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ASYMPTOTIC DYNAMICS OF SIRS EPIDEMIC MODEL
WITH DISPERSAL BUDGETS AND NONLINEAR RATES
ABOUT HETEROGENOUS ENVIRONMENTS

SOUFIANE BENTOUTY ® AND SALIH DJILALI?

Abstract. This paper examines an SIRS epidemic model incorporating nonlinear incidence functions
and nonlocal diffusion with scaled dispersal to enhance understanding of infectious disease spread in
human populations. We establish the well-posedness of the model by proving both the existence and
uniqueness of its solution. Additionally, we demonstrate the existence of a global compact attractor
that describes the asymptotic behavior of all positive solutions. The basic reproduction number, Ry, is
derived as the spectral radius of the linear and compact next-generation operator R(-). When Ry < 1,
the infection-free equilibrium (IFE) is globally asymptotically stable, leading to disease extinction,
which has significant implications for public health policies. Conversely, when Rg > 1, persistence
theory shows the system is strongly persistent, ensuring at least one positive endemic equilibrium state
(PEES). The study investigates the system’s asymptotic behavior under varying costs and scaling
parameters of the dispersal kernel, revealing that when the dispersal kernel’s support (o) is sufficiently
small and the cost parameter m < 2, the epidemic persists, posing public health risks. These results
highlight the critical influence of scaling and cost parameters on disease dynamics.
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1. LITERARY WORKS, AND MODEL FORMULATION

Mathematical modeling plays a crucial role in analyzing the spread of infectious diseases and understand-
ing their significant effects on society. These models are crucial for studying how infections move through
populations, predicting their future course, and helping to develop strategies for controlling outbreaks. Clas-
sic models, such as SIS (Susceptible-Infected-Susceptible) [1-5], SIR (Susceptible-Infected-Recovered) [6-10],
SEIR (Susceptible-Exposed-Infected-Recovered) [11], SVIR (Susceptible-Vaccinated-Infected-Recovered) [12],
and SIRS (Susceptible-Infected-Recovered-Susceptible) [13-15], are commonly used to analyze the dynamics of
diseases.
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Epidemics can spread quickly and have devastating effects, disrupting communities and economies. Take
COVID-19, for example, which has dramatically altered our lives, causing millions of deaths worldwide. In
light of such dangers, scientists have developed mathematical models to better understand how individuals
interact and how diseases can be controlled. Epidemics like COVID-19, along with diseases such as measles,
polio, Ebola, and SARS, have placed enormous pressure on global health systems and societies. This under-
scores the urgent need for effective modeling to understand these diseases and develop ways to mitigate their
impact.

Infectious diseases profoundly affect human life, necessitating control of interactions between individuals and
the spread of disease. However, the dynamics of these interactions, particularly between susceptible and infected
individuals, remain complex and evolving. The nature of contact between these groups changes over time,
complicating the modeling process and necessitating the assumption of nonlinear interactions. Mathematical
modeling provides valuable insights into these complexities, enabling the study of infection dynamics and aiding
in the development of effective intervention strategies. Numerous studies, such as those on SIS models [5] and
SIR models [2, 16], have contributed significantly to this field, including variations like the SIRI model [17],
which indicates that the recovered become directly infected, a factor in many diseases.

A particularly interesting aspect of disease modeling is the transmission dynamics, which involve understand-
ing the interaction between susceptible and infected individuals. This requires simulating how these groups
interact, particularly within spatially heterogeneous environments. In their pioneering work, [7], introduced the
SIR model, which classified individuals into three categories: the susceptible S, infected I, and recovered R. In

ST
practice, nonlinear incidence is used in most SIR models (see for instance [1, 3, 5]) including ST This might
not seem like the best way to describe the interaction, but it is more appropriate to assume that the denominator

depends on the total population. The spread of infectious diseases is still challenging to understand. Are we
dealing with a specific type of transmission, or does it come down to how strong the immune system is? To get
closer to an answer, this study assumes that this interaction depends on the size of the population and follows
a nonlinear pattern.

While these foundational models provide valuable insights, they often neglect the critical role of mobility and
diffusion in disease spread. Mobility, representing the movement of individuals between regions, is an essential
factor in realistic modeling. Incorporating diffusion into these models significantly enhances their ability to
capture the spatial dynamics of epidemics. Recognizing this, many studies have explored how individual mobility
can be effectively integrated into epidemic models, providing a more comprehensive understanding of disease
transmission and its spatial effects.

This work builds upon previous advancements, highlighting the critical role of spatial interactions and mobil-
ity in heterogeneous environments to develop more accurate and practical models for analyzing infectious disease
dynamics (see, for instance, [9, 13, 18-20] and references therein). While Laplacian operators are commonly used
to model local and random mobility, they provide only a limited representation of movement, as they assume
unrestricted diffusion in open areas. This assumption imposes significant limitations on the realistic depiction
of mobility. To address this, introducing nonlocal diffusion offers a more natural and realistic approach, captur-
ing the movement of individuals across nonlocal regions effectively. Moreover, to explain the effect of dispersal

1
budget L, = —nL(E) (see [3, 21, 22]) in the area of mobility, we define the nonlocal diffusion as follows:
o" o

L @y 0t y) - 6(t,2)] dy,

om Q

with Q@ C R™, n > 1, a bounded set with a smooth boundary. £,(x — y) represents the probability of jumping
from y to x with £, representing the dispersal kernel , and [, Lo (# —y) ¢(t,y) dy interprets as the function
that represents the individuals collected at the area x. The term —¢(t, ) shows the mobility of the individuals
from x to any other area. Moreover, o represents the scaling factor on the range of dispersal and m is considered
as the cost parameter on the range of dispersal of the cost function f(z) which is proportional to |y|™ with



ASYMPTOTIC DYNAMICS OF SIRS EPIDEMIC MODEL WITH DISPERSAL BUDGETS 3
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from the fractional Laplacian (—A)*¢(z) = Ch s [, ﬁ:(wym dy used in [23] for a SARS-CoV-2 model, which
employs a singular kernel with polynomial decay to model anomalous diffusion, whereas our flexible kernel
allows tailored dispersal patterns for the SIRS dynamics.

In the work proposed by Hu et al. [3], they considered the following nonlocal dispersal SIS epidemic model
with Neumann boundary conditions in a heterogeneous environment:

. This nonlocal diffusion operator, driven by the general kernel £, > 0, differs

¢ )S
%‘?— Q —)S(ty) - St dy — 29I 4+ (), on Q x RY,
% G Jo Lole - g)[T(t9) ~T(0 ) dy + 25 —a()T,  on QxR (1.1)
§(0,4) = So( ), I(O,-) = Iv("), on €,
with
e S and 7 represent the susceptible and infected individuals at time ¢ > 0 and location x € £,
e d; and dy are the nonlocal diffusion coefficients for the susceptible and infected populations, respectively,
e L,(x —y) is the nonlocal dispersal kernel with a characteristic length scale o,
e () is the infection transmission rate at location z,
e 7(-) is the recovery rate at location z,
e So(-) and Iy(-) are the initial conditions of the susceptible and infected individuals, respectively.

They investigated the asymptotic behavior of the SIS epidemic model using a novel method that provides a
useful framework for understanding the dynamics of complex systems such as the SIS epidemic model. The
dynamics of the model in (1.1) were examined using this approach, which expanded on the ideas offered in [21].
Researchers from all across the world have been using nonlocal diffusion as a means of characterizing individuals’
free movement in recent years (see [5, 24-27]). This method is thought to be more realistic and indicative of
the real world. Moreover, there are many diseases that have the important characteristic of temporal immunity,
which implies that the recovered individuals can lose immunity and become susceptible again (see, for instance,
[17, 28, 29]) and the references therein. [29].

Motivated by all of these studies, but particularly by the work by [3], this study investigates a SIRS epidemic
model with a nonlinear incidence function. It is assumed that the recovered individuals lose their immunity and
become susceptible again, which is a fascinating way to explain many diseases that have been studied in the
same case. It is also assumed that the kernel dispersal could be used to calculate the “budget dispersal”, which
represents a very precise movement of individuals, and that the nonlocal diffusion could be used to describe the
mobility of individuals. Then, the model is defined as follows:

. B(-)ST
280 — & [ Lo DIS(0) = SNy - FHP s 4 (R, o0 2 xR,
. ST
S / Lo(x —y)[Z(t.y) — I(t,))dy + % —a()T, on QxR

(1.2)

R = & /Q Lol — )[Rt y) — R(E,)])dy + a(-)T — ()R, on Q x R,

8(0,-) = So(+), Z(0,-) = Io(-), R(0,-) = Ro(:), on €,

In this model, @ C R™ n > 1, is a bounded domain with a smooth boundary 952, and (¢, ) denote time and
location, respectively. S(t, ), Z(t, ), and R(t, z) represent the susceptible, infected, and recovered individuals,
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respectively, with nonnegative initial conditions denoted as (Sp, Iy, Ro) on €. The dispersal coefficients for
these groups are given by the parameters di, da, and ds, respectively, and [(x) represents the transmission
rate for susceptible individuals. This study makes the reasonable assumption that each group has distinct
dispersal constants, reflecting their differing mobility patterns. Based on the aforementioned research, it is more
reasonable to consider the dispersal of the three groups, using the nonlinearity of the incidence rates to model
interactions between susceptible and infected individuals. The primary focus of this study is to investigate
the asymptotic behavior of the SIRS model with nonlocal dispersal, which poses a challenge in analyzing,
particularly, the asymptotic profile of the positive endemic equilibrium states (PEES). Recent studies have
examined the asymptotic properties of the PEES with respect to the dispersal scaling parameter o, providing
further insights into this area, see for example [3, 21].

Disease outbreaks like COVID-19 show us we need better models to track how infections spread across
space, especially when immunity doesn’t last forever. In the present model, we consider that the densities
are governed by nonlocal diffusion. This type of spatial movement is more appropriate for capturing realistic
patterns of individual mobility, especially over larger distances, compared to classical diffusion based on the
Laplace operator, which reflects only short-range displacements. We use a kernel J, € Schwartz space; which
is smooth and drops off fast. This choice not only ensures mathematical tractability but also allows us to
model individual mobility across varying spatial scales and allows us to shape dispersal to fit real scenarios.
Furthermore, the interaction between susceptible and infected individuals is described by a nonlinear incidence

B(x) ST
S+I+R’
and it is a specific case of the Hattaf-Yousfi functional response [30, 31]. This formulation accounts for saturation
effects and reflects the diminishing transmission potential as the population accumulates immunity—a critical
aspect for accurately modeling SIRS-type diseases.

The main goal of this study is to investigate the dynamics of the SIRS epidemic model with nonlocal dispersal
and nonlinear incidence rates, which represents a strategy of producing few offspring that are all spread out far
from the source. The following is the paper’s structure: This study builds the model and proves that its solutions
exist and are unique in Section 2. It calculates and examines the basic reproduction number’s characteristics in
Section 3. For Ry < 1, the threshold behavior of the model (1.2) at the infection-free equilibrium is examined
in Section 4, and global stability at Ry = 1 is analyzed using a Lyapunov function weighted by the principal
eigenfunction. Additionally, this study examines the persistence conditions and the presence of positive endemic
equilibrium states (PEES) in Section 5. The subsequent section examines the asymptotic profiles of PEES as
o — 0, with variations in m. Lastly, the final section discusses the results and provides perspectives for future
research.

term of the form which reflects the complex and saturating nature of disease transmission dynamics,

2. PROPERTIES OF SOLUTIONS TO (1.2)

As showed before, we assume that the individuals divide into three class: the susceptible individuals (S(t,-)),
infected individuals (Z(¢,-)) and recovered individuals (R(¢,-)) at time ¢t and location x € €. Further, we
assume that  UR" is assumed that bounded and smooth boundary. Moreover, we assume that the incidence

ST
function takes the form %7 which is a particular case of the Hattaf-Yousfi [30, 31] incidence function
m with vg = 0,71 =1, 72 = 1, 73 = 0, and the inclusion of R to account for recovered individuals
(see [17]) which represent the contact between the susceptible and infected individuals where f represent the
transmission rate of disease. We define the term «(-)Z(¢,.) as the recovery rate from the infected individuals.

Furthermore, the term ~y(.)R(¢, .) represents the recovery process from disease. Moreover, we assume that the
initial conditions Sy, Iy, Ry satisfy the following assumptions:

1. / IO()?/ RO() > OaSO > 0710 > OaRO > 07
Q Q
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2. Supposing that

‘/QS()() + Io(.) + Ro(.) = N, (2.1)

We suppose also that the model (1.2) have the following assumptions

(CO) d1 > 0,dy > 0, and d3 > 0. -
(C1) B, a and ~ are strictly positive and Holder continuous functions on €2.

Next, we put that X = C (Q,R3) represent the continuous functions on €, endowing by the norm

|d|| = max{ sup |di(z)|, sup |da(2)|, sup |d3(2)},Yd1,da,ds € C(Q,R?).

on € on € on

we also define XT = C (Q, Ri) is the positive cone of X.
Furthermore, we define the following notations

m() = gggmw m() = r;lggm(w% (2:2)

where m € {B(:), a(-),v(:)}.To study the well-posedness of the problem, we set

55 = 2 [ Lale = )Sa) = S(t -+ OR
Mz=2 [ £ola = pl2(t.9) = Tty — )T (2.3)

KR = 2 [ Lolo = [R(0) ~ R(t Ny + a0

From the assumption (2), we can obtain the operators A%, A7, A% are bounded and generates a semi-groups
(see Thm. 1.2 in [32]) {Ts},{T;} and {Tr}, respectively. Furthermore, we put that

ooy BTG )
W="517+r"

F%(U) = 7’7()73(757 ')a

S(t,.
where U(¢,.) = | Z(t,.) | . Thus, we can define the following Cauchy problem as follows
R(t,.)
d

& _ AU FO(U), U(0,2) = (So, T, Ro)"

dt

2 2

with A = 7, | and F= | F{, |.
A% Fr
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The existence and uniqueness of solutions to model (1.2) are established in the following Theorem

Theorem 2.1. Let (So, Iy, Ry) € X, then (1.2) admits a unique non-negative solution, that is globally defined

Proof. We know that the operators AZ, A, and A% each generate a semigroups such that
t —
S(t) = Ts(®So() + [ Ts(t = D)ESUr)dr, >0, on

Q

Z(t,-) =Tz(t)Io(-)+ /0 Tz (t — 7)(F7 (U(T, -))dr, t>0, on

R(t,-) = Ts(t)Ro(-) +/0 Ts(t — 7)(F&(U(r,-))dr, t>0, on

2
—
N
N
S—

\.b‘

by using the first equation of model (1.2), we get

/dl / (x — 9)[S(r,y) — S(r, Ny + 1 (JR(7, )dr
s(t.

L Lo(x—y)|S(T,y) —S(7,-)]d IR(T,. NS(r. V(T -
- [ £olo = i) = Sy £ 1 OR( >< Aostrtind Y

ti\/
—/e707
0

since that So(-) € XT,L(-) >0, on €, and (Z,R) € Xt, we can deduce that S(t,-) € XT. Moreover, we
need to show that S(¢,-) > 0, on [0,77%), we assume by contradiction that there exists T™** such that

S(tg,z*) =0, g—f (t,z*) <0 as t = tg, S(to,.) > 0, we consider

t; = inf {t € [0,T™) | Z(t,-) = 0},
tg = inf {t € [0,7™™) | R(t,) = 0},

to = min {t[,tR} s

from the first equation of model (1.2), we have

0 d
o7 Ja

this contradicts the assumption. Hence S(¢,-) > 0, for (¢,-) € [0, T™>¥).

/ A2 //: 2 — [I(ry) — T(r, Ydy — a(-)I(r, )dr
7= IO

/t —/ dfn/Q»Co(ﬂc—y)[f(ﬂy)—I(T")}dl/_o‘(')z(”)( BOS(r, 2)I(r, ) >d7‘,t>0, onf),

S(7,) + (7)) + R(7,°)

for all ¢ € [0,7™%*) ,on(2, we suppose that Iy € X*,(S,Z,R) € X, then we conclude that Z(¢,-) € X* for all

€ [0, Tmax) .
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We need to show the positivity of I, we assume by contradiction that Z(¢,.) > 0, on [0, T™%) x Q, T(tg,z*) =
0 IZL(tg, z*)

5 <0, if t; < tg, then tog = t;, by the second equation of (1.2), we find that

0 d *
GTlta) = 22 [ L@~ ) o) dy >0,
Q

ot

which means a contradiction. Consequently, Z(¢,-) > 0, onf,t € [0, T™) .
From the third equation of (2.4), we obtain that

- / d?’/c 2 — P [R(my) — R(r,)dy + a(-YI(r, )dr

t—/*%Q/de—wwanw—ﬁunomy+amqu i
+f/ e Jr o (—y()YR(7,.))dr,t >0, on,
0

from the fact that Ry € XT,(S,Z,R) € Xt we can get that R(¢,-) € XT, for all ¢ € [0,7™*). To show the

- OR(tg, x*
positivity of R, we assume by contradiction that Z(¢,.) > 0, on[0,T7™) x Q, R(tp,z*) = 0, % <
0,Z(tg,.) > 0 if t; > tg, then tg = tg, by third equation of (1.2), we obtain that

0 _ds . .
t g Q
we get a contradiction, it’s yields that R(¢,-) > 0, on[0,T™2*) x Q. O

It is essential to show the difference between semi—flow and Semigroup.

e A semi—flow ®t) : X+ — X+, t >0, is a nonlinear mapping on a metric space , satisfying identity,
semigroup property, and joint continuity. Asymptotic smoothness ensures that orbits ®(¢)B approach a
compact set.

e A semigroup T(t) : X — X, t > 0, is a linear operator on a Banach space (e.g., X = L?(2,R?)), satisfying
identity, semigroup property, and strong continuity. It may describe the linearized system around the
disease-free equilibrium, where compactness of T'(t) aids eigenvalue analysis for Ry (Sect. 3).

We now turn to showing the global existence of solutions to system (1.2).

Theorem 2.2. We consider (So, Iy, Ro) € X1, then there exists an unique solution U (t,.;Ug) = (S(t,.), Z(t,.))
of model (1.2) on [0,00). Moreover, The semi-flow ®,; generates by the solution U is bounded dissipative.

Proof. Let N(t,-) = S(t,) + Z(t,-) + R(¢t, ). By summing the equations in system (1.2), we obtain

ON

G SC—HON, (2.

with C = NSHPQXQ L: (

Applying constant variation method, we have

om om om om

*+@%mw(:“+@/£w—

N(t,z>s|wo||+%::m,
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This implies that the semi—flow ®;, generated by the solutions of system (1.2), is bounded and dissipative.
As a result, the global existence of solutions to model (1.2) follows immediately. O

Furthermore, we need to establish the asymptotic smoothness of the semi—flow, which is important for
establishing the validity of the constructed Lyapunov functional in proving global stability. A semiflow ®(¢) :
X+t — X*, t > 0, is called asymptotically smooth if, for any closed, bounded, and positively invariant set
B C X, there exists a compact set K C XT such that

lim sup dist(®(t)z, K) = 0,

t—o0 z€B

where dist(z, K) = inf, ek ||z — y||x (see [[33], Def. 2.25]).

Theorem 2.3. The semi-flow ®; is asymptotically smooth. Additionally, the semi-flow ®; has a global attractor
compact.

Proof. For (So, I, Ro) € XT, we have that @;(¢, (So, Io, Ro)) = (S(¢,.),Z(t,.), R(t,.)), t>0.

We consider the operators (AZ,A7,A%) define as in (2.3), by using Lemma 2.1 in [25], we can find the
operators (A%, A7, A%) have a principal eigenvalues A;, (i = S,Z, R), respectively, with A\; < —w, we can rewrite
model (1.2) as

. (t) = T(t)po + /Ot T(t — s)F[®](s)ds, Vt>0, ¢oeY™T.

We decompose the semi—flow ®(¢) into two components:
Op(t) = alt) +a(t),

where
() = T(t)go, and a(t) = /O T(t — s)F[u](s)ds, Vit > 0.

with T(t) = (Ts,T;,Tgr), by applying the same approach of Theorem 5 in [34], we can conclude that @ is
compact, we need to show that 4(t) is compact. Indeed, we have

la@®)] = ITleo)(t)]l < e™"[loll,
thus,
lat)]| <e @t Vvt>O0.
Consequently, for each ¢t > 0 and u € B C Y™, we observe that
p(®(1)(B)) < p(alB)()) + p(alB](1)) < [a(t)]lp(B) +0 < <™ p(B), t>0.
As a result, we investigate that the semi-flow ®; satisfies a p-contraction property. This implies that ®; is
asymptotically smooth. Moreover, by invoking Theorem (2.2), we know that ®; is point-dissipative. Given that

the semi-flow is also bounded and asymptotically smooth, we may apply Theorem 3.4.8 from [35] to conclude
the existence of a compact global attractor in the positive cone X*. O
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3. BASIC REPRODUCTION NUMBER

In this section, we aim to characterize the basic reproduction number Rg by performing a linearization of
model (1.2) around the disease-free equilibrium Ey. This leads to the following linearized system:

Gt = | £alo = u)(S(t9) = SNy = AR = BT, on 2 x RF,
O = B Lo —)(Tt9) T4, )y + BT~ a(), on O x K,
%g:g%/EA%ﬂMR@w*RwdﬁyH%ﬂ@)*VOmeﬂxRﬂ

then, we consider the following model as follows,
81 4
E (x—y ,y) —Z(t,)dy + B()Z — a(-)Z, on Q x RT,

aR / Lo — 1) (R(t,y) — R(t,))dy + a()T — y(-)R, on Q x R*,

(3.1)

By applying the method of variation of constants to equation (3.1), we obtain the following expressions

4 [ Lole = p)E) - Tt )yt e
P mcHJM)AeI D (BOI(r, )+ a()I(r, ) dr,  (3.2)

and
ﬁ% E (z —y)(R(t,y) — R(L,-))dyt
R(t,-) = Ro(:)
W/ Loz - ) — R(t,)dyt
+ [ (= SOOR(, ) — a()I(r, .
we need to construct the next generation operator R : X — X, such as
Ry() =F() (A7) (), onf, (3.3)
with A7 is already defined and F(¢(-)) = (8(-) —v(-)) ¥(-), by applying Theorem 3.2 in [36], we have
a7 o0) = [ 170000, sex (3.4)
0
we replace (3.4) in (3.3), we obtain
(3.5)

Rw»—moémmmwm o2,

Hence, we define Ry as the spectral radius of R, expressed as

with r represents the spectral radius.
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In the next, we define the problem for the first equation of (3.1), we put Z(t,-) = e*w(-), we get that

- & / Lo(x —y) [w(y) —w()] dy + B()w() — a(Jw(), onL, (3.6)
o Q

To validate the existence of the principal eigenvalue \*, we need to assume the following assumptions.

(H1) 8 # « and by using Theorem 2.1 in [37]() we can conclude that the problem (3.6) has a principal
eigenvalue \* associated with a positive strictly y*.

In the following proposition, we establish the relationship between Ry and A*.

Proposition 3.1. We consider s(R) = sup{Re(\) : A € £&(R)}, with & represents the spectrum of R, then Ry —1
has the same sign of \* = s(A7 + ).

Proof. By applying Theorem 3.1 in [36], we have that

(AT — A7)y = / T Mt dt, 6 € X.
0

and we choose A = 0 which gives

(—A) " pa() = / T To(t)pa() dt,

Furthermore, we observe that A* = s (A 4+ F(-)). According to Proposition 2.4 in [38], the spectral bound
s (A9) is strictly negative. Recalling the definition of the basic reproduction number, we have Ry = r ((A?)fl IE‘) .
Consequently, by applying Theorem 3.5 from [36], it follows that the sign of A* is determined by the expression
r ((Ag)‘l ]F) ) O

In the next step, we introduce the following eigenvalue problem as follows
d
o [ Lol = ) ) = vOldy = a()p0) = —ABOW0). T e (37)
and by applying the same arguments as [5], we can define Ry as follows

R / o (3.8)

0:¢€L2(Q )p#£0 d2 /E -y )_w()] dy+/a(-)¢2(-)d$

Q

Now, we are ready to give the following Theorem.

Theorem 3.2. Let \*(m, o, ds) represent the principal eigenvalue of problem (3.6). The following statements
are equivalent.

1. 0 = 0 and0<m§2than>‘*%min9%

2.0 =0 cmd0<m§2than)\*—>ming%

3. For m = 2, and we assume that o, € C%¥(Q) where v > 0 and we assume that J € C(R™) is positive,
symmetric and |2|>L(z) € L* (R™), then we have that

lim A* (m, dy) — A*(LDQ(J)

o—0 2N A)’
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with
D2(J 2
= in
2N YEHL ()20 fQ B2 / 50
dsDs | o ,
with Ay (—— oN A) is the principal eigenvalue verifies:

2 . . .
%N(J)AS(') - % +7v()R() =0, onf,

dID AI( )+ (?)(_.,_)i’g((..))fs.g)(.) —a()I()=0, on,

2
%N(J)AR(') +—()R(:) + a(-)Z(-) =0, onf,
8s _ aI _ OR _
o = on = on =0 z € 09,

where D?(J) = / T (2)|2dz.
Q

Proof. We begin the first case when 0 < m < 2 and o0 — 0, by applying Lemma 4.1 in [21], we have that

/ a () ()de
(3.9)

/B YR ()

) == D2(J) /Q V()P dr, e IA(Q)

)\*(dg,m) < 2 mJ

with

and 1 € H}(Q). We suppose that there exists a sequence 1, € Hg(2) such that supp(v,) C By (z,) with B,
represents the open ball centered, by (3.9), we have

/ o()0?()da o)
lim sup A* (da, m = —/ P2()dz, e L), <min—=,
o0 / B()B2() B, 5. ()
then, by converging o — 0, we obtain that limsup,_,; A*(d2, m) < ming BE Zn) , therefore
a(t) 1
limsup \*(da, m,0) < min —= + —
Rogp A (o) S i ey

for n — oo, we have that limsup,_,; \*(d2, m) < ming B()
Now, we use the following test functions (A, ) = (ming 58, 1), we can obtain that
a()

A*(d2,m) > mg%n —

Bl)’
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Then, we get

Co() o af)
ménﬁ— < liminf A*(d2,m) < limsup A*(da, m) < min 30)"

() o—0 o—0

Next, we focus to show that o — oo, by using the same arguments as The proposition 2.3 in [21], we cann

find easily the result.
Now, we focus to show the last result, we consider the following function

1

Co(z) = m&,(zﬂzﬁ, then for ¢ € Hy(Q),

with the following proprieties of (,

(o 20inRY,
(r(2)dz=1, Vo >0,
RN
lim (o(2)dz=0, Vd§>0,

720 J{12126}

and by using the characterization of Sobolev space (see [39]), we obtain when o — 0,

/ Colz —y)(() — ¢(y))2 dzdy = K27N||V1//||i2(9)7 (3.10)
QxQ

|z —y|?
for any ¢ € H}(Q2), with Let Ko v be defined as:

1
Ko n: (s-e1)*ds =

1
TSN g N’

where SV~1 is the (N — 1)-dimensional unit sphere, e; is the first standard basis vector, and - denotes the dot
product, and by (3.10), we obtain

- )= x 0‘(')1/)2(')(190
e o = Bl e =00 = o)z, |
2(0 Vo2 (da NN
/Qmw()d JROLEE
= lim 1 foQ ol — )—¢( ))2 dx dy /QO‘(')wQ(')dﬂU
o—0 \WH 2 |1‘ B y|2/ B / B
I » ||wum / a( 13 ()da
o—0 ku 2N / B0) e / 50
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From the last equation, we obtain that

daDo(J)
2N

C s <
;13%))\ (d2,m) < A A),

Now, we focus to show that

daDo(J)
2N

A ( A) < llgnjng (d2,m).

we first claim there exists a test function v, such that
* d2
(A" (d2,m) B() + 8] () + —5 /Q Lo(x—y) [u(y) — ()] dy — a(-)Yu() > 0, on &, (3.11)

we know that there exists 1. that satisfies (3.11). Additionally, we define a function v, which represents the
smooth mollifier of unit mass with supp (nu,) C B; with B is the unit ball with v, := X%Va (i) , for all x > 0.
We define the convolution product as follows ¢ = v, x 1., we have that

*([A*(dg,mwmw + 8 [ Loo =) 0.0) — 0.0 dy—a<~>w*<~>)zo, ol (312)

we calculate the following term,

% [ verto=s) [ £ots=mpne)ayas = 2 [ Lot pumay (313)
and
% [ oo =) [ £ots=wvats)duds = % [ vaa = 90s) [ Lol = mias,
-=/ a<x—s>w0<s>/£o<x—y>dyds
+% Vo (2 — 8)ibs(s /Es— )dy — /ﬁx— )dy]d
we set Ag(-) = [, Lo y)dy, then we get
& o= /a s—y dyds—d—/ﬂua(az—s)w*(s)A[,(st—i—%/Qua(m—s)w*(s)[/lg(s)—AU(~)]ds.

(3.14)
By adding and subtracting the term [, vy (z — s)(—a(-))«(s)ds, we obtain

/ Vo2 — 8)(—a())ibu(s)ds = / Vo — 5)(—a())ipu (s)ds + / Vol — )u(s) [a() — als)],  (3.15)
Q Q

Q
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by replacing (3.13)-(3.14)-(3.15) in (3.12), we obtain that

N o) BC)+ 8. = a0 + 5 [ Lo =) [000) = O] i+ 53 [ Cola = 5)00(5) [An(s) = 4, ()] s
+ [ vele = l9) al) ~ a(s)]ds 20
Q
(3.16)
We know that « is Holder continuous, which implies that,
a() —a(s) o
[ ot = vwwio0) —a@)as| < [ vote vt |GG e s
< HaTKQ('),
and
Ag(9) = A0)]
/QCU(JJ = 8)a()Ao(8) = Ao ()] ds) < | wol(w = yholy) | =T o = s[” dy, (3.18)
< KAt (),

with k., and k4 represent the Holder semi-norms of «(-) and A, respectively. Additionally, we assume that 7

1 ®
satisfies the condition 7 < inf {To, (22~ } and inf {7’07 (%) } By substituting (3.17)-(3.18) into (3.16), we

2R

derive the following result:

N (o) B +30. —a(]00) + 5% [ Lo =) [ - vO)dy 0. een  (319)

dsDo
2N

Next, we need to show the A\* (da, m) — A < > , we set 1" := p1), then we obtain that

A (da,m) B(-) + 36, — ()] 4*( /c ) [ ) - ()]dy >0, YeeQ  (3.20)

/wdx then, /w
Jorar [ wer

[ ] ke —n) ) = ) O dyde = 35 //c (2 — ) (V" (9) — 0" ())* drdy,

(s + w*(-))2

with p =

= 1, we multiply the first term of (3.20) by . we obtain that

(3.21)

dsdz,

By substituting (3.21) into (3.20), we obtain the following result

7/}*()) . *.21, * m *.21'
2N // ||2 dexJF/QOZ()W())d < (A(de, )+35)/ﬂ(¢())d,
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since p, € C*(Q), by Taylor’s expansion, we have the following estimate:

1 1
W) = w0 -5 VOIS S el - wl (/ |aijw*<x+ms>|da)dr,

1<i <N

<loovutls X fssl [ ([ 1000t ronlas ) ar b7+ - 070

1<i,j<n
(3.22)
Next, we apply the Holder inequality for every £ > 0, we obtain that

1 1 2
s+ V0T < Ce [Dsm [ ([ 050+ ros)ian) dr} F L+ @+ — v O,

1 1
§C€Z|Si5j|2/o /0 2109 (¢ + ros)|? dodr + (1 +€)[p* (z +5) =" ().
i

Integrating this formula in s and x over Q x €, we obtain that and for ¢ small, supp(p,) C B1(0), and we
have for all z € €,

[ ot dsdr = o 90 O = 190 (P (3.23)

and the following inequality holds

2N /|V1/) |dx<C5/Ca| ) Z|SIS]‘ (/0 / 72|09 ( x+ras)2dadr> dsdz
ol ()]2
+(1+5)/<0.(|s|)| Piat ) ~ 9O 4, g,

|[?

(3.24)

we divide the both terms of (3.24) by / B(-)(¥*)?(-)dx and adding and subtracting the term / al-)(*(-)3d,
Q Q

we obtain that

“()Pda + / o)™ ()dz

//3

S/ 5(')(1;*)2(~)dx C”"Z‘W </ / P10 o+ 09 dordr ) s (3.25)
Q

v OF G5 gy 4 [ a()(*)2()de ()W)
(Hg) L) 08 s+ [ o) P (de [ al)w 0

/ 8(0) /Q B (w2 )z o [ 80w 0
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therefore, we obtain

D) / V" () Pdz + / () ("2 ()de

/Q B’

1+§) [ Ll ) (el —¢(>|)dsdx+/ (W Ode [ o)) s

/ 5() / 5() ] o / B ()

with

C’Edg]D) /Ca (1)) Z ‘87,5]| </ / 2‘3U¢ (x+ro‘$)| dadr) do dx,

/5

by definition, we have 0;;4* (x +ros) = 0;;Vs * . (2 + ros). Thus, by applying Fubini’s Theorem and employing
standard convolution estimates, we derive the following result for small o,

/ nggm / / (ls)) Is SJI .2 (/ |a”,/6*qu(x+rgs)2dx> drdo ds,
() [s|<1 01]2

Sdx i

CedoD l
edo / / Z |si s]| r?drds | IV | L@y l[$e 72 @y (3.27)
2/5(')(1/1*)2(-)da: s1<1 J[0,1]
Q

i,

A

2
< §||v2’/0||L1(RN)Hd)*”i?(RN)/ vo(|s])ls*dz,
[s|<1

by substituting (3.27) into (3.26), we find that
doD(J)A
() < 0+ 9t +20)

2N
CedoD(L s;isq|?
el ) ol VI s|Z'||;rdrds 920l v o 22 vy
QN//B s1<1 Jj0,1)
< (14 €) (X (ds.m) +20)
L2 CedsD E)
3 Pl ey [ el
2N/B <1

Is|<

ngzD(Eg) 2 Hw*H%2(RN 2
< (L&) (A (daym) +20) + 52272,y ol [y ([s)s[ds
2Nmmx€ﬁﬁ(~)dac L& )||¢ ||L2(RN) |s]<1
CedaD(L,)

< (A48 A (d2,m) +26) + oo
)< ( ) 2N mlnxeﬁﬂ(,)dx

17200l ey / o (Is])]s[ds,

Is|<1
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applying the fact that f\8|<1 vy (|s|)|s|? ds < o, and letting o — 0, we obtain that

\ doD(J)A
* 2N

since the last inequality it is holds for all £, we deduce that

(2

G ) < (\*(da, m) + 26).

4. THE THRESHOLD BEHAVIOR

In this section, we investigate the existence of the infection-free equilibrium (IFE) and analyze the behavior
of the model (1.2) when \* (d, m) < 0, which corresponds to Ry < 1. We begin by demonstrating the existence

and uniqueness of the IFE, denoted by E° = <%, 0, 0) .

Proposition 4.1. The model (1.2) has an unique IFE E® = (%, 0, O) .

Proof. From the model (1.2), E? verifies the following equation,
d
%[ Lra—) [0 - @]y =0, zen (1)

by applying the same approach as [40], we can deduce that S is a constant. By applying the second assumption
(2.1), we obtain that

N
0 )= —

To show uniqueness, we take that any solution SY(x) must be constant, with the constant fixed by a population
constraint. Define the operator:

A(S)(x) = / Lo(z — ) [S(y) — S()] dy.
then,
A(S%)(x) =0, VYre,

we assume that there exists two solutions S¢(z) and S9(x) satisfy 21(S?) = A(S9) = 0, we put w(z) = SY(x) —
S9(x), it then follows that

A(w) (x) = /Q Lo(z — ) [w(y) — w(z)] dy =0,

S0,

/Q Lo(z - yyuly) dy = w(z) / Lo(x—y)dy.

Q
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Let k(z) = / Lo(x —y)dy, if we assume that w(z) is not constant, with a maximum at xy € Q, so w(y) —

Q
w(zo) < 0, we obtain

W) = [ £o(eo =) [o(s) ~ wao)] dy < 0.

Since A(w)(zo) = 0, and L, > 0, the integrand L, (zo — y) [w(y) — w(z)] < 0 must be zero almost everywhere.

If Lo(xg—y) >0 for y in a set of positive measure, then w(y) = w(zy) . We suppose the existence of the

connectivity (e.g., Lo(x —y) > 0 for |z — y| < ¢), this equality propagates across 2, implying w(z) = constant.
Thus, S?(z) = SY(x) + c. A population constraint, such as:

SYz)dz =N
Q

fixes the constant. We have that [, S dz = [, S5 dz = N, then ¢ = 0, ensuring S§ = S9. Hence, the solution
is unique. O

In the next Theorem, we show the stability of IFE for Rg = 1.
Theorem 4.2. Let Ry = 1, then the equilibrium IFE is globally asymptotically stable.

Proof. By using (3.1) and the fact that Ry = 1, we find A, = 0, we define the Lyapunov function as follows

V)= | ¥(x)Z(t, x)dx,

Q

where 1 (z) > 0 represents the principal eigenfunction of (3.6). Next, we compute the time derivative of the
Lyapunov function

v oz

dat o Y(z )a dz,
B(x)ST
= [ v |2 [ Lote iz - Ty + D - atz] )
_ U—m/Qz/J(x)/ﬂﬁg(x — Dy — I(t o dydx+/ Wz [SiI)SfR a(x)I} dz .
Term 1: Diffusion Term 2: Infection and Recovery

We rewrite the following term,

/Q ) /Q Loz -yt y) - T(t,2)] dy da = /Q /Q Lo —y)(@)T(y) dyda — /Q /Q Lo — y)(@)T(x) dy de.

Interchange x and y in the first integral, using symmetry (L, (x — y) = L,(y — x)), we get

/Q/Qﬁo(l“*y) dydz—// (y)Z(t,z) dydx_// (z — y)(y)Z(t, z) dy dz,
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it then follows,

% [ 0@ [ Lola =izt - Tl dyde = 22 [ 2.0) [ Lola—plot) —d@)dyde, (43

by using the eigenfunction equation (3.6), we get

d
U% A Lo(z —y)[v(y) — ¥(x)]dy = —[B(z) — a(z)]d(z), (4.4)
by multiplying (4.4) by Z(¢,z) and integrating over 2, we have

4

O'mQ

2(t.0) | [ Loto = n)ite)dy = [ Lola = pwias] ao == [ [560) - oot z,) d

by using (4.3), the first term becomes,

% [ 0@ [ Lol —nEt) Tt dyds = - [ [3) —a@lw(@) (00 ds (15)

we also have,

/QW“") [si(z)izn }d“"—/qﬁ [ (@ )S+I8+R—a(a:)} de, (4.6)

we rewrite the term (4.6) as follows,

/ P(x {S —|—I+ =~ (:z:)I] dz = /Qw(x)l'(t,z) {6(93) (S—l—f'—i—R - 1) + B(z) — a(x)} dz, (4.7

by combining (4.5) and (4.7) , we get

= [ vt |50 (51557 1) oo

1-— then

. S _
Since grrm = S+Z+R )

s 4__I+R _
S+IT+R T OSHI+R

thus,

T+ R
/1/) J2h( (S+I+R>d$§0’

thus, we find dV < 0, and strictly negative unless Z = 0, solutlons converge to the invariant set where Z = 0. To
conﬁrm R — 0 we consider the Lyapunov function W (t) = 5 fQ 2 dx, we compute the time derivative of
W, we have

aw_ R[d?’
Q

= / Jo(z = 9)[R(t,y) - R(t,2)] dy + a(@)T — 4(2)R | dx,

O—’I’l
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the first term gives,

& [ Ret.a) [ doto = 9)R(t.0) - Rt2) yd, (18)

we rewrite (4.8), we have

d%i/ / Jo(x —y)R(t, z)R(t,y) dy da — d—i/ R(t,m)z/ Jo(x —y)dy de, (4.9)
0" JaJa 0" Ja Q
by applying the following,

_2R(ta J})R(t, y) = [R(tv y) - R(ta w)]Q - R(tv y)2 - R(t7 JJ)Q,

we obtain,

1 2 2
/Q /(; Jo(z — y)R(t, z)R(t,y) dydz = -3 /Q /Q Jo(x —y)[R(t,y) — R(t,x)]” dydx + /;2 R(t, z) /Q Jo(z —y) dy((ixl,o)
by replacing (4.10) into (4.9), we get ‘

ds3

207

/ / Jo(z — )[Rt y) — Rt 2)]2 dy da < 0,
QJQ

we conclude that

aw
— < =2
7 S W),

thus, R — 0 in L?(Q), and smoothing ensures C(Q) convergence. Hence, we get that W (t) — 0, which gives
R — 0 in L'(£2), and nonlocal smoothing ensures R — 0 in C(Q). Since Z,R — 0, the first equation of (1.2)

di .
reduces to 22 ~ ey Jo Jo(z = y)[S(t,y) — S(t, x)] dy, driving S — S°. O
Before presenting the main result of this section, we need to establish the following proposition.

Proposition 4.3. Let us consider (S(t,-),Z(t,-), R(t,-)) be the solution of (1.2), then if So(-) < SO(-) for onf),
we get that S(t,-) < S°(+), Vz € Q.

Proof. By subtracting the equation (4.1) and the first equation of (1.2) and we set that S (t,z) = S (t,z) —
SY (), we obtain that

95 ds - Cstady - POSEITE) ey von
gfs_ ”T/QU <itl/)z[5t(t’y> Soldy = =g g TIORE), Vol (4.11)
5 =A%~ % +v()R(t,-), Yz e,

since the operator Ag generates a positive semi-group {Ts},., by solving the last equation (4.11), we find that

S(t,-):TS(t)80(~)—/O Ts(t - s) [W} dr, (4.12)

given that Sp(+) < 0, it follows that S < 0, which implies that S(¢,-) < S°(-) for all x € Q. O
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Now, we are ready to establish the global stability of IFE (GAS).
Theorem 4.4. Let Ry < 1, then the IFE is GAS.

Proof. By applying Proposition (4.3), we have that S(t,-) < S°(-), VonQ,t > 0, and if we suppose that
(Z,R) < (U1,Us) using the comparison principle on the second equation of (1.2), we have

oUy  dy

) GO0y,
o Ly (x—y)[Z(t,y) —Z(t,-)]dy + B(-)S(-) + el

SO +e4+U +Us

o™ Jq
% - j% /Q Lo (x —y) [R(t,y) — R(t, )] dy — 1()Us,

a(’)Ulv

SO()+e

f the fact that
rom the fact tha S 1t 0h 105

< 1, by using again the comparison principle, we obtain that

% = d% Lo (z—y) Vi(t,y) = Vi(t, )] dy + B()Vi — a(-)Va, € Q,
0 f (4.13)
oVy

T = | Lo o= 9) Daltn) = VaCt N dy =9 (Ve + 0LV,

we define the semi-group denoted as 7; g associated to the linear problem (4.13) such that
1755l < Cue (@2,

by applying the proposition (3.1) since Ry < 1, which gives that A* < 0. Consequently, we get that
(V1,V2) = (0,0), onQ,ast — co. Furthermore, we obtain that (Uy,Us) — (0,0), on€,ast — oco. Thus,
(I, R) — (0,0), onQ,ast — oo. By using the first equation of (1.2), we need to show that S(t,-) — S°(-),
uniformly for on{2, as t — co. Since (I, R) — (0,0), as t — oo, the first equation of model (1.2) can be written
as follows,

o5 _ dy | Lo (@ =) [S(ty) = S(t:)]dy,

ot
/ $°()dz = N,
Q
Now, we set that s(t,z) = S(t,-) — S°(-), with s(¢, -) satisfies the following equation,

0s _ di

giam

B()ST

m +’Y(')R(t, '), (414)

LU(I - y) [S(tv y) - S(tv )] dy -

we know that 5(-), a(-) are a holder continuous then there exists a constant C > 0 such that




22 S. BENTOUT AND S. DJILALI

we also define V(t) = / s%(t,-) dz. By computing its derivative, we obtain,

Q
) _ Q/S(t .)8s(t,~) dz
dt oot
=2 [stt) (2 [ £oto =) st - ste Ny - PG 0 0R ()
d

P ( / / Lox—y) (s(t,y) - s(t, ) - / (t,y) dy) (4.15)
w2 [ s (YORw) - g1y ) a
< -2 2CV() + 2CNe~ A" (dm)t

by integrating (4.15), we get that

t
V(t) SV(O)G_Z%C*t-FQe_Z%C*tC*N/ GB(Q%C_i)\*(dl,m))ado.7
0

(4.16)
we put A = —Q%C*, B=2C.,N, and C = %)\* (d1,m). Thus, by a simple computation, we get
py < [O+2B)R e =g, (4.17)
“ (vt + Zeect) ¢ 4, '

using (4.14), we obtain

t
2 ly Iy ST
s(t.) =so(ge e Lot ([ £ pstradn (ORG-S5 ) ar
it then follows from the Holder’s inequality, we obtain
| £ola = st dy < Coc V(D)o

for C, > 0, we get
— 1y At Ct o
Is(t, )] < are” o™t 4+ (ot + ag)e?t + age if C =
T a5e_%t T age®t + aqeCt if C #
with o; (for i = 1,...,7) represent a positive constants. In fact that s(t,-) € C(Q x (0, 00)), it follows that

s(t,-) — 0 uniformly on Q as t — oo.

O
Remark 4.5. In the preceding theorem, we demonstrated that, in practice, the epidemic will eventually be
eradicated from our community. This approach serves as a valuable method for eliminating the transmission of



ASYMPTOTIC DYNAMICS OF SIRS EPIDEMIC MODEL WITH DISPERSAL BUDGETS 23

infectious diseases among the population. Additionally, it provides effective tools for controlling and halting the
spread of epidemics.

5. POSITIVE ENDEMIC EQUILIBRIUM STATES (PEES)

In this section, we aim to establish both the existence and uniqueness of the PEES, along with the corre-

sponding asymptotic profiles related to this phenomenon. Specifically, we will examine scenarios in which the
parameter o influences the spread of disease within the community. The PEES satisfies the following system,

o™ Ja
_d BHS(Z()
O_f{i | Lo(w =y () =IOy + - —al)Z(),  onf, (5.1)
0= | Lole=9)[RW) = ROIy —1OR() +a()Z(),  on®

Furthermore, by summing the first and second equations of (1.2) and subsequently integrating the resulting

equation over {2, we obtain the following result,

o /Q [S(t.) + Z(t, ) + R(t, ) dz =0, V> 0. (5.2)
which implies that
/Q () + () +R(E ) de =N, Ve > 0. (5.3)
Thus, we can deduce that (S(-),Z(-), R(-)) verifies the following equation,
/Q[S(-) +7()+R()]dz = N, (5.4)
by adding the three equations of (5.1), we get
[ £ote =) [(015° ) + dal) + daR) = (4150) + daT() + duRR) | =0 (5.5)
by using the same arguments as the Proposition (3.3) in [40], we obtain that
(5.6)

(dLS* () + daI* () + dsR*(-)) = C*,
then, by setting that S* = Ci, I = dél: LR = dé}f*, it then follows that
(d1S*()+I"()+ R*(1) =1, on €.
= (S*,I*, R*). This analysis utilizes

We proceed to show the existence at least of (PEES), denoted by E*
Theorem 3 from [41], as detailed in the following theorem.
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Theorem 5.1. We assume that Ro > 1, it then follows as there exists an at least solution (5’*, f*, R*) of model

(5.1), and the model (1.2) is uniformly persistent which means that there exist 6 > 0 such that

liminfS(¢,.) > 4§, liminfZ(¢,.) >4J, lminfR(¢,.) > 6
t—o00 t—o0 t—o0

Furthermore, there exists at least at least of (PEES), E*.

Proof. To proceed, we must confirm that all claims of Theorem 4.2 in [35] are satisfied. Let us define

Xo:={¢ = (¥1,v¥2,¢3) € X' : 45(-) # 0 and 3(-) # 0},
Xy = {0 = (1,12, ¢p3) € X 1 4 (-) = 0 or ¥3(-) = 0}, (5.7)
M = {(So, o, Ro) €X' : (S,I,R) € 0Xo } .

To address the first claim, we define the following sets: w(Sp, Ip, Ro), representing the limit set of the orbit
{®4(So, Iy, Ro) : t > 0}, and W*(S5°,0,0), which denotes the stable set of the IFE . Moreover, we need to prove
that &, Xy C Xy, Vt > 0. We consider (¢1,12,13) € Xy, by applying the variation constant method into the
model (1.2), we get

¢ dq . 6()8(03 ')I(Ua )
st :¢1e/0 U—m/g,/.ﬁg(xfy)der—S_’_I_i_R do
BOS(e VLo )

" /ot (dl Lo(z —y)S(o,y) dy +v(-)R(a, ')) e/“ % /Q T s TR do,

o™ Ja

da
o by ﬁg(xy)dy+a(~)>t
I(t,) = dze <" /ﬂ

+/t (ﬁ/ﬁa(xy)z(a,y)dy+W) e_<i2n/9£” (x_l/)dlﬁa(-))(t—a) o
0o \97 Ja

-(ﬁ/cg<x—y>dy+w<->)t
R(t,-) = ¢ze \7 /9

d
(m R dy+7(-)> o)
o Q do,

t

(& [ oo wREaay+ (T ) e
0o \9" Ja

(5.8)

Since this implies that S(t,-),Z(¢,-),R(¢,-) > 0 for all ¢ > 0 and = € Q, we can conclude that
(S(t,),Z(t,-),R(t,-)) € Xy, with the property that &, Xy C Xp.

In the second claim, it remains to establish that w(¢) = {5°(:),0,0} for every initial condition (S, In, Ro) €
M. We suppose by contradiction that M C {1/11 eC (R*, Q) : (11,0, O)} . Indeed, we have two cases [ = 0, R #=
0 and I #= 0, R = 0. In the first case, we assume that R #= 0, since we have ®;Xy; C Ay then we obtain that
Z(t,-) > 0,Yon),t > 0, which contradicts with the fact that I € M. In the second case, by (5.8), we obtain that
Z(t,-) > 0,R(t,-)¥t > 0, Vonf, then we conclude that ®; (¢)) € Ay, which implies that ¢ € M. Moreover, we
have w(v) = (S°(-),0,0) ,Vz € Q.
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In the last claim , we focus to investigate that E°(-) = (S 0, 0,0) is a uniform weak repeller which means
there exists € > 0, such that

hmsup H(I)t (SO>IOaR0) - (SO(),O,O)H > €,V(8,I, R) € XO~
t—o0

We suppose by contradiction that there exists a € > 0 such that

limsup ||®; (So, Lo, Ro) — (5°(-),0,0)| <&,V (S,I,R) € X.

t—o0

Moreover, we can find a £ > 0, with V¢ > ¢, such that:

SY9)—e<S(t,) 0<I(t,-)<6, 0<I(t-)<e O0<R(t-)<e z€.

Since Ry > 1, applying Proposition (3.1) implies that A(g) > 0 for sufficiently small values of . Based on
this, we propose a model where I serves as an upper solution to the following model
The system under consideration is given by:

o _ B[ Wity — U ) dy+ B0 ) —a(U (), > on

ilm Q SO() + 2
o= | Lo @=y) (V(Ly) = V() dy £V = a()T, on2,
U(Eﬂ ) = I(Ev ) >0, OHQ,
V(t,-) =R({-) >0, onf),

by selecting a sufficiently small e > 0 such that & (¢5, ¢5) < (Z(¢,- : ¢2), R(Z, - : ¢3)) in €, it follows that (U, V) =
eer (&) (¢5(t — 1), 45(-)(t — 1)) serves as a subsolution to the system. Since A(¢) > 0, which yields that U —
00, V — 00, ast — oo. Additionally, we obtain that I — oo and R — oo as t — oo, which gives a contradiction
against Theorem (2.2).

Next, we use Theorem 3 in [41], we set the following function = : X* — R* such that Z=(¢) :=
min {mingcq ¢2(-), mingeq #3()}, ¢ € X, with ¢o = I, ¢3 = R, we have that = (P;(¢)) > 0, Vt > 0,
or 2 (P4(¢)) = 0,Vt > 0, it then follows that = generalized a distance of ®;. By using the first claim, we can
deduce that

U w(@) ={E}, and W*(Eo)n="}(0,00) =0,
PEDX)

where W#(Ej) represents the stable set of Ey, then {Ey} is an isolated invariant set in Xz, and no subset of
{Qo} forms a cycle in 0Xp,. Therefore, by [41], Theorem 3, there exists ¢ > 0 such that

min = >q,
min £(¢) > ¢

where £ C Xy \ {Eo} is any compact chain-transitive set. This result implies that

limsupZ(t,.) > ¢, limsupR(t,.) >,

t—o00 t—o0

for any non-zero initial value (]I%O) € Xp.
0
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By combining this with [42], Theorem 4.7, we conclude that system (1.2) possesses at least one PEES FE,,
in Xo. O

6. ASYMPTOTIC PROFILES OF PEES

In this section, we examine the asymptotic behavior of PEES, demonstrating that the model converges to
PEES under the condition of sufficiently small of o.

Theorem 6.1. Assuming that Ro > 1, and we suppose that m = 2, and o — 0T, then we have
(SC)HZE)RE)) = (576, (), B*()),
where (S*(-), I*(-), R*(+)) represents a unique positive smooth solution to the following system:

ADAS() - SRR £ 0RO =0, ont

* DENOINC *
SN0 + AR ~a0r 0 =0, o

BRI AR () + a(-)I*(-) = 1(-)R*()) = 0, ongd,

98* _ aI* _ 9R* _
o = on = on = 0; x € 09,
where 0/0n represents the normal derivative on the boundary 0S).

Proof. For m = 2, and by applying (3) in Theorem (3.2), we know that

D?(J b2 (-
N (R0 ) [ atyyas
= in
2N 1 N2()d ’
EH(Q),#0 fQ B()¥2(-)dx / B()?/P()dx
Q
since Ro > 1, it then follows from (5.1) and (5.6), we have that
IS][z= < C5, (|||~ < CF, [|R][r~ < CZ, (6.1)
ST ST
and we set the following functions f(-) = —% +v(-)R, on Q, and g(-) = % —a()I, onQ, h=

a()I —~(-)R, on Q, by (6.1) and since /3, i,y are a Holder continuous, then we obtain
€[] o< () < C, llgllz=@) < Cs, [[hllz=(0) < C3 (6.2)

where C2, C2, C® are a positive constants.
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By multiplying the first, second and third equations of (5.1) by Sy, I, R,, respectively, we get that

Do [ [ =) (8,0 = 8,001 dyde = [ 5,008,000
dﬂizn // o (2 — ) Ln () = In(y))2 dyde/QIn(')gn(')dx~ (6.3)
Do) [ [ =) (R) = B dyde = [ B () da,

we have that (, = W (2)|2]2, by using (6.3)—(5.6) and (6.2), we obtain that

D) 2 m—2 3
D('QCU)/Q QCUT,,(Z) [Sn()|z|§n(y)] dydx < o dlC*’
D(glf)/ QCUH(Z> [In() |;|*2[n(y)]2 dy dx < o’";zci'
D(L, Ru() = Ro(y)P2 -
o) [ [ ¢ ol Tl g, ¢ omer
since m = 2, we obtain that
D) — 2 3
D(ca)/ CO'”(Z) [In()_ln(y)]z dyd.’l) < (;i
D) PR ) R :
o n\") — Lipl\yY (o
32 G ayar < G

Now, by employing the same arguments as Theorems 1.2 and 1.3 in [43], we find that a subsequence
(Snka-[nk,Rnk) s such that

(Snk()7lmc()aRnk) A (S*(>7I*()’R*(>)7 € Lz(Q)a as k — oo,

where (S*(-), I*(-), R*(:)) € W12(Q) x W12(Q) x W2(Q).
Next, we apply the Proposition 5.4 in [22], we obtain the following result

d1D2 )
/|<5/ | |2 () [¢s(@ — )—2¢s(-)+¢3($—l—z)]dxdz—/Qqﬁs(.)fn(.)dx_o’

dID2
2

dsDy(J )
2 /| e O pE RO ) ~26m(0) + gt + dads — [ ha(or()dz =0

/||<5/ Con (2 | |2 () [oz(z — 2) = 2¢2() + ¢z (z + 2)]dadz — /an(-)cpz(~)dx —0,
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with the functions f,, g,, and h,, are as previously defined in equation (6.3). By adding and substraction the
term (o, (z)#sn() [ZDQQSSZT] , with D? = {9;;}; j, we find that

d1D2 2 _ . .
/||<5/<" Sl (D205 dus— [ 8,5
_ —dlm / / Coulz Wsn Nos(e —2) = 205() + ds(a +2) — 2D?s2" ] dedz,
[2]<6

d2D2 / / 51 ()[zD*¢gz" ]dasdz—i—/ n()oz()de
|z|<5 ‘ |
o (6.4)

- -t / <5/ a7, |2 r(w —2) = 202() + dz(w + 2) — 2D%¢r2" |dadz,
d3]D)2 2 . .

/||<5/ ‘ |2 )zD*prz ]dxdz—i—/ n()éz()dz
N 3D2 / \ 5/9 | |2 Vor(x —2) = 20R(-) + ¢r(x + 2) — 2D*¢r2" |dadz,

<

since the function (,, is radially symmetric, by apply the same approach as the proof of Theorem 1.4 in [22],
we can rewrite the following formulas:

Do ( D K
d1 2( / / | |2 ZD2¢SZ |dzdz = —dl Q(E;) N Sn()A¢s(-)dx
<sJa Q
doDDg( doDy (L) K
2o ( / / | |2 I( ZngOIZ ]dxdz—w/fn(')Adﬁ(')dl‘, (6.5)
|z]<6 JQ Q
d3D2 I R e A o RO LOLE
|z|<d | | 2 Q
where K —/ (5-e1)%ds = 1
2N = s 1 =N

By substituting (6.5) into (6.4), we have

D [ su0)a0st )dx+/ (s ()da

d1D22 /| <5/ o2 \ |2 Nos(x —2) = 20s() + ds(a + 2) — 2D*psz" ] dadz,

B [ Loapztds / g ()or()da

- d2D2 / Gou () g a2z — 2) = 202() + b2l + 2) — 2D%127 ) dadt,
|z]<6 JQ

227"

DL ) [ Fu)80m()da+ [ bo()or(s

__d3D2(£a) zi . Tr—2z)— . T 2) — 2 2 ZT rdz
= 9 /|<5/Ccrn( )‘Z|21n()[¢l—( ) 2¢I()+¢I( + ) D*¢r ]d dz,
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given that (S,, I, R,) — (S*(-), I*, R*), € L?(2), we obtain

S*I*

g (or()dz = [ gOez(r = [ [B0) oot — a()I*| frda
/Q /Q /Q[ S*+I*+ R

/Q ha (Yo (-)dz — /Q h()ér ()dz = /Q “a()I* — 1()R"] érde.

[ tesrae - [ tosiae= [ - [ﬂ(-) +w<->R*} bz,

Since ¢g, @1, dr € C(N), there exist constants C(¢ds), C(¢1), and C(¢r). We also define the characteristic
functions cop(4s), C0B(4,), and coB(ey) corresponding to the sets B(¢s), B(¢r), and B(ér), respectively, such
that the following inequalities are satisfied,

|ps(x — 2) = 205() + ds(x + 2) — 2D*pg2" | < C(ds)|2 0B (6s),
|pz(x — 2) = 202(") + ¢z(x + 2) — 2D*¢r2" | < C(1)|2>00B(45), (6.6)
|ps(x — 2) = 205() + ds(x + 2) — 2D*¢s2" | < C(dR)|2[>00B(4s),

we have that S, (+), I,(-), Ry (-) are uniformly bounded with respect to n, it then follows as

diDy (L)
2

/ / Con()|228n() [65( — 2) — 265() + bs(w + 2) — 2D?6557] du dz
|z|<6 JQ

< [Snll e @) C(ds) /Q Con(2)]2] 2

S Clanv
and
% / / pon(2)|2*Tn () [¢z(x — 2) = 202(-) + ¢z(x + 2) — 2D%¢r2" | du dz
|z| <6 JQ
< Mol @ Cn) [ G, ()l d
S CQUnv
and
% / / Con (D)2 Bn ()[R (x = 2) = 20% () + ¢ (2 + 2) = 2D*¢1z" ] dzd2
|z|<6 JQ

(6.7)
< | Rull 10 Cl6R) / Con(2)]2] dz

S C3O—na
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as n — 0o, we obtain ¢, — 0, which leads to the following system of equations,

WO [ stsostdn+ [ fa0os()dr =0,
B [ 208620 dr+ [ gurer()de =0 ©8)
L) [ 20)80r(0)dr + [ Ba(pz()dr =0,
which implies that

Do) A8 () = 50 e s 0RO =0, on €0

d2aD(Ly) o s S*()I*(-) B

N A <')+ﬂ(')3*(.)+p(.)+R*(.) —a()Z()=0, on €Q, (6.9)

dsD(L,)

AR () = 1()R () +a()I() =0, on €,

with Neumann conditions:

05* oI OR*
on  On  On =0, on o

Finally, to show the regularity of the PEES (S*(-),I*(:), R*(:)), we have that these functions are already
known to be bounded. By invoking elliptic regularity theory, we conclude that (S*(-),I*(-), R*(-)) are in fact
smooth. Moreover, since 0 — 0 (with o being arbitrary), it follows that

(SCHZE)RE) = (S7C) (), B*()) -

The following theorem investigates the asymptotic behavior of model (5.1) for m > 2.

Theorem 6.2. Assume that Ry > 1 and/ B(-) — a(-)dz > 0. Additionally, suppose that m > 2 and the kernel

Q
Lo is radially symmetric. Then, the solution (S(-),Z(-),R(-)) of model (5.1) converges to (S*(-), I*(-), R*(:)) as
o — 0 with (S*(), I*(-), R*(-)) verifies

NS (1s [ 204, 8- atpas [ Oee,

(.
il 9 Q| Ndz
(14 [ 20a) /f(f [ ot (1-2)

Proof. Since Ry > 1, by using Theorem (5.1), there exists at least one PEES E* of the model (5.1). Next, we
consider (S, I,, R,,) the solutions of the model (5.1), and we consider {0, } a sequence of o such that o, — 0T
as m — oo.

(8
Q
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Using a similar approach as in (6.3), we obtain

Da(L,) — S o2

]D)2(2£ / / an ? ( )] dydr = dlc*’

72(2 = /Q QCan(z)W dyde < om;QC*. (6.10)
D (L) [Rn(-) = Ra(y)]? o —2C?

S ] e ar < g

where G, = a7y o, (2)]2)°
By applying the same reasoning as in Theorems 1.2 and 1.3 of [43], we conclude the existence of a subsequence
(Snk ) Ink y Rnk) such that

(Snk()’l”lk()7Rnk<)) — (S*())I*()7R*()) in LQ(Q), as k — 0,

with (S*(-), I*(+), R*(-)) € Wh2(Q) x Wh2(Q) x Wh2(Q).
We use (6.10), we can conclude

m—23
/ VS 2dy < TG
dy

m24
.

/ |VI*|? dz < % (6.11)
om— 205
/ IVR*2de < T——=.
Q 3
Letting ¢ — 0T in the inequalities (6.11), we obtain
/ |VS*|? dx = 0,
Q
/ |VI*|?dz =0,
Q
/ |VI*|?dz =0,
Q

which implies that S*, I*, R* are constants, we denoted these constants by C;,Cy, C3, respectively, we deduce
that

S, = Cy, I, — Cy, R, — C3, in L*(Q). (6.12)

Next, it is essential to show that C;,Cs, C3 are positive. The verification process is organized into distinct

cases, outlined as follows:

Case 1: In this scenario, we assume that the constants are all zero, implying C; = C5 = C3 = 0, which
directly contradicts equation (5.3).

Case 2: We suppose that C; > 0,Cy = C3 = 0, from the second equation of (5.1), we define I as
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it is easy to get that ||I,]|oc = 1, Vn € N, and I, satisfies the equation

> )0 Su()En () .

by using a method analogous to Theorems 1.2 and 1.3 of [43], it can be shown that lim, fn — 1.

By integrating both sides of (6.13) over Q and taking the limit as n — oo we can obtain / B()dx =
Q

~(+) dz, which gives a contradiction.

Case 3: In this scenario, we assume that C; > 0, C5 > 0, C5 = 0, by intergrading the third equation of
(5.1), we get that / a(-)dz = 0 which implies a contradiction.

Case 4: We asgume that C; = Co = 0, C3 > 0, we integrate the first equation of (5.1), we obtain that

~(-)dz = 0 which is also a contradiction.

Case 5: By assuming that C; = C3 = 0, Cy > 0, by using also the second equation we obtain that
- / a(-)dz = 0, which gives also a contradiction.

Q
Case 6: in this case, we assume that C; > 0, C; > 0, C5 > 0,
by using the first-second and third equations of (5.1), we obtain that

/((C1+(C2+(C3) =N,
Q
_ Ndae (6.14)
(C1+(CQQ+(C3 —(CQ‘/QCV()da
(Cg/ﬂa(o)dm :Cg/ﬂfy()dx,

which implies
o (1, 55)

C =—-= —=dz

ol el o 7(:

1+ ,
JRes
o ¢

(1+ /Q ﬂyé;d:y)

)
— o
B(-)da
(L5 o)
Cs :/Q Oé8dx(Cg.

) dz
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7. DISCUSSION AND CONCLUSION

In this work, we have established a SIRS epidemic model incorporating both nonlinear incidence which write
B()ST

as ———
S+I+R
outcomes are abstracted in the following points:

and the nonlocal diffusion with a scaling factor ¢ and a cost parameter m. The principal results

¢ Firstly, we have proved the existence-uniqueness of the solutions of (1.2) by constructing (1.2) as a Cauchy
system . Furthermore, we employ the semi-group theories to demonstrate the global existence of solutions.

e We have shown Ry . By applying the same methodology akin to [3], we can get the same formula of (3.8)
which have a relationship the principal eigenvalue A*, the difficult task in this model is to show that model
(1.2) has an uniqe PEES . Specifically, if Ry < 1, then we conclude that the infectious is predicted to be
extinct; otherwise, when Ry > 1, then the epidemic persists.

e We have showed the persistence of the model for Ry > 1, which can be very important in showing the
existence of at least one PEES.

e The main objective of this paper was to provide the asymptotic dynamics of SIRS epidemic model when
for a small o and a nonlinear incidence rates.

The study of asymptotic profiles in epidemic models has garnered increasing attention in recent years (e.g.,
[3, 5, 17, 29]). The mobility of individuals plays a critical role in the spread of infectious diseases. Our analysis
highlights that when the scaling parameter ¢ is very small, the coexistence of individuals is guaranteed, lead-
ing to the persistence of infections. Such findings have significant implications for mathematical modeling in
epidemiology and other applications, including SIS epidemic model (see, for instance, [3, 5]).

In this work, we considered nonlinear incidence functions where the denominator is the total population,
providing a more realistic representation of interactions between susceptible and infected individuals. Future
research could extend this framework to incorporate generalized incidence functions of the form f(S,Z,R).
Exploring such extensions may yield new insights into the dynamics of epidemic models and offer a broader
perspective on interaction mechanisms (see [5, 16, 44]).

Our results also emphasize the significant impact of nonlocal diffusion on the epidemic model (1.2). When
the scaling factor o is small, and the cost parameter m > 2, we identified high-risk regions defined by:

{rea: [(60)-atnas>o}.

where the basic reproduction number Ry > 1. In such regions, the spread of the epidemic poses a severe
threat, as susceptible individuals entering these areas are likely to contribute to further disease transmission.
Furthermore, the model predicts that recovered individuals may lose their immunity, presenting additional
challenges for disease control.

To mitigate these risks, it is crucial for governments to identify and control these high-risk regions. Measures
such as restricting the movement of susceptible and recovered individuals into these areas through confinement,
combined with public awareness campaigns via media, can be effective in reducing the spread of the epidemic.
These strategies are vital for minimizing potential harm and ensuring public health safety.

It is worth emphasizing that the diffusion patterns of individuals are not uniform, and the scaling factors for
dispersal kernels vary among different groups. It is more logical and reasonable to consider distinct dispersal
kernels and scaling factors for different individuals, as this approach better reflects natural movement behaviors.
This modeling perspective is both insightful and practical, offering a more realistic description of individual
movement. In the future, exploring such differentiated movement dynamics could provide valuable insights and
open new avenues for research.

For Ry < 1, we have demonstrated that the infection-free equilibrium (IFE) is globally asymptotically stable,
indicating the eventual elimination of the epidemic. This aligns with the results obtained by Allen et al. [1]
in the context of models involving local diffusion. However, our framework incorporates reinfection and spatial
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heterogeneity, which strengthens the conclusion that uniform intervention strategies remain effective across
the spatial domain 2. The proposed model broadens classical SIRS-type formulations by introducing nonlocal
dispersal, spatial variability in parameters, and a nonlinear transmission term. This allows for a more nuanced
representation of epidemic behavior in heterogeneous environments. Our results on the role of dispersal o
contribute new perspectives to the existing body of work. Notably, the analysis related to the dispersal scale
provides important insights relevant to public health. In comparison with models based on local diffusion [1, 13—
15], metapopulation frameworks [45], and spatially homogeneous nonlocal systems [3], our study captures richer
spatial effects that are particularly pertinent for emerging infectious diseases. From a practical standpoint, the
result that Ry < 1 ensures disease elimination is encouraging. At the same time, the possibility of persistence
for small dispersal values o points to the threat of localized outbreaks.

These observations are consistent with previous studies such as [13, 14], which highlighted the importance
of spatial factors in epidemic control, and Pan et al. [15], who examined the SIRS model in a heterogeneous
setting with logistic growth. Overall, our work emphasizes the importance of large-scale public health actions,
such as travel restrictions, in preventing the spatial propagation of infection.

In our research, we have constructed the asymptotic behavior of the model (1.2) based on the notion that
the kernel scaling o is very small which represents to a plan of dispersing many offspring on a local range,
which is considered to be quite significant. We will, however, demonstrate the behavior for scaling in the future,
which is quite enormous which considered to maximize the analysis of the environment at the expense of the
number of hers dispersed. The asymptotic behavior of the model and the potential impact of environmental
exploration on the number of scattered offspring may be demonstrated, in fact, by employing the identical
arguments developed in the cited work [21]. Age structure has a significant effect in the influence of infectious
diseases (see, for example, [44, 46]) on the model’s behavior; we will investigate this strategy further in the
future.

Our SIRS model with nonlocal diffusion and spatial heterogeneity establishes a robust framework for under-
standing infectious disease dynamics, as demonstrated by our results on well-posedness, global attractors, and
the role of dispersal parameters. To further enhance the realism of our model, an future work is to incorporate
memory effects to describe how individuals’ knowledge of a disease effect its spread. As individuals acquire
information about past infectious (e.g., through media or personal experience), their behaviors, such as social
distancing or vaccination uptake, may depend on historical disease states. Replacing the classical time deriva-
tives in (1.2) with the Hattaf mixed fractional derivative or fractal-fractional derivative, as introduced
in [47, 48], could model these memory effects. These advanced operators show the temporal nonlocality and
fractal structures, potentially revealing delayed or persistent epidemic dynamics driven by biological memory.
Such an extension would complement our nonlocal spatial diffusion, offering deeper insights into diseases like
COVID-19, where public awareness significantly transmission. We aim to pursue these fractional approaches in
future work strengthen the model’s utility for public health strategies.
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