Math. Model. Nat. Phenom. 19 (2024) 18 Mathematical Modelling of Natural Phenomena
https://doi.org/10.1051 /mmnp/2024016 www.mmnp-journal.org

ALTERNATIVE STABLE STATES AND DISEASE
INDUCED EXTINCTION

DINESH EKANAYAKE!?*®, HUNTER LA CROIX® AND AMY EKANAYAKE!

Abstract. In this research, we study a generalization of the SIR epidemic model to observe disease-
induced extinction in the presence of alternative stable states. We model per capita reproduction and
mortality rates as functions of both population density and external indicators reflecting temporal
resource variations that impact stable states. We then obtain conditions to guarantee a unique global
solution for the SIR model when the rate functions are discontinuous. We further obtain conditions
for the stability of two states when the external indicators are assumed to be constant. We use both
deterministic and stochastic epidemic simulations to analyze models with alternative stable states for
real mammalian populations. Through numerical examples, we show that changes in external indicators
can, in fact, lead to the collapse of a population subject to an epidemic. However, we find a high prob-
ability of species survival in the presence of environmental stochasticity, even when the corresponding
deterministic models predict extinction of the host population.
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1. INTRODUCTION

In ecology, alternative stable states refers to the occurrence of multiple stable states of a ecosystem. Ecosys-
tems may transition from one state to another by a strong perturbation in the variables or due to a temporary
change in ecosystem parameters [1, 2]. The study of alternative stable states can reveal warning signs of catas-
trophic shifts, such as population collapses, so that ecosystems can be managed [3-5]. Infectious diseases can
induce species decline and extinction due to underlying alternative stable states and fluctuations in environmen-
tal conditions [6-8]. Changes in density-dependent and trait-mediated fitness components, as well as in abiotic
factors that represent resource limitations, can precipitate a population collapse. However, existing epidemic
models primarily quantify only density-driven stable states [9-11]. In this paper, we generalize SIR epidemic
models (Susceptible, Infectious, and Removed) to incorporate alternative stable states arising from Allee effects
and temporal variations in demographic rates due to changes in resource availability and allocations. The most
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consequential feature of the proposed generalization is its capacity for incorporating piecewise continuous regres-
sion models for the fitness components and various resource indicators to evaluate the potential for population
collapse under the strain of an infectious disease (see Sect. 3).

The Allee effect is a positive correlation between population density and mean individual fitness, such that the
per capita growth rate of populations at low densities increases with an increase in density [12, 13]. Allee effects
may be caused by several mechanisms that influence changes in individual fitness. A reduced reproduction rate
due to the failure to locate mates is one such mechanism [13-16]. A per-capita increase in vigilance efforts for
predators at lower densities can impact both reproduction and survival rates [17, 18]. Disruptions to cooperative
behaviors, such as group foraging, hunting in packs, and interactions of collectively moving prey, lead to reduced
survival rates in small populations [19-21]. Hence, the Allee effect is an important phenomenon to include in
epidemic models when epidemics tend to decrease population densities or social interactions.

Population density is the primary resource indicator utilized in population models, as it is frequently assumed
to influence fitness components [22]. Density-dependent reproduction can be observed in energy conserving life-
history strategies, such as when an increased density results in an increased age of reproductive maturity and
reduced pregnancy rates [23-26]. A decrease in survival rates may be observed near carrying capacity, the
maximum sustainable population for a given environment [27]. Such variations in fitness components govern
the stable states of a healthy population and may be modeled using population density and resource indicators
[28]. Although decreased population growth at lower densities characterizes the Allee effect, this alone may not
result in the existence of multiple stable states (weak Allee effect). A coupling of Allee effects with resource
limitations may be necessary to drive a low density population to extinction. Trait-mediated fitness components
may be strongly related to both spatial and temporal resource variation even at low densities [29, 30]. Species
characteristics (such as morphology and development) and abiotic factors (such as soil, water, temperature)
that represent resource availability may be necessary for predicting alternative stable states.

When population densities are below the ecological carrying capacity, the correlation between density and
resource availability may be insignificant. Here we are particularly interested in including observations that
can measure temporal variations in resource density and allocation among individuals in epidemic models,
which we call resource indicators. An ongoing disease can impact physical development and resource allocation
among infected individuals, producing changes in mean fitness components. Also, changes in weather patterns
can impact the survival of a disease. See Section 3 for some examples. The effects of these factors can be
characterized by resource indicators, including periodic measurements of developmental and abiotic factors, such
as body mass, snow depth, average annual minimum winter temperatures, and summer precipitation [31-38].
Approximations for such discrete-time sequences of data points may naturally be chosen as piecewise constant
functions or may be related to fitness components via regression models [28]. There are many region-specific
resource indicators that are constants, such as the aridity index, Képpen—Geiger climate classifications, and
United States Department of Agriculture (USDA) hardiness zones. These spatial variations may be included in
models without explicitly changing the model form (see [28]).

Many studies have analyzed epidemiological systems with alternative stable states driven by Allee effects
[9-11, 39, 40]. Most models generate stable states by defining the dynamics such that the total population
exhibits the strong Allee effect, given by dN/dt = dN(N/ky — 1)(1 — N/k3), where N is the population density
and kq, ko are constants. While such models mimic the impact of reduced reproduction, they cannot incorporate
the impact of variations in resource allocations that may produce alternate stable states. In this paper, we
study the SIR model with generalized reproduction and mortality functions to facilitate incorporating various
ecological mechanisms that can govern the stable states. We model per capita reproduction and mortality rates
as functions of population density and phenotypic indicators or other external observations that reflect temporal
resource variations and allocation. The resulting rate functions may be discontinuous and we obtain conditions
that guarantee the existence of a unique global solution for the model. We further obtain parameter constraints
that govern the existence of alternative stable states and the basic reproduction number for the model when
the external indicators are constant.

Environmental stochasticity refers to spatio-temporal fluctuations in environmental conditions. These changes
lead to temporal changes in the rates of events, such as in reproduction and death rates. Even when the



ALTERNATIVE STABLE STATES AND DISEASE INDUCED EXTINCTION 3

population is not particularly small, environmental stochasticity contributes to extinction [41]. It is important
to include environmental stochasticity to satisfactorily explain the behavior of the spread of a disease through a
population exhibiting Allee effects. In this paper, we use both deterministic and stochastic epidemic simulations
to analyze models with alternative stable states. Through numerical examples, we show that changes in resource
indicators can, in fact, lead to the collapse of a population subject to an epidemic. We find a high probability
of species survival in the presence of environmental stochasticity, even when the corresponding deterministic
models predict extinction of the host population. Environmental stochasticity is apt to force the collapse of the
infected class before a collapse of the susceptible class, facilitating a revival of the population (See Sect. 3).

2. GENERALIZED SIR MODEL

We first establish notation and terminology. Spaces AC(€2) and BC,,,(?) denote absolute continuous func-
tions and bounded piecewise monotone continuous functions on €2, respectively, where Q@ C [0, 00) is an interval.
We define ||z]loo = sup,cpo 7y [|[2()]l, where we take [|z(t)]| = Y27_; |xi(t)|. Let S(t), I(t), and R(t) be the den-
sity of individuals at time ¢ in the susceptible, infectious, and immune classes, respectively, and N(t) be the
host population density at time t: N(t) = S(t) + I(t) + R(t). For simplicity, we drop the function notation for
S,I, R, and N. Function o(t) represents temporal variations and allocations of resources. We define per capita
reproduction and mortality rates as functions of both ¢(t) and population density: B(o(t), N) and D(o(t), N),
respectively.

Function o (t) may be a piecewise constant approximation for the resource factors and may thus produce right
hand side discontinuities in the SIR model. To guarantee a unique solution, we make the following assumptions
for modeling the spread of disease.

Al: Function o(t) is a density-independent input variable to the system, o(t) € BC),,[0,00), and o(t) €
[0«,07] for some o.,0* € R.

A2: Newborns are susceptible at birth. The per-capita birth rate B(o(t), N) > 0 for each (o(t),N). The
map o(-) = B(co(-), N) is continuous and monotone increasing for each N. The map N — B(o(t), N) is
differentiable with respect to N for each o(t) and 9B(c(t), N)/ON is bounded on each compact set of
the domain.

A3: The per-capita rate of death may be higher among infectious individuals: D(c(t), N) for the suscepti-
ble and immune classes and D;(o(t), N) for the infectious class, where Dr(o(t), N) > D(c(t),N) > 0
for each (o(t), N). The maps o(-) — D(o(-), N) and o(-) — D;(o(-),N) are continuous and monotone
decreasing for each N. The maps N +— D(o(t), N) and N — Dy(o(t), N) are differentiable with respect
to N for each o(t) and their partial derivatives are bounded on each compact set of the domain, with
9D (o(t), N)/ON > 0D(o(t),N)/ON.

A4: The per-capita rate that susceptible individuals become infected is SI for host-to-host transmission. The
per-capita rate at which susceptible individuals become vaccinated is constant, v.

Ab5: The per-capita rate of recovery is constant, «v. The proportion of recovered individuals that return to the
susceptible class is a € [0,1] and the remaining recovered individuals become immune to the disease. If
infectious individuals are infectious for life, v = 0.

2.1. ODE model
The ordinary differential equation (ODE) model satisfying assumptions A1 — A5 is given by

% _ B(o(t), N)N — (D(o(t), N) + v+ BI) S + ayI (2.1)
U 5T~ (Dy(o(t), N) + 7)1 (2.2)

dt
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TABLE 1. Description of the functions in equation (2.4) modeling deer reproduction.

Function Definition

m(N) The mean body weight of female deer
as a differentiable and monotone function of V.

mi The critical mean female weight for breeding in zone z.
f(z) A nonnegative real valued function of zone z
representing the impact of plant survival on reproduction.
o(t) An indicator function defining the birth season.
p(t) The proportion of juveniles surviving to weaning age

as a piecewise continuous function of .

% =vS+ (1 —a)yl — D(o(t), N)R. (2.3)

Here B(o(t), N), D(c(t),N), and D;(c(t), N) may represent an intricate set of functions, provided that they
satisfy the assumptions. For example, consider the deer reproduction function given in [28], adjusted to include
seasonal births:

Ny 00, ) >, o)

0, otherwise,

where «, 8 are nonnegative constants and z is the USDA hardiness zone. Each hardiness zone represents a
geographic area that is defined by its average annual minimum winter temperature, a key factor in the survival
of many plants. See Table 1 for the definition of functions f(z), m(N), m}, ¢(t), and p(¢t). Functions f(z),
m(N) and p(t) may represent regression models. Notice that one may choose p(t)¢(t) as o(¢). Then for any
given region, B(m(N), z,t) satisfies assumptions A1 and .A2. Here we prove all the results for a single resource
function (o(t)), though results can be directly extended to any number of resource functions.

Define = [z, 22, 73]T so that x; represents S, I and R for i = 1,2 and 3, respectively. For simplicity, System

d
(2.1)—(2.3) may be represented in the form % = gj(o(t),x), where g;(co(t),x) = g;(o(t),S, I, R) for each j.
We define the growth rate of the population by

F(o(t),N) = B(o(t), N)N — D(o(t), N)N.

We first show the existence and uniqueness of a nonnegative solution for any nonnegative initial condi-
tions. From Hypothesis Al, o(t) is continuous almost everywhere. Here we seek & € AC|0,00) satisfying
equations (2.1)—(2.3) except on a Lebesgue measure zero set.

Lemma 2.1. If there exists (6, N*) > 0 such that B(o(t), N*) — D(o(t), N*) < 0 for all o(t) > &, then any
solution x of System (2.1)-(2.3) with ||z(0)|] < N* satisfies ||x||cc < N*.

Proof. Let Q; = {x(t) € R} | z;(t) = 0}. It is straightforward to see that for all (t) € Q;, dz;/dt > 0. Then
the set R? is positively invariant for the system. By summing equations (2.1)-(2.3),

% = f(o(t),N) = (D1(o(t), N) = D(a(t), N)) I (25)

From assumptions A2 and A3, B(o(t), N) < B(c*, N) and D(o(t), N) > D(c*, N), where o* is the upper bound
for o(t) (Asm. Al). Then f(o(t),N) < f(c*,N). Since D;(c(t),N) > D(c(t), N) and the system is positive
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dN
invariant, a < f(o*, N). Consider the comparison equation y'(t) = f(c*,y), y(0) = N(0). From assumptions

A2 and A3, there exists M > 0 such that |df(c*,y)/dy| < M for any given compact set [0, T] x [0, N], where
N > N(0). From the mean value theorem, we have |f(c*,y1) — f(0*,y2)| < M|y1 — y2|. Then f(c*,y) is locally
Lipschitz continuous and there exists a unique local solution y(t) € C*([0,]) for some [0,#] (by the Picard-
Lindel6f theorem). Since o* > &, f(o*, N*) < 0. Therefore, 3/(t) < 0 whenever y(t) = N*. Using the continuity
of y'(t) and y(0) < N*, we conclude that y(t) < N* for all . From the continuation of the solution, y(t) exists
for all time. Now by comparison, any solution of equation (2.5) satisfies N(t) < N*, and hence, ||z(t)|| < N*
for all ¢, which concludes the proof. O

From Lemma 2.1, it is sufficient to consider @(t) € Qo := {y € R} : |ly| < N*}. Let Q = [0,00) x €. Define
F:Q— R3 by F(t,ﬁC) = [gl(U(t),$)7g2(0'(t),Il?),gy,(O’(t),%)]T.

Lemma 2.2. Suppose the conditions in Lemma 2.1 are satisfied. Then the map x — F(t,x) is Lipschitz
continuous for each t, with a uniform Lipschitz constant on €.

P’/’OOf Let 1 = [51,11, Rl] , Lo = [SQ,IQ, RQ]T, Ny =81+ 11 + Ry and Ny = S5 + I + Ry. From assumptions
A2 and A3, B(o(t),N), D(o(t), N), Dr(o(t), N), and their partial derivatives with respect to N are bounded
on [o,,0%] x [0, N*]. Let

L, = N* 8}\3“ + N* H + Bl and Ly = max{ H 82?1 }
Then
l91(a(t), 1) — g1(o(t), x2)| <L1|N1 — Nao| + ([|[D]| o +v + BN)[S1 = So| + (ay + BN™) |1 — L[,  (2.6)
l92(c(t), 1) — g2(a(t), x2)| <La|N1 — No| + BN*|S1 — Sa| + (| D1l oo + v+ BN™) [[1 — L2, (2.7)
l93(a(t), ®1) — g3(o(t), ®2)| <La|N1 — Na| + v|S1 — S2| + [|D|| [R1 — Ra| + (1 — a)vy[[1 — I2]. (2.8)

By summing inequalities (2.6)—(2.8) and using [Ny — Na| < ||z; — 22|,
|F(t @) — F(t,@2)]| < (Ly +2Ls + [ D]l + 20+ 28N* 4+ 29)[ar — as]|.

Then F(t,x) is Lipschitz continuous for each ¢, with a uniform Lipschitz constant Ly + 2Ly + ||Dg|, + 2v +
2BN* + 2. O

Theorem 2.3. If there exists (6, N*) > 0 such that B(o(t), N*) —=D(o(t), N*) <0 for all o(t) > &, then System
(2.1)-(2.3) with a given initial condition x(0) satisfying ||x(0)|] < N* possesses a unique global solution.

Proof. Since o(t) is piecewise continuous, the map ¢ — F(t,x) is measurable for each x. From Lemma 2.2, the
map x — F(t,x) is Lipschitz continuous for each ¢, with a uniform Lipschitz constant. From the continuity,
functions B, D, and Dz achieve their extrema on Qg x [0, 0*]. It follows that there exists an M; > 0 such that
lgi(o(t),z)| < M; for all (¢t,x) € Q and for each ¢ = 1,2, 3. Then for each compact set U of Q, ||F(t, )| < Co,
where Cy = My + My + Mj3. Since Cy is integrable on U, function F'(¢, ) satisfies the Carathéodory conditions
on 2. Then from the classical theorem of Carathéodory (see, for example, Thm. 5.3 of [42]), System (2.1)—(2.3)
possesses a unique local solution passing through (Sp, Iy, Rp). Further, from Lemma 2.1, the solution does not
reach the boundary of any open set containing Q. Then [0, 7] is not a maximum interval of existence for any T
(the converse of Thm. 5.2 of [42]). Therefore, the solution is global. O

From equation (2.5) combined with assumptions A2 and A3, one can see that if, for a given &, B(5,0) —

D(5,0) < 0, then there exists a basin of attraction for N = 0 for any o(¢) < 6. Then the origin x(t) =0 is a
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local attractor for System (2.1)—(2.3). Suppose U € R is a neighborhood of 0 such that
B(o(t), N) = D(a(t), N) — (Di(o(t), N) — D(a(t), N)) pr < 0 (2.9)

for all (x(t),o0(t)) € U X [04,5], where p;y = I/N is the proportion of infected individuals. Then the basin of
attraction for O contains U. Therefore, the extinction dynamics in the presence of a disease are governed by
the birth rate, death rate, and infection parameters, as well as the temporal evolution of o(t). Also, if the
birth and death rates satisfy assumptions .41-43, and the host population adheres to a differential equation
described by equation (2.5), then Lemma 2.1 through Theorem 2.3 apply to any extension of the SIR model.
These extensions encompass compartmental models such as susceptible-exposed-infected-recovered (SEIR) and
susceptible-infected-recovered-vaccinated-deceased (SIRVD).

2.2. Stability of alternative equilibria for constant o(t)

Assuming an environment with abundant resources, here we establish conditions for the existence of alter-
native stable states for a constant o(t). In this case, B(o(t), N),D(c(t), N), and Ds(c(t), N) are functions of
N only and we drop o(t) from the notation throughout this section. System (2.1)—(2.3) with a constant o(t)
possesses three equilibrium solutions.

(A) Trivial equilibrium: S =I=R =10

. e B(Ny) N, .S
(B) Disease-free equilibrium: Sy = D((]\fgo))ﬁu’ In=0, Ry = D(]\?o) Ny =Sy + Ry
) . Dr(Ne) + B(N.)N. — (D(N.) 4+ v)S, vSe + (1 — )yl
C) Endemic equilibrium: S, = , I = , Re = ,
©) “ E D, (Vo) + (1 - a) D(N,)

Ne=S.+1.+ R,

The growth rate of the population with constant o(t) is given by f(N) = (B(N) —D(N))N. As we have
seen, if f/(0) = B(0) — D(0) < 0, then the trivial equilibrium is stable. Next, we use linear stability analysis to
check the local stability of the equilibria. The Jacobian matrix J(S, I, R) of System (2.1)—(2.3) is given by

b(N) = D(N) —v—BI —D'(N)S b(N)—BS+~ya—D'(N)S b(N)—D'(N)S
BI — Di(N)I BS —Di(N) =y —Di(N)I —Di(N)I
v—D'(N)R (1—a)y-D'(N)R —~D(N) — D'(N)R

)

where b(N) = B(N) + B/(N)N and the derivatives of the birth and death rates are taken with respect to N.
Theorem 2.4 provides conditions for stability of the disease-free and trivial equilibria.

Theorem 2.4. Suppose o(t) is a constant and System (2.1)-(2.3) satisfies assumptions Al — A5 and possesses
a nontrivial disease-free equilibrium (So, 0, Io). If f/(0) <0, f'(No) <0 and

(D(No) +v)(D1(No) +7)
D(No)No ’

B < (2.10)

then the trivial and disease-free equilibria are locally stable, where Ny = Sy + Ry.

Proof. The eigenvalues of J(Sp, 0, Ry) are given by Ay = Sy —Dy(No) — v, A2 = —D(Ny) — v, and A3 = b(Ny) —
D(Ny) — D'(Ng)Ny. The rate of population change dN/dt evaluated at the disease-free equilibrium implies
B(No) = D(Ny) (see Eq. (2.5)). Then from Equilibrium (B), So = D(Ny)No/(D(No) +v). Using equation (2.10),
we obtain A\; = 85y — Dr(Np) — v < 0. Since Ay = —D(Np) —v < 0 and A3 = b(Ny) — D(Ny) — D'(No) Ny =
f'(Np) < 0, all the eigenvalues are negative, and thus, (Sp, 0, Rp) is locally stable. Since f'(0) < 0, the trivial
solution is also stable. O
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The basic reproduction number obtained by the next-generation matrix method [43] is given by

_ B(No)Nop
Bo = Do) + o) (D1 (o) +7)° 211)

Since B(Ng) = D(Ny), Ro < 1 does, in fact, correspond to Inequality (2.10).
Let E12 be the 3 x 3 single entry matrix unit. Define Jy = J(Se, I, Re) + (D;(N.) — D(N.)) E12. Then we
have the following results for the endemic equilibrium.

Lemma 2.5. Let (S., I, R.) be the endemic equilibrium. If f'(N.) < 0 and I, > 0, then all the eigenvalues of
Jo have negative real parts.

Proof. Let a11 = b(N,) — D(N.) —v — I, — D'(N,)S, and a2 = b(N.) — D(N,) — (1 — a)y — D'(N.)S. From
Equilibrium (C), 8S. = D;(N.) + v, and hence,

a1 a2 b(Ne> — D’(Ne)Se
Jo = | Ble — Dy(Ne)Ie —D}(N.)I. —D}(Ne)I.
v—D'(N.)Re (1—a)y—D'(N.)R. —D(N.)—D'(N.)R.

Let a = BI. +Dy(Ne)+v and b = BI.(D(Ne) + (1 — a)y) + (D(N.) +v)(Dr(N.) — D(N,)). Then the eigenval-
ues of Jy are given by A; = % (—a +va? — 4b) , Ao = % (—a —+Va? — 4b) ,and A3 = b(N.) — D(N,) — D'(N.)N..

From the lemma hypotheses, A3 = f'(N.) < 0. If a® — 4b < 0 then Va2 — 4b is imaginary, so A\; and Ao have
negative real part. Suppose a? — 4b > 0. In this case, it is immediately clear that Ay < 0. Since @ > 0 and b > 0,
we have a? > a? — 4b. Therefore, A\; and )\ are negative and thus have negative real part, as desired. O

If D;(N.) = D(N.), then Jy = J and the endemic equilibrium is stable. Next we prove the existence of some
Dy satisfying Dy(N,.) > D(N,) that guarantees the local stability of the endemic equilibrium.

Theorem 2.6. Suppose o(t) is a constant, and System (2.1)-(2.3) satisfies assumptions Al — A5. If the condi-
tions given in Lemma 2.5 are satisfied, then there exists § > 0 such that if D(N,) < Dr(N.) < D(N,) + 6, then
the trivial and endemic equilibria are locally stable.

Proof. Let T’ = {z € C: Re(z) < 0} be the set of all complex numbers with negative real part, and let \; be
any eigenvalues of Jy with multiplicity p,. Since I is open and Re();) < 0, there exists p > 0 such that the open
ball B(A;,p) CT, and A\; ¢ B(\;, p) for ¢ # j. Let P(X) and Q(A) be the characteristic polynomials of Jy and
J(Se, I, R.), respectively. Then

P()‘) - Q()‘) = (DI(Ne) - D(Ne)) (BIO()‘ + D(Ne) + D/(Ne)Re) - D/I(Ne)le<)‘ + D(N€> + U)) .

Define M = max{|81y — D'(Ne)Ie|,|8Io(D(Ne) + D' (Ne)Re) — D (Ne)I.(D(Ne) + v)|}. Then the magnitudes
of the coefficients of P(A) — Q(A) are bounded by M (D;(N,) — D(N.)). From the continuity of the eigenvalues,
there exists €; such that M (Dy(N.) — D(N.)) < €; and B(\;, p) contains exactly p; roots of Q(X), counting
multiplicities (see Thm. 3.1.1 of [44]). By choosing ¢ = min; e;/M, we conclude that all the eigenvalues of
J(Se, I, R.) have negative real part whenever D;(N,) < D(N,) + 4. O

(D(Ne) + v)(DI(Ne) + ’7)
B(N¢)N,
converges to Ny. Then Ry > 1 does, in fact, correspond to I. > 0. However, an increased  results in an increased
density of infected individuals. Then from Inequality 2.9, the basin of attraction of 0 increases as § increases.

Subsequently, a large § may result in the collapse of a population, as we see in the examples.

From Equilibrium (C), for I. > 0 we must have 5§ > . As I, converges to 0, N,
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TABLE 2. Transitions AX(t) = X(¢t + At) — X(¢), and the respective probabilities
Prob{AX(t) | X(t)}, where ex, has unity in the position corresponding to a variable X;
and zeros elsewhere and X; represents the variables S, I, and R. It is assumed that At > 0
is sufficiently small so that Prob {AX =0 | X (¢)} =6 > 0, where 0 is the difference between
unity and the sum of all probabilities listed in the table.

AX Prob{AX(¥)| X(t)} AX Prob{AX(t) | X ()}
es B(o(t), N)NAt es —ejg ayIAt

—eg ( (t), N)SAt ep—ejy (1 —a)yIAt
—ey Di(o(t), N)IAt er —eg BISAt

—er D(o(t), N)RAt er —egs vSAt

2.3. SDE model

Now consider an Itd stochastic differential equation (SDE) model corresponding to the deterministic model,
having random variables

X ={X;}3_, =[S,I,R)]. (2.12)

The transitions AX(t) = X(t + At) — X(t) for small At, and their corresponding probabilities
Prob {AX(t) | X(t)}, are given in Table 2.

The stochastic differential equation (SDE) model is formed as [45]:
dX(t) = f(t, X)dt + H(t, X )dW (t),

E(AX EAX(AX)T
where f = (At ), HH' =V, and V = % The elements of W (t) are Wiener processes: each

is normally distributed with mean zero and variance t. Matrix H € R3%® is composed of two submatrices,
H=[X; | ¥5], where

V/B(o(t), N)N +D(a(t),N)S 0 0
¥ = 0 Dr(a(t), N)I 0 ,
0 0 D(o(t), N)R

—V/BIS + an T —V/vS 0
So=| VBIS+ayI 0 —/(1—a)yl
0 VoS /(1 —a)yI

Elements of vector W (t) = [Wy, Wy, W3, Wy, W5, Ws]T correspond to the columns of H. The SDE model
equations can be expressed component-wise:

dS = [B(o(t), N)N + ayI — (D(a(t), N) + v + BI) S| dt + \/B(a(t), N)N + D(c(t), N)S dW;
—/BIS + anI AW, — VvS dWs,

dI = [BIS — (Dr(o(t), N) +~) 1] dt + /Dy (o (), N)I dWa — /(1 — a) 71 dWs
+V/BIS + ayI dWy,
= [vS + (1 — a)yl — D(a(t), N)R]dt + \/D(o(t), N)R dW3 + VoS dWs + /(1 — a) v dWs.



ALTERNATIVE STABLE STATES AND DISEASE INDUCED EXTINCTION 9

Example 1.1 10 Example 1.2
o 5) N
o
< 5
.n‘_a
0 : : : : 0 : : : :
0 10 20 30 40 50 0 10 20 30 40 50
5 10
2
o
< 5
T
(4]
at
0 0
0 10 20 30 40 50 0 10 20 30 40 50
N N

FIGURE 1. Birth and death rates for Example 1.1 and 1.2.

3. EXAMPLES

In this section, we discuss some models for B(o(t), N), D(o(t), N), and Dy(o(t), N) that can produce two
stable equilibria in the SIR model. We start with a general Allee effect model and then discuss three models
with demographic parameters reflecting real populations. Our primary interest is to simulate a disease-induced
extinction. By considering some example sets of disease parameters, we demonstrate that a stable population
can collapse due to the spread of a disease. Whenever either o(t) or N is not a part of B(o(t), N) or D(o(t), N),
we drop the corresponding variable for notational simplicity.

Example 3.1. To yield a simple mathematical equation that exhibits alternative stable states without a
resource indicator function, we set the per-capita population growth rate B(N) — D(N) = a1 N — as N? — d and

d
D;(N)—D(N) =d; —d, where a; = = + as ,dr >d, and ky < ky. When d; = d, this yields
1

R ik

()-8

which is the common model for strong Allee effects [46, 47]. Note that if B(N), D(N), and D;(N) are chosen to
be polynomials of N, then all of them satisfy assumptions .42 and .A3. Since B(0) — D(0) = —d < 0, the origin
is locally stable. For simulations, consider a hypothetical population with a growth rate that can be modeled
by the cubic function given by: f(N) = 0.012N? — 0.1N — 0.0002N?3. Here, N represents the number of animals
per unit area. This function describes several key features:

1. The carrying capacity is 50 animals per unit area.
2. The critical population for a positive growth rate is 10 animals per unit area.
3. The maximum growth rate of 2.4 per unit time occurs when N = 30.

Many birth and death functions can produce such a growth rate. Below are two such examples. See Figure 1
for the corresponding birth and death rates.

1. (Example 1.1) A constant per-capita death rate D(IN) = 0.1 with a quadratic per-capita birth rate B(N) =
0.012N — 0.0002N?2.
(a) The birth rate NB(N) decreases near the carrying capacity due to resource limitations.
(b) The death rate ND(N) is primarily determined by average life expectancy.

2. (Example 1.2) A constant per-capita birth rate B(IN) = 0.2 with a quadratic per-capita death rate D(N) =
0.3 — 0.012N + 0.0002N2.
(a) The birth rate NB(N) does not depend on resource limitations.
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FIGURE 2. Solution curves for classes S(t), I(t) and R(¢) in Example 3.1 with ODE solutions
(first column), the mean SDE solution from 5000 sample paths (second column), and the end
distribution of S(t) + R(t) (third column). The top row represents the disease-free solution
with (Sp, Ip, Ro) = (30,0, 0), the middle row represents the endemic solution with 5 = 0.05 and
(S0, Io, Ro) = (30, 1,0), and the bottom row shows a collapsed ODE population when 8 = 0.15
and (So, Lo, Ro) = (30,1,0). Simulations are for 150 months and the discretization used in the
simulations is At = 0.01.

(b) The slope of the death rate ND(N) increases near the carrying capacity, representing resource
limitations.

We set the disease parameters to («,v,v,d;) = (0.5,0.2,0.15,0.3). This parameter set represents a disease
with a higher death rate than the natural death rate and a partially immune population. We vary 3 to guarantee
an endemic state (Ry > 1) and observe the disease-induced stable states.

As we see in Figure 2, the mean of the stochastic model realizations need not be similar to the ODE solution.
Without any disease, both models produce a stable positive population. When S = 0.05, the deterministic
model produces a stable endemic state, whereas almost all the stochastic simulations produce a disease-free
state. When 3 = 0.15, the deterministic model population collapses, as do about 50% of the stochastic sample
path populations. However, the remaining sample paths result in a disease-free population. While this model
provides a simulation platform to demonstrate disease-induced state changes, it may be difficult to adapt the
model to real populations due to the existence of many other factors that influence demographic rates.

Example 3.2. The next model applies to populations that exhibit reduced reproduction at lower densities
combined with a relatively constant birth rate at high densities. We then simulate the impact of including a
birth season to observe a disease-induced extinction. Let o(t) = 17 (), where 1y is the indicator function and U
is the birthing season. Set B(o(t), N) = o(t)bN/(N + k), where b, k are positive constants. It is easy to see that
o(t) satisfies Assumption A;. As a function of o(-), B(o(-), N) is continuous and monotone increasing and, for
o(t)=1,0B(1,N)/ON € [0,b/k]. Subsequently, Assumption Aj is satisfied. Assuming the growth rate reflects a
carrying capacity (as in the logistic equation), we may choose linear per capita death functions D(N) = d+ cN
and Dy(N) = d; + ¢N, where d,dy, ¢ are positive constants and d; > d. Functions D(N) and D;(N) readily
satisfy Assumption Asz. Since B(0) — D(0) = —d < 0, the origin is locally stable.
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FIGURE 3. Solution curves for classes S(t), I(t) and R(t) in Example 3.2 with ODE solutions
(first column), the mean SDE solution of 5000 sample paths (second column), and the end
distribution of S(t) + R(t) (third column). The top row represents the disease-free solution
with (Sp, I, Ro) = (2.5,0,0), the middle row represents the endemic solution with dy = 0.03
and (So, Ip, Ro) = (2.5,0.5,0), and the bottom row shows a collapsed ODE population when
dr = 0.1 and (So, Iy, Ro) = (2.5,0.5,0). Simulations are for 150 months and the discretization
used in the simulations is At = 0.005.

We use Black tailed prairie dogs as a model species for simulations. Using data from [11], 1y = 1 for March
and April, b = 0.217 per month, d = 0.274 per year, ¢ = 0.0178 per year, and k = 0.3. For simulations, we set
a =1 and v = 0.05 per month so that only a fraction of the infected population recovers. Diseases such as
Sylvatic plague are fatal for almost all who become infected [48]. We set 5 = 0.4 and v = 0.02 and vary d; to
obtain the simulation results for the deterministic and stochastic models (see Fig. 3).

When Iy = 0, both the ODE and the mean of the SDE simulations produce a stable population. However,
about 25% of the stochastic simulation sample paths converge to zero even without the disease and the corre-
sponding mean is smaller than the ODE solution. While we find an endemic equilibrium population for d; = 0.03
for both models, the SDE sample paths are apt to converge to a larger uninfected population compared to the
ODE solution. At d = 0.1, ODE solution curves collapse. While about 25% of the SDE sample paths converge
to zero, the majority converge to a disease-free state.

Example 3.3. Models for B(o(:), N) and D(o(-), N) can be more complicated than density dependent Allee
effect models, as observable species characteristics and abiotic factors may influence the rates. The total body
weight of herbivore mammals has a significant correlation to reproduction [31-33, 49]. The per capita mean
recruitment rate of weaned juveniles to a population of such mammals may be represented by B(m,p) =
a1(m —m*)p
ag(m—m*) +1
of juveniles surviving to weaning age, a;, @, m* are positive constants, and m > m* [28]. If a disease persists
in a region for a long time, one could use either m or p as o(t). Function B(m,p) is continuously differentiable,
OB(m,p)/0m = a1p/(az(m —m*) +1)% > 0 and dB(m,p)/0p = a1(m —m*)/(az(m —m*) 4+ 1) > 0. Therefore,
B(m, p) satisfies assumption A2 with respect to either variable. As in Example 3.2, we may define D(N) = d+c¢N

per year, where m is the mean body mass of the female population, p represents the proportion
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FIGURE 4. Solution curves for classes S(t), I(t) and R(¢) in Example 3.3 with ODE solutions
(first column), the mean SDE solution of 5000 sample paths (second column), and the end
distribution of S(t) + R(¢) (third column). The top row represents the disease-free solution
with (S, Lo, Ro) = (30,0, 0), the middle row represents the endemic solution with § = 0.01 and
(So, o, Ro) = (30,5,0), and the bottom row shows a collapsed ODE population when 8 = 0.1
and (So, lo, Ro) = (30,5,0). Simulations are for 150 months and the discretization used in the
simulations is At = 0.01.

and Dr(N) = dy +¢N, where d, ¢, d; > 0 and d; > d. Whenever B(m, p) — D(0) = a1 (m —m*)p/(az(m —m*) +
1) —d < 0, the origin is locally stable.

For this example, we use white-tailed deer as a model species for simulations. In a healthy, well-managed
deer population, we do not expect to see any Allee effects. However, a disease, such as Chronic Wasting Disease
(CWD), alters the mean body weight of does, the survival rate of fawns to weaning age, and the mean survival
rate of the population [34, 35, 50]. These changes in dynamics can result in a disease-induced Allee effect.
Consider a population that is confined during the birth season to a 10km? region with an ecological carrying
capacity of 50 per 10km?. As in [28], for hardiness zone 5, we set m* = 25kg, a; = 0.223, ap = 0.0865. With the
linear per capita death function D(N) = d + ¢N and a 5-year of mean life expectancy, we obtain d = 0.2 per
year and ¢ = 0.0136 per individual per year to represent a carrying capacity of 50 per 10km? for a mean body
weight of 50kg and p = 0.5. Consider the spread of a disease that impacts the survival rate of fawns to weaning
age so that o(t) = p. We assume that o(t) is a constant for each year and o(t) = (1 — p;(¢))/2, where pr(t) is
the proportion of infected individuals at the beginning of year ¢. Although deer reproduce seasonally, we use
the average model for simulation purposes. Note that we may also set o(t) = ply(¢) to satisfy Assumption 42,
where U is the white-tailed deer birthing season.

Next we simulate the spread of a disease with parameters o« = 0.5 and (v, v,d;) = (0.1,0,1.0) per year,
representing a very low recovery rate: infected deer are 5 times more likely to die annually than uninfected
deer. We also assume that no individual is vaccinated. Such a parameter set mimics diseases such as CWD,
where CWD-positive deer were 4.5 times more likely to die annually than CWD-negative deer [34]. We fix § to
guarantee an endemic state and observe the disease-induced stable states. Figure 4 summarizes the simulation
results.



ALTERNATIVE STABLE STATES AND DISEASE INDUCED EXTINCTION 13

When there is no disease, both deterministic and mean stochastic solutions approach the population carrying
capacity. At = 0.01, the deterministic solution stays in an endemic state for at least the first 150 months,
whereas the mean stochastic solution converges to a disease-free state. At 8 = 0.1, the deterministic solution
collapses to produce an extinction. While the mean stochastic solution nearly reaches extinction at around 5
years, the simulations demonstrate that more than 75% of the sample paths recover to the disease-free solution.

Example 3.4. An significant feature of the generalized SIR model is its potential for incorporating regression
models for the fitness components. As an example, we use the long-term population dynamics of pronghorns in
Nebraska given by Hoffman et al. [51]. Let N be the pronghorn density in individuals per square kilometer. The
per capita rate of change of pronghorn density among one of the management units (Banner region) discussed
in [51] was modeled by f(N)/N = 0.1691In(N) — 0.0198 per year for 0.3 < N < 2.7, where f(N) is the growth
rate. Since In(N) — —oo as N — 0, this model cannot be directly utilized for studying a possible disease-
driven extinction. We approximate f(N)/N by a quadratic function using the method of least squares to obtain
B(N,o(t)) — D(N,o(t)) = 0.306 N — 0.057N? — 0.279, which yields a carrying capacity of 4.2 pronghorns/km?.
In fact, 4.26 individuals/km? was the maximum density observed in three out of four pronghorn management
units during 1955-1993 [51]. In the wild, a pronghorn’s lifespan is about 10 years, so we set the natural death
rate to 0.1 [52]. Winter weather severity (as measured by snow depth) has best explained the annual pronghorn
mortality risk [38]. Therefore, we set o(t) = —s(t) and D(N,o(t)) = 0.1 + k1 (s(t) — ko) + cN?, where s(t)
is the annual snowfall (in cm) in western Nebraska and ¢, k1, ks > 0. Assuming the average annual snowfall
is 80cm, the birth function is linear, D(0,0) = 0.1, and no strong Allee effect is exhibited when s(t) < 30, we
obtain B(N) = 0.306 N +0.2674 and D(N, o(t)) = 0.1+ 0.00558s(t) + 0.057N2. Since both B(N) and D(N, o (t))
are continuously differentiable with respect to N and 9D(N,o(t))/00 = —0.00558, both functions satisfy the
conditions in Assumptions A; and Ajg. Since B(0) — D(0,0) = 0.1674 — 0.00558s(t), the origin is locally stable
for s(t) > 30.

Next we simulate the impact of snow depth on disease dynamics when there is an immune subpopulation. We
consider s(t) = 75 cm both with and without an infected population and s(¢) = 100 cm with an infected pop-
ulation. We set Dr(N, o (t)) = 0.5 4+ 0.00558s(t) + 0.057N?%, a = 0, and (8,7, v) = (0.15,0.05,0.05) per month.
With this parameter set, we assume that all recovered individuals are immune and the infected population has
a higher mortality rate than the susceptible population. With the chosen D;(N, o (t)), an infected pronghorn is
1.75 times more likely to die than a uninfected one at s(t) = 75 cm. Figure 5 summarizes the simulation results.

In the absence of the disease, the density S + R corresponding to the ODE solution converges to the carrying
capacity, 4.2 pronghorns/km?. However, the mean S + R SDE solution stays around 1.5 pronghorns/km?, which
is much closer to the average density in the Banner Unit during 1955-1993 (1.3 pronghorns/km?). When the
disease is introduced, the ODE solution converges to a stable endemic state, whereas the mean SDE solution
converges to the disease-free state with an end distribution that is almost identical to the case without the
disease. When s(t) = 100 cm, ODE solution and about 65% of the stochastic sample paths show a population
collapse.

4. CONCLUSION

In this paper, we discuss disease-induced extinction influenced by temporal variations in reproduction and
mortality rates. Density-dependent models alone may not be able to predict the potential for extinction, as
fluctuations in resource limitations and allocations can directly impact a population’s collapse. These variations
can be induced by density and seasonality (Examples 3.1 and 3.2), the disease itself (Example 3.3), or fluctu-
ations in summer and winter weather (Example 3.4). One can model the reproduction and mortality rates by
including various indicators to incorporate these factors. We demonstrate that a discrete time series of external
observations reflecting temporal variations can be sufficiently incorporated into disease models as piecewise
constant functions.

The primary achievement of this work is to establish the framework for integrating field observations and
associated regression models, encompassing various parameters directly into epidemic models. This allows us
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FIGURE 5. Solution curves for classes S(t), I(t) and R(t) in Example 3.4 with ODE solutions
(first column), the mean SDE solution of 5000 sample paths (second column), and the end
distribution of S(¢) + R(t) (third column). The top row represents the disease-free solution
with s(t) = 75c¢cm and (Sp, Iy, Ro) = (1,0,0.5), the middle row represents the endemic solution
with s(t) = 75cm and (So, lo, Ro) = (1,0.5,0.5), and the bottom row shows a collapsed ODE
population when s(t) = 100cm and (Sy, I, Rp) = (1,0.5,0.5). Simulations are for 300 months
and the discretization used in the simulations is At = 0.01.

to assess and predict the resultant solution paths over time. Such results are valuable for identifying effective
disease management and prevention strategies, especially when external variables such as climate patterns
impact disease spread and potential extinctions. While we introduce incorporating field observations in the
birth and death functions, a future direction for extending this work could be to similarly incorporate external
observations on transmission and recovery parameters.
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