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DATA-DRIVEN NEURONAL DYNAMICS: MODEL

IDENTIFICATION AND SPIKING ANALYSIS

Yicheng Mao1 and Xianbin Liu1,*

Abstract. Neurons serve as the fundamental unit in the structure and functionality of the nervous
system, and the large cluster network formed by their interconnection determines the perception, learn-
ing, emotion, memory and other behaviors of the organism. While prior studies of neurons primarily
focused on costly experiments and feature-based modeling, recent advancements in computing power
and algorithms have made it possible to identify and analyze system with data-driven approaches.
This study introduces a data-driven method for the identification of neuronal systems, and the result
shows that the method is of great precision for further study. In addition, in order to investigate the
mechanisms underlying the transition between resting and active states, a finite difference scheme is
developed to calculate the mean first exit time and spiking frequency of neuronal systems. Notably,
we propose the concept of noise coupling effect in our study, which elaborates that the spiking of a
neuronal dynamical system can occur more rapidly under less stringent conditions when driven by the
potential fluctuation of both Gaussian white noise and Lévy noise.
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1. Introduction

The study of neuronal dynamics has emerged as a critical field within brain science, garnering increasing
importance and witnessing significant advancements over the years. Neuronal dynamics refers to the patterns
and mechanisms of activity that occur within and between neurons, shaping the complex functioning of the
brain. Understanding neuronal dynamics is crucial for unraveling the mysteries of the brain and comprehending
various cognitive processes, such as perception, learning, and memory.

The intricate network of neurons in the brain communicates through electrical and chemical signals, form-
ing the basis for neural information processing. The investigation of neuronal dynamics aims to decipher the
principles underlying these neural interactions and shed light on how they give rise to cognitive function. By
studying the dynamics of individual neurons and analyzing their collective behaviors, we seek to gain insight
into the fundamental principles of brain function.

Advancements in experimental techniques have played a pivotal role in driving the development of research
on neuronal dynamics. Over the past decades, researchers have developed sophisticated mathematical models
that simulate the behavior of neuronal networks, allowing for the investigation of emergent behaviors and
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collective phenomena. A concise yet robust classification of excitable neurons was put forward by Hodgkin [1],
where the neuronal excitability is classified into two types: Class 1 excitability implies that action potentials
of any frequency can be generated under electric stimulation, while Class 2 excitability means that action
potentials can only be generated in a certain frequency band. Scholars have proposed the bifurcation theory of
neuronal dynamics to provide further insights into the firing types of neurons. Rinzel & Ermentrout [2] employed
the current intensity as a bifurcation parameter to establish a well-known paradigm for neuron models. Class 1
excitability, arising from a saddle-node bifurcation [3–8], and Class 2 excitability, observed when a rest potential
loses stability via an Andronov–Hopf bifurcation [6, 8–13], are two examples of bifurcation whose codimension
is equal to 1. Moreover, scholars have also extensively classified bifurcations for complex cases with higher
codimension [6, 8, 14–18].

With the rapid development of modern computing technology and scientific tools, various fields have started to
embrace the new paradigm of data-driven development, which includes medical imaging diagnosis, autonomous
driving technology, financial risk control strategies, and even open AI assistants [19–21]. Thanks to the mod-
ern deluge of data, data-driven system identification has developed rapidly in recent years. For deterministic
systems, Brunton et al. [22, 23] have developed tools of sparse identification to identify ordinary differen-
tial equations. Furthermore, in the context of stochastic systems, data-driven identification methods can be
divided into three main categories. The first way is to directly identify the drift and diffusion coefficients,
which includes the methods of neural differential equations [24, 25], Bayesian inference [26, 27], and non-
local Kramers–Moyal formulae [28–30]. The second approach focuses on learning the generator of stochastic
differential equations by estimating the stochastic Koopman operator [31–33]. Lastly, In the third way, the coeffi-
cients are obtained by estimating the Fokker–Planck equations corresponding to stochastic differential equations
[34, 35].

The thesis of this paper is twofold. Firstly, we propose a data-driven method for identifying neuron models,
particularly those driven by non-Gaussian Lévy potential fluctuations. Secondly, we examine the impact of
various potential stochastic fluctuations on the spike period. This paper is organized as follows. In Section 2, we
introduce the paradigm of Ermentrout–Kopell neuron models [3, 36], and then we utilize non-local Kramers–
Moyal formulae [28–30] to realize the model identification. In Section 3, by numerically solving the mean first
exit time, we estimate the variation of the spike period under different non-Gaussian Lévy potential fluctuations,
and we propose the noise coupling effect in our analysis, which enables us to study the nature of spontaneous
periodic firing in neurons. Conclusions are presented in Section 4. Additionally, for the sake of clarity and
coherence, specific details are arranged in the appendix for reference.

2. Data-driven neuronal model identification

The neuronal excitability is marked by significant fluctuations in action potentials. These fluctuations are
produced and maintained by the movement of ions through the cell membrane. In the simplest scenario, an
elevated membrane potential stimulates the opening of Na+ and Ca++ channels, causing a swift influx of
these ions and consequently raising the membrane potential even further. Subsequently, as a positive feedback
mechanism regulates this sudden increase, the channels become inactivated, and K+ channels are activated. As
a result, the K+ current increases, leading to a reduction in the membrane potential. This process is commonly
known as a spike in neuronal dynamics, and Figure 1 depicts the spikes triggered by the initial potential
fluctuation.

Experimental observations have consistently shown that the spontaneous firing of neurons is often attributed
to random fluctuations in their initial potential. Under the assumption that the clustering behavior of neuronal
Poisson spikes can be approximated using the central limit theorem, previous studies have primarily focused on
investigating this pure-diffusion phenomenon under the perturbation of additive Gaussian white noise [37–40].
Nevertheless, it has been observed that systems comprising numerous nonlinear subneurons often display non-
Gaussian discontinuous spikes. Therefore, exploring neuronal dynamics under non-Gaussian Lévy noise provides
a more accurate representation of these abrupt potential jumps [41–45]. In this paper, we further examine one
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Figure 1. Diagram of neural spikes caused by initial potential fluctuations

of the most general scenarios, where multiplicative white Gaussian noise and additive Lévy noise act together
as random perturbations on the self-excited discharge of neurons.

2.1. Non-local Kramers–Moyal formula for system identification

In order to identify the stochastic dynamical system driven by Lévy noise and multiplicative Gaussian white
noise, based on the FPK equation of the solution process, Li and Duan [28–30] derived the following non-local
Kramers–Moyal formula to extract the drift terms, diffusion terms and noise parameters from the sample path.

Consider an n-dimensional stochastic dynamical in the following form

dX (t) = b(X (t))dt+Λ(X (t))dB t + σdLt (2.1)

where B t = [B1,t, B2,t, ..., Bn,t] is an n-dimensional Brownian motion. Lt = [L1,t, L2,t, ..., Ln,t] denotes an
n-dimensional non-Gaussian Lévy motion with triplet (0, 0, να), where the jump measure of Lt satisfies
ν(dy) = W (y)dy for y ∈ Rn/{0}, specific details can be found in Definition A.3 of Appendix A. The vec-
tor b(x ) = [b1(x ), b2(x ), ..., bn(x )]

T represents the drift coefficient, and the diffusion coefficient Λ(x ) is an
n× n matrix. The covariance matrix is defined by a(x ) = ΛΛT.

Theorem 2.1 (non-local Kramers–Moyal formula [28–30]). For every ε > 0, the probability density p(x , t|z , 0),
where z = x (0), has the following relations with the jump measure, drift and diffusion term.

(i) For every x and z satisfying |x − z | > ε, lim
t→0

p(x , t|z , 0)/t = σ−nW (σ−1(x − z )) uniformly in x and z ;

(ii) For i = 1, 2, ..., n, lim
t→0

t−1
∫
|x−z |<ε

(xi − zi)p(x , t|z , 0)dx = bi(z );

(iii) For i, j = 1, 2, ..., n, lim
t→0

t−1
∫
|x−z |<ε

(xi − zi)(xj − zj)p(x , t|z , 0)dx = aij(z )+σ−n
∫
|y |<ε

yiyjW (σ−1y)dy .

Corollary 2.2. For every ε > 0, the solution process X (t) of (1) has the following relations with the jump
measure, drift and diffusion term.

(i) For every m > 1, m ∈ Z+, lim
t→0

t−1P{|x(t)− z| ∈ [ε,mε)|x(0) = z}= σ−n
∫
|y|∈[ε,mε)

W (σ−1y)dy;

(ii) For i = 1, 2, ..., n, lim
t→0

t−1P{|x (t)− z | < ε|x (0) = z }·E[(xi(t)− zi)|x (0) = z ; |x (t)− z | < ε] = bi(z );

(iii) For i, j = 1, 2, ..., n, lim
t→0

t−1P{|x (t) − z | < ε|x (0) = z}·E[(xi(t) − zi)(xj(t) − zj)|x (0) = z ; |x (t) − z | <
ε]= aij(z ) + σ−n

∫
|y |<ε

yiyjW (σ−1y)dy .
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2.2. Identification for the Lévy motion

Utilizing Corollary A.5, we can identify the Lévy motion, the drift term and covariance matrix from sample
paths.

Assume that there exists a pair of datasets observed from equation (2.1)

Z = [z 1, z 2, ..., zM ],
X = [x 1,x 2, ...,xM ].

(2.2)

where x i is the image of z i after a small time interval h.
In order to measure the displacement of each point after an evolution time h, we construct a new data set

R = [|y1|, |y2|, ..., |yM |], y i = x i − z i. (2.3)

Furthermore, a dictionary of basis functions, φ(x ) = [φ1(x ), φ2(x ), ..., φk(x )], is also needed for the
identification of the drift term and the covariance matrix.

For the numerical identification of the Lévy noise intensity σ and the stability parameter α, we consider N +1
intervals [ε,mε), [mε,m2ε), ..., [mNε,mN+1ε)for ε > 0 and m > 1. Then we counted the number of elements in
R that fall within the above intervals, which is denoted as n1, n2, ..., nN+1. Therefore, based on the first assertion
of Corollary A.5, the conditional probability on the left side of the first assertion can be approximated by the
ratio of the number of the points falling into the interval [ε,mε) to the total number M , i.e.

lim
h→0

P{|x (h)− z | ∈ [mkε,mk+1ε)|x (0) = z} ≈ h−1M−1nk (2.4)

In the system identification of equation (2.1), the integration in the right hand of assertion (i) yields

σ−1

∫
|y|∈[mkε,mk+1ε)

W (σ−1y)dy = 2σαc(1, α)α−1ε−αm−kα(1−m−α) (2.5)

for α-stable Lévy noise, W (y) = c(n, α)|y|−(n+α) , c(n, α) = αΓ((n+α)/2)
21−απn/2Γ(1−α/2)

.

Combine equation (2.4) and equation (2.5), assertion (i) yields N + 1 equalities

2σαc(1, α)α−1ε−αm−kα = h−1M−1nk , k = 0, 1, ..., N. (2.6)

The ratios of the first equation (k = 0) to the other N equations lead to the solutions of α

α = (k lnm)−1 ln
n0

nk
, k = 1, 2, ..., N. (2.7)

Therefore, we take the arithmetic mean of equation (2.7) as the identification value of α, which is denoted
as α̃. Similarly, substituting α̃ into equation (2.6), we get the solutions of σ, and we finally take the arithmetic
mean σ̃ as the identification value of σ.

σ = [
α̃εα̃mkα̃nk

2c(1, α̃)hM(1−m−α̃)
]1/α̃ , k = 0, 1, ..., N. (2.8)
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2.3. Identification for the drift term

Based on the second assertion of Corollary A.5, the identification of the drift term requires the statistical
information in the region |x (t)− z | < ε. Therefore, we reconstructed the dataset equation (2.2) as follows

Z̄ = [z̄ 1, z̄ 2, ..., z̄ M̄ ],
X̄ = [x̄ 1, x̄ 2, ..., x̄ M̄ ].

(2.9)

Compared with the original dataset equations (2.2), and (2.9) retains only the part of equation (2.2) that
satisfies |x i − z i| < ε, where M̄ indicates the number of data pairs that meet this condition. Therefore, the
conditional probability P{|x (t)− z | < ε|x (0) = z} can be estimated as M̄M−1.

In addition, based on the dictionary of the basis functions, each component of the drift coefficient can
be approximated as bi(x ) ≈

∑K
k=1 ci,kφk(x ), i = 1, 2, ..., n. Above all, we derive the following equation for

corollary (ii)

Aci = Bi,

A =

φ1(z̄ 1) · · · φK(z̄ 1)
: :

φ1(z̄ M̄ ) · · · φK(z̄ M̄ )

 ,

Bi = M̄M−1h−1[x̄ i,1 − z̄ i,1, ..., x̄ i,M − z̄ i,M ]T.

(2.10)

where ci = [ci,1, ci,2, ..., ci,K ] is the coordinate of the i- th component of the drift term b(x ) on the function
basis. In general, equation (2.10) has no solutions. Here we utilize the sparse identification method to learn the
drift term, which minimizes ||Aci −Bi||2 to find the optimal solution in the least square sense. Therefore, the
coefficient of the function basis can be solved as follows

c̃i = (ATA)−1(ATBi). (2.11)

2.4. Identification for the diffusion term

Finally, based on the third assertion of Corollary A.5, we can learn the covariance matrix a(x ) of the
diffusion term. Similar to the identification of the drift term, each component of the covariance matrix can be
approximated as aij(x ) ≈

∑K
k=1 dij,kφk(x ), i, j = 1, 2, ..., n. Therefore, we derive the equation of corollary (iii)

as follows

Ad ij = Bij ,

A =

 φ1(z̄ 1) · · · φK(z̄ 1)
: :
φ1(z̄ M̄ ) · · · φK(z̄ M̄ )

 ,

Bij = M̄M−1h−1[(xi,1 − zi,1)(xj,1 − zj,1), ..., (xi,M̄ − zi,M̄ )(xj,M̄ − zj,M̄ )]T − Sij(ε),
Sij(ε) = σ̃−n

∫
|y|<ε

yiyjW (σ̃−1y)dy.

(2.12)

where d ij = [dij,1, dij,2, ..., dij,k]
T and Sij(ε) requires the parameters α̃ and σ̃ estimated in Section 2.3. Again

from the sparse identification method, we get the least square solution

d̃ ij = (ATA)−1(ATBij) (2.13)
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Figure 2. Neural excitability (r < 0) and Periodic spiking (r > 0).

2.5. Excitable neuronal systems driven by Lévy potential excitation

In this section, we mainly examine the Ermentrout–Kopell model [3, 46, 47], which is the normal form of
Class 1 excitable neurons:

θ̇ = (1− cos θ) + (1 + cos θ)r,
θ ∈ S1 , mod 2π.

(2.14)

where θ ∈ [−π, π) represents the membrane potential along the invariant circle, r is the bifurcation parameter.
This model reveals the Class 1 excitability through the saddle-node bifurcation on an invariant circle with
codimension 1.

If r<0, there exists two equilibria for (1), θ± = ± cos−1((1 + r)/(1 − r)), representing the rest state and
the threshold respectively. The system exhibits excitability in the following manner: Small perturbations of θ
that do not exceed the threshold θ+ decay exponentially. Conversely, if θ is perturbed beyond the threshold, it
continues to grow and finally generates a spike along the circle. Furthermore, If r>0, there are no equilibria for
(1), resulting in oscillations of θ(t) with the frequency of ω = 2

√
r. Diagrams of each case and neural excitability

are shown in Figure 2.
In this section, we validate the data-driven approach by considering a most general case where the neuronal

model equation (2.14) is driven by both multiplicative Gaussian white noise and additive pure jump α- stable
Lévy noise:

dθ = (1− cos θ)dt+ (1 + cos θ)rdt+ σB(1 + cos θ)dBt + σLdLt
α (2.15)

where Bt is Brownian motion with multiplicative diffusion intensity σB . Lt
α is an α- stable Lévy process with

triplet (0, 0, να), and σL is the corresponding Lévy noise intensity. Specific details about Lévy process are
arranged in Appendix A for reference.

2.6. Extracting SDE from noised data for neuron systems

Utilizing the methods derived in Sections 2.2 to 2.4, we identify the Ermentrout–Kopell neuronal system
equation (2.15) in excitable state (r < 0) and periodic spiking state (r > 0) respectively. The results are listed
as follows, where the sampling interval h = 0.01 and the selected function dictionary is listed as follows.

When identifying the diffusion term, it is not possible for us to directly determine the diffusion coefficient of
Gaussian white noise. This limitation arises from the fact that Gaussian white noise is the formal derivative of
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Table 1. Identified Lévy motion for the excitable state (r < 0 in Fig. 2).

The stability parameter α Lévy noise intensity σL

True Learn Error True Learn Error

1.5 1.4997 2× 10−4 2 2.0035 1.75× 10−3

1.25 1.2493 5.6× 10−4 2 2.0103 5.15× 10−3

1 1.0015 1.5× 10−3 2 2.0021 1.05× 10−3

0.5 0.5018 3.6× 10−3 2 1.9912 4.4× 10−3

Table 2. Identified drift term for the excitable state (r < 0 in Fig. 2).

Basis r = −0.1 r = −0.2 r = −0.3

True Learn Error True Learn Error True Learn Error

1 0.9 0.8947 5.9× 10−3 0.8 0.7897 1.2× 10−2 0.7 0.6975 3.5× 10−3

θ 0 0 0 0 0 0
θ2 0 0 0 0 0 0
θ3 0 0 0 0 0 0
sin θ 0 0 0 0 0 0
cos θ –1.1 –1.0911 8.1× 10−3 –1.2 –1.1908 7.6× 10−3 –1.3 –1.2882 9.1× 10−3

sin 2θ 0 0 0 0 0 0
cos 2θ 0 0 0 0 0 0

Table 3. Identified variance of the diffusion term (for the excitable state r < 0 in Fig. 2).

Basis σB = 0.2 σB = 0.5 σB = 1

True Learn Error True Learn Error True Learn Error

1 0.04 0.0389 2.7× 10−2 0.25 0.2436 2.5× 10−2 1 0.9884 1.1× 10−2

θ 0 0 0 0 0 0
θ2 0 0 0 0 0 0
θ3 0 0 0 0 0 0
θ4 0 0 0 0 0 0
sin θ 0 0 0 0 0 0
cos θ 0.08 0.0807 8.7× 10−3 0.5 0.4896 2.1× 10−2 2 1.9913 4.3× 10−3

cos2 θ 0.04 0.0386 3.5× 10−2 0.25 0.2469 1.2× 10−2 1 0.9891 1.1× 10−2

Brownian motion in the statistical sense, and the increments of Brownian motion follow a normal distribution.
Moreover, since the sum of independent normal distributions is also a normal distribution, the same statistical
information can correspond to different forms of diffusion coefficients.

Therefore, we calculate the covariance of the diffusion term in Tables 3 and 5, where the basis function dictio-
nary is selected as {1, θ, θ2, θ3, θ4, sin θ, cos θ, sin2 θ, cos2 θ}. In order to enhance the stability of the identification
outcomes, we exclude sin2 θ from the set of function bases. The decision was made due to the decomposition
of sin2 θ = 1 − cos2 θ, that is, we dismiss the functions that can be seen as linear combinations of other basis
functions.

Finally, to more accurately identify the dominant basis function in the function dictionary, we employ the
step error verification sparse regression method. The procedure begins by randomly splitting the sample dataset
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Table 4. Identified drift term for the periodic spiking state (r > 0 in Fig. 2).

Basis r = 0.1 r = 0.2 r = 0.3

True Learn Error True Learn Error True Learn Error

1 1.1 1.0864 1.2× 10−2 1.2 1.1821 1.5× 10−2 1.3 1.2847 1.1× 10−2

θ 0 0 0 0 0 0
θ2 0 0 0 0 0 0
θ3 0 0 0 0 0 0
sin θ 0 0 0 0 0 0
cos θ -0.9 -0.9071 7.9× 10−3 –0.8 –0.7796 2.5× 10−2 –0.7 –0.7097 1.4× 10−2

sin 2θ 0 0 0 0 0 0
cos 2θ 0 0 0 0 0 0

Table 5. Identified variance of the diffusion term (for the periodic spiking state r > 0 in Fig. 2).

Basis σB = 0.2 σB = 0.5 σB = 1

True Learn Error True Learn Error True Learn Error

1 0.04 0.0379 5.2× 10−2 0.25 0.
2444

2.2× 10−2 1 0.9771 2.3× 10−2

θ 0 0 0 0 0 0
θ2 0 0 0 0 0 0
θ3 0 0 0 0 0 0
θ4 0 0 0 0 0 0
sin θ 0 0 0 0 0 0
cos θ 0.08 0.0785 1.9× 10−2 0.5 0.4869 2.6× 10−2 2 1.8979 5.1× 10−2

cos2 θ 0.04 0.0387 3.2× 10−2 0.25 0.2471 1.2× 10−2 1 0.9863 1.4× 10−2

equation (2.9) into two portions: 10% for the test set and 90% for the training set. Subsequently, we conduct
sparse regression on the entire function dictionary using the training set, while documenting the mean square
error observed in the test set. Next, we eliminate the basis with the smallest absolute value of the regression
coefficient, resulting in a new function dictionary. This process is iterated until only one basis remains in the
function dictionary. Ultimately, we select the function dictionary corresponding to the minimum mean square
error as the optimal sparse regression.

In addition, the above strategy can be applied to system identification for higher-dimensional neuron systems
with more complex noise excitation. For instance, for the following FHN neuron system [48–51] driven by
Gaussian and Lévy noise:

{
dx1 = (x1 − x1

3/3− x2)dt+ σB(1 + x2)dB1,t + σBdB2,t + σLdL
α
1,t

dx2 = k(x1 +m)dt+ σBx1dB2,t + σLdL
α
2,t

(2.16)

where the parameter k ≪ 1 is the ratio of slow and fast time scales, andm is a control parameter that governs the
character of the solutions. The case of |m| > 1 was widely used to characterize the phenomenon of nerve pulses
[52]. B t = [B1,t, B2,t]

T is a two-dimensional Brownian motion with independent component, Lα
t = [Lα

1,t , L
α
2,t]

T

is an α−stable Lévy process with triplet (0, 0, να). σB and σL denote the intensity of Gaussian white noise and
Lévy noise.
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To maintain the conciseness of the paper, the system identification results for the case k = 0.2,m = 1.2 are
provided in Appendix C for reference.

3. Neuron spiking analysis

3.1. The exit problem of SDEs driven by Lévy noise

The neuron activity in an excitable state is typically characterized by its average firing frequency. Therefore,
in order to reveal the common natural firing characteristics of excitable neurons, we primarily investigate the
mean first exit time of the original Class 1 excitable Ermentrout–Kopell neural model, which is driven by both
multiplicative Gaussian white noise and additive pure jump α- stable Lévy noise:

dθ = (1− cos θ)dt+ (1 + cos θ)rdt+ σB(1 + cos θ)dBt + σLdLt
α,

θ ∈ S1, mod2π.
(3.1)

where r = −0.2 corresponds to the Class 1 excitable state. σB and σL are the intensity of Gaussian white noise
and Lévy noise respectively.

Unlike the case where it is solely stimulated by Gaussian white noise, the solution trajectory of the stochastic
dynamical system driven by Lévy noise no longer exhibits random continuity and instead demonstrates jumping
characteristics.

For a general form of stochastic dynamical system driven by α- stable Lévy noise:

dX t = b(X t )dt+ σB (X t )dB t + σLdLt
α (3.2)

whereX t ∈ Rn, b(X t ) ∈ Rn,B t ∈ Rm,σB (X t ) ∈ Rn×m,σL = diag(σL,1, σL,2, ..., σL,n) is the Lévy noise inten-
sity. Lt

α = (Lt
α1 , Lt

α2 , ..., Lt
αn)T , and each component Lt

αi , (i = 1, ..., n) is an α-stable Lévy process with
triplet (0, 0, να) and stability parameter αi , (i = 1, ..., n).
The mean first exit time of the solution process X t satisfies the following nonlocal integral-differential boundary
problem: {

Au = −1
u|Dc = 0

(3.3)

where equation (3.3) describes the mean first exit time of the process from a region D to its residual set Dc,
and A is the generator of the solution process X t, which can be get from Corollary A.7 in Appendix A.

Af = b · ∇f +
1

2
Tr[σσTH (f)] +

n∑
i=1

(σL,i)
αi

∫
Rn\{0}

[f(x1, x2, ..., xi−1, xi + dx, xi+1, ..., xn)− f(x1, x2, ..., xn)]ναi
(dx). (3.4)

3.2. Calculation and analysis of the spiking frequency

In this section, in order to describe the average spiking frequency of the Class 1 excitable Ermentrout–Kopell
neural model equation (3.1), we utilize the finite difference method to calculate the mean first exit time over
the interval [−π/2, θ+], where θ+ is the threshold potential described in Section 2.5. Additionally, for the sake
of clarity, we provide the derivation and error estimation of the finite difference scheme in Appendix B for
reference.

Figure 3 describes the relationship between the mean first exit time and the stability parameter α in a system
driven solely by Lévy noise. We can find that the decline in stability parameter α results in a notable increase in
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Figure 3. The mean first exit time (a) and spiking frequency (b) for different stability param-
eter α, which is calculated for the cases solely driven by Lévy noise, i.e. σB = 0, σL = 1.

the mean first exit time, and concomitantly, a sharp decrease in the spiking frequency, thus leading the neurons
into an inactive state.

Nonetheless, pure jump Lévy noise may inadequate to capture the initial potential fluctuations of neurons in
a broader context. In this study, we explore a system driven by both Gaussian white noise and Lévy noise. We
specifically examine the correlation between the mean first exit time and the noise intensity σB & σL across
various stability parameters α. The outcomes are illustrated in Figure 4.

Figure 4 depicts the rest state θ− as the observed value across diverse conditions, and presents the trend in
the mean first exit time and spiking frequency concerning noise intensities σB & σL. It is observed that the
mean first exit time generally declines as noise intensity increases. However, counterintuitively, with a small
stability parameter α, a minor Gaussian white noise intensity is adequate to notably reduce the mean first exit
time. We call this phenomenon the noise coupling effect. When this effect manifests, the neuronal system can
substantially decrease the mean first exit time and sharply increase the spiking frequency at the cost of lower
noise intensities σB & σL, thus making the neurons be in an active state. The mechanism of the noise coupling
effect will be elaborated detaily in the next chapter of discussion.

4. Discussion

In this study, a data-driven approach is introduced to extract neuron models from noised data. Two models
of Class 1 excitability, i.e. Ermentrout–Kopell neural system and FHN neuron system, are examined under
the potential fluctuation of both Gaussian white noise and Lévy noise. The findings demonstrate that the noise
statistics can be accurately determined, leading to a relatively precise identification of the neuron models, which
allows us to go one step further and better analyze the underlying dynamic behavior of neuronal systems.

Furthermore, two key indicators, namely the mean first exit time and spiking frequency, are utilized to
investigate the transitions of neurons from a resting state to an active state. In order to calculate the mean
first exit time, we develop a finite difference method for solving non-local boundary value problems under Lévy
noise excitation. The results reveal a noise coupling effect, i.e., in a system where Gaussian white noise and
Lévy noise act simultaneously, it is observed that with a small stability parameter α, a significant reduction in
the mean first exit time can be achieved with an minor intensity of Gaussian white noise, rather than adopting
the conventional approach of simultaneously increasing the intensities of both Gaussian white noise and Lévy
noise.
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Figure 4. Mean first exit time and spiking frequency for different stability parameter α. Where
(a): α = 0.95, (b): α = 1, (c): α = 1.1, (d): α = 1.5.

The fundamental mechanism of the noise coupling effect illustrates that, instead of simply amplifying noise
intensities by multiplying the amplitude of noise-induced fluctuations, the heavy-tail property of the Lévy process
(i.e., the decay rate of probability density is polynomial) and the light-tail property of the Gaussian process (i.e.,
the decay rate of probability density is exponential, which is faster than the polynomial decay rate) complement
each other, promoting the exit of a dynamical system. Specifically, under the condition of moderate noise
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intensity, the width of the amplitude probability density distribution of the noise term holds greater significance
than doubling the noise fluctuation amplitude. The noise coupling effect serves as a compelling explanation
for conflicting outcomes observed by different researchers in prior studies [53–56] when analyzing the dominant
factor of the exit issue in stochastic dynamics. Consequently, further exploration of the noise coupling effect
holds substantial importance in addressing exit problems within stochastic dynamics.

Appendix A. Lévy process

Definition A.1. A Lévy process, LtorL(t), is a stochastic process satisfying the following conditions:

(i) L0 = 0, a.s.
(ii) Independent increments: For t1<t2< · · ·<tn−1<tn, the random variables Lt2 −Lt1 ,· · ·,Ltn −Ltn−1 are independent.
(iii) Stationary increments: Lt − Ls and Lt−s have the same distribution.
(iv) Stochastically continuous sample paths: For all δ > 0 and all s≥0, P (|Lt − Ls| > δ) → 0 as t → s.

Definition A.2. (Lévy–Khintchine formula [57]) If Lt is a Lévy process with triplet (b,Q , ν) in Rn, then its characteristic
function is:

Φt(u) = Eei<u,Lt> = etη(u) foreacht≥0,u ∈ Rn,

where η(u) = ib · u − 1
2
u ·Qu +

∫
Rn\{0}[e

iu·y − 1− iI{||y||<1}u · y]ν(dy),
η(u)is defined for a vector b ∈ Rn, a non-negative definite symmetric matrix Q ∈ Rn×n, and a Borel measure ν on
Rn\{0} for which

∫
Rn\{0}(||y||

2∧1)ν(dy) < ∞.

Definition A.3. α-stable Lévy process is a special but important class of Lévy processes, which is defined by stable
random variable with the distribution Sα(δ, β, λ) [57, 58]. Where α ∈ (0, 2] represents the stability parameter, δ ∈ (0,∞)
is the scaling parameter, β ∈ [−1, 1] is the skewness parameter, and λ ∈ (−∞,∞) denotes the shift parameter.
Specifically, the characteristic function of a rotationally symmetric α-stable Lévy process is:

Φt(u) = Ee<u,Lt> = exp(−t|u|α)

where the jump measure is given by:

να(dy) = c(n, α)|y|−(n+α)dy

with the constant:

c(n, α) =
αΓ((n+ α)/2)

21−απn/2Γ(1− α/2)
.

For a small value of α(0 < α < 1), α-stable Lévy process exhibits a higher probability of experiencing large jumps.
Conversely, for a large value of α(1 < α < 2), the α-stable Lévy process tends to have a higher probability of small
jumps. The special case is α = 2, which corresponds to the Brown motion. More details about Lévy process can be found
in references [57, 58].

Theorem A.4. The generator of a Lévy process with triplet (b,Q , ν) is:

Aφ = b · ∇φ+
1

2
Tr(QH(φ)) +

∫
Rn\{0}

[φ(x + y)− φ(x )− I{||y||<1}y · ∇φ(x)]ν(dy)

where H is the Hessian matrix, and I denotes the indicative function.
To facilitate the calculation of the mean first exit time and escape probability distribution, we derive the generator of

εLt, where ε is the intensity of Lévy process.
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Corollary A.5. For Lévy process Lt ∈ Rn with triplet (b,Q , ν), the generator of εLt is:

Aφ = εb · ∇φ+
ε2

2
Tr(QH(φ)) +

∫
Rn\{0}

[φ(x + εy)− φ(x )− εI{||y||<1}y · ∇φ(x)]ν(dy).

Proof:
From Definition A.2, for Lt ∈ Rn with triplet (b,Q , ν), the characteristic function is given as:

Φt(u) = Eei<u,Lt> = exp{ib · ut − 1

2
u ·Qut + t

∫
Rn\{0}

[eiu·y − 1− iI{||y||<1}u · y]ν(dy)}

The characteristic function of εLt is:

Φ
′
(u) = Eei<u,εLt> = Eei<εu,Lt>

= exp{εib · ut− ε2

2
u ·Qut+ t

∫
Rn\{0}[e

iεu·y − 1− εiI{||y||≤1}u · y]ν(dy)}
= exp{εib · ut− εitu ·

∫
Rn\{0} I{||y||≤1}yν(dy)− ε2

2
u ·Qut+ t

∫
Rn\{0}[e

iu·y − 1]ν(d(y
ε
))}

= exp{εib · ut− εitu ·
∫
Rn\{0} I{||y||≤1}yν(dy) + itu ·

∫
Rn\{0} I{||y||≤1}yν(d(

y
ε
))− ε2

2
u ·Qut

+t
∫
Rn\{0}[e

iu·y − 1− iI{||y||≤1}u · y]ν(d(y
ε
))}

= exp{i[εb− ε
∫
Rn\{0} I{||y||≤1}yν(dy) +

∫
Rn\{0} I{||y||≤1}yν(d(

y
ε
))] · ut− 1

2
u · (ε2Q)ut

+t
∫
Rn\{0}[e

iu·y − 1− iI{||y||≤1}u · y]ν(d(y
ε
))}

Therefore, εLt is a Lévy process with triplet:

(εb − ε

∫
Rn\{0}

I{||y||≤1}yν(dy) +

∫
Rn\{0}

I{||y||≤1}yν(d(
y

ε
)), ε2Q, ν(d(

y

ε
)))

From Theorem A.4, we know the generator of εLt is given as Corollary A.5.

Corollary A.6. For a symmetric α-stable Lévy process Lt
α ∈ Rn with triplet (b,Q , να), the generator of εLt

α is given
as:

Aαφ = εb · ∇φ+
ε2

2
Tr(QH(φ)) + εn−1+α

∫
Rn\{0}

[φ(x + y)− φ(x )− I{||y||<1}y · ∇φ(x)]να(dy)

where να(dy) = c(n, α) · dy

||y||n+α , c(n, α) = αΓ((n+α)/2)

21−απn/2Γ(1−α/2)
.

Proof. For α-stable Lévy process,

να(d(
y

ε
)) = c(n, α) ·

d( y
ε
)

|| y
ε
||n+α = εn−1+α · c(n, α) · dy

||y||n+α = εn−1+α · να(dy)

From Corollary A.5, the triplet corresponding to εLt
α is:

(εb − ε

∫
Rn\{0}

I{||y||≤1}yν(dy) +

∫
Rn\{0}

I{||y||≤1}yν(d(
y

ε
)), ε2Q, εn−1+α · να(dy))

From Theorem 1, we know the generator of εLt
α is given as Corollary A.6.

Corollary A.7. For SDE in Rn of the following form:

dX t = b(X t)dt+ σB (X t)dB t + σLdLt
α
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where X t ∈ Rn, b(X t) ∈ Rn,B t ∈ Rm,σB (X t) ∈ Rn×m,σL = diag(σL,1, σL,2, ..., σL,n)is the Lévy noise intensity,
Lt

α = (Lt
α1 , Lt

α2 , ..., Lt
αn)T , and each component Lt

αi , (i = 1, ..., n) is independent Lévy process with stability parameter
αi.
Generator of the solution process X t is given as follows:

Af = b · ∇f +
1

2
Tr[σσTH (f)] +

n∑
i=1

(σL,i)
αi

∫
Rn\{0}

[f(x1, x2, ..., xi−1, xi + dx, xi+1, ..., xn)− f(x1, x2, ..., xn)]ναi(dx).

The cumulative term in the latter half of the formula arises from the independence of each component Lt
αi , (i =

1, ..., n). For more details and more general cases of multiplicative Lévy noise, readers can refer to References. [57,59].

Appendix B. Difference scheme derivation and
error estimation

In this section, we drive a second-order difference scheme for the stochastic dynamical system of the general form:

dXt = b(Xt)dt+ σB(Xt)dBt + σLdL
α
t

where Xt ∈ R1, Lα
t is a pure jump α-stable Lévy process with intensity σL. From Corollary A.7 in Appendix A, we know

the generator of the solution process Xt has the following form:

Af(x) = b(x) · ∂f
∂x

+
1

2
σ2
B(x) ·

∂2f

∂x2
+ σα

L · c(1, α) ·
∫
R1/{0}

f(x+ y)− f(x)

||y||1+α
dy

 Let us consider the following exit problem. Given two intervals that satisfy [C,D] ⊃ [A,B], calculate the mean first
exit time from [A,B] to the residual set [C,A]

⋃
[B,D].

Firstly, we divide the interval [C,D] into N− 1 equal parts with length h, which lead to N nodes as described in the
above diagram.

Secondly, the central difference scheme is employed to approximate the partial derivatives in generator A, which leads
to the accuracy of O(h2). For the nonlocal boundary problem of the mean first exit time:

{
Au = −1
u|Dc = 0

where we employ:


∂u

∂x
=

ui+1 − ui−1

2h
∂2u

∂x2
=

ui+1 − 2ui + ui−1

h2

fori ∈ [nA + 1, nB − 1]

for the non-local integral term in the generator, we have:
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Table C.1. Identified Lévy motion for the FHN neuron system.

The stability parameter α Lévy noise intensity σL

True Learn Error True Learn Error

2 2.0311 1.6× 10−2 2 2.0721 3.6× 10−2

1.5 1.4927 4.9× 10−3 2 2.0337 1.7× 10−2

1 1.0093 9.3× 10−3 2 1.9896 5.2× 10−3

0.5 0.5015 3.1× 10−3 2 2.0591 2.9× 10−2

0.25 0.2538 1.5× 10−2 2 1.9913 4.3× 10−3

σα
L · c(1, α) ·

∫
R1/{0}

u(x+ y)− u(x)

||y||1+α
dy = σα

L · c(1, α) · [
∫ A−x

−∞

u(x+ y)− u(x)

||y||1+α
dy +

∫ B−x

A−x

u(x+ y)− u(x)

||y||1+α
dy

+

∫ +∞

B−x

u(x+ y)− u(x)

||y||1+α
dy]

since the mean first exit time u(x) vanishes outside the region [A,B], the above equation can be simplified as:

σα
L · c(1, α) · [

∫ A−x

−∞

−u(x)

||y||1+α
dy +

∫ B−x

A−x

u(x+ y)− u(x)

||y||1+α
dy +

∫ +∞

B−x

−u(x)

||y||1+α
dy]

= σα
L · c(1, α) · {−u(x)

α
[

1

(x−A)α
+

1

(B − x)α
] +

∫ B−x

A−x

u(x+ y)− u(x)

||y||1+α
dy}

which can be discretized as:

σα
L · c(1, α) · {−u(x)

α
[

1

(x−A)α
+

1

(B − x)α
] +

∫ B−x

A−x

u(x+ y)− u(x)

||y||1+α
dy}

= σα
L · c(1, α) · {−u(xi)

α
[

1

(xi −A)α
+

1

(B − xi)α
] +

nB−i∑
j=nA−i

u(xi+j)− u(xi)

||xi+j − xi||1+α
}

fori ∈ [nA + 1, nB − 1]

Leading order error of the above quadrature rule is −ζ(α−1)u
′′
(x)h2−α+o(h2)[60], where ζ is the Riemann-zeta function.

Therefore, the equation that governs the mean first exit time can be discretized as the following form:
b(xi) ·

ui+1 − ui−1

2h
+

1

2
σ2
B(xi) ·

ui+1 − 2ui + ui−1

h2
− σα

L · c(1, α) · ui

α
· [ 1

(xi −A)α
+

1

(B − xi)α
]

+ σα
L · c(1, α) ·

nB−i∑
j=nA−i

ui+j − ui

||xi+j − xi||1+α
= −1 for i ∈ [nA + 1, nB − 1]

ui = 0 for i ∈ [1, nA]
⋃
[nB , n]

Finally, we solve the above linear system utilizing the LU factorization or the Krylov subspace iterative method
GMRES.

Appendix C. System identification for the FHN neuron system

To clarify the structure of this paper, the identification results of the FHN neuron system equation (2.16) are listed
separately in this section, where the sampling interval h = 0.01, and the function dictionary consists of polynomial bases
up to the third order.
where the procedures used for system identification in this section are openly available in Github [53].
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Table C.2. Identified drift term b1(x ) for different stability parameter α, where σB =
1, σL = 2.

Basis True α = 0.5 α = 1 α = 2

Learn Error Learn Error Learn Error

1 0 0 0 0
x 1 1.0891 8.9× 10−2 1.0472 4.7× 10−2 0.9981 1.9× 10−3

y –1 -0.9893 1.1× 10−2 –1.0829 8.3× 10−2 –1.0257 2.6× 10−2

x2 0 0 0 0
xy 0 0 0 0
y2 0 0 0 0
x3 –1/3 –0.3417 2.5× 10−2 –0.3401 2.1× 10−2 –0.3395 1.7× 10−2

x2y 0 0 0 0
xy2 0 0 0 0
y3 0 0 0 0

Table C.3. Identified drift term b2(x ) for different stability parameter α, where σB =
1, σL = 2.

Basis True α = 0.5 α = 1 α = 2

Learn Error Learn Error Learn Error

1 0.24 0.2513 4.7× 10−2 0.2486 3.6× 10−2 0.2451 2.1× 10−2

x 0.2 0.2103 5.1× 10−2 0.2085 4.2× 10−2 0.2047 2.6× 10−2

y 0 0 0 0
x2 0 0 0 0
xy 0 0 0 0
y2 0 0 0 0

Table C.4. Identified diffusion term a11(x ) for different stability parameter α, where σB =
1, σL = 2.

Basis True α = 0.5 α = 1 α = 2

Learn Error Learn Error Learn Error

1 2 2.0849 4.2× 10−2 2.0722 3.6× 10−2 1.9847 7.7× 10−3

x 0 0 0 0
y 2 1.9892 5.4× 10−3 2.0638 3.2× 10−2 2.0276 1.4× 10−2

x2 0 0 0 0
xy 0 0 0 0
y2 1 1.0528 5.3× 10−2 1.0641 6.4× 10−2 1.0182 1.9× 10−2
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Table C.5. Identified diffusion term a12(x ) = a21(x ) for different stability parameter α.

Basis True α = 0.5 α = 1 α = 2

Learn Error Learn Error Learn Error

1 0 0 0 0
x 1 1.0627 6.3× 10−2 1.0322 3.2× 10−2 0.9925 7.5× 10−3

y 0 0 0 0
x2 0 0 0 0
xy 0 0 0 0
y2 0 0 0 0

Table C.6. Identified diffusion term a22(x ) for different stability parameter α.

Basis True α = 0.5 α = 1 α = 2

Learn Error Learn Error Learn Error

1 0 0 0 0
x 0 0 0 0
y 0 0 0 0
x2 1 0.9782 2.2× 10−2 1.0337 3.4× 10−2 0.9918 8.2× 10−3

xy 0 0 0 0
y2 0 0 0 0
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[26] C.A. Garćıa, P. Félix, J. Presedo and D.G. Márquez, Nonparametric estimation of stochastic differential equations
with sparse Gaussian processes. Phys. Rev. E 96 (2017) 022104.

[27] P. Batz, A. Ruttor and M. Opper, Approximate Bayes learning of stochastic differential equations. Phys. Rev. E 98
(2018) 022109.

[28] Y. Li and J. Duan, Extracting governing laws from sample path data of non-Gaussian stochastic dynamical systems.
J. Statist. Phys. 180 (2022) 30.

[29] Y. Li and J. Duan, A data-driven approach for discovering stochastic dynamical systems with non-Gaussian Lévy
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