
Math. Model. Nat. Phenom. 21 (2026) 1 Mathematical Modelling of Natural Phenomena
https://doi.org/10.1051/mmnp/2025031 www.mmnp-journal.org

A CONSERVATIVE TWO-PHASE FLOW MODEL

WITH A NONLINEAR DEGENERATE DIFFUSION

Gloria Faccanoni1,* , Cédric Galusinski1 and Bérénice Grec2

Abstract. This paper is motivated by the need to model the dynamics of liquid–vapor flows involving
phase transitions in heat exchangers. In the low Mach number asymptotic limit, we derive a system of
1D conservation laws with heat transfers causing phase change, with a degenerate and nonlinear thermal
diffusion coefficient. This degeneracy induces discontinuities on the solution, both on the enthalpy and
the velocity. We provide explicit steady and travelling wave solutions, and derive suitable numerical
schemes able to capture the moving discontinuities.
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1. Introduction

The motivation for this study is to analyze the flow dynamics within a heat exchanger, typically in the core
of a nuclear reactor [1]. We focus on a low Mach number model (lmnc model introduced in [2]), derived from a
compressible model by letting the Mach number tend to zero. This approach allows to neglect acoustic waves,
and simplifies greatly the equation of state, but retains the effects of large heat transfers. This approximation is
relevant to describe the nominal regime in the core of a nuclear reactor, and even in some incidental situations.

A key aspect is to incorporate the liquid–gas phase change due to significant heat deposits [3, 4]. In our
modeling, the fluid can exist either in a pure phase (liquid or vapor) or as a saturated mixture [5, 6]. Phase
change was already introduced in the lmnc model without thermal diffusion in [7].

The originality of the model investigated in the present paper lies in considering thermal diffusion effects. Due
to the diphasic nature of the flow, the thermal diffusion term is nonlinear and degenerates within the mixture,
causing discontinuities in the solutions as the gas phase appears. Note that the discontinuity is related to the
introduction of the degenerate thermal diffusion term, since without diffusion, the solution remains continuous
even when the gas phase appears [7]. A first study without appearance of the gas phase was presented in [8].
Further works [9, 10] investigated the 1D steady-state solution for a simplified model assuming constant density
and no velocity equation (constant velocity flow), and introduced an appropriate scheme. It was noted that this
simplified lmnc model with degenerate thermal diffusion links diffuse interface models and Stefan problems
(corresponding to sharp interfaces).
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schemes, discontinuity propagation.
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The original work of Stefan [11], formulated in terms of temperature, addressed the tracking of an interface
during phase change. The literature on Stefan problems is huge and continually expanding, we refer to general
monographies [12, 13]. Generalized Stefan problems extend the physics of sharp interfaces to the emergence of
mushy regions (mixture of two phases), through a formulation in terms of enthalpy. This formulation leads to a
nonlinear degenerate parabolic evolution equation, and has been extensively studied from the mathematical and
numerical points of view (cf. the pioneering works [14, 15] and further mathematical references as [16, 17]). Such
degenerate equations also arise in porous media, as in the Richards equation [18], presenting similar theoretical
and numerical challenges. While the classical enthalpy-based Stefan model focuses on the thermodynamics of
phase change, it does not account for hydrodynamic couplings. The objective of the present work is to study
the coupling between hydrodynamic and thermodynamic effects during phase change.

The novelty of our study is to couple the energy equation with an equation on the velocity, so that neither
velocity nor density are constant, and all quantities exhibit discontinuities at the gas phase boundary. The
challenge of this model is to handle these discontinuities in both enthalpy and velocity. Because of these dis-
continuities, care must be taken to avoid developing non-conservative products, which is actually not the usual
approach when dealing with a low Mach number asymptotic model. In particular, the velocity part of the model
of Navier–Stokes type is often investigated under a non-conservative form with the constraint on the divergence
of the velocity, and this cannot be applied here. This requires to revisit the analysis and numerical schemes
developed in previous works. Besides, numerical difficulties arise to capture these singular solutions, and the
highly coupled nature of the model limits the choice of appropriate discretization methods.

The article is structured as follows. In Section 2, we introduce the low Mach number model with thermal
diffusion and phase change. We revisit in Section 3 the analytical solutions derived in [9] for the steady-state
model. The novelty lies in a more direct approach of the proofs without relying on viscosity solutions. In Section 4,
we propose a specific transient solution in the form of a travelling wave, and investigate the properties of the
solutions. In Section 5, we introduce numerical schemes for solving the full time-dependent model. We begin
by explaining why classical approaches for the lmnc model without thermal diffusion cannot be generalized,
and then propose two suitable schemes for the model with thermal diffusion (one explicit based on a predictor-
corrector approach, the other one fully implicit). In Section 6, we present numerical simulations for this model
with thermal diffusion. We emphasize the numerical difficulties induced by the solution discontinuities and show
that the proposed schemes capture these discontinuities.

2. A Low Mach number model for a heat exchanger

This section introduces an adimensionalized low Mach number model designed specifically for a heat
exchanger system, derived from the compressible Navier–Stokes-Fourier system. Since the analysis is done in
1D in the rest of the paper, we only describe the model in 1D, focusing on the main flow direction (which is
vertical in the core of a nuclear reactor).

2.1. Governing equations

The asymptotic low Mach number model includes the conservation equations for mass, momentum, and
energy, involving the following unknowns: the velocity (t, y) 7→ v, the enthalpy (t, y) 7→ h, and the dynamic
pressure (t, y) 7→ P. The system is written as


∂tϱ(h) + ∂y(ϱ(h)v) = 0,

∂t(ϱ(h)v) + ∂y(ϱ(h)v
2) + ∂yP = 0,

∂t(ϱ(h)h) + ∂y(ϱ(h)hv) = Φ + ∂yy(L(h)).

(2.1a)

(2.1b)

(2.1c)

The full derivation of this model is presented in Appendix A. It is written in a non-dimensional form in system
(A.13). In the whole paper, in order to focus on thermal effects, we neglect the viscous and the gravitational
effects (this corresponds to choosing Fr,Re → ∞). System (A.13) is then simplified to the previous system (2.1).
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This model is closed by an equation of state, giving the density h 7→ ϱ(h) of the fluid. Observe that, contrary
to the full compressible setting, the low Mach number asymptotic regime allows to simplify the thermodynamic
equation of state, since it does not depend on the pressure and thus only depends on one variable h. The function
h 7→ L(h) is linked to the thermal diffusion coefficient (and also depends on h), and Φ is the power density
modelling the heating (due to fission reactions in a nuclear reactor). For the sake of simplicity, Φ ≥ 0 is assumed
to be constant.

Observe that even without thermal diffusion, the system (2.1) is not hyperbolic, which is intrinsic to the low
Mach number asymptotic regime [7]. Indeed, in this setting, the velocity v can be seen as a Lagrange multiplier
(which is obvious in the model written under a non-conservative form) in order to satisfy the two conservation
equations depending on the same unknown, the enthalpy.

Observe that in 1D, the pressure P can be solved separately from the other unknowns as a post-treatment
by integrating the equation (2.1b)

∂yP = −∂t(ϱv)− ∂y(ϱv
2).

In the following, we will thus only focus on equations (2.1a) and (2.1c) for the unknowns v and h, closed with
the equation of state ϱ(h) and the determination of L(h).

In order to take into account phase transition phenomena, the equation of state for diphasic fluids is described
in the following section.

2.2. Diphasic equation of state with phase transition

To complete the system, we have to describe the behavior of a compressible diphasic fluid undergoing possible
phase transition. In a general compressible setting, describing a pure phase κ ∈ { ℓ, g } (liquid phase ℓ or a gas
one g) requires to provide the equation of state ϱκ(h, p) and Tκ(h, p) (which appears in the thermal diffusion
term). During phase change, a transitional area may appear at the interface of the two phases. Within this
zone, the fluid is assumed to be at saturation (equilibrium) during phase transition. At saturation, both phases
have identical pressure p, temperature T , and chemical potential g. The saturation temperature T s(p) is defined
from the thermodynamical relation gℓ(T, p) = gg(T, p) (see [5, 6]). The transition between a pure phase to the

mixture happens at the saturation enthalpy hs
κ(p)

def= hκ(T
s(p), p) for each phase κ.

Specifically, at pressure p, the phase of the fluid is determined by its enthalpy h: it exists under the liquid
phase if h ≤ hs

ℓ(p), under the gas phase if h ≥ hs
g(p), and as a mixture at saturation when hs

ℓ(p) < h < hs
g(p).

The density ϱ and the temperature T are then piecewise defined with respect to hs
κ(p):

ϱ(h, p) =


ϱℓ(h, p), if h ≤ hs

ℓ(p),

ϱm(h, p), if hs
ℓ(p) < h < hs

g(p),

ϱg(h, p), if h ≥ hs
g(p),

T (h, p) =


Tℓ(h, p), if h ≤ hs

ℓ(p),

T s(p), if hs
ℓ(p) < h < hs

g(p),

Tg(h, p), if h ≥ hs
g(p).

The adimensionalization of the equation of state is described in Appendix A.
In our model, the thermodynamic quantities are evaluated at p = p∗, which is constant. The equation of state

for ϱ then becomes

ϱ(h) =


ϱℓ(h) if h ≤ hs

ℓ ,

ϱm(h) if hs
ℓ < h < hs

g,

ϱg(h) if h ≥ hs
g.

(2.2)

In pure phases, the mixture density ϱκ(h), κ = ℓ, g are given by the chose equation of state. However, in the
mixture at saturation, the function ϱm has been computed in [19] (see the references therein for more details).
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Figure 1. Temperature and specific volume at constant pressure.

It is proved that it always has the structure of a stiffened gas, and is given by

ϱm(h) =
h− qm
ζm

,

where ζm and qm are constants depending on the thermodynamic properties of the saturation.
Further, since the saturation temperature is constant, T ′(h) is zero if the enthalpy is between hs

ℓ and hs
g (see

Fig. 1(A)), whereas it is non-zero in pure phases. Let us recall from Appendix A the definitions (A.10), (A.11)
and (A.14). We then have

L′(h) =


λℓ, if h ≤ hs

ℓ ,

0, if hs
ℓ < h < hs

g,

λg, if h ≥ hs
g.

(2.3)

For the sake of simplicity, we will assume in the following that λκ is constant for each phase κ (which means
that the heat conductivity and the isobar heat capacity are constant and isotropic for each pure phase).

2.3. The final model

Finally, we look for the solutions v and h of the following system

{
∂tϱ+ ∂y(ϱv) = 0,

∂t(ϱh) + ∂y(ϱhv) = Φ + ∂yy(L(h)),
(2.4)

where the piecewise constant function L′(h) is defined in (2.3) and the piecewise continuous function ϱ(h) is
defined in (2.2).

The system is posed over the semi-infinite domain y ∈ R+ with the Dirichlet (injection) boundary conditions
at y = 0:

v(t, 0) = ve > 0 and h(t, 0) = he < hs
ℓ , (2.5)
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where the injection values ve and he are both constant, and allow to define the entrance flow De
def= veϱ(he) > 0.

When y tends to infinity, the asymptotic behavior is set to be

lim
y→+∞

∂yh(t, y) =
Φ

De
. (2.6)

The system is supplemented with an initial condition on h(0, y) and v(0, y).

Remark 2.1. The choice of he < hs
ℓ in the boundary condition (2.5) is made to illustrate a complete case with

up to three phases (liquid–mixture–gas). It should be noted that the different results proved in the paper can
be extended to he > hs

ℓ very easily, it just limits the number of phases to two or one (mixture–gas or gas).
The boundary condition at infinity (2.6) is chosen in order to fit the stationary solution when λg = 0 and

corresponds to non additional energy deposited at infinity when λg > 0.

Remark 2.2. This model is studied in a simplified setting in [9] assuming a constant density, leading to a
classical structure of a generalized degenerate Stefan problem with transport, where discontinuous solutions
have been exhibited. The analysis of such models is for example studied in [16] and the numerical analysis with
finite volume schemes is performed in [17, 20, 21].

In this paper, with a variable density, we expect the solutions to be again discontinuous, so that the non-
conservative form cannot be expanded. This imposes to remain with the structure of two conservation equations,
where the velocity acts as a Lagrangian multiplier. In the different context of hyperbolic equations, such a
structure can be found in [22, 23].

3. The steady-state model

In this section, we revisit the analytical solutions derived in [9] for the steady-state model. The novelty lies in
Lemma 3.2, which allows for a more direct approach in the proofs, particularly without relying on the concept
of viscosity solutions.

3.1. Steady-state solution

The stationary system is given by{
∂y(ϱv) = 0,

∂y(ϱvh) = Φ + ∂yy(L(h)),
y ∈ [0; +∞),

with the boundary conditions (2.5)–(2.6).
The first equation implies that (ϱv)(y) = De for all y ∈ R+, reducing the second equation to

De∂yh = Φ+ ∂yy(L(h)), (3.1)

which is independent of h 7→ ϱ(h). The velocity is then obtained by v(y) = De/ϱ(h(y)).
For the sake of simplicity, we shall denote in the rest of this section the space derivative ∂y(·) by (·)′.
Let us introduce the following nonnegative constant ratios for κ ∈ { ℓ,m, g }, and define the function h 7→ Λ(h)

(see Fig. 2):

rκ
def= λκ/De, rΦ

def= Φ/De, h 7→ Λ(h) = L(h)/De. (3.2)

The stationary model (3.1) is then rewritten as

h′(y)− (Λ(h))′′(y) = rΦ, y ∈ [0,+∞), (3.3)

and the asymptotic behavior as y approaches infinity is rewritten as limy→∞ h′(y) = rΦ.
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Figure 2. h 7→ Λ(h).

To determine the phase at a given y, we compute the intersection points of the steady-state solution y 7→ h(y)
with the two lines h = hs

κ, κ ∈ { ℓ, g }. These intersection points, marking the phase transition points, will be
denoted by ysκ.

In the simple case rℓ = rm = rg = 0, the model reduces to the stationary lmnc model without diffusion [7].
Its solution is restated in the following proposition for the sake of completion.

Proposition 3.1 (Solution without diffusion). If rℓ = rm = rg = 0, the steady-state solution for the enthalpy
is continuous and given by h(y) = he + rΦy.

Proof. The equation becomes h′(y) = rΦ with h(0) = he, which implies h(y) = he + rΦy.

We will now focus on the model with a degenerate diffusion in the mixture at saturation, meaning that rm = 0
and rℓ, rg > 0. In this case, the solution might present discontinuities. To investigate these possible discontinu-
ities, let us introduce the notation JhK(y) = h(y+)− h(y−), and state the possible positions of discontinuities in
the following lemma.

Lemma 3.2. If y 7→ h(y) is an increasing function and if there exists a point y∗ ≥ 0 such that JhK(y∗) > 0,
then JhK(y∗) ≤ hs

g − hs
ℓ and h(y−∗ ) = hs

ℓ or h(y+∗ ) = hs
g.

Proof. From the assumption JhK(y∗) > 0, we know that h′ contains a Dirac delta function δy∗ at y∗, indicating
that h′ is a distribution of order 0.

Let us prove that JΛ ◦ hK(y∗) = 0 by contradiction. If JΛ ◦ hK(y∗) > 0, (Λ ◦ h)′ also contains a Dirac delta
fonction δy∗ , implying that (Λ ◦ h)′′ is a distribution of order 1, which contradicts the equation.

Thus, since Λ ◦ h is continuous, Λ(h(y+∗ )) = Λ(h(y−∗ )). The form of Λ (see Fig. 2) implies that hs
ℓ ≤ h(y−∗ ) <

h(y+∗ ) ≤ hs
g, which means that the jump of h happens inside the mixture phase.

Let us now prove the conditions on y∗. Integrating the ODE (h− (Λ ◦ h)′)′ = Φ, we find that h− (Λ ◦ h)′ is
continuous, ensuring J(Λ ◦ h)′K(y∗) = JhK(y∗) > 0. The form of Λ (see Fig. 2) implies that one of the extremities
of the jump of h is located either at hs

ℓ or hs
g. Since the jump happens in the mixture phase, we thus deduce

h(y−∗ ) = hs
ℓ or h(y+∗ ) = hs

g.

If the case of degenerate diffusion, two distinct scenarios emerge: a solution involving three regions (liq-
uid/mixture/gas), or one with only two regions (liquid/gas) for the case when the mixture zone disappears. We
shall see that the determination between these scenarios depends on the sign of rgrΦ − (hs

g − hs
ℓ).

3.1.1. Case rgrΦ < hsg − hsℓ: coexistence of the three phases (liquid/mixture/gas)

In the following proposition, we state the analytical solution in the case when the mixture region is present.
We shall prove that the solution is continuous at the liquid/mixture transition, whereas it exhibits a discontinuity
at a mixture/gas transition point.
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Proposition 3.3. If rgrΦ < hs
g − hs

ℓ , the mixture zone is present and the unique solution of (3.3) is
discontinuous at ysg. It is given by the following expression

h(y) =


hℓ(y)

def
=hs

ℓ + rΦ(y − ysℓ ) + rℓrΦ

(
1− exp

(
y−ys

ℓ

rℓ

))
if y ≤ ysℓ ,

hm(y)
def
=hs

ℓ + rΦ(y − ysℓ ) if ysℓ ≤ y < ysg,

hg(y)
def
=hs

g + rΦ(y − ysg) if y ≥ ysg.

(3.4)

The position ysℓ of the liquid/mixture transition is implicitly defined by

rℓrΦ

(
1− exp

(
−ysℓ
rℓ

))
= he − hs

ℓ + ysℓrΦ, (3.5)

and the position ysg of the mixture/gas transition is computed w.r.t. ysℓ by

ysg = ysℓ +
hs
g − hs

ℓ

rΦ
− rg. (3.6)

Proof. We construct the solution starting from y = 0 (in the liquid phase, since we assumed he < hs
ℓ).

� Pure liquid region. The solution of the equation h′
ℓ(y) − rℓh

′′
ℓ (y) = rΦ is given by hℓ(y) = A + rΦy +

B exp (y/rℓ). The boundary condition hℓ(0) = he results in A = he −B.
Let us now prove that, given rΦ > 0, the function y 7→ hℓ(y) is an increasing function and that there is
appearance of mixture, meaning that hℓ reaches the value hs

ℓ at some point. We have

h′
ℓ(y) = rΦ +

B

rℓ
exp

(
y

rℓ

)
, h′′

ℓ (y) =
B

r2ℓ
exp

(
y

rℓ

)
.

If B ≥ 0, hℓ is an increasing function and hℓ(y) ≥ A+ rΦy, thus it intersects the plateau y = hs
ℓ .

If B < 0, hℓ is increasing only on the interval
[
0; rℓ ln

(
− rΦrℓ

B

)]
, if it exists. Therefore, the function hℓ is

increasing only if it is so at y = 0 and if the liquid phase stops existing and the mixture phase appears,
meaning that hℓ reaches the value h

s
ℓ at some point. Let us prove by contradiction that there exists a point

ysℓ > 0 such that h(ysℓ ) = hs
ℓ . If h did not reach hs

ℓ , then hℓ(y) would be defined over the entire domain,
but this contradicts the boundary condition on the right limy→∞ h′(y) = rΦ > 0.
At this point, we still need to determine the constant B as well as the position of the transition point ysℓ .
A first relation comes from the fact that h(ysℓ ) = hs

ℓ (linking B and ysℓ ), and another one is still missing
and will be obtained by considering the jump condition in the mixture region at ysℓ . Explicit computations
of the constants will then be given.

� Mixture region. In the mixture region, solving h′
m(y) = rΦ leads to hm(y) = Cm + rΦy. The function hm

is thus obviously increasing.
At the transition from the liquid to the mixture region, i.e. at ysℓ , the jump relation yields

JhK(ysℓ )︸ ︷︷ ︸
≥0

−0× h′(ys,+ℓ ) + rℓh
′(ys,−ℓ )︸ ︷︷ ︸
≥0

= 0,

which implies both JhK(ysℓ ) = 0 and h′(ys,−ℓ ) = 0.
The second relation allows to determine the constant B. Actually, it is more convenient to write the
solution hℓ with respect to the point ysℓ under the form

hℓ(y) = Cℓ,1 + rΦ(y − ysℓ ) + Cℓ,2 exp ((y − ysℓ )/rℓ) .
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Figure 3. Sketch of the steady-state solution with and without thermal diffusion.

The conditions hℓ(y
s
ℓ ) = hs

ℓ and h′
ℓ(y

s
ℓ ) = 0 immediately lead to Cℓ,1 = hs

ℓ + rℓrΦ and Cℓ,2 = −rℓrΦ.
Moreover, the condition hℓ(0) = he determines implicitely the position ysℓ .
Further, the first relation implies that the solution is continuous at ysℓ . Thus, hm(ysℓ ) = hs

ℓ , from which
Cm = hs

ℓ − rΦy
s
ℓ .

Moreover, since hm is increasing, there exists a point ysg such that hm(ysg) = hs
g: there is appearance of

the gas phase.
� Pure gas region. Within the pure gas region, the solution of h′

g(y) − rgh
′′
g (y) = rΦ is given by hg(y) =

Cg,1 + rΦ(y − ysg) + Cg,2 exp
(
(y − ysg)/rg

)
.

From the boundary condition limy→∞ h′
g(y) = rΦ, it results that Cg,2 = 0, thus hg(y) = Cg,1 + rΦ(y− ysg)

and h′
g(y) = rΦ.

Further, at the transition from the mixture to the gas region, the jump relation at ysg is

JhK(ysg)− rgh
′(ys,+g ) + 0× h′(ys,−g ) = 0.

This implies that JhK(ysg) = rgrΦ > 0. Lemma 3.2 indicates that h(ys,+g ) = hs
g and consequently hm(ys,−g ) =

hs
g − rgrΦ. Since hm(ys,−g ) = hs

ℓ + rΦ(y
s
g − ysℓ ), we deduce that ysg = ysℓ +

hs
g−hs

ℓ

rΦ
− rg. In the gas, hg(y

s
g) =

hs
g = Cg,1 so that hg(y) = hs

g + rΦ(y − ysg).

Remark 3.4 (Existence of the mixture region). From the expression of ysg given by (3.6), we can see that the
gas diffusion coefficient rg > 0 decreases the size of the mixture region with respect to the case without diffusion
(cf. Figures 3(A) and 3(B)). It is expressed as (ysg − ysℓ ) = (ỹsg − ỹsℓ )− rg, where we denoted by ỹsκ = (hs

κ−he)/rΦ
the location of the phase transition points without thermal diffusion (given by Prop. 3.1).

In particular, when rgrΦ = hs
g−hs

ℓ , we have y
s
ℓ = ysg and the value at the bottom of the jump is hm(ys,−g ) = hs

ℓ .
The mixture zone disappears (cf. Figure 3(C)). Indeed, the jump relation at the mixture/gas transition point
gives

JhK(ysg) = hs
g − hm(ysg) = rgrΦ,

which is exactly hs
g−hs

ℓ under the condition we mentioned. This establishes a transition from a diffusive interface
model to a sharp interface model. This is the case we will consider in the next paragraph.
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3.1.2. Case rgrΦ ≥ hsg − hsℓ: disappearance of mixture (transition liquid/gas)

In the following proposition, we state the analytical solution in the case when the mixture region disappears.
The solution displays a discontinuity at the liquid/gas transition point.

Proposition 3.5. If rgrΦ ≥ hs
g − hs

ℓ , the mixture zone is not present and the unique solution of (3.3) is
discontinuous. It is given by the following expression

h(y) =

{
hℓ(y)

def
=hs

ℓ + rΦ(y − ys) +
(
(rℓ − rg)rΦ + (hs

g − hs
ℓ)
) (

1− exp
(

y−ys

rℓ

))
if y ≤ ys,

hg(y)
def
=hs

g + rΦ(y − ys) if y ≥ ys.
(3.7)

The position ys of the liquid/gas transition is implicitly defined by

(
hs
g − hs

ℓ + (rℓ − rg)rΦ
)(

1− exp

(
−ys

rℓ

))
= he − hs

ℓ + ysrΦ.

Proof. We construct again the solution starting from y = 0 (in the liquid phase by assumption he < hs
ℓ).

� Pure liquid region.With the same arguments as in the previous proposition, the solution in the liquid phase
hℓ reaches the value hs

ℓ at some point ys, meaning that we have a phase transition, and it is given under
the form hℓ(y) = Cℓ,1 + rΦ(y − ys) +Cℓ,2 exp ((y − ys)/rℓ). The value at the transition point hℓ(y

s) = hs
ℓ

determines the relation Cℓ,1 + Cℓ,2 = hs
ℓ between the constants.

� Non existence of the mixture region and transition liquid/gas. As stated in Remark 3.4, the mixture zone
disappears under the condition rgrΦ ≥ hs

g − hs
ℓ . Therefore, the solution is discontinuous and we have a

liquid/gas transition point at ys.
The direct transition between liquid and gas phases represents a classic Stefan problem. As a result of
Lemma 3.2, the jump is equal to hs

g − hs
ℓ and thus, in the vapor region, hg(y

s) = hs
g.

� Pure gas region. Within the pure gas region, the solution of h′
g(y) − rgh

′′
g (y) = rΦ is given by hg(y) =

Cg,1+rΦ(y−ysg)+Cg,2 exp
(
(y − ysg)/rg

)
. From the boundary condition limy→∞ h′

g(y) = rΦ, it results that
Cg,2 = 0, thus hg(y) = Cg,1 + rΦ(y − ysg) and h′

g(y) = rΦ. The value at the transition point hg(y
s) = hs

g

determines the constant Cg,1 = hs
g.

Further, at the transition from the liquid to the gas region, the jump relation at ys is

JhK(ys) = hs
g − hs

ℓ = rgh
′
g(y

s)− rℓh
′
ℓ(y

s) = rgrΦ − rℓrΦ − rℓ
Cℓ,2

rg
.

This leads the expression of Cℓ,2.
Finally, the expression of ys is obtained by the boundary condition hℓ(0) = he.

Remark 3.6. Observe that in the case when the mixture is present, h′
ℓ(y

s
ℓ ) = 0, whereas when there is no

mixture,

h′
ℓ(y

s) =
rgrΦ − (hs

g − hs
ℓ)

rℓ

which is always positive and tends to +∞ when rℓ → 0.

Remark 3.7. For the steady equation, two types of ratios appear: one between the diffusion and advection
effects (rℓ and rg), the other between the energy deposition and the flow rate (rΦ). The product between the
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ratios rg and rΦ determines the existence or not of the mixture region when compared to the difference between
the saturation enthalpies of the liquid and gas phases.

Remark 3.8. Note that the discontinuity of the solution is a consequence of the degeneracy of the diffusion
coefficient in the mixture region. Indeed, if we consider a non-degenerate diffusion coefficient rm > 0 in the
mixture region, the solution is continuous. Further, if the diffusion coefficient did not depend on h (but could
degenerate with y), the solution would also be continuous.

Moreover, observe that when rℓ, rg → 0, we are in the case of Subsection 3.1.1 and the solution given by
Proposition 3.3 converges to the solution given by Proposition 3.1. Indeed, combining (3.4) with the expressions
of ysℓ and ysg given by (3.5) leads to h(y) = he + rΦy for all y when rℓ, rg → 0.

To conclude, in models without diffusion, the presence of the mixture zone, i.e. a diffuse interface, always
exists. However, the introduction of thermal diffusion modifies this zone. It reduces the extent of the mixture
zone and generates a jump on the enthalpy at the mixture/gas transition . Negligible impact is observed when
the thermal diffusion within the gas phase is small (rgrΦ ≪ hs

g−hs
ℓ), which is the case in the core of a pressurized

water reactor (cf. Appendix C). Conversely, under specific conditions (rgrΦ > hs
g − hs

ℓ), this reduction leads to
its complete elimination, resulting in a steady state model characterized by a sharp interface.

This observation establishes a link to Stefan problems, which are discussed in the following subsection.

3.2. Link to the stationary Stefan problem

Stefan problems are one of the most fundamental frameworks to capture phase change processes. The sta-
tionary Stefan problem is a free boundary problem that can be expressed in enthalpy or temperature. In the
formulation in temperature, the objective is to find ys that meets the following conditions:

cp,ℓDeT
′ − ωℓT

′′ = Φ

T (0) = Te < T s,

T (ys,−) = T s,

in ]0, ys[,


cp,gDeT

′ − ωgT
′′ = Φ

T (ys,+) = T s,

lim
y→∞

T ′(y) = Φ
cp,gDe

,

in ]ys,+∞[,

with the interface condition ωgT
′(ys,+)− ωℓT

′(ys,−) = De(h
s
g − hs

ℓ).
In this formulation, it is notable that when rgrΦ < hs

g − hs
ℓ (indicating the presence of a “mushy” region

according to our model), i.e. when (ωgΦ)/(cp,gDe) < De(h
s
g −hs

ℓ), the solution derived from the Stefan problem
becomes non-physical. Specifically, the relation at the interface leads to

ωℓT
′(ys,−) = ωg

Φ

cp,gDe
−De(h

s
g − hs

ℓ) < 0,

which is inconsistent near ys within the liquid phase, since this leads to temperatures decreasing to T s, thus
surpassing T s.

Let us now discuss the enthalpy-based formulation. First, the classical Stefan problem assumes a sharp
interface (forbidding any mixture between phases) with an enthalpy jump equals to the difference between
saturated enthalpies hs

g − hs
ℓ . Further, generalized Stefan problems were introduced, in which an intermediate

“mushy” region between phases exist, as in our model. We computed that the jump is equal to the minimum value
between rgrΦ and hs

g − hs
ℓ (and thus, our model coincides with the classical Stefan problem if rgrΦ ≥ hs

g − hs
ℓ).

Having thoroughly examined the steady-state solution, the subsequent section focuses on the analysis of the
time-dependent model.

4. Time-dependent model

In this section, we will describe some analytical properties of the solutions of the time-dependent model (2.4).
We will describe the jump relations at the transition points, and present explicit travelling wave solutions.
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4.1. Dynamic jump relations

Let us first state the possible jump relations, which will in particular have to be correctly approximated in
suitable numerical schemes.

Proposition 4.1. If the enthalpy is increasing and admits a limit from the left and a limit from the right at
the transition point, then the jump relations at the possible mixture–gas and liquid–gas transitions are given by
the following relations.

� Mixture–gas transition. Assume that there exists a transition point ysg(t) such that h
(
ys,−g (t)

)
∈ [hs

ℓ ;h
s
g]

and h
(
ys,+g (t)

)
≥ hs

g. Then, the jump relations at the transition point are written{
0 = −c(t)JϱK(ysg(t)) + JϱvK(ysg(t))
0 = −c(t)JϱhK(ysg(t)) + JϱhvK(ysg(t))− λg(∂yh)(y

s,+
g (t))

(4.1)

where we defined c(t)
def
=(ysg)

′(t) the velocity of the gas interface.
� Liquid–gas transition. Assume that there exists a transition point ys(t) such that h (ys,−(t)) ≤ hs

ℓ and
h (ys,+(t)) ≥ hs

g. Then, the jump relations at the transition point are written{
0 = −c(t)JϱK(ys(t)) + JϱvK(ys(t))
0 = −c(t)JϱhK(ys(t)) + JϱhvK(ys(t)) + λℓ(∂yh)(y

s,−(t))− λg(∂yh)(y
s,+(t)).

(4.2)

Proof. These jump relations are easily deduced from the conservative formulation (2.4) and the definition (2.3)
of L.

4.2. Analytical travelling wave

Here, we exhibit a travelling wave solution, which is increasing and linear within the mixture (if present)
and the gas, akin to the stationary solution presented in Section 3. Such an analytical solution will be used for
validation of numerical schemes. This solution relies on a stationary solution defined in the following lemma.

Lemma 4.2. For any constant K > 0, let us define rκ
def
=λκ/K and rΦ

def
=Φ/K. The solution of the stationary

equation 
∂yh− ∂yy

L(h)
K = rΦ

h(0) = he

lim
y→+∞

h(y) = rgrΦ

is given by (3.4) if rgrΦ < hs
g − hs

ℓ , and by (3.7) otherwise.

Proof. It is an immediate corollary of Proposition 3.3 and Proposition 3.5, with K instead of De.

Proposition 4.3. Let K > 0 and h0(y) be a solution of the stationary problem given by Lemma 4.2. For any
c < 0, the only travelling wave solution with velocity c of the system (2.4) with the initial conditions h0 and
v0(y) = c+K/ϱ(h0(y)) and the boundary inlet conditions he(t) = h0(−ct) and ve(t) = c+K/ϱ(he(t)) is given
by

h(t, y) = h0(y − ct) and v(t, y) = c+K/ϱ(h(t, y)).

Proof. Let ρ(t, y) = ϱ(h(t, y)). Looking for a travelling profile under the form ρ(t, y) = ρ0(y− ct), we have ∂tρ =
−c∂yρ, thus the first equation of the system (2.4) becomes −c∂yρ+ ∂y(ρv) = 0, meaning that ∂y((v − c)ρ) = 0.
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Therefore, the quantity (v − c)ρ is constant and denoted by K, which leads to v = c + K/ρ. Further, the
travelling wave profile for ρh also gives

∂y((v − c)ρh) = [Φ + ∂yyL(h)],

so that the equation reduces to

K∂yh− ∂yyL(h) = Φ.

Applying Lemma 4.2, we deduce that the solution h is given either by (3.4) or by (3.7).

Remark 4.4. Observe that the transition points (either ysℓ (t) and ysg(t), or ys(t)) depend on t since he(t) is
not constant.

Remark 4.5. Note that the travelling waves exhibited here are the only ones that can be constructed with
uniform Φ on the domain. Indeed, the mass conservation equation leads to the fact that K = (v− c)ρ is constant.
The travelling waves are then constructed on the profiles of stationary solutions.

5. Numerical schemes

In [9], a simplified model was introduced, in which the density was assumed to be constant. In this special
case, the system was reduced to a single advection–diffusion equation for the enthalpy in the following way

Simplified model of [9]:


ϱ(y, t) constant,

v(y, t) = De/ϱ (constant),

ϱ∂th+De∂yh− ∂yyL(h) = Φ.

(5.1)

An implicit scheme was introduced for this simplified model and the convergence toward the steady state solution
was illustrated.

In the present paper, we tackle the complete problem (2.4). The main difference with the simplified model
lies in the necessity of working under a conservative form. Indeed, the steady state solution exhibits a jump in
h, leading to a jump in h 7→ ϱ(h), and thus a jump in the velocity, since v = De/ϱ(h). As a consequence, we
cannot work with the non-conservative form as in the simplified model. In other words, we cannot expand the
products and we need to derive numerical schemes based on the conservative form.

5.1. Discretisation choices

Let us denote δt the time step and δy the space step. For any function ⋆(t, y), let us denote ⋆ni the
approximation of ⋆ at the node i and time tn.

5.1.1. Spatial discretisation

Let us observe that in the case of a multidimensional Stefan problem, a finite volume scheme [17] extended
to a gradient scheme in [24] associated to an implicit time discretization is a key point to prove the weak
convergence of the discrete solution in an L2

t,y norm. Indeed, it is important to discretize the diffusion term in
a consistent way under the form ∂yy(L(h)), so that we avoid the ambiguous form ∂y(λκ∂yh), where λκ has to
be defined on the grid.

For the generalized Stefan problem studied here, we also choose a gradient scheme and focus on the discrete
jump relation at gas transition. We choose an upwind discretization of the convection terms (here v is always
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positive) and a centered discretization of diffusion:

∂y(ϱv) =
(ϱv)i − (ϱv)i−1

δy
, ∂y(ϱhv) =

(ϱhv)i − (ϱhv)i−1

δy
,

∂yy(L(h)) =
L(hi+1)− 2L(hi) + L(hi−1)

(δy)2
.

5.1.2. Time discretisation

Let us discuss the possible time discretisations for the system (2.4). More precisely, given hn and vn, we want
to compute hn+1 and vn+1.

First, observe that full explicit schemes are prohibited in low Mach number models (with or without thermal
diffusion), since there is no explicit time derivative of v in the equations (the system is not hyperbolic). With
the following discretisation


ϱn+1 − ϱn

δt
+ ∂y(ϱv)

n = 0,

(ϱh)n+1 − (ϱh)n

δt
i+ ∂y(ϱhv)

n − ∂yy(L(hn)) = Φ,

hn+1 (or ϱn+1) is overdetermined (by both equations), but vn+1 is not determined by any of the equations.

Further, in the case of explicit discretisations, a natural approach is to consider explicit predictor–corrector
schemes, meaning that one equation is used to compute a prediction of one variable, which is then used in the
second equation in order to deduce the second variable.

In any case, observe that since the solutions we want to capture numerically present possible jumps, we
need to construct schemes from the conservative formulation of the equations. Thus, contrary to Navier–Stokes
or usual low Mach number models (such as the lmnc model without diffusion), schemes based on the non-
conservative form are not suitable with diffusion. Moreover, in the second equation of (2.4), both the diffusion
and the transport terms have to be discretized at the same time. Indeed, because of the possible jumps of the
solution, each of these two terms can present a jump, and these two jumps have to compensate each other at
each time step.

Furthermore, notice that the second equation of (2.4) cannot be used to compute hn+1. Indeed, depending
on the equation of state ϱ(h), the function h 7→ ϱ(h)h can be non-invertible, thus the quantity hn+1 cannot
be deduced from (ϱh)n+1. It is in particular the case for the stiffened gas equation of state, where ϱ(h) =
ζ/(h− q). Specifically, with the physical values of the parameters for water (given in a non-dimensional form as
in Appendix C), the function h 7→ ϱ(h)h is indeed not invertible in the range [0.001ϱsg, 1.1ϱ

s
ℓ ]. We also remark

that the second equation of (2.4), which involves the diffusion term (acting on the variable h), gives the evolution
of ϱh (which is possibly non monotone in h). Therefore, one has to be cautious when handling this equation,
e.g. to determine the stability condition of the scheme or to prevent possible antidiffusion.

Gathering all these observations, we conclude that we have to prevent making a prediction on ϱh. An improved
approach consists in reformulating the system, which overcomes the non-invertibility of the function h 7→ ϱ(h)h.
Let Q > 0 be a constant to be fixed later. We introduce the function R(ϱ) = Qϱ− ϱh(ϱ), which is, in the case
of a stiffened gas law with the parameters for water, monotone decreasing and thus invertible when choosing
Q > qg. Thus, we combine the first equation of (2.4) multiplied by Q with the second equation, which leads to
the following equivalent system {

∂tϱ+ ∂y(ϱv) = 0,

∂tR+ ∂y(Rv) + ∂yyL(h) = −Φ.
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Observe that the constant Q has to be chosen of the same order of magnitude as h, in order to avoid giving
too much weight to one of the two equations. With this system, we can apply a predictor–corrector approach,
with the possible choice of which equation is used for predicting which variable. Let us describe the approach
we chose.

1. Predictor step. Consider that the values at time tn are known: hn
i , ϱ

n
i

def= ϱ(hn
i ), Rn

i
def=R(ϱni ), v

n
i . Let us

compute a prediction of Rn+1
i by solving the following equation:

Rn+1
i −Rn

i

δt
+

(Rv)ni − (Rv)ni−1

δy
+

L(hn
i+1)− 2L(hn

i ) + L(hn
i−1)

(δy)2
= −Φ. (5.2a)

We deduce the density ϱn+1
i by inverting R(ϱn+1

i ) = Rn+1
i , and we finally obtain the enthalpy hn+1

i by
solving ϱ(hn+1

i ) = ϱn+1
i .

2. Corrector step. We now compute the value of the velocity vn+1 using the new value of ϱn+1
i by solving

the equation:

ϱn+1
i − ϱni

δt
+

ϱn+1
i vn+1

i − ϱn+1
i−1 v

n+1
i−1

δy
= 0, (5.2b)

with the boundary condition vn+1
0 = ve(t

n+1).

With this choice, observe that the stability condition could be infered from the prediction step in each phase
(liquid, mixture, gas). Since the diffusion term of this equation is nonlinear in h and explicit, the CFL condition
is not straightforward to derive, but the time step is quadratic in δy, which is very restrictive and motivates the
investigation of a full implicit approach.

We can write a full implicit scheme in the following way. For known values at time tn hn
i , ϱ

n
i , v

n
i , we compute{

hn+1
i

}
i
and

{
vn+1
i

}
i
solutions of the linear system


ϱn+1
i − ϱni

δt
+

(ϱv)n+1
i − (ϱv)n+1

i−1

δy
= 0,

(ϱh)n+1
i − (ϱh)ni

δt
+

(ϱhv)n+1
i − (ϱhv)n+1

i−1

δy
−

L(hn+1
i+1 )− 2L(hn+1

i ) + L(hn+1
i−1 )

(δy)2
= Φ.

(5.3)

This scheme does not require any CFL condition, but it requires to solve a nonlinear system at each time step.
We use a Newton algorithm, and adapt the time step at each iteration in order to ensure the convergence of
the algorithm.

5.2. Discrete jump relations

In this paragraph, we will describe the discrete jump relations satisfied by the two different schemes we
proposed (either explicit or implicit), in the case when h is an increasing function of y.

Let us denote the discrete jumps at the interface at node i as J⋆Ki,j def= ⋆i − ⋆i−j .

Proposition 5.1 (Mixture/Gas transition - Implicit scheme). Assume that there exists an index i such that

hs
ℓ < hn+1

i−2 ≤ hn+1
i−1 < hs

g ≤ hn+1
i ,
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i.e. hn+1
i−2 and hn+1

i−1 are in the mixture phase and hn+1
i is in the gas phase. For the implicit scheme (5.3), the

jump relations at the transition point are written

0 = −cϱJϱKn+1
i,2 + JϱvKn+1

i,2 , (5.4)

2Φδy = −cϱhJϱhKn+1
i,2 + JϱhvKn+1

i,2 − λgsg, (5.5)

where we introduced the discrete displacement velocities of the interface

cϱ
def
=−

(ϱn+1
i−1 − ϱni−1) + (ϱn+1

i − ϱni )

JϱKn+1
i,2

δy

δt
, (5.6)

cϱh
def
=−

((ϱh)n+1
i−1 − (ϱh)ni−1) + ((ϱh)n+1

i − (ϱh)ni )

JϱhKn+1
i,2

δy

δt
, (5.7)

and the discrete slope of enthalpy in the gas region at the interface

sg
def
=

hn+1
i+1 − hn+1

i

δy
.

Observe that these jump relations mimic the continuous ones (4.1).

Proof. First, consider the scheme written for the steady state equation. By summing the discretized equation
at the nodes i and at node i− 1, it yields to{

JϱvKi,2 = 0,

JϱhvKi,2 − λgsg = 2Φδy.

For unsteady flows, let us sum the discretized mass conservation equation at the nodes i and i− 1 to obtain
directly the first jump relation. Considering now the second discretized conservation equation at the same nodes
leads to

2Φδy = −cϱhJϱhKn+1
i,2 + JϱhvKn+1

i,2 −
L(hn+1

i+1 )− 2L(hn+1
i ) + L(hn+1

i−1 )

δy
−

L(hn+1
i )− 2L(hn+1

i−1 ) + L(hn+1
i−2 )

δy

= −cϱhJϱhKn+1
i,2 + JϱhvKn+1

i,2 −
L(hn+1

i+1 )− L(hn+1
i )− L(hn+1

i−1 ) + L(hn+1
i−2 )

δy
.

Since hs
ℓ < hn+1

i−2 ≤ hn+1
i−1 < hs

g, L(hn+1
i−2 ) = L(hn+1

i−1 ) and it becomes the claimed relation.

Proposition 5.2 (Liquid/Gas transition - Implicit scheme). Assume that there exists an index i such that

hn+1
i−3 ≤ hn+1

i−2 ≤ hs
ℓ ≤ hn+1

i−1 < hs
g ≤ hn+1

i ,

i.e. hn+1
i−3 and hn+1

i−2 are in the liquid phase, hn+1
i−1 is in the mixture phase and hn+1

i is in the gas one. For the
implicit scheme (5.3), the jump relations at the transition point are written

0 = −cϱJϱKn+1
i,3 + JϱvKn+1

i,3 , (5.8)

3Φδy = −cϱhJϱhKn+1
i,3 + JϱhvKn+1

i,3 + λℓsℓ − λgsg, (5.9)
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where the displacement velocities of the interface are defined as

cϱ
def
=−

(ϱn+1
i−2 − ϱni−2) + (ϱn+1

i−1 − ϱni−1) + (ϱn+1
i − ϱni )

JϱKn+1
i,3

δy

δt
, (5.10)

cϱh
def
=−

((ϱh)n+1
i−2 − (ϱh)ni−2) + ((ϱh)n+1

i−1 − (ϱh)ni−1) + ((ϱh)n+1
i − (ϱh)ni )

JϱhKn+1
i,3

δy

δt
, (5.11)

and the discrete slope of enthalpy in the liquid region at the interface is given by

sℓ
def
=

hn+1
i−2 − hn+1

i−3

δy
.

The jump relations again mimic the continuous ones (4.2).

Proof. Consider again the scheme written for the steady equation. By summing the discretized equation at node
i, at node i− 1 and at node i− 2, it yields to{

JϱvKi,3 = 0,

JϱhvKi,3 + λℓsℓ − λgsg = 3Φδy.

For unsteady flows, let us sum the discretized mass conservation equation at the nodes i, i − 1 and i − 2 to
obtain directly the first jump relation. For the second one, the same technique leads to

3Φδy = −cϱhJϱhKn+1
i,3 + JϱhvKn+1

i,3 −
L(hn+1

i+1 )− 2L(hn+1
i ) + L(hn+1

i−1 )

δy

−
L(hn+1

i )− 2L(hn+1
i−1 ) + L(hn+1

i−2 )

δy
−

L(hn+1
i−1 )− 2L(hn+1

i−2 ) + L(hn+1
i−3 )

δy

= −cϱhJϱhKn+1
i,3 + JϱhvKn+1

i,3 −
L(hn+1

i+1 )− L(hn+1
i )− L(hn+1

i−2 ) + L(hn+1
i−3 )

δy
.

Now, since hn+1
i−3 ≤ hn+1

i−2 ≤ hs
ℓ and hs

g ≤ hn+1
i , we obtain the claimed relation.

Analogously, we can write the corresponding jump relations for the explicit scheme, with a completely similar
proof.

Proposition 5.3 (Explicit scheme).

� Mixture/Gas transition. Assume that there exists an index i such that

hs
ℓ < hn

i−2 ≤ hn
i−1 < hs

g ≤ hn
i .

For the explicit scheme (5.2), the jump relations at the transition point are written

−2Φδy = −cRJRKni,2 + JRvKni,2 + λgsg, (5.12)

0 = −cϱJϱKn+1
i,2 + JϱvKn+1

i,2 , (5.13)
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where cϱ is defined in (5.6) and we introduced the displacement velocity of the interface

cR
def
=−

(Rn+1
i−1 −Rn

i−1) + (Rn+1
i −Rn

i )

JRKni,2

δy

δt
, (5.14)

and the discrete slope of enthalpy in the gas region at the interface

sg
def
=

hn
i+1 − hn

i

δy
.

� Liquid/Gas transition. Assume that there exists an index i such that

hn
i−3 ≤ hn

i−2 ≤ hs
ℓ < hn

i−1 < hs
g ≤ hn

i .

For the explicit scheme, the jump relations at the transition point are written

−3Φδy = −cRJRKni,3 + JRvKni,3 + λgsg − λℓsℓ, (5.15)

0 = −cϱJϱKn+1
i,3 + JϱvKn+1

i,3 , (5.16)

where cϱ is defined in (5.10) and we introduced the displacement velocity of the interface

cR
def
=−

(Rn+1
i−2 −Rn

i−2) + (Rn+1
i−1 −Rn

i−1) + (Rn+1
i −Rn

i )

JRKni,3

δy

δt
, (5.17)

where the discrete slope of enthalpy in the liquid region at the interface is given by

sℓ
def
=

hn
i−2 − hn

i−3

δy
.

Remark 5.4 (Possible compensation of the jump size with the interface velocity). The unsteady discrete jump
relations mimic the continuous ones at order 1. Thus, the accuracy of the jump size ensures the accuracy of
the interface velocities. A contrario, satisfying these jump relations, any inaccuracy on the jump size induces
inaccuracy of the interface velocity (and reciprocally).

Remark 5.5. Observe that the works in [17, 24] investigate the generalized Stefan and prove the L2
t,y con-

vergence of the solution, which ensures the correct position of the jump over time under the assumptions that
the solution is monotone in space and non-oscillating in time. Although the discrete jump relation does not
prove the convergence of the jump size and its velocity over time, this information complements such an L2

t,y

convergence.

In Propositions 5.1, 5.2, and 5.3, the existence and uniqueness of the index i that defines the liquid/gas or
mixture/gas transition node are guaranteed, provided the enthalpy is monotone in space and crosses the phase
change thresholds. Let us comment on this monotony property. First, for the stationary equation, the explicit
solution given in Propositions 3.3 and 3.5 is indeed increasing, and both schemes (explicit via a predictor–
corrector approach and implicit) preserve this monotony property (this is a particular case of the proof of
Appendix B). As for the transient regime, we can prove that the enthalpy solution to the equations is monotone
in each phase. Thus, if assuming that the phases are ordered from liquid to gas from left to right, this is sufficient
to prove the monotony. At the discrete level, we do not recover this property on the full model, but we observe
it numerically. Finally, in the case of the simplified model, the monotony can be proved for the explicit scheme
(see Appendix B).
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Remark 5.6. Let us note that any global increase in the order of the scheme fails due to oscillations at the
discontinuity point. However, in regions where the solution is continuous, classical order-increasing methods
could be applied.

6. Numerical validation

In the following we consider the Stiffened Gas (SG) equation of state, in which the density in each phase κ
is given as a function of the enthalpy by

ϱκ(h) =
ζκ

h− qκ
.

The dimensionless values of the parameters ζκ, qκ and hs
κ are given in Table C.1(B) in Appendix C. As it is

discussed in the Appendix, in the test cases, the important quantities leading to different possible behaviors are
the ratios rℓ, rg and rΦ defined in (3.2). In our numerical tests, we modify the values of these ratios to illustrate
the effects of diffusion and energy deposition under all possible configurations.

6.1. Validation of the implicit scheme on the travelling wave solution

In this subsection, we shall consider different configurations, for which we can exhibit a travelling wave solution
(cf. Prop. 4.3) and check the behavior of the numerical scheme. These different configurations correspond to
the different cases in Proposition 4.3, depending if the mixture phase exists or not. More precisely, the three
test cases are the following, for the ratios defined in Lemma 4.2:

① the three phases coexist (liquid–mixture–gas); for this case, we choose rℓ = 0.966 457, rg = 20.9846, rΦ =
0.036 635 8;

② the mixture phase disappears in the critical case when the slope of the enthalpy at the liquid–gas transition
point is zero; for this case, we choose rℓ = 0.966 457, rg = 25.0346, rΦ = 0.036 635 8;

③ the mixture phase disappears and the slope of the enthalpy at the transition point is positive; for this
case, we choose rℓ = 0.845 65, rg = 29.8609, rΦ = 0.032 056 3.

In each case, the travelling wave velocity is set to c = −5, and the final time is set to tfinal = 1, while the size
of the domain is L = 9. The different test cases are run with the implicit scheme (5.3), on a coarse grid with
N = 61 points so that δy = 0.15.

As mentioned previously, the implicit scheme has an adaptive time step at each iteration, based on the
convergence of the Newton algorithm. In the simulations, the variation of the time step does not happen very
often, and the time step remains of the same order of magnitude during the whole simulation. The order of
magnitude of the time step can be chosen either quite large (with respect to the transport scale) or quite
small. However, choosing a large time step increases the number of iterations of the Newton algorithm, thus
to a reduction of the time step and no gain in the execution time. As an example, if we choose the order of
magnitude of the time step to be around a tenth of the order of the transport scale, i.e. δt = 0.1δy/maxi(|vi|),
the Newton algorithm needs on average 2.45 iterations to converge at each time step for the test case ③. This
is the choice that has been made initially for all test cases, and it does not vary much along the simulations.

We observe on Figure 4 that the numerical scheme is able to approximate very precisely the travelling wave
solution for the three test cases. In each case, and at each time, only one grid point is in the jump, and the
position of the profile fits the exact one within one grid point.

In order to assess the quality of the approximation of the displacement velocity of the jump, we plot on
Figure 5(A) the exact travelling wave velocity (c = −5) as well as the two numerical displacement velocities of
the mixture–gas interface cϱ and cϱh defined by (5.6). We observe that the two velocities are very close to each
other and oscillate around their mean values (in time), which are very close to the exact velocity c. The standard
deviation of these oscillations is about 0.18. However, we notice that these oscillations do not affect the precision
on the position of the jump. On Figure 5(B), we plot the error on the numerical interface position (computed
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Figure 4. travelling wave solution approximated with the implicit scheme for the test cases
①, ②, ③. For each test case, the enthalpy is displayed on the left, and the velocity on the right,
at three different times (t = 0, t = 0.5, t = 1). The exact solution is the magenta continuous
line, the numerical solution is the green dashed one.
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Figure 5. Displacement of the jump for the test case ①.
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by direct integration of both cϱ and cϱh) with respect to its exact value (integration of the exact displacement
velocity) along time. The error does not exceed half of the mesh size (error under 0.07, with δy = 0.15).

6.2. Appearance of phases and convergence towards the asymptotic solution

In this subsection, we consider a constant initial enthalpy corresponding to the liquid phase. The energy
deposit through heating increases the enthalpy along the time and phase changes occur. We focus on three
different test cases, described below:

④ Coexistence of the three phases (liquid–mixture–gas) in the asymptotic solution; for this case, we choose
rℓ = 3.3826, rg = 3.552 72, rΦ = 0.128 225, and the boundary condition on the enthalpy is equal to he =
0.889189; the solution will be plotted for several times t = 7j/14, with j = 0, . . . , 14, which allows to see
the transient behavior;

⑤ Disappearance of the mixture phase in the asymptotic solution, with a zero slope of the enthalpy at the
liquid-gas transition point; for this case, we choose rℓ = 3.3826, rg = 7.1527, rΦ = 0.128 225, and the
boundary condition on the enthalpy is equal to he = 0.922775; the solution will be plotted for t = j, with
j = 0, . . . , 40;

⑥ Disappearance of the mixture phase in the asymptotic solution, with a positive slope of the enthalpy at
the transition point; for this case, we choose rℓ = 3.3826, rg = 9.298 55, rΦ = 0.128 225, and the boundary
condition on the enthalpy is equal to he = 0.814; the solution will be plotted for t = j, with j = 0, . . . , 40.

We use again the implicit scheme (5.3) on a domain of size L = 12, with a coarse grid consisting of N = 61
points, so that δy = 0.2. In all test cases, the boundary condition on the flux is set equal to De = 20, and the
initial condition on the enthalpy chosen equal to the boundary condition, meaning that h(0, y) = he < hs

ℓ . For
the velocity, the initial condition is set to v(0, y) = De

ϱ(he)
to satisfy the coupled system.

The results are plotted on Figure 6. The horizontal red lines represent the initial condition, which corresponds
to a domain filled with the liquid phase. The magenta line represents the exact asymptotic solution, which is
reached after a certain time. The green curves show the transient regime at different times. The transition points
are clearly visible, and the position of the jump is well approximated by the numerical scheme. The convergence
of the solution towards the asymptotic one is also visible, as the green curves tend to the magenta one. We
also emphasize the approximated curve at the final time in blue, which is very close to the asymptotic solution,
except for one grid point in the jump. Let us mention three main aspects of the unsteady solution.

� Transient behavior richness. At the beginning of the simulation, the whole domain is filled with water (red
lines). The green curves for the first two times correspond to a pure liquid flow. After a while, the heating
causes the appearance of the mixure, then followed by the appearance of the gas phase. As soon as the gas
appears, a jump (inside the mixture phase) gradually grows, simultaneously reducing the mixture region.
In the cases ⑤ and ⑥, the mixture phase completely disappears. Between these two cases, we see that the
slope of the enthalpy at the transition point differs.

� Accuracy of the scheme. We show on Figure 7 the results for the same test cases, but with a refined
grid consisting of N = 961 points (so that δy = 0.0125). We observe that the solution is very close to the
asymptotic one, with only one grid point in the jump. This confirms the convergence of the scheme towards
the exact solution, as the grid is refined. We also observe that the transition points are well approximated,
and the position of the jump is very close to the exact one. We quantified this convergence by computing
the relative error in the L∞ norm on the flow rate at the final time, with respect to the exact asymptotic
one which is constant equal to De. As an example, for the test ④, the error is 1.75× 10−2 with N = 61,
and 5.67× 10−3 with N = 961.

� Grid convergence. In order to show the convergence of the scheme on the grid, we define a reference solution
computed on a very fine grid with N = 961 points (so that δy = 0.0125). Let us denote by href and vref
the enthalpy and velocity of this reference solution. We focus on the same time instants (tj)0≤j≤J as for
Figure 6 (J = 14 for the test case ④, J = 40 for the test cases ⑤ and ⑥). We then compare the solution
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(A) Test case ④

(B) Test case ⑤

(C) Test case ⑥

Figure 6. Unsteady solution approximated with the implicit scheme with a coarse grid consist-
ing of N = 61 points. For each test case, the enthalpy is displayed on the left, and the velocity
on the right, at different times with green lines. The initial solution is the red line, the exact
asymptotic solution is the magenta continuous line, the asymptotic numerical one is the blue
one.
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(A) Test case ④

(B) Test case ⑤

(C) Test case ⑥

Figure 7. Unsteady solution approximated with the implicit scheme with a raffined grid con-
sisting of N = 961 points. For each test case, the enthalpy is displayed on the left, and the
velocity on the right, at different times with green lines. The initial solution is the red line,
the exact asymptotic solution is the magenta continuous line, the asymptotic numerical one is
the blue one.
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Table 1. Relative L2
x,t error on the enthalpy and the velocity for different refinement levels.

Test ④ Test ⑤ Test ⑥

Eh Ev Eh Ev Eh Ev
δy = 0.05 8.321× 10−3 2.819× 10−2 1.561× 10−2 2.185× 10−2 1.036× 10−2 1.781× 10−2

δy = 0.025 3.876× 10−3 9.057× 10−3 8.071× 10−3 1.128× 10−2 5.115× 10−3 9.555× 10−3

Table 2. L1 error on the transition points positions for different refinement levels.

Test ④ Test ⑤ Test ⑥

Es
ℓ Es

g Es
ℓ Es

g Es
ℓ Es

g

δy = 0.05 6.607× 10−2 2.250× 10−2 1.799× 10−2 1.667× 10−2 2.156× 10−2 2.566× 10−2

δy = 0.025 1.429× 10−2 1.000× 10−2 5.183× 10−3 6.410× 10−3 7.187× 10−3 9.868× 10−3

computed on two coarser grids, with N = 481 points (so that δy = 0.025) and N = 241 points (so that
δy = 0.05), to this reference solution. We compute Eh and Ev the relative discrete L2

x,t-norm (evaluated at
the times tj) of the difference between the numerical solution and the reference one, for both the enthalpy
and the velocity. The results are displayed in Table 1, where we observe that the error decreases with the
grid refinement.
Further, we focus on the phase transition points, defined as follows: at each time t, ysℓ (t) is the first
mesh point at which the enthalpy is in the mixture phase, and ysg(t) is the first mesh point at which the
enthalpy is in the gas phase. To quantify the space convergence of these transition points, we compute

the normalized discrete L1(0, T ) error Es
κ on their positions 1

J

∑J
j=1

(
ysκ(tj)− ysκ,ref(tj)

)
for two different

refinement levels, δy = 0.05 and δy = 0.025. The results are displayed in Table 2, where we observe that
the error decreases with the grid refinement.
Additionally, we compare the transition points positions at the same instants for different refinement levels
on Figure 8. We display the positions at the same time instants as in Figure 6. For any refinement level,
the position of the transition points is very precise (see Fig. 8), since these points are located at the same
position up to the mesh size δy. For the test case ④, which has both transition points (liquid–mixture and
mixture–gas), these transition points of course only exist after some time corresponding to the appearance
of the phases. For the test case ⑥, in which the mixture disappears, the two values ysℓ (t) and ysg(t) converge
to the same one, with possibly one mesh point difference.

6.3. Comparison of the explicit scheme with the implicit one

The good properties of the implicit scheme have been proved in the previous section, both in the case of
a travelling wave and in terms of convergence towards the exact steady solution (with phase appearance and
disappearance). Thus, we choose this scheme as the reference one.

Since the explicit predictor-corrector scheme requires a restrictive CFL condition, it is only tested on coarse
grids. The results are compared to the exact solution (for travelling waves) or to the solution provided by the
implicit scheme.

The time step of the explicit scheme is chosen according to the following CFL condition with C = 0.9, which
takes into account both the transport and diffusion terms in each phase:

δt = C
δy

maxi

(
|vi|+ 2 λi

δy ϱi

) .
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(A) Test case ④
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(B) Test case ⑥

Figure 8. Position of the phase transition points along time for different refinement levels.

With C = 2, we observe the instability of the scheme, which confirms the necessity of a diffusion-like CFL
condition, quadratic with the mesh size.

6.3.1. Travelling wave solution

To validate the explicit scheme, we first consider the travelling wave solution. As in Figure 5 for the implicit
scheme, we display on Figure 9 the displacement of the jump for test case ① on a coarse grid. Although the
two figures are not completely identical, the two schemes indeed have the same behavior, leading in particular
to the same mean values of the displacement velocities of the jump (mixture–gas interface). The error on the
interface position are of the same order of magnitude, in spite of a slightly higher error for the implicit scheme.
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Figure 9. Displacement of the jump for the test case ① with the explicit scheme.
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Table 3. Relative L2-errors.

t ≈ 2.5 t ≈ 4 t ≈ 5.5 t ≈ 7

N = 61 0.0321 0.0322 0.0225 0.0214
N = 121 0.0135 0.0181 0.0123 0.0138

(A) Relative L2-error on h.

t ≈ 2.5 t ≈ 4 t ≈ 5.5 t ≈ 7

N = 61 0.0419 0.0067 0.0007 0.0004
N = 121 0.0205 0.0027 0.0002 0.0002

(B) Relative L2-error on the flow rate ρv.

6.3.2. Appearance of phases and convergence toward the asymptotic solution

For the test case ④, we provide in Tables 3(A) and 3(B) the relative L2-error between the implicit and the
explicit schemes on the enthalpy and the velocity at four different times (t ≈ 2.5, t ≈ 4, t ≈ 5.5, t ≈ 7) for a
coarse grid with N = 61 points, as well as with a slightly finer grid with N = 121 points.

We observe that the explicit scheme behaves as the implicit one in the transient and asymptotic regime, on
the different grids. The same behavior has also been observed for the other test cases.

7. Conclusion and perspectives

For the 1D lmnc model with phase change and degenerate thermal diffusion, we investigated stationary
and travelling wave solutions of the model. We implemented two types of schemes (implicit and explicit), which
capture correctly the discontinuities at the phase transition boundaries. Discrete jump relations are analogous to
those for the continuous model. In transient regimes, we showed the good performance of the schemes in a variety
of situations: appearance/disappearance of mixture, accurate phase displacement, appropriate displacement
velocity and amplitude of enthalpy jumps at the gas interface. The good performance of both schemes leads us
to favor the implicit scheme, which does not suffer from a restrictive CFL condition.

In a multi-dimensional context, the extension of this work is not trivial, since the equation for pressure
is no longer a post-processing step. Consequently, we have a Navier–Stokes-like equation to address under a
conservative form. This shall be the subject of a future work.
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Appendix A. Derivation of the conservative low Mach number model with thermal
diffusion

This section introduces a model designed for a heat exchanger system in the low Mach number asymptotic limit,
derived from the compressible Navier-Stokes-Fourier system. For the sake of simplicity, this is done in a 1D setting. This
system includes conservation equations for mass, momentum, and energy, involving the following unknowns: the velocity
field (t, y) 7→ v, the enthalpy (t, y) 7→ h, and the pressure (t, y) 7→ p, where t is the time and y the 1D space variable. It
is given by the conservation equations for

mass ∂tϱ+ ∂y(ϱv) = 0, (A.1)

momentum ∂t(ϱv) + ∂y(ϱv
2 + p) = −ϱg + ∂yσ, (A.2)

energy ∂tE + ∂y((E + p)v) = Φ + ∂y

(
ω∂yT

)
+ ∂y(σv)− ϱgv. (A.3)

The heating is represented by the power density Φ ≥ 0, and viscous effects are described by the stress tensor σ = µ∂yv,
where µ is the viscosity of the fluid. Other parameters are the heat conductivity ω and the gravitation g, which is opposite
to the flow. An Equation of State (EoS) defining the density and the temperature as functions of the enthalpy and the
pressure is needed to close the system.

We consider this model on a semi-infinite domain R+. Dirichlet boundary conditions at the inlet y = 0 are imposed
on the velocity v(0, t) = ve(t), on the enthalpy h(0, t) = he(t), and on the pressure p(0, t) = pe (constant).

The energy E is linked to the enthalpy h through the thermodynamic relation E = 1
2
ϱv2 + ϱh− p, so that (A.3) can

be rewritten as

∂t(ϱh) + ∂y(ϱhv) +
1

2

(
∂t(ϱv

2) + ∂y(ϱv
3)
)
= ∂tp+Φ+ ∂y

(
ω∂yT

)
+ ∂y(σv)− ϱgv. (A.4)

It has to be noted that the system has to be written under a conservative form, since we shall see that in our
setting, some quantities are discontinuous. Therefore, the adimensionalization of the system which has been done in the
litterature [2, 25] cannot be used directly, and has to be redone under a conservative form. Let us briefly describe this
adimensionalization process.

First, let us define a characteristic length L◦, a characteristic time t◦ and the characteristic velocity v◦ = L◦/t◦, as well
as a characteristic value ϱ◦ for the density. Let us denote by t̄ = t/t◦, ȳ = y/L◦, ϱ̄ = ϱ/ϱ◦ and v̄ = v/v◦ the dimensionless
quantities for time, space, density and velocity. The adimensionalization of (A.1) and division by ϱ◦/t◦ leads to the same
equation on the dimensionless quantities, since v◦ = L◦/t◦:

∂t̄ϱ̄+ ∂ȳ(ϱ̄v̄) = 0. (A.5)

Further, introducing a characteristic value p◦ for the pressure and µ◦ for the viscosity, and the corresponding
dimensionless values p̄ = p/p◦ and µ̄ = µ/µ◦, the adimensionalization of (A.2) leads to the following equation on the
dimensionless quantities, since σ = µ∂yv:

ϱ◦v◦

(
1

t◦
∂t̄(ϱ̄v̄) +

v◦

L◦
∂ȳ(ϱ̄v̄

2)

)
+

p◦

L◦
∂ȳ p̄ = −ϱ◦gϱ̄+

µ◦v◦

L2
◦

∂ȳ(µ̄∂ȳ v̄).

Dividing by ϱ◦v
2
◦/L◦ (and using that t◦ = L◦/v◦), we introduce the following dimensionless numbers (resp. the Mach,

the Froude and the Reynolds numbers)

Ma =

√
ϱ◦v◦√
p◦

, Fr =
v2◦
L◦g

, Re =
ϱ◦v◦L◦

µ◦
,

and obtain the adimensional equation

∂t̄(ϱ̄v̄) + ∂ȳ(ϱ̄v̄
2) +

1

Ma2
∂ȳ p̄ = − 1

Fr
ϱ̄+

1

Re
∂ȳ(µ̄∂ȳ v̄). (A.6)
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Finally, introducing characteristic values h◦ for the enthalpy, T◦ for the temperature, and ω◦ for the heat conductivity,
as well as the dimensionless values h̄ = h/h◦, T̄ = T/T◦ and ω̄ = ω/ω◦, the adimensionalization of (A.4) leads to the
following equation on the dimensionless quantities:

ϱ◦h◦

(
1

t◦
∂t̄(ϱ̄h̄) +

v◦

L◦
∂ȳ(ϱ̄h̄v̄)

)
+

1

2
ϱ◦v

2
◦

(
1

t◦
∂t̄(ϱ̄v̄

2) +
v◦

L◦
∂ȳ(ϱ̄v̄

3)

)
= Φ+

ω◦T◦

L2
◦

∂ȳ

(
ω̄∂ȳT̄

)
+

p◦

t◦
∂t̄p̄+

µ◦v
2
◦

L2
◦

∂ȳ(v̄µ̄∂ȳ v̄)− ϱ◦gv◦ϱ̄v̄.

Dividing by ϱ◦h◦v◦/L◦, and introducing Φ̄ = Φt◦/(ϱ◦h◦), we obtain the adimensional equation

∂t̄(ϱ̄h̄) + ∂ȳ(ϱ̄h̄v̄) +
1

2

v2◦
h◦

(
∂t̄(ϱ̄v̄

2) + ∂ȳ(ϱ̄v̄
3)
)

= Φ̄ +
ω◦T◦

v◦L◦ϱ◦h◦
∂ȳ

(
ω̄∂ȳT̄

)
+

p◦

ϱ◦h◦
∂t̄p̄+

µ◦v◦

ϱ◦L◦h◦
∂ȳ(µ̄v̄∂ȳ v̄)−

L◦g

h◦
ϱ̄v̄.

Introducing the dimensionless number (Prandtl number)

Pr =
µ◦h◦

ω◦T◦
,

and assuming that h◦ = p◦/ϱ◦, the adimensional equation becomes

∂t̄(ϱ̄h̄) + ∂ȳ(ϱ̄h̄v̄) +
1

2
Ma2

(
∂t̄(ϱ̄v̄

2) + ∂ȳ(ϱ̄v̄
3)
)
= Φ̄ +

1

Re

1

Pr
∂ȳ

(
ω̄∂ȳT̄

)
+ ∂t̄p̄+

Ma2

Re
∂ȳ(µ̄v̄∂ȳ v̄)−

Ma2

Fr
ϱ̄v̄. (A.7)

Then, for performing the asymptotic limit in the low Mach number regime, in a similar way to what has been done in
the litterature, all quantities are expanded as power series of the Mach number, all other dimensionless numbers being
assumed to be of order 1 (actually, the Reynolds and Froude numbers can be chosen such as 1/Re = o(1), 1/Fr = o(1)).
Let us define

p̄ = p̄(0) +Ma p̄(1) +Ma2 p̄(2) + o(Ma2),

and similar expansions for the other quantities. Equation (A.5) obviously does not change at the leading order

∂t̄ϱ̄
(0) + ∂ȳ(ϱ̄

(0)v̄(0)) = 0.

The two leading orders Ma−2 and Ma−1 of (A.6) give that

∂ȳ p̄
(0) = ∂ȳ p̄

(1) = 0,

and the equation at order Ma0 becomes

∂t̄(ϱ̄
(0)v̄(0)) + ∂ȳ(ϱ̄

(0)(v̄(0))2) + ∂ȳ p̄
(2) = − 1

Fr
ϱ̄(0) +

1

Re
∂ȳ(µ̄∂ȳ v̄

(0)). (A.8)

Moreover, choosing the boundary condition pe independent of t implies that p̄(0) is independent of t̄, and thus constant,
and p̄(1) is zero. Equation (A.7) then becomes at order Ma0

∂t̄(ϱ̄
(0)h̄(0)) + ∂ȳ(ϱ̄

(0)h̄(0)v̄(0)) = Φ̄ +
1

Re

1

Pr
∂ȳ

(
ω̄∂ȳT̄

(0)). (A.9)
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Observe that this asymptotic procedure uncouples the pressure as the sum of a reference constant pressure p̄∗
def= p̄(0) at

order Ma0 and a perturbational pressure P̄(t, y) def= p̄(2) at order Ma2, which becomes the new unknown of the system.
Moreover, this formulation simplifies the equation of state, since the density and the temperature now only depend on
one variable, the enthalpy, because the pressure involved in the thermodynamic functions is constant.

The equation of state on the temperature gives the function T (h). Since the thermal diffusion term involves
ω̄(h̄(0))∂ȳT̄ (h̄

(0)), let us define the function L̄(h̄) such that

L̄′(h̄) def= ω̄(h̄)T̄ ′(h̄). (A.10)

In this way, the thermal diffusion term can be rewritten as ∂ȳȳL̄(h̄(0)). Observe that when T̄ ′(h̄) = 0, L̄′(h̄) = 0. When
T̄ ′(h̄) ̸= 0, introducing the isobaric heat capacity cp(h) =

∂h
∂T

∣∣
p
, and the dimensionless value c̄p(h̄) = cp(h)T◦/h◦, we can

define

λ̄(h̄) def= ω̄(h̄)/c̄p(h̄). (A.11)

If we set λ̄(h̄) = 0 when T̄ ′(h̄) = 0, the function L̄ satisfies L̄′(h̄(0)) = λ̄(h̄(0)).
We now have the complete set of dimensionless equations:


∂t̄ϱ̄

(0) + ∂ȳ(ϱ̄
(0)v̄(0)) = 0

∂t̄(ϱ̄
(0)v̄(0)) + ∂ȳ(ϱ̄

(0)(v̄(0))2) + ∂ȳP̄ = − 1
Fr
ϱ̄(0) + 1

Re
∂ȳ(µ̄∂ȳ v̄

(0))

∂t̄(ϱ̄
(0)h̄(0)) + ∂ȳ(ϱ̄

(0)h̄(0)v̄(0)) = Φ̄ + 1
Re

1
Pr
∂ȳȳ(L̄(h̄(0)))

(A.12)

For the sake of clarity, throughout this paper, we consider dimensionless quantities at the leading order in the Mach
number expansion, omitting the bar notation and corresponding superscripts, which turns (A.12) into


∂tϱ(h) + ∂y(ϱ(h)v) = 0

∂t(ϱ(h)v) + ∂y(ϱ(h)v
2) + ∂yP = − 1

Fr
ϱ(h) + 1

Re
∂y(µ∂yv)

∂t(ϱ(h)h) + ∂y(ϱ(h)hv) = Φ + 1
Re

1
Pr
∂yy(L(h)).

(A.13)

A.1 Adimensionalisation of the Equation of State

The equation of state also has to be adimensionalized. We choose here the piecewise Stiffened Gas (SG) equation of
state for each pure phase. In the mixture, the equation of state also has the form of a SG (cf. [7] when coupled with the
LMNC model). The equation of state is given piecewise by (2.2). At constant pressure p∗, we have

ϱκ(h)
def=

ζκ
h− qκ

, κ ∈ {ℓ,m, g};

Tκ(h)
def=

h− qκ
cp,κ

κ ∈ {ℓ, g}, and T (h) = T s in the mixture.

By introducing the dimensionless values ζ̄κ = ζκ/(h◦ϱ◦), q̄κ = qκ/h◦, c̄p,κ = cp,κT◦/h◦, we define

ϱ̄κ(h̄) =
ζ̄κ

h̄− q̄κ
, T̄κ(h̄) =

h̄− q̄κ
c̄p,κ

,

so that ϱ̄(h̄) and T̄ (h̄) are defined piecewise using ϱ̄κ(h̄) and T̄κ(h̄), depending on the value of h̄ with respect to h̄s
ℓ = hs

ℓ/h◦

and h̄s
g = hs

g/h◦. Analogously, ζ̄(h̄), ω̄(h̄) and c̄p(h̄) are defined piecewise on the same intervals, which defines λ̄(h̄) as
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follows

λ̄(h̄) =


λ̄ℓ

def= ω̄ℓ/c̄p,ℓ if h̄ < h̄s
ℓ ,

0 if h̄s
ℓ < h̄ < h̄s

g,

λ̄g
def= ω̄g/c̄p,g if h̄ > h̄s

g.

(A.14)

Appendix B. Discrete monotony of the solution for the simplified model

In the following proposition, we prove that the explicit numerical scheme preserves the monotony of the solution h for
the simplified model (5.1) (which uncouples the two equations via a constant density). Note that this simplified model is
related to the class of models studied in [26], where the convergence of the numerical scheme to the unique BV entropy
solution is established. We obtain supplementary information on the monotony of the solution for the simplified model
in the following proposition.

Proposition B.1. Assume that the equation of state leads to a constant density, i.e. let us consider the simplified
model (5.1), approached with the explicit scheme. If the initial enthalpy y 7→ h0(y) is increasing, then the discrete enthalpy
remains increasing at each time steps under the CFL-like condition

δt ≤ 1
v
δy

+ 2CL
ϱδy2

,

where CL = max(λℓ, λg) is the Lipschitz constant of the function L.

Proof. Let us denote

∂+
i ⋆ def=

⋆i+1 − ⋆i
δy

, ∂−
i ⋆ def=

⋆i − ⋆i−1

δy
.

In the particular case of a constant density ϱ, the mass conservation leads to a constant velocity v, and the equation of
enthalpy reduces to

∂th+ v∂yh− 1

ϱ
∂yy(L(h)) =

Φ

ϱ
.

The explicit scheme reads for any i ∈ N∗

hn+1
i − hn

i

δt
+ v∂−

i hn − 1

ϱ
∂−
i ∂+(L(hn)) =

Φ

ϱ
, (B.1)

where ∂±⋆ is the vector whose i-th component is ∂±
i ⋆. Assume that ∂−

i hn ≥ 0 for all i ∈ N∗. We aim to prove that
∂−
i hn+1 ≥ 0 for all i ∈ N∗.
Let us define (B.1) for node i = 0 by introducing the corresponding hn

−1. Observe that, from the boundary condition
h0 = he, (B.1) at node i = 0 is thus written as

v

δy
(he − hn

−1)−
1

ϱδy2
(L(hn

1 )− L(he)) +
1

ϱδy2
(L(he)− L(hn

−1)) =
Φ

ϱ
.

We use the positivity of Φ/ϱ and the fact that L(hn
1 )− L(he) ≥ 0, to deduce

v

δy
(he − hn

−1) +
1

ρδy2
(L(he)− L(hn

−1)) ≥ 0.

Defining G = v + L/ϱδy, which is obviously increasing (as L and since v ≥ 0), we deduce that hn
−1 ≤ he.
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Table C.1. Values of the parameters for water at p∗ = 15.5MPa.

Phase qκ [J kg−1] ζκ [Pa] hs
k [J kg−1] λk = ωk/cp,k [kg s−1 m−1]

Liquid –1.16706e+06 1.76772e+09 1.62704e+06 0.052 643 4
Mixture 1.50131e+06 7.95475e+07 N/A N/A
Gas 2.03026e+06 5.15465e+07 3.00398e+06 0.008 961 42

(A) Values of the parameters taken from [7] for the SG EoS and from the NIST
database [28] for the thermal conductivity.

Phase q̄κ ζ̄κ h̄s
κ λ̄κ

Liquid −0.777 36 22.2222 1.083 75 0.000 993 542
Mixture 1 1 N/A 0
Gas 1.35232 0.647 996 2.000 91 0.000 169 13

(B) Values of the dimensionless parameters.

The key point of the proof lies in the dominant-diagonal operators ∂− and −∂−∂+ with a maximum-like principle
under a restrictive condition on the time step. Let us write the solution at time tn+1 as a combination of the solution at
time tn

hn+1
i =

(
1− v

δy

)
hn
i − 2

ϱδy2
L(hn

i ) +
v

δy
hn
i−1 +

1

ϱδy2
L(hn

i−1) +
1

ϱδy2
L(hn

i−1).

For i ≥ 1, substracting this equation at node i and at node i− 1, we obtain,

∂−
i hn+1 =

(
1− vδt

δy

)
∂−
i hn − 2δt

ϱδy2
(L(hn

i )− L(hn
i−1)) +

vδt

δy
∂−
i−1h

n

+
δt

ϱδy2
(L(hn

i−1)− L(hn
i−2)) +

δt

ϱδy2
(L(hn

i+1)− L(hn
i )).

Using the Lipschitz property of the function L, we then have,

∂−
i hn+1 ≥

(
1− vδt

δy
− 2CLδt

ϱδy2

)
∂−
i hn +

vδt

δy
∂−
i−1h

n +
δt

ϱδy2
(L(hn

i−1)− L(hn
i−2)) +

δt

ϱδy2
(L(hn

i+1)− L(hn
i )).

From the assumption that the enthalpy at time tn is non decreasing in space, the growth of L ensures that

∂−
i hn+1 ≥

(
1− vδt

δy
− 2CLδt

ϱδy2

)
∂−
i hn.

The right-hand side is then positive under the restrictive condition on the time step given in the Proposition.

Remark B.2. The key point to ensure the monotonicity of the solution is the property of diagonally dominant operators
for transport and diffusion. When extended to multidimensional problems, the same property is essential. For degenerate
parabolic equations, this property is fulfilled in [27] for a finite volume scheme with an upwind discretization of the flux.

Appendix C. Values of the parameters of the SG law in the case of water

For numerical simulations, it remains to determine the reference values we mentioned. In a pressurized water reactor,
which is the physical context which motivated the study of the lmnc model [7], the pressure in the core of the reactor is
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about p∗ = 15.5MPa. At this pressure, the temperature at saturation is T s(p∗) = 654.651K. The values of the parameters
of the equation of state for the case of water at this pressure are given in Table C.1(A).

Let us choose h◦ = qm, ϱ◦ = ζm/h◦ (i.e. p◦ = ζm) and T◦ = T s(p∗). Further, we choose L◦ = v◦ = 1 (and thus t◦ = 1),
and ω◦ such that RePr = 1 (i.e. ω◦ = ϱ◦v◦L◦h◦/T◦ = ζm/T s). This implies that the reference value λ◦ is defined by
λ◦ = ω◦T◦/h◦ = ϱ◦v◦L◦. The corresponding dimensionless parameters are given in Table C.1(B).

For the power density, in a pressurized water reactor (PWR), we can consider Φ = 1.7 × 108 Wm−3, so that Φ̄ =
t◦Φ/(h◦ϱ◦) = 2.13709. In the same physical setting, we can choose ve = 1ms−1, and he = 0.5hs

ℓ (ensuring that the
injection is liquid). This leads to the following adimensional value of the entrance flow ϱ̄ev̄e = 16.85.

In Section 3, we discussed the importance of the three ratios rℓ, rg and rΦ defined in (3.2) in the analysis of the
model. For example, we show that different behaviors are obtained depending on the condition rgrΦ ≷ hs

g − hs
ℓ . In the

case of the core of a PWR we described before, this ratio is

rgrΦ/(h
s
g − hs

ℓ) ≈ 1.3 10−6.

These values are very far from the equality case, for which the mixture disappears. This shows that thermal diffusion
effects leading to jumps can be neglected in the physical setting and justify the approach of previous papers (e.g. [7, 19]).

In the numerical simulations of Section 6, we shall change artificially the ratios to show that the numerical schemes
capture all the possible types of behaviors. This is physically motivated by the fact that other heat carriers are possible,
and that the values of the parameters can be different. In particular, for metallic heat carriers, thermal diffusion is more
important.
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