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FEEDBACK STABILIZATION FOR A SPATIAL-DEPENDENT
STERILE INSECT TECHNIQUE MODEL WITH ALLEE EFFECT

KALA AGBO Bipi'®, Luis ALMEIDA?*® AND JEAN-MICHEL CORON?

Abstract. This work focuses on feedback control strategies for applying the sterile insect technique
(SIT) to eliminate pest populations. The presentation is centered on the case of mosquito populations,
but most of the results can be extended to other species by adapting the model and selecting appro-
priate parameter values to describe the reproduction and movement dynamics of the species under
consideration. In our study, we address the spatial distribution of the population in a two dimensional
bounded domain by extending the temporal SIT model analyzed in [Agbo bidi Math. Biosci. Eng. 21
(2024) 6263-6288], thereby obtaining a reaction-diffusion SIT model. After the analysis of the exis-
tence and the uniqueness of the solution of this problem, we construct a feedback law that globally
asymptotically stabilizes the extinction equilibrium thus yielding a robust strategy to keep the pest
population at very low levels in the long term.
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1. INTRODUCTION

The Sterile Insect Technique (SIT) involves releasing sterile males of the pest population to disrupt its
reproduction [1-3]. Therefore, this type of intervention affects only the target insect species, offering a significant
environmental advantage compared to the use of pesticides, which are often harmful to many species, including
humans, and against which pests can quickly develop resistance. The presentation is centered in the case of
mosquito populations, but most of the results can be extended to other species by adapting the model and
selecting appropriate parameter values to describe the reproduction and movement dynamics of the species
under consideration.

In this paper, we consider a non-empty regular open subset 2 of R? and Neumann boundary conditions (which
correspond to having a zero flux of mosquitoes through the boundary of the domain). To describe the spatial
dispersion of the adult mosquitoes, we employ a system of reaction-diffusion equations to model the dynamics
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of the mosquito population. Biologically, this mathematical model is suitable for representing, for instance, a
population of mosquitoes established within an island ecosystem or any other domain that is isolated from the
external mosquito populations (in the zero flux sense). It is also possible to consider more complex boundary
conditions (see for instance, [4]).

The primary focus of this work is the well-posedness of such system in L' and its control using the release
of sterile males in the SIT setting.

The SIT model as an ODE system has been extensively studied from various mathematical perspectives,
including the construction of feedback laws (discrete, periodic, and continuous release) relying on optimal control
[5, 6], monotone systems [7, 8], Lyapunov functions [9, 10], and Deep Reinforcement Learning (DRL) [11, 12]. To
propose alternative strategies for releasing sterile males, spatial dynamics have also been investigated using PDE
models to describe the spatial invasion of mosquitoes. Notably, various control strategies have been developed
to address this problem, such as the “wave blocking” control strategies presented in [13], the “corridor/barrier
strategy” introduced in [14], and the “rolling carpet” control strategies described in [15, 16] (see also the very
recent work [17] for the two-dimensional case). In the latter, the techniques are designed to block or push back
the invasion of disease vectors or pests.

In the present contribution, we also cover the situation where the mosquitoes are already well established
in the ecosystem. In this setting, we construct a feedback control law to stabilize the spatio-temporal SIT
model around the extinction equilibrium. This work improves and extends our previous results on the ODE
model [9, 10]. The global asymptotic stabilization of nonlinear control systems is an important field in control
theory, particularly for mathematical models of population dynamics. Over the last century, many control tools
have been developed to design stabilizing feedback laws for control systems. Examples include control Lyapunov
functions, damping, homogeneity, averaging, backstepping, forwarding, and transverse functions (see [18], Chap.
12). In the context of the Sterile Insect Technique, the feedback control laws we propose have the main advantage
of reducing the release cost when the population is close to zero. However, in a practical application setting, an
important issue arises: the availability of measurements required for the implementation of the feedback laws.
We have addressed the question in our previous works, where we proposed several approaches, including: the
design of observers to estimate the most difficult-to-access data based on easily measurable quantities (see [9]);
the development of control laws that rely solely on easily available measurements [10, 12].

The outline of the paper is as follows. In Section 2, we study the ODE SIT model with an Allee effect term of
the form nM /(1 + nM) which allows us to take into account the probability that an emerging female mosquito
finds a male to mate. In Section 3, we consider the well-posedness of a reaction-diffusion model for the mosquito
population life cycle on smooth, bounded, open sets. In Section 4, we construct a feedback control law for the
SIT reaction-diffusion model and analyze the well-posedness of the resulting closed-loop system.

2. ODE MODEL FOR MOSQUITO POPULATION WITH ALLEE EFFECT

We denote by Sg > 0 the oviposition rate, dg, dp,dps > 0 the death rates for eggs, females, and wild adult
males, respectively, vg > 0 the hatching rate for eggs, v € (0,1) the probability that a pupa gives rise to a
female ( (1 — v) is the probability of giving rise to a male). Here, E represents the mosquito density in the
aquatic phase (which, in this work, with a slight abuse of language, we will often designate by eggs to simplify),
F' is the density of adult females, M is the wild adult male density, and K is the carrying capacity for the
aquatic phase. To take into account the difficulty of the females to find a male with whom to mate (in order
to produce fertilized eggs) when the density of the population is low, we introduce an Allee effect given by a

Michaelis-Menten type factor where 7 is the search efficiency parameter (see [19] where the notation

v
1+nM
is @ = 1/n). As described in [19] (where the previous form is called the rectangular hyperbola function), other
forms can be used for representing this Allee effect but, for simplicity, we chose to use this basic one in this
work. We will discuss this issue and the probabilistic motivations of the different forms in a future work. Most

of the results of this work will be valid for similar expressions like, for instance, the slightly more complicated
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exponential form described in [19] as could be expected from their very similar behavior (as seen is Figs. 1 and
2 of [19]).
The native population dynamics with Allee effect will be given by

. E nM
E=0gF|1-— — E 2.1
B ( K)1+17M (ve +08)E, (2.1)
F = VZ/EE - 5FF,
M= (1-v)vgE — 5y M. (2.3)
Let us define:
2001 nK(1—v)vg
=14+ —(1 1+ — 2.4
" +77K(11/)1/E( +\/ + On ’ (24)
~ 200 nK(1—v)vg
=14+ —(1—4/1 4+ —— 2.
" +77K(1—I/)VE( \/ * Sur ’ (25)
BEVVE . . .
R:= ————— (the basic offspring number — see, for instance, [5 2.6
F o ( pring [5]) (2.6)
K 1
Ey=—(1—-— 2.
0 9 ( R)? ( 7)
K - .
Elzﬁ(qu (R—r)(Rfr)) it R>r, (2.8)
K = .
EQ_E(R—l—i—\/(R—r)(R—r)) if R >, (2.9)
and, for £ € R,
T
Xpoe (B, 2EE L=VVER)" (2.10)
Op om

The next theorem, whose proof is given in Appendix A, gives the steady states of (2.1)-(2.2)-(2.3).
Theorem 2.1.

(i) If R € (0,r), the system (2.1)-(2.2)-(2.3) has a unique steady state, called the extinction equilibrium,
0 =(0,0,0)7.
(i) If R =r, besides the extinction equilibrium, the system (2.1)-(2.2)-(2.3) has a unique steady state Xg, .
(iii) If R € [r,+00), besides the extinction equilibrium, the system (2.1)-(2.2)-(2.3) has two equilibria X g, and
Xp,.

Our next theorem, also proved in Appendix A, is dealing with the asymptotic stability of the equilibria given
in Theorem 2.1 for the system (2.1)-(2.2)-(2.3).

Theorem 2.2. For the system (2.1)-(2.2)-(2.3) on [0, +00)3,

(i) Thanks to the Allee effect, for every value of R, 0 is locally asymptotically stable;
(ii) If R <r, 0 is globally asymptotically stable on [0, +00)3;
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(ii) If R =r, then

Xg, =: (Eo, Fo, Mo)" is global asymptotically stable on

{(B,F,M)" €[0,+00)?: By <E<K, Fy < Fand My < M},

0 is globally asymptotically stable on

{(B,F,M)" €[0,4)®: E < Ey, F < Fy and M < My},

XEg, is unstable.

4]

(iv) If R > r, Xg, is locally asymptotically stable, while X g, is unstable.

(2.11)

(2.12)

(2.13)

The proof of (ii), which is given in Appendix A, relies on the monotonicity property of the dynamical
system (2.1)-(2.2)-(2.3). However, when R < 1, the global asymptotic stability of 0 can also be proven using
Lyapunov’s second theorem. To this end, we define a candidate Lyapunov function V : [0, +00)® — [0, 4+00),

p=(E,F,M)T — V(p), as in the proof of [10], Theorem 2.2. It is given by:

1+ R 2
V) = B+

= F+ M.
[ o ey R

Since R < 1, it follows that:

V(p) >V (0)=0, Vpel[0,4+00)*\ {0},
V(p) = 400 as |p| = +oo  with p € [0, +00).

Moreover, along the trajectories of (2.1)-(2.2)-(2.3), we have:

. Bpl+R__ oM 1+R 1
= — E_i
Vip) = =lwwp+0p)B = Go =R FET =0 1-R1+nM

which leads to:
V(p) < —(vvg +0p)E — S M — BiF.
From (2.14) and (2.18), we deduce:
V(p) < —coV (p),

where

. {(I/UE-F(SE)(l—R) §F(1—R)
co := min

1+ R T ’5M}>0‘

— oM — BpF — —————-0OpF,

(2.14)

(2.17)

(2.18)

(2.19)

(2.20)

Remark 2.3. The above proof shows the global exponential stability and gives an estimate of the exponential

decay rate. It would be interesting to provide a Lyapunov function for the case R € [1,7).
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Let us denote by M, (t) > 0 the sterile adult male density, d; > 0 the death rate of sterile adults, u > 0 the
control which is the density of sterile males released at time ¢, and 0 < v < 1 accounts for the fact that females
may have a preference for fertile males. Conversely, v > 1 would correspond to females showing a preference
for sterile males. This situation can occur in certain species for instance when sterile males are enhanced with
pheromones or a high-protein diet. Such a scenario is even more favorable for the success of SIT and thus we
will concentrate on the harder setting of having 0 < v < 1.

When we release sterile male mosquitoes with a release function u, we obtain the following dynamics

E = BgF (1 - f;) = n(;f]\i ary ~ ve +on) B, (2.21)
F =vvgE — §pF, (2.22)
M = (1 —v)vgE — 6y M, (2.23)
M, =u — 5,M,. (2.24)

The fact that we had not considered the Allee effect in our previous work [10] made that the model had a
singularity when M and M converged to zero, which is no longer the case in the present model. Removing
this singularity by taking into account the mating difficulties in small populations also has the advantage of
simplifying many of the proofs thanks to being able to apply more directly the classical results in control theory
in smooth settings.

If u = 0, the eigenvalues of the Jacobian of system (2.21)-(2.23)-(2.22)-(2.24) at 0 € R* are —(vg +0g), —0F,
—0p, and —d,. They are all real and negative, which implies that 0 is locally asymptotically stable for system
(2.21)-(2.23)-(2.22)-(2.24). If u = 0, the steady states are (E, F, M,0)T, where (E, F, M)T are steady states of
(2.1)-(2.2)-(2.3) and one has the following theorem, whose proof is given in Appendix A.

Theorem 2.4. If R < r, then 0 is globally asymptotically stable on [0,+00)* for system (2.21)-(2.22)-(2.23)-
(2.24) with u = 0.

Let us recall here the backstepping method used for the design of the control laws for SIT models in our
previous works. We take advantage of the fact that the system considered (2.21)-(2.24) can be divided into
two subsystems: the interdependent subsystem formed by z = (E, M, F'), and the M, subsystem, which evolves
independently of the other variables.

zZ= f(Z,MS),
Ms =u-—- 53Ms,

This particular structure motivates the use of the backstepping technique to construct the control law. In the
general context of applications, this technique is better suited when the control is not subject to constraints.
However, in our case, the control law must remain positive, as we are working in a biological setting where
the control represents the density of sterile mosquitoes to be released. By considering the dynamics of the
equations for E, M, and F' in system (2) with M, as the control input, in accordance with the backstepping
method presented in [18], Theorem 12.24, we observe that setting My = OM leads to 1+n(X%rvMs < 1+1A,9'
Moreover, this choice has a biologically meaningful interpretation: it implies that the ratio of released sterile
male mosquitoes to wild male mosquitoes is equal to #. The asymptotic stability of this subsystem

BeF (1= £) mrtinem — (ve +0p) B
Z:f(zyeM): (1—Z/)VEE—(5MM
VZ/EE—(SFF

can be fully analyzed. We establish that stability holds if and only if 8 > 6*, where 6* is an explicitly determined
constant. When this condition is satisfied, i.e., 8 > 6%, we construct an explicit Lyapunov function for the three-
dimensional closed-loop system 2z = f(z,0M). This construction is a crucial step for applying the backstepping
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method. Our Lyapunov function is homogeneous of degree one, which is physically more meaningful than a
conventional quadratic Lyapunov function.

To design a control law u that both satisfies the positivity constraint and stabilizes the four-dimensional
system (2), we penalize deviations from the relation M, # 6M. Rather than employing the classical penalty
term (Mg — OM)?/2 to be added to the Lyapunov function, we introduce a modified penalty of the form
a(Mg —0M)?/(OM + My), which has the advantage of also being homogeneous of degree one. This adjustment
enables the derivation of a control u that remains non-negative and ensures global stabilization of system (2)
[9, 10]. This methodology will be applied in the case of SIT PDEs in Section 4.2.

3. REACTION DIFFUSION MODEL FOR MOSQUITO POPULATIONS

Here, we study the effect of releasing sterile males in a limited region in space among a mosquito population
already established in a non-empty open subset €2 of R2. For the sake of simplicity, we will assume that  is
regular enough and that all biological parameters remain constant over time, thus disregarding the effects of
field heterogeneity and seasonal variations, except for the carrying capacity K.

Few studies explicitly model the spatial component due to the lack of sufficient knowledge about vectors in the
field. Moreover, from a mathematical perspective, the study of spatial-temporal models is more sophisticated. A
reaction-diffusion equation was used in [20] to model the spread of a pest in a SIT model. A significant amount
of research has been conducted in the simplified setting of traveling wave equations, leading to elaborate control
strategies (see, for instance, [13, 15-17]).

In this work, we do not consider the one-dimensional traveling wave simplification. Instead, we study the life
cycle model of a mosquito population on a domain €2, which is a non-empty regular open subset of R2.

We choose the space L!(Q) as our working space. In the context of mathematical biology, the space L! (the
space of absolutely integrable functions) offers several advantages that make it particularly useful and often
more relevant than L? and H', which are typically chosen due to their convenience for mathematical analysis.
Indeed, the L'-norm measures quantities such as total biomass, total population, or total resource consumption
in biological models. This direct interpretability makes L' spaces especially relevant in applications where the
integral of a function over its domain €2 has a clear biological meaning like for a density function of a population
in which case its L'-norm yields the total population of the corresponding species in the domain. In this section,
we will study the existence and uniqueness of the solution in such a working space.

3.1. Life cycle model for a mosquito population in a bounded domain

We assume that the carrying capacity function K € C°(Q; (0, +00)). Let (E?, FO, M"T : Q — [0, 4+00)? be
the mosquito population at the initial time ¢ = 0. The mosquito population density

(E(t,x), F(t,x), M(t,x))"

at time ¢ > 0 and position x €  is the solution of the Cauchy problem

OF E nM

B BEF< K(x))lJrnM (vg +0r)E, t >0, x € Q,

OF

E—dlAF:VVEE—(SFF, t>0, x €

%—dgAM:(l—V>VEE—6MM, t>0, x e, (31)
OF OM

_—= = > Q

n o 0,t>0, x €09,

(E(0,z), F(0,z), M(0,2))T = (E°(z), FO(x), M°(2))T, z € Q,

where n is the outward unit normal to €.
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A first natural mathematical question is the well-posedness of this Cauchy problem, i.e. the existence and
the uniqueness of solution for (3.1) in a meaningful class. We study this question in the next section, i.e. in
Section 3.2. In Section 3.3 we study the global asymptotic stability of the origin for (3.1).

3.2. Well-posedness of the Cauchy problem

Let us start by recalling the motivation of the definition of weak solutions of the Cauchy problem (3.1). Let
T>0,(E,F,M)T:[0,T] xQ — [0,+00)3 be a smooth solution of (3.1) on [0,7] x 2, and let  : [0,T] x Q — R
be of class Ct. Let t € [0, T]. Multiplying the second and third equations of (3.1), integrating over [0,#] x €,
performing integration by parts, and using the last two equations of (3.1), one gets

F(t,x)p(t,z) doe — / FO>2)p(0,2) dz + dy VF-Vy— Fa—(p =
Q

Q Q Q. Ot

/ (vwwrgE —6pF) ¢, (3.2)

t

/M(t,a:)gp(t,z) dx—/MO(x)cp(O,x) dz + dy VM-V — aﬁ:
Q Q Q Qt ot

/ (1 —=v)vgE —omM)p, (3.3)

with
Q: = (0,t) x Q. (3.4)
Conversely, if (E, F, M)T :[0,T] x Q — [0, +00)? is smooth enough (for example of class C?) and is such that

OFE B E(t,z), nM(t,x)
— (vg+6g)E(t,z), Vt € [0,T], for almost every z € Q, (3.5)

E(0,2) = E%(z) for almost every z € (, (3.6)

and such that (3.2) and (3.3) hold for every t € [0, 7] and for every ¢ : [0, T] x Q — R of class C!, then (E, F, M)T
is a solution of the Cauchy problem (3.1) on [0, T]. Hence it is reasonable to define the notion of weak solution
so that (3.2) and (3.3) hold. It is then natural to adopt the following definition.

Definition 3.1. Let 7 > 0. The application (E,F, M)T : [0,T] x @ — R3 is a weak solution of the Cauchy
problem (3.1) on [0, 7T if

E,F, and M take values in [0, 4+00), (3.7)
E,F, and M are in C°([0,T]; L*(9)),
F and M are in L*((0,7); Wh'(Q)),
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and (3.5), (3.6) hold, and (3.2) and (3.3) hold for every t € [0,7] and for every ¢ : [0,7] x Q — R of class C!.
Moreover (E, F,M)T : [0,+00) x Q — R? is a weak solution of the Cauchy problem (3.1) on [0, +c0) if, for
every T > 0, its restriction to [0,T] x € is a weak solution of (3.1) on [0,T].

Remark 3.2. Let us comment about the meaning of (3.5). Let = € Q be such that
F(-,z) and M(-,z) are in L'(0,T). (3.10)
Note that, since F' and M are in C°([0, T]; L*(2)) € L*((0,T) x ), (3.10) holds for almost every x € 2. For x

such that (3.10) holds, ¢t € [0,T] — E(t,x) is just a classical solution of the time-varying ordinary differential
equation

@[) = A(tﬂ :L') - B(taﬂﬂ)l/) (311)
with
A(t,z) := BF(t, x)% and B(t,z) = [f(Em) ( ,x)m + (v + k). (3.12)

In particular, if moreover E(0,x) = E°(x), which by (3.6) holds also for almost every x € €,
t t t
E(t,z) = e Jo Bls2) ds g0 () 4 / e~ e Bro) dm p(s 1) ds. (3.13)
0

With this definition, one has the following well-posedness theorem, whose proof is given in Appendix B and
in Appendix D.

Theorem 3.3. Let (E°, F°, M°)T : Q — [0, +00)? be such that
E° e LY(Q), F° € LY(Q), and M° € L*(Q). (3.14)
Then there exists a weak solution of the Cauchy problem (3.1) on [0,400). Moreover, if one also has
E° € L™(Q) for some r € (1,+00), (3.15)

this weak solution is unique.

Remark 3.4. It would be interesting to know if the uniqueness of the weak solution also holds without assuming
(3.15).

3.3. Asymptotic stability of the life cycle model

Our next theorem shows that if (3.16) holds then the origin is globally exponentially stable for (3.1) in the
LY(Q)3-norm.

Theorem 3.5. Assume that
R < 1. (3.16)

Then there exist C > 0 and p > 0 such that, for every (E°, FO, M°)T : Q — [0, +00)® such that (3.14) holds,
every weak solution (t,z) € [0,+00) x Q> (E(t,x), F(t,z), M(t,z))T of (3.1) satisfies
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£ ) ) + 1FE )@ + 1M E )o@ <

Ce ™ (|EMIr) + IF% iy + 1M 1)) VE > 0.

Proof. Let us now define L : L'(Q)% — R? by

r  1+R 285
L(E, F,M)T) = 1 QE+75F(1_R)/QF+/QM.

(Compare with (2.14).) Note that, for every (E, F, M) € L*(Q)? satisfying
E >0, F>0, and M > 0 almost everywhere in €2,

one has

a (Bl + IFl @) + 1M 1)) < LUE,F,M)") <
A(IEN Ly @) + 1FllLr ) + 1M L1 @)

with

. J1+R 26E
a.111111{1_R,(SF(l_R),l}>O7

1+R 28
1 0.
1-R 67(1-R)’ }>

A= max{

Let (B9 FO, M9T : Q — [0, 4+00)? be such that (3.14) holds and let
(t,z) € [0,400) x Q= (E(t,z), F(t,x), M(t,z))"

be a weak solution of (3.1). With a slight abuse of notation, let us define L : [0, +00) — [0, 400) by

where V is defined in (2.14). From (3.5) one has, in the sense of distribution on (0,7,

%—Jf < BpF — (vg +0g)E in L*((0,T) x Q),

which implies that, in the sense of distribution on (0,T),

d

G | B dxg/Q(ﬁEF—(uEwE)E).

Taking ¢ =1 in (3.2) and (3.3), we get for every t € [0, +00),

/QF(t,x) da:f/QFO(x) dz_/t(uyEEcSFF),
/QM(t,ac) dm—/QMO(:E) dx:/ (1—=v)vgE -6 M).

t

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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Using (3.25) and taking the derivative with respect to ¢ in (3.26) and (3.27), and using (3.23), we get, in the
sense of distributions, on (0, +00),

L(t) < —(VVE+5E)/QE(t)fﬁE/QF(t)féM/QM(t), (3.28)

In (3.28) and in the following, we use the usual convention E(t)(x) = E(t,x), F(t)(x) = F(t,z), and M (t)(z) =
M (t,z). From (3.18), (3.28), and (3.23), one has

L(t) < —cL(t), (3.29)
with
. vvg +0g)(1 —R) 6r(l—R
c:mln{( L 1f)}g )7 F(2 ),5M}>0, (3.30)
which, using (3.20), (3.21), and (3.22), concludes the proof of Theorem 3.5. O

4. REACTION DIFFUSION MODEL FOR SIT

The SIT model presented here is derived from an extinction of the temporal model (3.1) by adding the sterile
male mosquitoes. The study is conducted in a regular bounded open set Q C R2:

OF E nM

= BpF(1- - Sp)E, t>0 Q

ot ~ Ve ( K(m))1+n(M+'yMs) ve +9p)B, £ 20, €

F

%—dlAF:VVEE—(SFF,tZO,J)EQ,

%—Af — dyAM = (1 = v)vgE — 6y M, t >0, z € Q, (4.1)
M,

88; —d3sAM, =u—38,M,, t>0, x €9,

oF _ oM _ou,
O On  In

=0,t>0, v €0,

where M (t,x) > 0 represents the sterile adult male density, d; > 0 is the death rate of sterile adults, u > 0 is
the control representing the density of sterile males released at each time and, as before, «y is a positive constant
representing the preference of females for sterile or fertile males. The probability that a female mates with a

fertile male is given by WJZVMS)

4.1. Well-posedness of the closed-loop system

Concerning the feedback law w : [0, +00)* — R, (E, F, M, M)T + u(y), we always assume the existence of
C\, > 0 such that

0 <u((E,F,M,M,)") <C,(1+E+F+ M + M,), V(E,F, M, M,)T € [0, +o00)™. (4.2)
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Moreover, for the uniqueness of the weak solution, we consider the following condition:
For every £ > 0, there exists Cy,(€) > 0 such that, for every
(E,F,M,M,, E, F, M, M) € [0, +00)® satisfying E + E < &,
[u((B, F, M, M,)") = u((E, ', M, M,)T)| < (4:3)
Cul€) (|E—E| F— Fl+ (1+F+F) (|M—M| + M, —MS|)).

We are interested in the Cauchy problem for the closed-loop system, i.e.

oF E nM

— =fPpF|1- — op)E, t > Q

5 =0 (1= ) Ty e R 20 5 e
aai‘lzfdlAF—l/l/EE 5FFt>0 x €,

oM

agfs AM, = u((E, F,M,M,)") = §,M;, t >0, = € Q,

oF OM  OM;

= = = >

o o o 0,t>0, x € 09,

(E(0,2), F(0,2), M(0,2), Ms(0,2))" = (E°(x), F*(x), M°(x), M{ ()", z € Q.

Following the same heuristic as for Definition 3.1, we adopt the following definition.

Definition 4.1. Let T > 0. The application (E, F, M, M,)T : [0,T] x  — R* is a weak solution of the Cauchy
problem (4.4) on [0, T if

E, F, M and M, take values in [0, +00), (4.5)
E, F, M, and M, are in C°([0,T]; L*(9)),
F, M, and M, are in L*((0,T); W"1(Q)),

o, B(t,2) aM(t,2)
or ) = IEF B R ) T ) 200, 0,)
— (vg 4+ 0g)E(t,x) t € (0,T], for almost every xz € 2, (4.8)
E(0,z) = EY(z) for almost every x € Q, (4.9)

and, for every t € [0,7] and for every ¢ : [0,T] x  — R of class C!, one has (3.2), (3.3), and
0 Oy
Mtx (t,z) do — M ©(0,2) de + ds VM-V — M@t:
Q1
/ (uw((E,F, M, M,)") — 6,M,) ¢. (4.10)

t

Moreover (E, F, M, M,)T : [0, 4+00) x Q — R* is a weak solution of the Cauchy problem (4.4) on [0, +o0) if, for
every T > 0, its restriction to [0,T] x € is a weak solution of (4.4) on [0,T].
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(For the meaning of (4.8), see Rem. 3.2 above). With this definition, one has the following well-posedness
theorem, whose proof is given in Appendix C and in Appendix D.

Theorem 4.2. Let (E°, FO, M° M%)T : Q — [0, +00)* be such that
E°c LY(Q), F° e LY(Q), M° € L}(Q), and M? € L} (). (4.11)

Then, there exists a weak solution of the Cauchy problem (4.4) on [0,400). Moreover, if one also assumes that
(4.3) holds and that

E° € L*™(Q) and F° € L"(Q) for some r > 1, (4.12)

then this weak solution is unique.

Remark 4.3. Once more, it would be interesting to know if the uniqueness of the weak solution also holds
without assuming (4.12).

4.2. Design of state-feedback controllers

In this section, we construct a control law to stabilize the mosquito population at zero in 2. The construction
process is based on the backstepping method for stabilizing ODE control systems. This approach was previously
applied to the ODE SIT model in a prior study [9]; see also [10, 21] for other ODE SIT models. Let 6 € [0, +00).
We assume that, for every (¢,z) € [0,T] X Q, My(t,z) = OM (¢, x). This leads to the consideration of the Cauchy
problem

OF E nM
— — — >

at BEF(l K(@) TEn( 1o Ve TomE 120, weq,

F
%—dlAF:VVEE—(SFF, t>0, x €,
%—dgAM:(l—V)VEE—(SMM, t>0, x € (413)
OF OM
_—— = > Q

o o 0,t>0, x €09,
(E(0,z), F(0,z), M(0,2))" = (E°(x), F°(z), M°(2))", z € Q.

Of course, Theorem 3.3 dealing with the Cauchy problem (3.3) also holds for the Cauchy problem (4.13). Let
us define

R
R(O) == . 4.14
©)= 15 (414)
Then, one has the following proposition.
Proposition 4.4. Assume that
R(O) < 1. (4.15)

Then there exists C > 0 and p > 0 such that, for every (E°, FO, M®)T : Q — [0,+00)3 such that (3.14) holds,
every weak solution (t,z) € [0,+00) x Q> (E(t,x), F(t,z), M(t,z))T of (4.13) satisfies
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1B ) ) + 1FE )@ + [ME )l <
Ce ™ ([[IE)I i) + [1FNl 1) + |M°||p1qy) VE>0. (4.16)

Proof. The proof of this proposition is essentially the same as the proof of Theorem 3.5. Let us now define
L:LY(Q)% — R? by (compare with (3.18) and (2.14))

L(E,F,M)7) = ”??E;HV)/QE+5 (1?97“19_7 /F+/M (4.17)

Note that, for every (E, F, M) € L'(Q)3 satisfying (3.19), one still has (3.20) but now with

_f1+R(0)(1+67) Be(2+07)
= 0 4.18
o= min (ST e Y (419
1+ R(O)(1+ 6y) Bre(2+ 6v)
A= . 4.1
- { 1RO oo -RE) S (419
One still gets (3.29), but now with ¢ defined by (compare with (3.30))
[ (wve +6)(1 —R(9)) dr(l+67)(1—R(H))
_ . 4.2
¢ { 1+ (1+69)R(O) 2+ 0y O >0 (4:20)
As in the proof of Theorem 3.5, this concludes the proof of Proposition 4.4. O

Let us now move on to the stabilization of system (4.1). As we will see, the proof of Proposition 4.4, together
with the backstepping method (see, for example, [18], pp. 334-335), leads us to consider the feedback law
= (E,F,M, M)T — u(y) € [0,+00), where u : [0, +00)* — [0, +00) is defined by

2
w) = F o T f)]\(i(i]\éiﬂj;gM)(?)oM o) 0 5M)MM’ (4.21)
where
1

Ri= (4.22)
P AR 1%;28 +07)) .35)

Until the end of this section, we assume that
s = O, (4.24)

a condition which is biologically reasonable due to the fitness being potentially reduced bu the sterilization
procedure. Then, (4.21) implies that u(y) > 0.

Even if the feedback law (4.21) is not of class C1, it satisfies both (4.2) and (4.3). In particular Theorem 4.2
can be applied for this feedback law.

With the feedback (4.21), one has the following global stability result.
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Theorem 4.5. Assume that do = d3. Let us choose 0 large enough so that (4.15) holds and let us choose a > 0
small enough so that

~ 3ab(1 —v)vg

> 0. 4.25
2(vvg + 0g) (4.25)

Then there exists C > 0 and pu > 0 such that, for every (E°, F°, M% M)T : Q — [0, 4+00)* such that (4.11) and
(4.12) hold

IE®, @) + 1FE )o@ + IME )o@ + [1Ms(t )l o) <
Ce ™ (1Bl pag) + I1Fllpria) + 1Ml pra) + M| L1()) VE 20, (4.26)

where (t,x) € [0,+00) x Q> (E(t,z), F(t,z), M(t,z), Ms(t,z))T € [0, +00)? is the weak solution of the closed-
loop system (4.4) with the feedback law (4.21) satisfying the initial condition

E(0,z) = E°(z), F(0,2) = FO(x), M(0,2) = M°(x), M,(0,2) = M?(z) Yz € Q. (4.27)

Remark 4.6. It would be interesting to know if in this theorem one could remove the assumption (4.12) and
get (4.26) for every weak solution of the closed-loop system (4.4) with the feedback law (4.21) satisfying the
initial condition (4.27). Note that if we remove the assumption (4.12), we have the existence of a weak solution
but we do not know if this solution is unique.

Proof. Let V : [0,+00)3 — [0, +00) be defined by (compare with (4.17))

1+(1+ QW)R(Q)E n BE(2+ 67)
1-R(0) 6 (1+07)(1—R(9))

V((E,F,M)T) = F+ M. (4.28)

Following the backstepping method, we penalize the inequality My # 6 M by considering the Lyapunov function
U : LY(Q;[0,4+00))* — [0, +00), (B, F,M, M) — U((E, F, M, M,)T) defined by

(6M — M)
14 4.29
/ vo | SR (4.20)
with the convention
(OM — M,)? .
o0 1 1L 01 s=0 (4.30)

Simple computations show that, for every (M, M )T € [0,+00)? such that M + M, > 0,

min{e, ﬁ}(M + M) <M+a % < max{a, (1 + abd)}(M + M,), (4.31)
which leads to
/{3/1Hy||L1(Q)4 <U< ké“y||Ll(Q)47 Yy € LI(Q; [0, +OO))4, (4.32)
where
14+ (1+69)R(0) 1 Br(2+ 6v)

1, (4.33)

=R T8 e+ 01— RO)
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1+ (1+671)R(0) Be(2+0v)

k4 := max{ - R(0) co, 14 ab, 5F(1+97)(1_R(9))}. (4.34)
Let us define W : [0, +00)* — [0, +00) by
_ 2
W(y):=V(y) + a%. (4.35)

Let v := (E, M, F)T, so that y = (vT, M)T. With a slight abuse of notation, we define V (y) := V(v). Let

M
BEF (1 - %) 1+77(J(]/I+7]VIS) — (vp+0E)E
1—vvgE —duM
H = ( E M . 4.36
(y) ik — SpF (4.36)

u(y) - 55Ms

Let T > 0. Let us consider, for the moment, trajectories t € [0, 7] — [0, +00)* of (4.4) such that

yi € HY?(Qr) Vi € {2,3,4}, (4.37)
where
dp 0p 0p 0?0 0% 0? .
H'? =1{¢: R: ¢,—, =—, -—, =% — L? : 4.
(QT) {¢ QT — ¢7 8t7 81'17 a$27 3x%’ 8(E1I’2, and 81’% are m (QT) ( 38)
Along these trajectories of (4.4), using once more Stokes’ theorem,
a (OM — M,)? / : oW

Note that
/ VV(y) H(y) = / YV (y) - H((T,0M)T)
Q Q
n /Q YV () - (H((07, M)T) — H(WT,0M)T)),  (4.40)
and that, from (4.28) and (4.36),

VV(y) - (H((w", My)") = H((v",0M)T)) =
1+ (1+69)R(6) E ~YM(OM — M)

1—R(0) k(= %) (M + M, + k) (5 + (1 +40) M) (441)
Hence, using also (4.23), we have
VV(y) - H(y) = VV(0) - H(W,0M)T) + F(1 — 2 YMOM - M,) (4.42)

L R QI M, + e+ (L F 0D

Moreover, for the second term in (4.39), we have
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(HMfMS)Q). OM — M,

oV (S5 ) W =gy 3 (001 = v)wiE — 83 M)(OM + 31M,)

— u(y)(30M + M) + 3, M, (30M + Ms)) (4.43)

From (2.17), (4.39) and (4.43), we get

AU (t) 1+ (1+67)R(0) Be MFE
R R R = s J N e BRI

OM(OM + 3M,)
+af(1 _V)VE/Q—(HM+MS)2
OM — M, E YM(OM + M,)?
+ [ oarrany (PO R s« e s 4 580

— 05, M(OM + 3M,)

—u(y)(30M + M) + 05 M, (30M + Ms)) —/ > diaVy: - V(aw). (4.44)

dyi
Note that
(’J\éﬁiz@fs} <3 inQ (4.45)
and that
- (VI/E—F(SE)/QE—FQQ(I—V)VE QW <
- (WE+5E)(1 - M) /QE (4.46)
Let
iz 3000 = V)vs (4.47)
(vve +0E)
Note that (4.25) implies that
o> 0. (4.48)

From (4.44), (4.45), (4.46), (4.47), and (4.48), one gets

Mg (OM + 3M,
)S_ﬁE/F—(SM/M—(VVE—HSE)U/E_QO Vg +3 )E
Q Q

(OM + M)
OM — M, FE YM(OM + M)
+earrane (PO Daar it s moet <1+w>M> ~ 60 MUBM +3M,)
4
—u(y)(30M + M) + 5, M (30M + MS)) —a /Q ; di_1Vy; - V( gz/). (4.49)
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From (4.35), we have

Zdz Vi -V ‘?)Wj) = d,VF - V(?;/) + dy VM - V(?Z) + d3V M, - V(SJ\V;)
= dQ(MieiM]\i)s |VM|* + d?’(m\igiﬂﬁs)s |V M, |2
~ (ds +d3)mVM VM,
For dy = d3 = d and %—Vg = 0, this gives
idilv% : V(‘%) = diW + d(effi%vm?
QdMVM VM,
>0 (4.50)

which, together with (4.21), (4.28), and (4.49), implies the existence of a constant ¢ > 0 such that

d%@ < —c/QV(y) +/Qozm( 05, M(OM + 3M,) + S 0ML(30M + M), (45D)
Note that
—05, M (OM + 3M,) + 5, M (30M + M,) = —8,(0M — M,)(OM + M,). (4.52)
So
diit) < —c/ﬂV(y) 5sa/ﬂ((%]\1\/‘;1]\]\4jj;, (4.53)
< —U(1), (4.54)
where
¢p := min{e, d5}. (4.55)
Hence
%[t] < _aU(), (4.56)

which implies that

U(t) <U(0)e "Vt € [0,T], (4.57)
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which, together with (4.32) gives (4.26) with

k/
p=cyand C = i (4.58)

It remains to remove assumption (4.37). Note that this assumption is satisfied if (F°, M?, M9)T are smooth
enough. For example this is the case if

FO M°, M? are in € L>=(9). (4.59)
If (4.59) does not hold, we consider a sequence (Fy, M2, M9,)%_y such that
(FO, M2, M2 € L™=(9)% Vn € N, (4.60)
F? >0, M) >0and M2 >0Vn €N, (4.61)
F° — F%in LY(Q), M2 — M°in L*(Q), and M2, — M? in L'(Q) as n — 4o0. (4.62)

Let y,, be the trajectory of the closed-loop system, i.e. (4.4) with the feedback law (4.21), for the initial data
(E°, FO, M2 M2 )T and let y be the trajectory of the closed-loop system for the initial data (E°, F°, M°, M9)T.
One has the following convergence result, whose proof is given in Appendix D (see (D.21), (D.22), (D.23), (D.45),
and (D.46)).

Lm {lyn = yllziomyxay = 0. (4.63)
Let, with a slight abuse of notation,
Un(t) i= Ulya(t)) and U(t) = U(y(t). (4.64)

From (4.28), (4.29), (4.63), and (4.64), we have

Jim (U = Ullziom) = 0- (4.65)
Property (4.57) for the trajectory y, is
Un(t) < U, (0)e= " vt € [0,T] ¥n € N. (4.66)

Letting n — 400 in (4.66) and using (4.62) together with (4.65), relation (4.66) also holds for the y trajectory.
Hence, again, (4.26) holds with C' and p defined in (4.58). This concludes the proof of Theorem 4.5. O

5. NUMERICAL SIMULATION IN 2D

This section presents some numerical simulations of system (4.4) to illustrate our analytical results. Since
we consider a two-dimensional model, the full discretization is achieved using a second-order finite difference
method for spatial discretization and a first-order standard finite difference method for temporal discretization.
The time step follows a CFL condition to ensure the positivity of the solution.

We consider the domain 2 = [0,¢] x [0,¢] (where £ = 5 km) with a heterogeneous environmental capacity
K :Q — (0,+00). (Note that such a € is not smooth; however it is a plane convex polygon, which is sufficient
to perform our proofs as it can be seen from the study of the elliptic case, which is for instance done in [22]).
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TABLE 1. Value for the parameters of system (3.1) (see [23, 24]).

Value in our

Parameter name Typical interval 1 Unit
work
BE Effective fecundity [7.46, 14.85] 8 Day !
VE Hatching parameter [0.005, 0.25] 0.05 Day !
) Aquatic phase death rate [0.023, 0.046] 0.03 Day~!
OF Female death rate [0.033, 0.046] 0.04 Day !
oM Males death rate [0.077, 0.139] 0.1 Day~*
s Sterilized male death rate — 0.12 Day !
v Probability of emergence - 0.49
n Search efficiency parameter - 0.7 km?

The parameters we use are presented in the following table. We always take the diffusion coefficients for
wild females and males as d; = da = 0.1. We choose v = 1. For the space varying carrying capacity, we choose
to consider the simple form

_(e—pp?+w-€1)? _ (@—p)?+(y—¢2)? _ (@—py)?+(y—£3)?

K(z,y) == (+ Ae 71 + Age 72 + Age I (5.1)

The constant ¢ accounts for the unknown egg-laying sites throughout the area. The three Gaussian functions
represent the well-known egg-laying sites (water puddles, ponds, etc.). The parameters A;, oy, i, & for i =
1,---,3 are used to qualify the position and size of the egg-laying sites.

Using the values chosen in Table 1, the L'-norm of the carrying capacity K is

K|z = /QK(x,y)dxdy =1.33 x 10°. (5.2)

The initial condition is the steady state of the system without diffusion:

Ba,y) = (1 = 1)K (z,v), (53
F(n,y) = 5 2 E(@,y), (5.4)
MOa,y) = CE R0y, 5.5

Although this simulation does not intend to be a reproduction of real field data, for the quantities of mosquitoes
to have the right order of magnitude, we chose the average male density to be the same as the one reported in
[2], i.e. we take (| E°||z1, [|MO|z1, |FOz1) = (1.30 x 105,3.3 x 10°,8.03 x 10°).

We apply the control u given by relation (4.21) on the whole domain 2. We assume that using adult mosquito
traps we can have an estimate of the states and use it to compute the feedback law. The following figure presents
the result of our simulation. We set § = 75 and « = 0.25.

Figure 3 shows that after time ¢ = 200 days, the population density across the entire domain approaches zero.
For the control law (4.21), we proved (Thm. 4.5) the asymptotic stability of the population when the diffusion
coefficients are equal for male and released sterile male mosquitoes. However, the numerical simulations (see
Tab. 2) seem to show that this assumption should not be necessary. In particular, the global asymptotic stability
seems to hold when the diffusion coefficient of sterile mosquitoes is set to d3 = 0 and ds # 0. Evolution of the
L'-norm of the fertile eggs over the entire domain when the control (2.24) is applied.
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K(x,y) ><11504
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200000
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FIGURE 1. Numerical simulation of the function K for ¢ = 500, A; = 2 x 10°, Ay = 1.5 x 10°,
A3 = 1x10°. The domain Q = [0, £] x [0, ¢] and ¢ = 5 km which we discretize with N, = 50 = N,
and d(L':dy:Ol 0’1:02103:1, H1 :25, u2:1.5:§2:§3,u3:4:§1.

Density of eggs at time T = 10
days %10%
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FIGURE 2. Fecundated egg density at the time ¢ = 10 days when applying the backstepping
feedback law (4.21).
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Density of eggs at time T = 200
days

FIGURE 3. Fecundated egg density at the time ¢ = 200 days when applying the backstepping
feedback law (4.21). We remark that it is very close to zero everywhere in the domain as also
shown in Figure 5

Evolution of the L! norm of eggs over )
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0e0

FIGURE 4. Evolution of t +— fQ E(t), representing the total number of fertile eggs across the
entire domain.

Figure 5 displays the evolution of the L!-norm of the control (4.21) over time. In Table 2, the control cost is
given by the expression
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Evolution of L! norm of u over 2
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F1GURE 5. Evolution of ¢ +— In ( fQ u(t)), representing the total number of sterile mosquitoes
released across the entire domain.

TABLE 2. Numerical results obtained for the case where the state feedback law is applied in

all Q.
diffusion coefficient | Convergence time | Control cost | Regulation parameter
ds = 0.05 T = 357 days 1.68 x 103 0="175a=025
ds = 0.05 T = 167 days 9.4 x 10% 6 =75,a=0.025
ds3=0 T = 355 days 1.62 x 108 0="75a=0.25

/0 ! /Q u(t,z) dz dt. (5.6)

We define the convergence time as the first time ¢ > 0 such that

max E(i, j,t) < 1. (5.7)
2y

In our proof of Theorem4.5, the control is applied everywhere in 2. However, it is also interesting to consider
for practical issues, the case where the control is applied only is subset w C 2. Knowing that there is a permanent
exchange of population between the controlled area w and the uncontrolled area 2\ w due to the natural spread
of mosquitoes, is it possible to stabilize the population in the controlled area at zero? Moreover, by acting
only on the subset w, is it possible to reduce the overall population to zero across the entire domain 27 We
consider the square centered at A = (2.5,2.5), w = {X = (z,y) € R?: || X — A~ < 0} where o = 1. We apply
the feedback control law (4.21) for § = 75 and « = 0.0025 only in the domain w. The result is shown in Figures 6
and 7.

Figure 6 shows that for the same application time 7' = 200 days and the same quantity of sterile males
released (feedback control function (4.21) for a = 0.001 and ¢ = 75), the density of eggs converges to zero in
the subset w and in the entire domain €2, faster when the diffusion coefficient increases . In Figure 7, compared
to Figure 6 (a), when we increase the release by choosing o = 0.0001 and 6 = 75, keeping the other coefficients,
the population in the whole domain ) converges to zero. These figures suggest that the quality of the sterile
males, particularly their mobility (which may be reduced by the sterilization and the release processes), can
change the rate of convergence in the full domain.
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Density of eggs at time T = 200 Density of eggs at time T = 200
days %10 days x10%
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(A) Evolution of the egg density in Q for ds = 0.01 (B) Evolution of the egg density in Q for d3 = 0.02
at time T' = 200 days when applying the feedback law at time 7" = 200 days when applying the feedback law
(4.21) for @ = 75 and a = 0.001. (4.21) for @ = 75 and a = 0.001.

Density of eggs at time T = 200

days 10%
v it

(c) Evolution of the egg density in Q for ds = 0.03
at time T' = 200 days when applying the feedback law
(4.21) for @ = 75 and o = 0.001.

FIGURE 6. Evolution of egg density for different values of the diffusion coeflicient of sterile male
mosquitoes.

6. CONCLUSION AND PERSPECTIVES

Very few studies have been done on the spatiotemporal SIT model in more than one-dimensional domains.
We first study the ODE case to retrieve for the new model a result concerning the critical points as we had
obtained in [10]. It should also be possible to extend the feedback control results of [9, 10] to this new setting
(the proofs should even be simpler since we no longer have a singularity at the origin). Next, in section 3, we
consider a mosquito population mathematical model with diffusion on a domain €2, which is a non-empty regular
open subset of R?. We have shown the existence and uniqueness of the solution in weak spaces. In particular two
components of the state, namely F' and M, are assumed to be only L'. We favored this Banach space because
the L'-norm is a natural way to represent the total population. We also prove the global asymptotic stability
of 0 in L' if R, defined in (2.6), is less than 1.

In Section 4, we study the reaction-diffusion SIT model by showing its well-posedness in weak spaces. In
particular, two components of the state, namely M and M,, are assumed to be only in L'. As our objective is to
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Density of eggs at time T = 200
days )

E(t,X)

F1GURE 7. Evolution of the egg density in Q2 for d3 = 0.01 at time T' = 200 days when applying
the feedback law (4.21) for # = 75 and a = 0.0001.

stabilize the mosquito population at a low level across the entire domain, we began by constructing a feedback
law, (4.21), which stabilizes this model throughout €. This state feedback law (4.21) is applied across the whole
domain . We successfully proved this theoretical result under the condition that the diffusion coefficients are
identical for male mosquitoes and released sterile mosquitoes (see Thm. 4.5).

Moreover, in Section 5, the numerical simulations reveal that stability at the origin is maintained regardless
of the diffusion coefficients of sterile mosquitoes when the state feedback law is applied across the entire domain
Q). Nonetheless, the diffusion coefficients should play a more significant role when the control is only implemented
in a subdomain of Q. It would be interesting to prove these numerical results mathematically.

We also note that it would be valuable to investigate the case where the diffusion coefficients are not constant
in space nor time. Our results can also be extended to higher dimensions. However, even in three dimensions,
one would expect that mosquito diffusion differs between horizontal and vertical directions, making it necessary
to consider anisotropic diffusion operators.

The availability of measurements required for the implementation of the feedback laws is also a very important
aspect that we did not develop in this work. We have addressed it in previous works, where we proposed several
approaches, including the design of observers to estimate the most difficult-to-access data based on easily
measurable quantities (see [9]) and the development of control laws that rely solely on variables that are easier
to measure [10, 12]. However, all these articles deal with ODE models. The case of PDE models has never been
considered and remains a challenging open problem which should be addressed in future works, in particular
those dealing with field data. In fact, real measurements will not only not contain all the population variables,
as mentioned before, but also be done in a finite number of places and not at every point in the domain. The
same will also probably be the case for the releases, which will not be done in all the points of the domain (this
is surely the case for ground releases although it can be less so when drones are used to release sterile males
in a nearly continuous manner). Localized measurement and localized control are thus interesting problems to
study in future works.
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APPENDIX A. STABILITY PROPERTIES OF THE ODE DYNAMICAL SYSTEMS

A.1 Proof of Theorem 2.1

(S20). We are thankful to our subscribers and supporters for making it possible to publish

By setting the right-hand side of (2.1)-(2.2)-(2.3) to zero, we obtain the extinction equilibrium 0 = (0,0,0)” and the

non-trivial equilibrium Xg (see (2.10)), where E € (0, +00) satisfies:

nBev(l —v)vg o (1—v)ve(ve +68)n,  Bevve
B — —1)E + +90g)=0.
o1 0r K Y Grtvp + o5  DE+e+de)

Using (2.6), we can rewrite (A.1) as

nR(1—vvg » (1—v)ven
E°— —1DHE+1=0.
S K S (R-1)E+ 0

The discriminant of the quadratic polynomial in E of the left hand side of (A.2) is:

A n(l—v)ve (77(1 —I/)VER2 _2(7](1 —vvg = 2 R+ n(1 —I/)VE).

+ P
O Oom Om K Oom

Let us examine the sign of A, which is a quadratic polynomial in R. The discriminant of this polynomial is:

A in(l—u)l/E ((1—11)Z/E77 1 ) 50

K om ow K

(A1)

(A.3)
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Thus, the roots of A are real and they are r defined in (2.4) and 7 defined in (2.5). Note that 0 < r, ¥ < r, and, since
7r =1, one has

o<r<l<r (A.4)

Let us first study the case R € (0,7) U (r, +00). Then there are two solutions of (A.2), which are E; defined in (2.8)
and E» defined in (2.8). Since

ImK K(R—1)
E\Ey=——————and FEy =
1E2 WR(L—)vs and b1 + Ep R )

(A.5)
one gets, using also (A.4), that F1 < 0 and F> < 0 if R € (0,7) (and so these solutions are not relevant), while F1 > 0
and Ez > 0if R € (r, +00).

Let us now consider the case R € {7,r}. Then (A.2) has exactly one solution Fy defined in (2.7). This solution is in
(0, +00) if and only if R > 1. Hence, using once more (A.4), this solution is in (0, 4+00) if and only if R =r.

Finally, let us deal with the case R € (7,7). Then A < 0 and (A.2) has no real solutions.

This concludes the proof of Theorem 2.1. O

A.2 Proof of Theorem 2.2

We define ¢ := (B, F, M)” and [0,+00)® := {¢ = (E,F,M)" € R®*: E>0, F >0, M > 0}. The model (2.1)-(2.2)-
(2.3) can be expressed in the form

£=f(©), (A.6)

where f : [0, +00)® — R? represents the right-hand side of (2.1)-(2.2)-(2.3):

J1(6) BeF (1 - %) 1117\;/[M - (VE +5E)E
fE&) =115 |= vk — dpF . (A7)
f3(8) (1—v)vgE —6uM

The function f is of class C* on [0, +00)%. Note that if £ = f(€) and £(0) € [0, 4+00)?, then, for every t > 0, £(t) exists
and belongs to [0, +00)?.
Let us first prove (i). The Jacobian matrix of f evaluated at the extinction equilibrium, is given by:

7(I/E + 6E) 0 0
J(O) = VVE —(SF 0 . (A8)
(1-v)ve 0 —dm
The eigenvalues of J(0) are —(vg + dg), —dr, and —das. All these eigenvalues are real and negative, which implies

that the extinction equilibrium O is locally asymptotically stable for system (A.6).
Let us now prove (ii). We assume that R € (0,7) and then, by Theorem 2.1,

(f(§) =0) = (£=0). (A.9)
Let us define
B:={¢(€[0,+0)’: E<K}. (A.10)
Since

(E=K)=(f1(§) <0) (A.11)



28 K. AGBO BIDI ET AL.

the set B is positively invariant for £ = f(£). Moreover, since

(¢ B)= (f1(§) < —dE), (A.12)

for every &° € [0,4+00)? there exists t > 0 such that £(t) € B, where € : [0, +00) — [0, +00)® is the solution of (A.6)
satisfying £(0) = £°. So, in order to prove (ii), it suffices to check that

0 is globally asymptotically stable on B for (A.6). (A.13)

To prove (A.13), we first point out that system (A.6) is cooperative on B, i.e. f satisfies:

%(g) >0VEe B, Vie{1,2,3), V) € {1,2,3} such that i # j. (A.14)

Ty
We recall the following theorem [23], Theorem 6, which holds for every function f of class C' on B such that £ = f(£) is
cooperative on B.

Theorem A.1. Leta and b be in B and such that a; < b; for everyi € {1,2,3}. Assume that fi(b) <0 < fi(a) for every
i €{1,2,3}. Then [a,b] := {¢ € [0, +00)? : a; <& < b; Vi€ {1,2,3}} C B is positively invariant for £ = f(§). Moreover,
if [a,b] contains a unique equilibrium p for & = f(€), then p is globally asymptotically stable on [a,b] for & = f(£).

We apply this theorem with

a=(0,0,0)", (A.15)
b=by=(K,\\N7, (A.16)
where A € (0, +00). One has
Ux>xo [CL, b)\] = B Vo, (A.17)
there exists Ao > 0 such that f;(bx) <0Vi € {1,2,3}, VA > Xo. (A.18)

Property (A.13) readily follows from (A.9), Theorem A.1, (A.17), and (A.18). This concludes the proof of (ii).

Let us now prove (iii). The proof of (2.11) is similar to the proof of (A.13): just replace (A.15) by a =
XE,. The instability of Xg, (property (2.13)) readily follows from (2.12) since Xg, belongs to the closure of
{(B,F,M)" €]0,+00)® : E < Eo, F < Fy and M < Mo}. All that remains is to prove (2.12). For this proof, let, for
SRS (O, Eo),

Eo — €&
b = T (Eo—¢) |. (A.19)
G52 (Eo —¢)
Clearly
f2(b%) = f3(b%) = 0 Ve € (0, Ep). (A.20)
Since R = r, one gets, using (2.4), (2.6), and (2.7),
B ARGy
K_n(l—u)VE(R—l)Q’ (A.21)
o= X (r-1) (A.22)
T 2R ' '
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Using (A.7), (A.21), and (A.22), one gets that

Ja(b°) _ 2 om(ve + 0g)(Fo —¢)
€2 P S+ (1 —v)vgn(Eo —¢)’
with
_nd-vvr(R-1)
pi= e .
Note that for R = r, (2.4), (2.6), and (A.24) imply that
p>0,

which, together with (A.23), implies that

Therefore, there exists €9 € (0, Eo) such that f1(b%) < 0 Ve € (0, &o].

Note that, for every € € (0, Ey),

(f(§) =0 and £ € [0,b%]) < (£ =0),
[0,b°] C B.

From Theorem A.1, (A.27), and (A.28) one gets that, for every € € (0, 0],
0 is globally asymptotically stable on [0, b°] for E=7f ).

Since

Ure(0.e0)[0, 7] = {(E, F,M)T €[0,400)* 1 E < Eo, F < Fyand M < MO} ,

(2.12) follows from (A.29).

29

(A.23)

(A.24)

(A.25)

(A.26)

(A.29)

(A.30)

Finally, let us prove (iv). In this case we assume that R > r. Let Xz be an equilibrium of f (recall (2.10)). By (A.12),

E<K.

The Jacobian matrix of f evaluated at the equilibrium Xg, is given by:

_p+ip) B (uE+6E)c;§4 L
(1-%) R n(l—y)2l/ER E(l-%)
Ji(XE) = VVE —0F 0
(1 — IJ)I/E 0 —§M

Its characteristic polynomial is P(\) = A® + Q1A% + Q2 + Q3, where
(ve + k)
=
nR(1 — v)ve(SmE + 6p 22) — 63 s

nR(1 —v)veE(l — E) Mo

Q1:=0m +F +

)

Q2 := (Ve + dE)

nR(1 — V)VE%Q —Om
nR(— v)oE( - £)

Q3 := (Vg + 0g)0MIF

(A.31)

(A.32)

(A.33)

(A.34)

(A.35)
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For E = FE», we have

Q1Q2 — Qs

Q1> 0, o

>0, and Q3 > 0. (A.36)

Thus, by the Routh criterion, all roots of P have strictly negative real parts. Hence, Xg, is locally asymptotically stable
for (A.6).
For E = E it is easy to prove that Q3 < 0. Therefore Xg, is unstable for (A.6).

A.3 Proof of Theorem 2.4
In this section, we assume that v = 0 and that R < r. As in the proof of (ii) of Theorem 2.2,

B, = {(gT, M.)T €0, 400)*: E < K} is positively invariant for (2.21)-(2.22)-(2.23)-(2.24), (A.37)
and it suffices to prove that
(0,0,0,0)” is globally asymptotically stable on By for (2.21)-(2.22)-(2.23)-(2.24). (A.38)
As u =0, (2.24) implies that, for every t > 0,
M, (t) = M, (0)e’". (A.39)

Substituting this equation into the system (2.21)-(2.22)-(2.23), we obtain:

£=9(,¢), (A.40)
where
M
BeF (1 - ) mmtee=sr — e +06)E
g(t: 5) = vvgE — 6rpF . (A41)

(1 — I/)I/EE — (51va
Let us point out that
gi(t,€) < fi(€) VE € B, ¥t > 0, Vi € {1,2,3}. (A42)

Hence, using also (A.14), the Kamke comparison principle [25] (see also, for example, [26], Thm. 10, Chap. I, Sect. 4, p.
29 or [27], Lem. 4.2, Chap. 1, Sect. 4, p. 51) gives that

(6= 79, €= 9(t.8), and £(0) = £(0) € B) = (&(1) < & (1) Vi € {1,2,3}, vt > 0), (A43)
which, together with the proof of (ii) of Theorem 2.2 given in Section A.2, implies Theorem 2.4.

APPENDIX B. PROOF OF THEOREM 3.3 WHEN (3.15) HOLDS
In this section we assume that (3.15) holds and prove that the Cauchy problem (3.1) has a unique weak solution on

[0, +00). For E € C°([0,T]; L*(Q)), we define

[Ellcg.ry, = max [[E@®)]|L1 o) (B.1)

mho 7 ejo,m)
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The vector space C°([0, T]; L*(Q)) equipped the norm || - ”C%leu is a Banach space. Let

C:={E:[0,T] x Q— [0,+00) : E€C°([0,T); L' (Q)),
0 < E(t,z) < max{K(z), E°(z)} V (t,z) € (0,T) x Q}. (B.2)
The set C is a non-empty closed subset of C°([0,T]; L*(£2)). Let us define an application
Q:e€C— E, (B.3)
where E : [0,T] x Q — [0, +00) is the solution of the Cauchy problem

9 _
ot

nm
1+mm

Bef(1l— % — (ve +08)E, E(0) = E°, (B.4)

with m € C°([0, T); L*()) and f € C°([0, T]; L*(R)) being the weak solutions of

of

% —diAf+0rf =vvgein (0,T) x Q, 5, =0on (0,T) x 99, f(0) = F°, (B.5)
%’;‘ — doAm + Sym = (1 — v)vge in (0,T) x Q, %m =0on (0,T) x 9%, m(0) = M°. (B.6)
mn
One easily checks that
EeC. (B.7)

Let us point out that (e, f,m)T is a weak solution of the Cauchy problem (3.1) if and only if Q(e) = e. We are first going
to prove that Q is a contraction map if 7" is small enough, which implies that Theorem 3.3 holds at least if T' > 0 is
small enough. Next, we prove the existence of the solution of the Cauchy problem (3.1) for all time.

Let é € C. We define f € C°([0, T]; L*(€2)) and i € C°([0, T]; L*(£2)) to be the weak solutions of

%{ —diAf+6pf =vvgpéin (0,T) x Q, g% =0on (0,7) x 89, f(0,-) = F°(), (B.8)
%—T — doAvi + Sy = (1 — v)wgeé in (0,T) x Q, ‘Z—Z@ =0on (0,7) x 8Q, m(0,-) = M°(-). (B.9)
Let a € C°([0,T]; L' (R2)) be defined by
a:=f—f. (B.10)
Then a is the weak solution of
% —diAa+dra=vvg(e—é)in (0,T) x Q, % =0on (0,7) x 99, a(0,-) =0. (B.11)

We denote by t € [0,4+00) — Si(t) € L(L*(Q); L*(Q)) the semi-group associated to —diA + §7Id with the Neumann
boundary condition on 99Q. In other words, for ¢ € L'(Q), ¢ : [0,T] x Q — R, ¢(t) := S1(t)¢° is the weak solution of

% —diAp+0rp=0in (0,T) x Q, % =0on (0,T) x 89, ¢(0,-) = ¢". (B.12)
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Let us recall that, for every 1 < p < oo, there exists a constant Cp > 0 such that, for every ¢ € (0,1] and for every
¢” € L'(Q),

(p

_ -1
151(1)¢" e < Cot™ 7 [16°|| 1. (B.13)

This property is a direct consequence of the kernel estimate given in [28], Theorem 3.2.9; see also the proof of [29],
Proposition 3.5.7 which deals with the Dirichlet boundary condition on (0,7) x 9f.
From (B.11) and Duhamel’s formula, we have

a(t) = I/Z/E/O S1(t—s)(e(s) —é(s))ds Vi e [0,T]. (B.14)
Let p € [1,400). From (B.13) and (B.14), one has, for all ¢ € [0, T7,

la@®)lzr < WE/O 1S5(t = s)(e = é)(s)l|Lrds

<c / (t = 5)" 57 Jle(s) — &(s) | 1 ds

<C R ¢ _(pfl)d
< Clle=ellegay, [ (1= s
< Clle —élleg 11 t7, (B.15)
which with (B.10) leads to
A . 1
1£(2) = F(®)l|ze < Clle — élle 1o t7. (B.16)

In (B.15) and (B.16), and until the end of this appendix, C' denotes constants which may vary form place to place but
are independent of t € [0,T], T € (0,1], E°, F°, M°, ¢, and é. Similarly,

~ N 1
[m(t) = m@)ller < Clle = élleg Lyt (B.17)

As e € C, one has e(t,z) < E°(z) := max{K(z), E°(z)}. Therefore, using (B.5) and the maximum principle for
parabolic equations,

0< f(t,z) < f(t,x) V(t,z) € (0,T) x Q, (B.18)

where f € C°([0,T]; L*(Q)) is the weak solution of

% — i Af+6rf =vvpE®in (0,T) x Q, % =0on (0,T) x 89, f(0) = F°. (B.19)
From (B.19) and Duhamel’s formula, one has
— t —
ft) =S1()F° +vvg / Sy (t — s)E ds, (B.20)
0

which, together with (B.13), implies that

_ (p—1) _ t p—
1F@)lle < CUFC|pt™ "7 + ||| / (t—s)""7 ds)
0
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_p—1 = 1
CUIF N o t™ 7 + Bl tw),
which, with (B.18), leads to
0 =0 -2=1
If@Oller < CUF s + I1E L)t 7

For all ¢ > 0 and all z € Q, we have from (B.4) (see also (3.13))

E(t,x) = E%(x)e™ 8 745 | g, / nf(s,2)m(s, ) — jt g

1+ nm(s,x)
where
J(t,l‘) = (VE + (5E) + m
and

B(t,z) = E(z)e” 18 o) 4 g, /Mﬁz(s?fﬂmmmfds

nﬁEf(t7 x)ﬁ’L(t, x)

J(t,x) = (vg + 0p) + K1 +nm(t,z))

From the expressions of E and E, we have

IE(t) = E@®)l| < Ru(t) + Re(t) + Rs(t),

where R1, R2, and R3 are defined by

dz,
_ /8 / / 77f S, {E S CL‘) ’67 /: J(r,z)dr e~ /Sf j(T,I)dT
o l+nm(s :r)

-ﬁ//

Let us now give upper bounds of R, Rz, and Rs.
e Upper bound of R;.
For all t € [0,7] and all € Q, one has

) _ / EO({L') e” f()"’ J(s,x)ds e~ fOt J(s,xz)ds

dzds,

nf(s,x)m(s,x) _ nf(s,x)m(s,z)
1+ nm(s,x) 1+ (s, x)

e fot J(T,z)dr e~ [Ot j(ﬂ',z)dﬂ'

g/ot‘J(T,m)fj(T,x).dT

< C/o flr,z) |m(r,z) — m(r,z)|dr

t
0

f(r,z) — f(r, x)) dr

which, together with (B.28), implies that

e~ Ji Jr®)dT g g,

33

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)
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<C’/ (/ E°(z)f(r,z) Im(r,z) — rh(T,x)|dx) dr
+c/ (/EO ‘fo )‘dx)d (B.32)

Note that

r—1 r—1 1
2r 2r T

Using Holder’s inequality, (B.32) and (B.33), we have

<0/nm ™l

(B.33)

I, IIEOHLT

Lr

+CIE e [ 1) = FOI L dre (B34
Using (B.17) for p = 2r/(r — 1), (B.22) for p = 2r/(r — 1), and (B.34), we get

t
_ 1 R
Ra(t) < C((I1F°|lr + HEOHLl)HEOHU‘)/O s " dslle —élleg 1

t r—1
HCIEr [ 577 dsle = elleg s (B39)
0

which gives

— r—1 ~
Ri(t) < C(I1F°|r + 1E®l[ o2 + DIE |- T+ lle = elleg

(B.36)
e Upper bound of Rs.
For all 0 < s <t < T and all z € Q, we have
nf(s,z)m(s, )
< B.37
[l < fs.a), (B.57)

Using (B.29),(B.31), and (B.37)

<C/ Qfsx(/fo\me) (Tx)|d7')dxds
+C/Ot Qf(s,x)(/:

Then, using Holder’s inequality and Fubini’s theorem, we get

waCAHﬂmm/WﬂﬂH

Fr,z) — f(r, x)) dT> dads.  (B.38)

2z Im() = ()| 2 drds

+C/nfny/Nu (O, drds. (B39
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Using (B.22) with p =r and p = 2r/(r — 1), (B.17) with p = 2r/(r — 1), and (B.16) with p =r/(r — 1), we get

— t r—1 t
Ra(t) < CUUF o+ [E°)* [ 57 [ o Handsle  elleg
0

S

= ¢ _r=1 ¢ r=1 ~
FCUP o +1Bw) [ 575 [ ardsle = elegay

E]

< CUF I+ IE L) (F N + 1B 0) +8) tlle = élleg. -
Hence

Ra(t) < C ((IF 2 + 1B 21)" +1) Tlle —é (B.40)

01"
crla

e Upper bound of Rs.
Note that, using (B.24), for all ¢ € [0,7] and for all x € Q J(¢,x) > 0. Hence, for all s <t € [0,T] and for all z € Q,

e~ JEJ(r)dr <1, (B.41)

which, together with (B.30), implies that

Rs(t) < C’/Ot (/Q f(s,x)|m(s,z) — Th(s,x)\dx> ds

+c/0t (/Q’f(s,x)—f(s,a:)‘dx) ds. (B.42)

So

- ds. (B.43)

I, em

rldsw/o 1£(s) — f(s)

I, .-

Ry(t) < C / 1£()zrllm(s) — n(s)

Using then (B.22) for p = r, (B.17) for p = r/(r — 1), and (B.16) for p = r/(r — 1), we get

T7Q

— t t r—1 N
Ra(t) < CUF o+ |1E°Nze) [ dslle ~leguy, +C [ 5" dslle = elleg
0 0

< CIFllpr + I ox + DT lle — g oy (B.44)
From (B.27), (B.36), (B.40), and (B.44), we conclude that
£ 02 02 r=1 5
1B = Blleg sy < CUF 2 + 1E I3 + DT lle — elleg s (B.45)

which shows that Q is a contraction map if

1 r—1
T < . B.46
< (c<||F0||i1 o B 1)) (B.46)

This concludes the proof of the uniqueness of the weak solution of the Cauchy problem (3.1) and the existence if T' > 0
is small enough.
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_ To get the existence for all time it suffices to see that if the weak solution is not defined for all time, there exists
T > 0 and a weak solution (E, F, M)T € C°([0,T); L*(Q)?) of the Cauchy problem (3.1) such that

limsup || E(t)||r + [[F(t)[| L1 = +o0. (B.47)

t—T—

Let us check that (B.47) cannot hold. Concerning E, let us first point out that for every T < T, E restricted to [0, T] x
has to be in C. Hence,

0 < E(t,z) < max{K(z), E°(z)} V (t,z) € (0,T) x Q, (B.48)
which implies that
limsup [|[E(t)||Lr < +0o0. (B.49)
t—T—

Next, using (3.26) and (B.48), we get

IFE@) || < | F°) 2 + VuEt/ max{K (z), E°(x)} dz ¥t € (0,T), (B.50)
Q
which shows that
limsup ||F(¢)]| 1 < +o0. (B.51)
t—T—
Properties (B.49) and (B.51) are in contradiction with (B.47). This concludes the proof of Theorem 3.3. O

Remark B.1. We have proven that in dimension N = 2, the Cauchy problem (3.1) is well-posed when E® € L"(Q) for
some r > 1. The same proof also works for N = 3 but does not work for N > 4. In dimension N = 1 the same proof
allows to get a better result since it works also for » = 1. It is an open problem if in dimension N = 2 we also have the
well-posedness for r = 1.

APPENDIX C. PROOF OF THEOREM 4.2 WHEN (4.3) AND (4.12) HOLD

In this section we assume that (4.3) and (4.12) hold and we prove that the Cauchy problem (4.4) has a unique weak
solution on [0, +00). The strategy is the same as in the proof of Theorem 3.3, when (3.15) holds, given in Appendix B.
Let us briefly explain the required modifications. For (E, M) € C°([0, T]; L*(Q) x L'(Q)), we define

||(E, Ms)”c%L}ZLgZ = HEHC%LSl7 + ||Ms||c%L&17' (C'l)

The vector space C°([0, T); L*(Q) x L'(Q)) equipped the norm || - HC%L%ZL%) is a Banach space. Let

C = {(B, M) : [0,T] x Q2 — [0,+00) x [0,+00) : E € C°([0,T]; L' (), M, € C°([0,T}; L*(2))
0 < E(t,z) < max{K(z), E°(z)}, Y(t,z) € (0,T) x Q}. (C.2)

The set C is a non-empty closed subset of C°([0, T]; L*(Q) x L'(£2)). Let us define an application

Q:(e,ms) € C— (E, M), (C.3)
where E is the solution of the Cauchy problem

OF E nm

E fes(1 = ?) 1+ n(m + yms)

5 — (ve +6r)E, E(0,.) = E°, (C.4)
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with f € C°([0,T); L*()) and m € C°([0, T); L*(Q)) being again the weak solutions of (B.5) and (B.6) respectively, and
M being the weak solution of

aé\fs - dSAMS = u((er, m, mS)T) - 5sMs in [O,T} X Q,

9Ms — 0 on [0,T] x 09, (C.5)
M;(0,-) = MJ(-).

One easily checks that

(E,M.) €C. (C.6)

Let us point out that (e, f,m,ms)7 is a solution of the Cauchy problem (4.4) if and only if O(e,ms) = (e, ms). We are
first going to prove that Q is a contraction map if T is small enough, which implies that Theorem 3.3 holds at least if
T > 0 is small enough. Next, we prove the existence of the solution of the Cauchy problem (4.4) for all time.
Let (é,75) € C. We define f € C°([0,T]; L*(R2)) and /€ C°(]0,T]; L*(€2)) as in (B.8) and (B.9), respectively, and
define M, € C°([0,T]; L*(R)) as the weak solution of
M A3 AN + 65 M = u((&, f,1m,1ms)T) in [0,T] x ©,

o8 = 0 on [0,T] x 0, (c.7)

M,(0,-) = M2(:).

Let us concentrate on the main new estimates compared to Appendix B. Let us first deal with the upper bound of
M(t) 1= [ Ma(t) = ML () 11 (C.8)
Note that it is also for this estimate that we use the assumption F¥ € L". We choose £ € (0, +o00) such that
2max{K (z), E°(z)} < £. (C.9)

From (4.3), (C.5), (C.7), and (C.8), we get

M) < CT (lle = elleg p, + 115 = Flleg g, + lIm = rilleg 2y, + s = miclleg )

+C/O I(f(r) + F(7)) (Im(7) = rin(7)| + |ms(7) = 1ivs(7)]) | padr. (C.10)

In (C.10) and until the end of this appendix, C' denotes constants which may vary form place to place but are independent
oft €[0,T], T € (0,1], F°, M°, e, &, ms, and 5. Note that these constants may now depend on £ and so on E° through
(C.9). Let us recall that there exists a constant C; > 0 such that, for every ¢ € (0,1] and for every ¢° € L™(Q),

_1
1S1(£)¢° || Lo < Cat™ 7|16 Lr. (C.11)

This property, as (B.13), is again a direct consequence of the kernel estimate given in [28], Theorem 3.2.9; see also the
proof of [29], Proposition 3.5.7 which deals with the Dirichlet boundary condition on (0,7") x 9. From (B.18), (B.20),
and (C.11), we have

1
1F(@)l|zee < CE 7 (|F”|2r + 1) (C12)
Similarly,

1F @)= < CtF([F°)ler +1). (C.13)
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From (B.16) with p = 1, (B.17) with p = 1, (C.10), (C.12), and (C.13), we get
M(t) < C (1F o +1) T e — &, ma — 1)l 1 1. (C.14)

T7Q7Q

Concerning the estimate of ||E — EAHC%% , it is almost done in the proof of (B.45). The only essential new terms that

we have to bound from above come from the dynamics of m, and m in the Allee effect expressions nm/(1+ n(m + ms)),
/(1 + n(m + Mms)). These terms are

Hi(t) = /Ot (/ﬂ Eo(x)f(r,x)|ms(7',x)—ms(7'7:c)|dx) dr, (C.15)
Ha(t) = /Ot/gf(s,x) (/Stf(T,x)|ms(T,x)—ﬁzs(r,x)|d7'> dads. (C.16)

We have already bounded from above H; in the proof of (C.14). (Note that 0 < E°(z) < £/2). Let us bound from above
Hj(t). Using (C.12) for » = 1 (this inequality also holds for r = 1), we get

t t R
w0 <€ [ 17l (£) ds (17 + 1) I~ ey, (C.17)
which, with (B.18) and (B.21) for p = 1, leads to

2 .
Hy(t) < CT (||FO||L1 + 1) [[ms — ms”ché- (C.18)

At the end, we obtain

~ r—1
1B = Blleg.y, < C(IF°U- + 1) TF (lle = elleg .y, + lme = mislleg .y, ) - (C.19)
From (C.8), (C.14), and (C.19), we get
~ ~ r—1
I(E = B, My = Mo)lleg.rar, < C (I1F°NLr +1) T 7 [l(e = &,ms — 1) lleo 1y s, (C.20)

which shows that Q is a contraction map if 7" > 0 is small enough. This concludes the proof of the uniqueness of the
weak solution of the Cauchy problem (4.4) and the existence of a weak solution if 7' > 0 is small enough.

To get the existence of the weak solution for all time, it suffices to see that if the weak solution is not defined for all
time, there exists T > 0 and a weak solution (E, F, M, M;)" € C°([0,T); L*(Q)*) of the Cauchy problem (4.4) such that

limsup || F'(t) |- = 4o0. (C.21)

t—T—

However, using the second, fifth, and sixth lines of (4.5) and Duhamel’s formula, we get

ft) =S1(t)F° + vvp /t Si(t—s)E°ds vt € 0,T), (C.22)

which gives the existence C(T) € (0, +00) such
IF#)|[r < CT)(IF°||Lr + 1) V¢ € [0,T), (C.23)

in contradiction with (C.21). This concludes the proof of Theorem 3.3. O
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APPENDIX D. PROOF OF THE EXISTENCE OF A WEAK SOLUTION

In this section, we prove the existence of a weak solution for initial data in L!. Here, we focus solely on the 4-
dimensional closed-loop Cauchy problem (4.4), which is the most challenging case. Let (u,)nen be a sequence of elements
of C°([0, +00)*; [0, +00)) such that, for every n € N

0 <un((E,F,M,M)") < C.(1+E+F+ M+ M,)Y(E,F,M,M,)" € [0,+00)*, (D.1)
un(y) =0, Yy = (E, F, M, M)" € [0, +00)" such that E + F + M + M, > n, (D.2)
and such that
liIE lln — ullco(xcy = O for every compact set K C [0, +00)*. (D.3)
n— oo

Clearly such a sequence (un)nen exists. Let (E°, FO, M° M7 : Q — [0, +00)* be such that (4.11) holds. Then, let
(ES, F2, M2, M2.)T)en be a sequence of maps from € into [0, +-00)* such that, for every n € N,

Ey € L™(Q), F, € L' (Q) for some 7, > 1, M € L'(Q), and M2, € L'(Q), (D.4)
and such that, as n — 400,
Ey - E° in L'(Q), (
F? — F° in L'(Q), (
M) — M° in L'(Q), (
M2, — M{ in L'(Q). (

Again, such a sequence ((E2, FS, M2, M2)T),en exists. Let T > 0. For n € N, let y, = (En, Fp, My, Ms,)T be the weak
solution on [0, 7] of the following closed-loop system:
OFE,

=pPEF,(1— — 0g)E, — 0g)En, t>0, Q, D.9
or < K(%)) 1+ n(Mn +vMon) e +6z) e+ 0m) =hre (D-8)
Fn
a@t — diAF, +6pF, =vvgE,, t>0, €, (D.10)
oM,
% d2AMy, + M, = (1 —v)vgE,, t>0, z€Q, (D.11)
8Msn
8t _dSAM5n+5sMsn :u(EnyFn>Mn,Msn)7 t20> HAS Q7 (D12)
oF, OM, 0OMs,
= = = > .1
dn = on  on O P20 @ (D.13)
satisfying the initial condition
yn(0) = (En, Fy, My, M;,)". (D.14)

The existence (and uniqueness) of y,, is proved in Appendix C.
Note that, almost everywhere in Qr,

En(t,z) < max(K(z), En(z)) < K(z) + En(z). (D.15)
Since K € L*(Q), using (D.5) and (D.15), one has

1B (®)]| 11 ) < C ¥t € [0,T]. (D.16)
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In (D.16) and throughout all Appendix D, C' denotes various positive constants which may vary form place to place but
are independent n € N and ¢ € [0, T]. However, even if it is not the case for (D.16), they may depend on T, which is fixed
in this proof. From (3.26) with F'= F" and E = E", (D.6), (D.14), and (D.16)

|1 ()]l 1) < C VE€[0,T]. (D.17)
Similarly, one has
Mo ()]0 < C ¥t € [0,T]. (D.18)
Using (D.1), (D.16), (D.17), and (D.18),
/un((En,Fn,Mn,M;)(t) <C (1 +/ Msn(t)> . (D.19)
Q Q

Using (4.10) for o = 1, My = Mg, , uw((E, F, M, M)") = un((En, Fn, M, M%), (D.19), and M2 = M?2,, together with
(D.8), (D.19) and the Gronwall lemma in the integral form,

| Mo (t)]| 11 ) < C Yt € [0,7. (D.20)

Using (D.6), (D.10), (D.13), (D.16) and a classical compactness property (see, for example, [30], Lem. 5.6), we deduce
the existence of F € L'((0,T); W"'(Q)) such that, up to the extraction of a subsequence,

Fn — Fin L'((0,T); W"'(2)) as n — +oo. (D.21)

Similarly, one has the existence of M € L*((0,T); W''(Q)) and Ms € L*((0,T); W*(Q)) such that, up to the extraction
of subsequences,

M, — M in L'((0,T); W"'(Q)) as n — +o0, (D.22)
Men — M, in L'((0,T); Wh(Q)) as n — +o0. (D.23)

Note that (D.21), (D.22), and (D.23) imply, up to the extraction of a subsequence,

Fn(t,z) = F(t,z) as n — +oo, for almost every (¢,z) € (0,T") x €, (D.24)
My (t,x) = M(t,z) as n — +oo, for almost every (¢t,z) € (0,T) x Q, (D.25)
Mn(t,x) — M(t,x) as n — 400, for almost every (¢,z) € (0,T) x Q, (D.26)

and the existence of ® € L'((0,T) x Q) such that, for every n € N,

Fo(t,z) < ®(¢,z) for almost every (t,z) € (0,T) x £, (D.27)
M, (t,x) < ®(t,z) for almost every (t,z) € (0,T) x £, (D.28)
M (t,z) < ®(t, ) for almost every (t,z) € (0,T) x . (D.29)

In particular, there exists a set A/ of Lebesgue measure 0 such that, for every ¢ € [0,T] \ N,

F,(t,z) — F(t,z) as n — 400, for almost every x € Q, (D.30)
My (t,x) — M(t,x) as n — +oo, for almost every = € Q, (D.31)
Mo (t,x) = Ms(t, z), (D.32)
F,(t,z) < ®(t,z) for almost every x € , (D.33)
M, (t,z) < ®(t,z) for almost every z € Q, (D.34)



SIT PDE FEEDBACK CONTROL 41

My (t,x) < ®(t,x) for almost every z € Q. (D.35)
Let
At @) = BpFu(t @) n(Mn?ﬁ")(i f“;)Mn i) (D.36)
Alt) = BeF(t2) e M(’Zf‘i )(tfw) TRL (D.37)
Ba(t,z) := If(’;) Fo(t.2) U(Mn?t]’\i")(i:)ﬂ/[m(t?x)) + (Ve + 0g), (D.38)
Bt z) = If(’i_) Flto) 1 U(M(Zf‘gth)Mg(t’ 5+ s+ 85). (D.39)
From our definition of y,,, one has
En(t,z) = e Jo Bnlm) ds g0y o / Lo I Bur) 97 A, (s, ) ds. (D.40)
0
Let
E(t,z) =¢" Jo Blss2)) PR (z) + /t e~ s B 9T A(s, x) ds. (D.41)
0
Note that
E € C°([0,T); L' (). (D.42)
From (D.5), extracting a subsequence if necessary,
ES(x) — E°(z) for almost every z € (D.43)
and there exists ¥ : Q — [0, +-00) in L*(Q) such that
E(z) < U(z) for almost every z € €. (D.44)
From (D.24) to (D.29), (D.36) to (D.41), (D.43), and (D.44),
E,(t,z) = E(t,z) for almost every (t,z) € (0,T) X Q, as n — +00 (D.45)
and there exists U1 : Q — [0, +00) in L'(2) such that, for every n € N,
E,(t,z) < ¥i(z) for almost every = € . (D.46)

Let ¢ : [0,7] x Q@ — R be of class C'. Let t € [0,T]. From our definition of y,, one has

/Fn(t@)@(t,w) dm—/FS(m)so(O,w) dz + dy VF,L~Vso—/ Fn%f:
Q Q .

Qt
/ (vwgE, —0rF,) p. (D.A47)
Qt
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Letting n — +oo in (D.47) and using (D.6), (D.21), (D.30), (D.33), (D.45), and (D.44), one gets
(3.2) holds provided that ¢ € [0,T] \ V. (D.48)

Assume for the moment that the following lemma holds.

Lemma D.1. Let N C [0,T] be of Lebesque measure 0. Let f € L*((0,T); W () be such that, for every ¢ : [0,T] x
Q — R of class C*,

/f(t,x)gp(tw)da;—i—dl Vf-Veo— fa—so—kép Fo=0Vvte [0, T]\N. (D.49)
o Q Q. Ot Q@

Then f = 0.
Let

Flt) = $1(t)Fy + / "y (t — 5)B(s) ds, (D.50)

where S; is defined in Appendix B; see, in particular, (B.12). Note f := F — F satisfies (D.49). As a consequence of
Lemma D.1, F = F € C°[0,T); L*(Q) and, by density and the continuity with respect to t of all the terms of (3.2), one
has (3.2) for every t € [0,T]. Similar proofs show that M and M, are in C°([0,T]; L'()) and that (3.3) and (4.10)
holds for every ¢ € [0, T]. Hence (E, F, M, M;)T is a weak solution of the closed-loop Cauchy problem (4.4) for the initial
condition (E(0), F(0), M(0), Ms(0))T = (E°, F°, M°, M)T.

It remains to prove Lemma D.1. Let g € L'((0,T); W*(Q)) be defined by

t
g(t, ) ::/ f(s,z) ds. (D.51)
0
One easily sees that g € C°([0,T]; L' (Q)) and is such that, for every ¢ : [0,T] x Q — R of class C*,

0
/ g(t,x)p(t,z) de + di Vg‘Vgo—/ g£+6F/ gp =0Vt e[0,T], (D.52)
Q Q Q. 0Ot

t

which implies that ¢ = 0 and therefore f = 0. This ends the proof of Lemma D.1.

Hence, for every initial data y° : Q@ — [0, +00)* in L' (Q2)* and for every T > 0, there exists a weak solution on [0, 7]
of the closed-loop Cauchy problem (4.4). This existence can be extended to [0, +-00). Indeed, let y° : Q — [0, +00)* be in
L' (Q)* and let T = 1. There exists a weak solution y1 € C°([0,T1]; L' (Q))* of the closed-loop Cauchy problem (4.4) on
[0, T1] for the initial condition y°. Let To = Ty + 1. We now start at T3 with the initial condition y; (T%). There exists a
weak solution y2 on [T1, T3] of the closed-loop Cauchy problem (4.4) for this initial condition. Let y € C°([0, T2]; L*(Q2))
be defined by

y(t) = y1(¢) for t € [0,T1) and y(t) = y=2(t) for t € [T1, T3] (D.53)
Then, as one easily checks, y is a weak solution of the closed-loop Cauchy problem (4.4) on [0, 7%] for the initial condition

y°. We keep going: consider T}, = n and finally we get the existence of a weak solution of the closed-loop Cauchy problem
(4.4) on [0,400) for the initial condition y°.



	Feedback stabilization for a spatial-dependent Sterile Insect Technique model with Allee effect 
	1 Introduction
	2 ODE Model for mosquito population with allee effect
	3 Reaction diffusion model for mosquito populations
	3.1 Life cycle model for a mosquito population in a bounded domain
	3.2 Well-posedness of the Cauchy problem
	3.3 Asymptotic stability of the life cycle model

	4 Reaction diffusion model for SIT
	4.1 Well-posedness of the closed-loop system
	4.2 Design of state-feedback controllers

	5 Numerical simulation in 2D
	6 Conclusion and perspectives

	References
	Appendix A Stability properties of the ODE dynamical systems
	A.1 Proof of Theorem 2.1
	A.2 Proof of Theorem 2.2 
	A.3 Proof of Theorem 2.4 

	Appendix B Proof of Theorem when assumption holds
	Appendix C Proof of Theorem when conditions hold
	Appendix D Proof of the existence of a weak solution


