective in preventing SARS-CoV-2 infection, with efficacy rates of 96% and 98%, respectively. The
Pfizer-BioNTech and Moderna vaccines require storage at —80°C and —20°C, respectively, and have a shelf life
of up to 6 months (see the work of Uddin and Roni [3]). This highlights the significant financial and logistical
resources required for their proper storage. CureVac developed another mRNA vaccine called CVnCoV, which
can be stored at higher temperatures (5°C) for at least three months. However, the vaccine candidate used a
smaller dose (12 pg) than Pfizer’s (30 pg) and showed only 47% efficacy in the phase 2b/3 trial [4]. There is
a trade-off between good customer service and high service quality. Good customer service is associated with
shorter wait times and queue lengths, while high service quality is linked with longer wait times and queues.
Based on the work of Castillo et al. [1], it can be concluded that during a pandemic, it may be more beneficial
to use a currently available vaccine with lower efficacy rather than waiting for a more effective one due to
the importance of speed in vaccine distribution. In light of the fact that COVID-19 viruses mutate over time
and that infection rates differ among viral types, it is important to continually reassess and adjust our vaccine
ordering strategy. To achieve this, a model should be developed to determine the optimal ordering strategy for
vaccines with different efficacy rates.

In this paper, our goal is to minimize the overall infection rate in society by determining the optimal ordering
strategies for higher-efficacy and lower-efficacy vaccines or by implementing a reasonable allocation of financial
resources. We propose dividing vaccinated residents into two groups: the first group receives higher-efficacy
vaccine, while the second group receives lower-efficacy vaccine. Due to the high infectivity of the virus, residents
may contract it while waiting in line. In the event that a resident is found to be infected, it is imperative that
they are immediately removed from the queue and quarantined. Based on the above characteristics, we can view
this model as a two-tier queueing system with reneging. Our primary objective is to maximize social welfare by
minimizing the overall infection rate.

It should be noted that although we may currently be in a post-pandemic period, it is important to note
that infectious disease crises occur frequently. Throughout history, major outbreaks of diseases such as the
plague, cholera, and tuberculosis, among others, have been recorded. In fact, smallpox was the first infectious
disease to be listed by the World Health Organization (WHO) as needing to be controlled, back in 1948. Plague
has experienced three major outbreaks in history, while cholera has experienced seven outbreaks since 1817.
According to the statistics of the World Health Organization, 8 million to 10 million people worldwide suffer
from tuberculosis every year. Tuberculosis is currently the deadliest disease, and the death rate of SARS in 2003
was 11%. Our proposed model has broad applicability including but not limited to COVID-19, and can be used
to address other infectious diseases that affect humans. As a result, our study has significant implications. Our
contributions are outlined below.

e Methodologically, a new formulation of a two-tier queueing system with reneging is proposed to charac-
terize the operation of COVID-19 vaccine ordering and vaccination. A recursive algorithm is designed to
explore the infection rates of residents in both the higher-efficacy vaccine queue (HQ) and the lower-efficacy
vaccine queue (LQ) during the waiting process.

e Under fixed service capacity, it is revealed that social managers can achieve the lowest infection rate by
selecting an appropriate vaccine ordering strategy, with which social losses are greatly reduced. Under the
investment cost regime, social managers can achieve the lowest overall infection rate in society through
optimal allocation of the financial budget. The socially optimal allocation strategy is obtained.

e Numerically, we investigate the sensitivity of different parameters to relevant optimal strategies and find
that, in most cases, using a mixed ordering strategy is socially optimal. However, in some extreme sit-
uations, ordering a single type of vaccine (higher- or lower-efficacy) may also achieve the lowest social
infection rate.

2. LITERATURE REVIEW

Since March 2020, the world has been grappling with a global health crisis caused by the outbreak of a novel
coronavirus, resulting in a respiratory disease known as COVID-19 [5]. As our understanding of the virus has
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evolved, there is mounting evidence that it is more infectious than initially believed [6]. Consequently, scholars
have carried out many studies to explore issues related to COVID-19, especially focusing on developing effective
prevention and control strategies. Rozhkov et al. [7] investigated the impact of the COVID-19 outbreak on
network design structures and optimized supply chain management by making adaptive operational decisions.
Similarly, intending to reduce the risk of viral transmission during patient transfers, Hosseini-Motlagh et al. [8]
presented a control strategy to rationally assign COVID-19 patients to screening facilities, healthcare facilities,
and quarantine facilities in order to minimize the transmission of the virus. The results of the study suggest
that assigning patients to appropriate healthcare centers can effectively improve the efficiency of the healthcare
system. In addition, many scholars have conducted in-depth research from multiple perspectives using queueing
theory, aiming to reduce the risk of residents being infected with COVID-19. In order to minimize the risk
of infection among residents waiting in line at department stores and supermarkets, business managers must
limit the number of shoppers present at any given time. Perlman and Yechiali [9] developed two models to
enhance security by optimizing queue size and minimizing customer’s waiting time. Then, to ensure minimal
infection rates, they used the Stackelberg game to determine an equilibrium strategy for the maximum number
of shoppers allowed in the store. The findings of this study have significant implications for both authorities and
companies in terms of protecting the safety of customers and employees, as well as reducing costs. Concerning
the scheduling optimization of COVID-19 testing resources, Yang et al. [10] developed a queueing game-theoretic
model, which simulates the queueing process of residents taking COVID-19 tests. By optimizing the schedule and
price of testing resources, the model successfully helped to identify more infected cases, which made an important
contribution to the epidemic prevention and control efforts. Then, Kang et al. [11] introduced a new modeling
framework for assessing the risk of disease transmission in small-scale environments during pandemics. They
developed a queueing system with overlapping sojourn times and derived performance measures for queueing
models under different service rules (first-come-first-served or priority service for specific groups). Furthermore,
the public demand for vaccination is extremely urgent during virus pandemics. However, if the vaccine brand
is not the preferred choice of the residents, they may refuse to be vaccinated. To utilize resources efficiently,
policymakers may choose not to disclose information about vaccine brands, thereby limiting residents’ choices.
Nageswaran [12] developed a queueing game model to assess the effectiveness of this measure and analyzed
the dynamic equilibrium relationship between individuals and policymakers. The results of the study show that
restricting individuals’ choices can motivate more people to vaccinate in the case of vaccine shortages. Therefore,
in this paper, we also adopt the queueing game model to solve the COVID-19 vaccination and ordering problem.

According to a study on vaccine supply (see the work of Castillo et al. [1]), widespread immunization just
one month earlier could result in saving numerous lives and mitigating both short- and long-term economic
damage to the government. Thus, achieving community immunity by vaccinating the entire population as
soon as possible is the only way to curb the spread of the virus. Tang et al. [13] employed a bi-objective
mixed integer linear programming (MILP) model to optimize both the level of service and operating costs of
vaccinators. The researchers achieved this by controlling the total travel distance of vaccinators and the total
cost. The results show that their approach reduces operating costs and total travel distance by 9.3% and 36.6%,
respectively. The management implications suggest that expanding the service capacity of vaccination sites can
help improve the performance of vaccination programs. What’s more, unlike optimizing the number and location
of vaccination sites, achieving community immunity can also be accelerated by standardizing the pricing of the
COVID-19 vaccine. Martonosi et al. [14] modeled the U.S. COVID-19 vaccine market as a duopoly between
two manufacturers, Pfizer-Biotech and Moderna, and used the optimal game-theoretic approach, which was
proposed by Cummings et al. [15], to determine the price of COVID-19 vaccines. Their work further increased
the willingness of the public to receive the vaccine. However, while there has been significant research on
vaccine pricing and the optimal location of vaccination sites, little attention has been given to the topic of
vaccine ordering.

Ordering too few vaccines may not control the spread of the COVID-19 virus, while ordering too much may
lead to a waste of resources. In this paper, we divide the vaccines in the market into two types, i.e., higher-
efficacy and lower-efficacy vaccines, and use a two-tier queueing model to investigate the resource allocation
problem for vaccines, so as to determine the optimal ordering ratio for the two types of vaccines. Our research



4 X. LIU, ET AL.

involves queueing models with reneging customers, two-tier mechanisms, and service resource allocation. Next,
we will conduct a literature review on these three aspects.

e Queueing models with reneging customers. In the context of COVID-19, it is crucial to trans-
fer infected residents promptly during the waiting process. To address this issue, we will develop a queueing
model with reneging customers. Barrer [16] first studied the queueing problem with impatient customers, where
customers are randomly served while waiting. He obtained an equilibrium distribution of queue length and
calculated the average exit rate in the queueing system. Subsequently, Barrer [17] expanded his research to
address the issue of impatient customers waiting in a “first-come, first-served” queue. He focused on the ratio
of the average customer “lost” rate to the average arrival rate as the main parameter of interest. Through
statistical equilibrium, he derived closed expressions for these ratios and determined the distribution of queue
lengths. Ancker and Gafarian [18] studied the M/M/1 queueing model with balking and reneging customers.
They obtained performance measures such as the average queue length and the reneging rate for this model
in the steady state situation. Besides, Sarhangian and Balcioglu [19] studied the priority queueing system with
impatient customers, in which the patience of customers obeys a negative exponential distribution. They derived
the Laplace transform of the virtual waiting time for each case using the level-crossing method and calculated
some performance measures. Interested readers may also refer to the work of Economou et al. [20] for specific
details on queueing systems with reneging customers.

e Two-tier queueing models. To model the interaction between the two vaccination channels, we create a
two-tier queueing network that includes two types of vaccination services. One service has high quality but low
speed, while the other has low quality but high speed. This two-tier queueing model allows residents to choose the
queue that best fits their needs when they decide to join the system. Two-tier service systems were first proposed
by Tuohy et al. [21]. Subsequently, it was extensively studied by scholars due to its practical applications. One
such application is the border crossings between the United States and Canada, where the issue of waiting in
line is a typical two-tier queueing pattern. To aid inspectors in identifying suspicious individuals, it is necessary
to maintain a queue length that allows for a 10-15 min waiting time for arriving vehicles. To ensure a positive
customer service experience, the system aims to maintain a reasonable queue length by controlling the number
of open traffic stops. To achieve this, Zhang [22] introduced a Markov-based benchmark model that utilizes
geometric solutions to optimize the number of open traffic stations. Furthermore, in a hybrid cloud system,
there exists a two-tier model where web service companies requiring computing resources allocate some of their
upcoming work to the cloud and the remainder to their on-premise subsystems to avail services. Considering the
strategic behavior of customers, Zhu et al. [23] studied the optimal control in this hybrid cloud system with a
two-tier mechanism. They analyzed customers’ behavior strategies and obtained the optimal admission control
approach to maximize the server profit and social welfare. Other works on this topic include Guo et al. [24],
Hua et al. [25], and others.

e Resource allocation problem. In this paper, we explore the resource allocation problem of minimizing
the overall infection rate by determining the optimal proportion of higher and lower efficacy vaccines. This
issue is also present in other healthcare systems. In practice, both general hospitals (e.g., AAA hospitals)
and primary hospitals (e.g., community hospitals) exist in the healthcare system. Wang et al. [26] developed
a queueing game theoretical model to solve the resource allocation problem in a public service system with
multiple types of providers and patients. The model aims to address how limited resources can be allocated
to both types of hospitals to maximize social welfare. Through this approach, the authors obtained a socially
optimal reimbursement policy. Although the optimal solution for agents may result in a heavily imbalanced
resource allocation, the equilibrium allocation may also not be the most efficient. To address this issue, Nicosia
et al. [27] evaluated the quality of the equitable solution by creating a model that measured the loss of system
efficiency under equitable allocation. Furthermore, effective allocation of vaccine and treatment resources is
crucial for controlling the spread of an epidemic within a fixed budget. Zhang et al. [28] developed an ensemble
population network model to simulate the spatial progression of an epidemic. They employed a binary particle
swarm optimization (BPSO) algorithm to identify the optimal solution for resource deployment. The study found
that in situations where the budget is limited, there is a preference for allocating resources towards vaccines
rather than treatments. However, as the budget increases, there is a shift towards allocating more resources
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to treatment options, while also ensuring that vaccine resources remain adequate. What’s more, Chen et al.
[29] proposed a multi-objective optimization model for cloud resource allocation that takes into account the
minimum number of physical servers used and the minimum matching distance between resource performance
and resource ratio. Their algorithm addresses the issue of traditional cloud resource allocation methods not
supporting contingency models, thus ensuring both timeliness and optimization of resource allocation.

The rest of this paper is organized as follows. In Section 3, we provide a detailed model description. In
Section 4, we derive recursive formulas for the infection rates of residents in both higher- and lower-efficacy
vaccine queues during the waiting process, and then obtain socially optimal ordering strategies. Section 5 gives
a socially optimal financial budget allocation under the investment cost regime. Conclusions and future works
are provided in Section 6.

3. MODEL DESCRIPTION

Consider a vaccine ordering system consisting of two types of providers, in which residents who need to be
vaccinated arrive according to a Poisson process with rate A. The service discipline is on a “first come, first
served” basis. This system has two types of vaccines: higher-efficacy vaccine and lower-efficacy vaccine. There
are two queues in the system, namely the higher-efficacy vaccine queue (HQ) and the lower-efficacy vaccine
queue (LQ). A fixed percentage of residents will join the HQ, while the remainder will join the LQ. Residents
who join the HQ can obtain vaccines with a higher potency, whereas those who join the LQ can only receive
vaccines with a lower potency. With the increase in waiting time, waiting residents may be infected. We assume
that residents are infected with the rate 75 in the HQ and with rate 4; in the LQ. Because infected residents
may have adverse effects on other waiting residents and do not require vaccinations, they will be withdrawn
from the queues. Therefore, the assumption that reneging is allowed is reasonable, and it is clearly in line with
the actual situation.

However, it is not always possible for residents to be vaccinated immediately after joining the HQ or LQ.
Not only do residents have to wait for the vaccine to be produced, transported, and finally delivered to the
community service station, but they also need to wait for the previous residents to finish the service if the
vaccine is available. We assume that 77 and T, denote the service times in the HQ and LQ, respectively. Thus,
the service time T3 (or T3) is composed of three parts: the time for producing vaccines Ty, (or Ts,), the time
for transporting vaccines Ty (or Top) and community service time T, (or Ts.), and we assume that they all are
exponentially distributed with rate o (or ), 51 (or f2) and =, respectively. Then, we can denote the service
times T} and 15 as

T; = c1Tiq + 2Ty + 3Ty, i=1,2, (3.1)

where ¢1, ¢ and c3 are constants. If the service times T; (i = 1,2) are assumed to be generally distributed with
rate u; (i=1,2) respectively, then p; must satisfy

1 1 1 1
—=a—+c+ta-, i=12 (3-2)
Hi Q; Bi Y

However, residents can still be infected with the disease after they have been vaccinated with a higher- or
lower-efficacy vaccine. We use i),y and ;¢ to represent the infection rate of residents after receiving higher- and
lower-efficacy vaccines, respectively.

The above model can be characterized as a two-tier queueing system with reneging residents. Among all
arriving residents, a proportion of 6 residents join HQ, while the rest join LQ. Then, the effective arrival rate
of joining the HQ (or LQ) is A0 (or A(1 — 0)), denoted by A; (or Az), namely, Ay = A0 and A2 = A(1 — ).
Furthermore, residents may renege from the queues due to infection. The reneging of residents follows a Poisson
process with rate i (or ¢;) in the HQ (or LQ). The service times are generally distributed, with a high rate
w1 in the HQ and a low rate puo in LQ, respectively. In addition, the infection rate among residents who have
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FI1GURE 1. Schematic diagram of the vaccine ordering model.

TABLE 1. Notations and definitions.

Notation Definition

A Total arrival rate of residents

A1 Arrival rate of residents who join the HQ

A2 Arrival rate of residents who join the LQ

1 Service rate in the HQ

I Service rate in the LQ

0 The proportion of residents joining the HQ

1, Total infection rate of residents

in Infection rate of residents in the HQ

i Infection rate of residents in the LQ

inf Infection rate of residents after the higher-efficacy vaccination
if Infection rate of residents after the lower-efficacy vaccination
fi(®) Probability density function of the service time in the HQ
fa(t) Probability density function of the service time in the LQ
Fi(z) Probability distribution function of the service time in the HQ
Fy(x) Probability distribution function of the service time in the LQ

completed higher-efficacy (or lower-efficacy) vaccination is 455 (or ¢;¢). In reality, vaccines with higher efficacy
are more dependable but have longer wait times, while vaccines with lower efficacy have shorter wait times but
are less likely to be effective. A schematic diagram of the vaccine ordering model is shown in Figure 1.

Our overall goal is to find the optimal ordering strategy or the optimal service capacity that minimizes the
total infection rate. However, in the context of the COVID-19 pandemic, vaccine resources are extremely scarce
and vaccine allocation is determined by the government. It is difficult for residents to be vaccinated according to
their own preferences, and the proportion of residents joining different queues depends on the vaccine allocated
by the government. Therefore, the proportion of residents joining different queues is also the government’s
strategy for ordering vaccines in this paper, i.e., § denotes the proportion of higher-efficacy vaccines ordered
by the government and 1-6 denotes the proportion of lower-efficacy vaccines ordered. Accordingly, the service
capacity of the system depends on the service time 7}, the longer the service time, the worse the service capacity
of the system. From the earlier description, it is clear that the service time is determined by three variables,
namely T;,, T;, and T;., which obey exponential distributions with «;, 5; and +, respectively. Thus, «;, 5;,
and v denote the capacity to produce vaccines, the capacity to transport vaccines, and the community service
capacity. The capacity of the system service then depends on the size of «;, 5;, and . Table 1 provides the
notations used in this paper.
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We have described the queueing model of vaccine ordering and the meaning of each parameter in the modeling
process above, and we will explain the rationality of the assumptions related to the parameters in the following:

e Mechanisms for vaccination services. In this paper, we categorize the efficacy of vaccines into two
types: higher-efficacy vaccines and lower-efficacy vaccines. Compared to lower-efficacy vaccines, higher-efficacy
vaccines have stronger protective effects, but require longer waiting times in queues. Residents need to balance
effectiveness and waiting time. Therefore, we model the vaccine ordering system as a two-tier queueing model.
Our objective is to analyze which vaccine ordering strategies can maximize social welfare from the government’s
perspective. For social planners, they mainly focus on the number of people vaccinated every day and the overall
infection rate, rather than the specific order of individual vaccination. Thus, this paper does not consider the
case where priority vaccination is offered to some residents but assumes that residents are vaccinated according
to the first-come, first-served (FCFS) mechanism.

e COVID-19 vaccination and distribution strategies. Similar studies on COVID-19 vaccination and
distribution strategies can be found in the work of Franco et al. [30] and Jahani et al. [31]. Franco et al. [30] used
the queueing network to model the medical treatment process of COVID-19, and investigated the arrangement
of medical staff and material resources in the vaccination process during the COVID-19 virus pandemic based
on the experimental data of Colombia. Jahani et al. [31] studied vaccine supply chain management strategies
triggered by crises based on real data from Australia. They set up a queueing model to simulate the vaccination
process, and distributed different types of COVID-19 vaccines to people with different levels of vulnerability.
When modeling the queueing process of vaccination, the above literature assumes that residents arrive at
vaccination stations with a Poisson flow. In our work, we also adopt similar assumptions.

e Vaccination service time. In our manuscript, we assume that the community vaccination time of residents
follows an exponential distribution. This hypothesis follows the work of Franco et al. ([30]), who collected data on
vaccination service time and found that exponential distribution is very suitable for vaccination and registration
time models. In addition, Jahani et al. [31] found that the speed of vaccination is influenced by supply chain
efficiency, such as vaccine production and transportation time. Therefore, in our manuscript, we assume that
the service time is also affected by vaccine production time and transportation time.

e Statistical analysis of infection rate. According to the global COVID-19 daily count cases data from
the Worldometer’s official website!, we find the data from February 2020-March 2020 to statistically analyze
and obtaine Figure 2, we found that the infection rate during a COVID-19 virus pandemic shows an exponential
trend over time (see Fig. 2), which embodies the reasonability of our assumption. It is crucial to control the
virus as soon as possible during a pandemic. Our study focuses on the optimal vaccine ordering strategy during
a pandemic when vaccine resources are in short supply, So it is reasonable to assume that the infection rate
shows exponential growth during the pandemic.

4. SERVICE CAPACITY REGIME

Under the service capability regime, the service capacities of the higher- and lower-efficacy vaccine queueing
systems (i.e., pu1 and ps) are fixed, and social managers achieve the lowest infection rate by selecting an
appropriate vaccine ordering strategies. In this section, we consider the optimal ordering strategies for the two
types of vaccines that minimize the total infection rate. Theorem 4.1 gives the probability density functions of
the service times 77 and T5. Theorem 4.3 shows the mean waiting time of residents in the HQ and LQ.

4.1. System Performance

In order to reduce society’s overall infection rate and swiftly stop the COVID-19 virus’s propagation, we must
determine the optimal ordering strategies for both vaccine classes. To achieve this goal, we must first explore
the relevant performance measures of this system and obtain the overall infection rate in society based on these
results.

TData from https://www.worldometers.info/coronavirus,/.
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FIGURE 2. Global daily counts of COVID-19 cases and test-positive rates.

Theorem 4.1. The probability density function of the service times T; (i=1,2) can be written as

B;

— .
a;fiyer(yea—pBics)e g t—alﬁz’YCz(VCl—azC:s)e °2 a;Biyese” s
fi(t)= (Bic1 —aica) (yer —aycs) (yea —Bics) (yer —aues) (yea—Bics)

0 else.

t >0, (4.1)

Proof. Based on the model assumption in Section 3, T;, ~ Exp(a;), Tip ~ Exp(B;) and T;e. ~ Exp(vy), i = 1,2.
Ifx <0, P{eiThy <z} = P{T1, < cx—l} = 0. If x > 0, we obtain

PlaTiu <o} = P(T < 2} = [ fde= [T areiar—1- e,
C1 o 0

Thus, we can get the probability density function of ¢;T1,, denoted by f., 7, (v), that is,

o1 _e
ooy y>0,c >0,
fclTla (y) = a

0 else.

Hence, ¢1T1, is exponentially distributed with rate a—ll Similarly, we can find that ¢1 T4, coTjp and e3Te (0 = 1,2)
are exponentially distributed with the rates of $* i and o (i=1,2), respectively. According to (3.1) and the

’02

work of Song [32], we can obtain the probablhty density functions of T; (i = 1,2) as (4.1). This completes the
proof. [
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Theorem 4.1 gives the probability density functions of service times 77 and 75 in the HQ and LQ. Since
the probability distribution function can be obtained by integrating the probability density on (—oo,z], we
can easily obtain the corresponding probability distribution functions of 7} and T5. Let Fy(z) = 1 — Fy(x) and
Fy(z) = 1 — Fy(x), where Fy(z) denotes the complementary distribution of service time in the HQ and Fy(x)
denotes the complementary distribution of service time in the LQ. We summarize the related results in the
following corollary.

Corollary 4.2. The probability distribution functions and the complementary probability distributions of T;,1 =
1,2, satisfy:

5 _Pi .
Fiz) =1—ue a® +ve =" —we =%, i=1,2, (4.2)
and
_ [ _Bi .
Fy(z)=we o —ve = fwe =", i=1,2, (4.3)

aifich
(ve1—aies)(vea—PBics)

Bivel Vi — a;iyes
Bici—ayca)(yer—ayez)? Ut (Bici—ajc2)(vea—PBics

where u; = ( ) and w; =

Proof. We ignore the proof of Corollary 4.2 since it can be obtained through simple integral calculations. [

Corollary 4.2 gives the probability distribution functions of the service time and complementary service time
distributions. Next, we will use the relevant results of the M/G/1 model to explore the mean waiting time of
residents in different queues. Let E[W}] and E[W;] be the mean waiting times of residents in the HQ and LQ,
respectively. The following theorem gives the results for the mean waiting time E[W},] and E[W].

Theorem 4.3. In the vaccine ordering queueing system, the mean waiting time for residents in the HQ is

co J X _
1— Py > I OA [ e mTDne By (z)da — Py
j=0 m=0
E[W,] = : i : (4.4)

and the mean waiting time for residents in the LQ is:

s} 7 ) _
1—Pe >, [T (A -6)A fooo e~ (mHVuz By (r)de — Poy

j=0 m=0
EW] = ! : : (4.5)
where
1
Py = p— , (4.6)
> I 60A [ e mine Fy(z)de + 1
7=0m=0
and
1
Py = N . (4.7)
S I1 (L =0)A f)° emmir Fy(z)dw + 1
§=0m=0
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Proof. In the higher-efficacy vaccine queue, the probability density function of virtual waiting time is:
(o) = ONFu()Por + 07 | Pl — )™ fu ), (48)
0
where Py + fooo fr(x)dz = 1. The Laplace transform of (4.8) is:

fh~(5) _
ONB1(s)

fh(S +ip) —

where fi,(s +i5) = [ e~ time gy (2)du, fu(s) = 1S e % fu(x)da and Bi(s) = J;° e **Fy(x)dz. Then, we can
obtain

s)=Por Y _ [] 0MBu(s + min). (4.9)

§=0 m=0

Substituting s = 0 into (4.9) and f;(s) = J7 e fu(a)dx, we get

fh POl Z H 0/\51 mzh

7j=0m=0

£.(0) = /Ooo fa(@)dz =1 Py,

and

Thus, we can derive

1
Py = , . (4.10)

o0 J
> 11 67 f;% e mine Fy(a)da + 1
7=0m=0

From the work of Sarhangian and Balcioglu [33], we have

1-— P01 Z H 9)\f m+1)“‘IF1( )d:v — P()l

1-— f) 7 — P, =0m=0
E[W,] = fh(i:) 2= = - . (4.11)

Hence, (4.4) and (4.6) have been proved. We ignore the proofs of (4.5) and (4.7) since they can be proved by a
similar method. This completes the proof. O

Since residents may be infected during the waiting process, the longer the waiting time of residents, the
higher the infection rate of residents during the waiting period. The marginal infection rate is increasing in the
mean waiting time. Therefore, an increasing convex function can be used to characterize the relation between
the infection rate and the mean waiting time. In real-life situations, it often is verified that the infection rate
of residents during the waiting period is exponentially increasing with respect to the mean waiting time. In
this paper, we assume that i, = ¢"FWrl and i; = "Wl where h is the infection intensity parameter which
measures the sensitivity of the infection rate to the waiting time.
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Corollary 4.4. In the vaccine ordering queueing system, the infection rates iy, and i; of residents during the
waiting period are

oo J o oo J o A
SOOI O [ e mine By (z)de — 3. [T OA [ em(mHDne By (z)da

in = exp { W20 : =m0 : (4.12)
o0 J _
h (Z [T O fy° e mine By (z)da + 1)
j=0m=0
and
o J o
Z Ho (L=0)X [ e ™ Fy(z)da — 2 H—o(l — )\ [ e mTDIE By () da
i = exp pI=0m= . J=om= (4.13)
00 J _
i <Z [T A=0)A [~ emuzFy(z)de + 1)
j=0m=0

Proof. In the HQ and LQ), the infection rates i, and i; are relevant to the mean waiting times E[W},] and E[W],
and satisfy the following equations:

ip = eEWal (4.14)

i = ", (4.15)

Substituting (4.4) and (4.6) into (4.14), we can derive (4.12). Similarly, substituting (4.5) and (4.7) into (4.15),
we can derive (4.13). This completes the proof. O

Corollary 4.4 presents the relation between the infection rate and the mean waiting time during the waiting
process, where F; can be obtained from Corollary 4.2. After a simplified calculation, we can obtain the following
results.

Corollary 4.5. The infection rates iy, and i) of residents during the waiting period (i.e., (4.12) and (4.13)) can
be expressed in the form of a series, namely

io: ﬁKm_io: ll[ Km+1

=0 m=0 =0 m=0

ip=expi h , (4.16)
o
7=0 m:O
and
[ee) J o] J
EO HOLm - Z HOLm-l-l
i = exp { W= J=om= (4.17)
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where
1
K,, = u16\ A f W OAN————, 418
i+ 2 gy BT iy 2 (4.18)
1 1 1
Lo = us(1 — O A————— — 51 — O)A———— + wo (1 — OHA———, 419
2( )mzl+i‘—f 2( )mil+f—§ 2( )m”+% (4.19)
o Bivcl aiyes _ aiBics .
and u; = (ﬁiclfaiCQ)(}/Cl*aiCs)’ Vi = G- Cz)(vzcz Bics)? Wi = (“/61*01‘03)(“/?&2*@‘63)’ (i=1,2).
Proof. According to (4.3), we can compute fooo e~minT [y (z)dz, i.e.,
> : = e i R A1, — Xy
/ e M E (x)dx z/ e M (yrem et —pre” @@’ 4 wpe” @) dx,
0 0
. L . (4.20)
= - —v w1 — )
Yy, + 2 1mih+% Yy + 2
Furthermore, we can calculate [, e~ (™D By (z)da
o0 o el ) o 8
/ e~ (M [y (1) de = / e_(mH)l”(ule_Tllw —vie =T fwe *)dz,
0 0
. ) . (4.21)

=u - - — v +w - .
A i+ 2 mrDin+ 2t D+ 2

Similarly, we can calculate [~ e~ Fy(z)dz and [;° e~ (m+Dine By (z)da. Then, substituting (4.20)-(4.21) into
(4.12), we can obtain

J
[[ Kmia
7=0m=0

K,+1
0

i llImei li[Lm+l

7j=0m=0 j=0m=0

J
[l L+ 1)
m=0

\\Mg
M8

j
11 Ko -

ip = exp B

ip

13
e

7=0

Using a similar method, we get

ii=expi h

ip

0k

This completes the proof of Corollary 4.5. O

Corollary 4.5 gives the relation between i, and K,, (or i; and L,,), where K,, (or L,,) is determined by 6
and iy, (or ¢;). (4.16) and (4.17) are expressions shaped as © = f(z), where z is a fixed point. In this paper, we
perform a simple iteration to obtain i, (or ¢;) by using the Matlab software. In Theorem 4.3 and Corollary 4.4,
we can get the performance measures of the system and the infection rates of residents waiting in HQ and LQ.
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Based on the above results, the total infection rate, denoted by I,, can be derived as follows:

(A0 —ip)ing (A1 —8) —ir)izs

I, =0\, + 0 :|+(1—9) [il+ N1 —06) , (4.22)

which will help to explore the socially optimal ordering strategy.

4.2. Socially optimal ordering strategy

Under the service capacity regime, the service capacity p1 and ug are fixed. At this time, the total infection
rate can be obtained from (4.22), where both the infection rates i, and ¢; in the waiting process are functions
of the vaccine ordering policy 6, then I, is dependent of 6. For the convenience of analysis, I will mark I, as
I,(0). In order to find the socially optimal ordering strategy 6* that minimizes the total infection rate, we need
to solve the following optimization problem:

_ D (A0 — i [0))ing . (A1 —6) — i, [6))isy
argmin I, [0] = 0 |ix[0] + )\heh} +(1-190) [lz [0] + NI = 91) Yy, (4.23)

s.t.0<6<1.

The above optimization problem has crucial implications for managers attempting to effectively prevent the
spread of the COVID-19 virus. In the following, we find the socially optimal ordering strategy 6* for each
parameter taking different values by numerical experiments. We consider two cases, i.e., the cases of the small
and large arrival rates. Based on these two cases, we analyze the trend of each parameter 6* and the minimum
total infection rate I (I} = min(I,)), which is dependent of i), and 4;. Due to the complexity of the calculation
of parameters i and i;, we use a Matlab program to obtain the corresponding numerical results.

e The case of small resident arrival rate. By observing Figure 3a-d, we can find that the total infection
rate I, is convex concerning 6 as A = 5. Therefore there exists an optimal vaccine ordering strategy * that
minimizes the total social infection rate I,. For example, the socially optimal ordering strategy is 6* = 0.7
for A=5, a1=2, $1=0.9, as=4, B2=1.8, v=1.4, ipy=0.05, i;y=0.2, h=0.3. The optimal ordering strategy is
usually at a certain value within the interval of (0,1) (see Fig. 3a—c), which indicates that in most cases we
should adopt a mixed ordering strategy, that is, ordering a certain proportion of higher-efficacy vaccine and
the remaining proportion of lower-efficacy vaccine. However, under certain extreme conditions, ordering only
a certain type of vaccine is an optimal strategy for social managers. For example, when ¢;; is large (see the
case of 4;;=0.8 in Fig. 3d), the socially optimal ordering strategy may be to order higher-efficacy vaccine. This
is also quite intuitive, because from the perspective of social managers, if the infection rate among residents
who have completed the lower-efficacy vaccination is still high, they would rather have residents spend longer
waiting times than receive the lower-efficacy vaccine. Figure 3d shows that the total infection rate I, decreases
monotonically with 6 when ¢;; = 0.8. In this situation, the socially optimal ordering strategy 6*=1, i.e., the
socially optimal vaccine ordering strategy is only to order the higher-efficacy vaccine.

e The case of large resident arrival rate. When the resident arrival rate is very high, the overall
infection rate will no longer be concave, and there are multiple extreme points in the situation. When exploring
the optimal ordering strategy, it is necessary to compare the function values corresponding to these extreme
points. Figure 4a—d shows the function curve of the total infection rate as A=30, and there may exist one or
more minimum points for the total infection rate. For example, there are two minimum points for A=30, a;=2,
$1=0.9, as=4, B2=1.8, y=1.4, i,y =0.05, 3;=0.2, h=0.3 (see Fig. 4a) and the socially optimal ordering strategy
0* is 0.75, while there is only one minimum point for A=5, a1=2, ap=4, $1=0.9, S2=1.8, v=1.4, i,7=0.05,
117=0.8, h=0.3 (see Fig. 4d) and the socially optimal ordering strategy 6* = 1.

The impact of different parameters on the socially optimal ordering strategy is also a practical issue worth
exploring. To explore the effect of parameters A, as, B2, v, ipr and 4;¢ on 6%, we offer an essential numerical
experiment (see Fig. 5). According to Figures 5a and 5f, we can find that the optimal parameter 6* increases
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FIGURE 3. Infection rate I, vs. 6 as \=5.

with A and ¢;; , while 6* decreases with parameters as, B2, v and iy (see Fig. 5b—e). For instance, as the
arrival rate of residents grows (Fig. 5a), the system becomes more crowded and residents are at increased risk
of infection during the waiting process. In this situation, a mixed vaccine order strategy is better, which can
help alleviate congestion. However, when the arrival rate is large enough that the risk of infection is high in
both queues, it is better to make residents receive higher quality services, i.e., residents are vaccinated with
efficient vaccines. Similarly, when the production capacity «s of lower-efficacy vaccine increases (Fig. 5b), the
LQ becomes more serviceable and residents are able to get vaccinated faster in the LQ. In this scenario, the
optimal vaccine ordering strategy 6* decreases, i.e., more low-efficacy vaccines are ordered.

5. INVESTMENT COST REGIME

In reality, the government budget is a significant aspect of vaccine ordering system management since it
establishes the upper limit of service capacity (efficiency) and service quality. After determining the ordering
strategy of the higher- and lower-efficacy vaccines, the service rates of HQ and LQ can be enhanced by a
specific expense to control the spread of the COVID-19 virus as soon as possible. If the speed of service is faster
in the HQ and LQ, the shorter the waiting time of residents, the less the probability that they will become
infected while waiting. However, governments cannot have unlimited assets to speed up services because their
budgets are restricted. As a result, we assume in this section that the government has a budget of @ per unit
of time to improve service capacity. As introduced earlier, the service capacity of higher-efficacy /lower-efficacy
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FIGURE 4. Infection rate I, vs. 8 as A=30.

vaccines is influenced by three variables: the capacity to produce vaccines, the capacity to transport vaccines,
and the community service capacity. Therefore, improving the service capacity of this system can be achieved
by increasing the production and transportation capacity of the vaccines and the community service capacity,
i.e., by optimizing aq, 81, as, B2 and v at a certain cost.

Our overall goal remains to minimize the total infection rate. However, unlike Section 4, in this section we
reduce residents’ waiting times by spending a fixed amount to improve the service capacity of HQ and LQ. By
allowing residents to get vaccinated more quickly, the overall infection rate in the community is reduced. In
the context of a COVID-19 pandemic, vaccine demand exceeds supply at a time when the capacity to produce
vaccines may already be at its maximum, so we assume that the production capacity is at its maximum and
that increasing costs have no effect on the capacity. Then, increasing service rates can be achieved by increasing
the capacity to transport vaccines (81, 82 and the capacity of community services v. We assume that cp1, cpo,
a1, C2, Cs mean the cost per unit time to increase the production capacity of the vaccine in the HQ, the cost to
transport the vaccine in the HQ, the cost to produce the vaccine in the LQ, the cost to transport the vaccine
in the LQ, and the cost to serve the community in the HQ and LQ, respectively.

Under the condition that the total budget and the ordering strategy are fixed, the total infection rate can be
obtained by (4.22), which is a function of 81, 82 and . Thus there is the following optimization problem:

(in[B1,B2, I (N0 —ing) +Min g )+ (i1 [B1,B2,7] (A1 —0) =iy ) + A1 —0)iry)
A b

argmin]a [ﬂlaﬂ%’y} =
s.t. Q = chiaq + cpafi + ciaa + cpfa + csy.



16

X. LIU, ET

0.95

0.9

9*

0.85

0.8

0.75

9

0.7

60

0.95

0.9

0.85

0.8

0*

0.75

0.7

0.65

0.6

0.4 0.6 0.

o
(c) 6% vs. B2

0.6 ¥

0.4

0%

0.3

0.2 - * -
0 0.05 0.1

inf

(e) 0% vs.ipy

0.2

AL.

0.9

0.8

0.7

0.6

0.5

0.85

0.8

0.75

0.7

0.65

0.6

0.9

0.8

0.7

0.6

0.5

0.4

*
*
*

2.5

0

0.05

0.1 0. 0.25

(d) 6* vs.y

¥
*

L
*

0.2 0.3 0.4 0.5
ilf

() 0% vs. ipp

FIGURE 5. The effect of parameters A, az, B2, 7, iny and 4y on 0* for A=0.5, a1=0.5, £ =0.45,
a=0.75, $2=1.2, ¥=0.6, i,,y=0.005, i;,=0.1, h=0.3.



OPTIMAL ORDERING STRATEGY AND BUDGET ALLOCATION FOR THE COVID-19 VACCINATION PLANNING

B

020

o

10

B2

0

FIGURE 6. Infection rate vs. 81 and fs, for A=50, a1 =2, as=4, Q=20, cp1=1, c2=0.5, ¢;;=0.3,
¢12=0.2, ¢,=1, i5=0.05, i;y=0.2, h=3, 6=0.8.

TABLE 2. Infection rate vs. £ and fs, for A=50, a1=2, as=4, Q=20, c;1=1, cr2=0.5, ¢;1=0.3,
€12=0.2, cs=1, i,5=0.05, i;;=0.2, h=3, =0.8.

Ia ﬁ2
10 11 12 13 14 15

B
0.9 2.526855958  2.526703604 2.526596838 2.52652062 2.526465636  2.526425904
1.9 2.512866635 2.512722274 2.512624983  2.512559436  2.512516126 2.512488948
2.9 2.505870059 2.505730437 2.505639396  2.505581297  2.505546429 2.505528551
3.9 2.501747347  2.50161056  2.501523937  2.501471506  2.501443337 2.501433041
4.9 2.499086835 2.498951829 2.498868680  2.498821062  2.498798809 2.498795376
5.9 2.497275315  2.497141534  2.497061443 2.497018341 2.497001812  2.497005145
6.9 2.496004847  2.495872064 2.495794973  2.495756480  2.495745902 2.495756354
7.9 2.495105153 2.494973395 2.494899539  2.494866070  2.494862026 2.494880343
8.9 2.494475777  2.494345312  2.494275201 2.494247490 2.494250927  2.494278259
9.9 2.494055075 2.493926435 2.493860893  2.493840037  2.493852314 2.493890284
10.9 2.493804776  2.493678814 2.493619048  2.493606594 = 2.493629595 2.493680425
11.9 2.493701826  2.493579827 2.493527554 2.493525648 2.493561949 2.493628670
12.9 2.493734008 2.493617853 2.493575496  2.493587109  2.493640257 2.493727021
13.9 2.493897693 2.493790117 2.493761104  2.493790394  2.493865319 2.493977902

Figure 6 shows how the overall infection rate function I, varies with 8; and S35 for a given set of parameters.
It can be observed that I, is a convex function with respect to §; and s, so there is (57, 55) such that the
total infection rate I, is minimized. From Table 2 we can find that the total infection rate I, is minimized when
B1=11.9 and (2=13. Therefore, the optimal transport rates of vaccines Sy=11.9, 85=13. From the constraint
condition of @ = cp1a1 + cpaf1 + cr1as + ¢j282 + ¢, the corresponding optimal community service rate v* can
be obtained, i.e., v*=8.25.

6. CONCLUSIONS AND FUTURE WORKS

In the context of COVID-19, this paper discusses the optimal vaccine ordering strategy under the service
capability regime and the optimization of service capability under the investment cost regime. Under the service
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capacity regime, the service rates of HQ and LQ are determined, and social managers achieve the lowest total
infection rate in society by selecting appropriate vaccine ordering strategies. However, under the investment cost
regime, the total investment cost of social managers is fixed, and they achieve the lowest total social infection
rate through a reasonable allocation of investment costs.

Our model is not only applicable to the ordering strategy of the COVID-19 vaccine and the investment
decision-making of social managers, but it can also help the decision-making of other infectious diseases. In
future work, we will explore the following aspects.

e Strategic choice of vaccination for residents. In this paper, we did not consider the residents’ strategic
selection of higher- and lower-efficacy vaccines, since this paper is based on the COVID-19 background to discuss
the decision-making problem of social managers. During the epidemic period of COVID-19, the vaccine shortage
is quite serious, and it is difficult for residents to make a choice based on their own preferences for different
vaccines. However, in other infectious disease vaccination issues, residents may have multiple choices, and they
may choose vaccines with different protection efficiency. In this scenario, the behavioral strategies of residents
are worth studying. A fitting example is the choice of human papillomavirus (HPV) vaccine. There are bivalent
vaccines (Cervarix), quadrivalent vaccines (Gardasil-4), and a nine-valent vaccine (Gardasil 9) for preventing
cervical cancer. Morris [34] suggests selecting vaccines based on the epidemiological characteristics of different
regions. However, residents have the right to choose whether to receive the HPV vaccine and the type of vaccine,
and their specific action strategies depend on their level of risk preference. To the best of our knowledge, no
scholar has used queueing theory to study the behavioral decisions of risk sensitive residents receiving vaccines.

e Optimal strategies for different stakeholders in multi-party games. Based on the fact that vaccine
manufacturers practically had a monopoly in the early and middle stages of the COVID-19 outbreak, this paper
did not analyze vaccine manufacturers’ investment decisions. However, in the case of other infectious disease
immunizations, the game among residents, service providers, and social managers must be investigated. In real-
life situations, when an epidemic breaks out, residents will weigh vaccine prices and effectiveness to make choices
that maximize individual benefits. As for the companies responsible for production, transportation, etc., their
goal is to maximize corporate profits, which will affect the price of vaccines. Furthermore, for social managers,
maximizing social benefits is their ultimate goal. In this situation, the ideal strategic decision among the three
parties is an interesting practical issue. Li et al. [35] discussed a similar tripartite game problem, and based on
the background of carbon trading policy, they studied a tripartite evolutionary game model among developers,
governments, and consumers in the green building market. In the future, we will study the tripartite game
among residents with the right to choose, companies producing and transporting vaccines, and social managers
to obtain a “win-win-win” strategy that optimizes all three parties.
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