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MATHEMATICAL MODELING OF MALARIA AND TYPHOID
CO-INFECTION: EXPLORING VECTOR AND NON-VECTOR
TRANSMISSION DYNAMICS

QUEENETH OJoMA AHMANY*®, MARY BASSEY OKOFU?,
CHIOMA LyDpIA EJIKEME?, EMMANUEL OLORUNFEMI SENEWO!
AND BENEDICT CELESTINE AGBATA'

Abstract. Malaria and typhoid fever are major infectious diseases that pose significant public health
challenges in many parts of the world, particularly in sub-Saharan Africa. This study develops a math-
ematical model to investigate the dynamics of malaria—typhoid co-infection, incorporating both vector
and non-vector malaria transmission routes and environmental transmission for typhoid. Model param-
eters were drawn from the literature, and simulations were conducted in MATLAB. The results show
that vector-borne transmission accounts for over 80% of malaria infections, while typhoid transmis-
sion sustains a persistent infection level. Co-infected individuals constitute approximately 25-35% of
the total infected population at peak conditions, underscoring the substantial burden of simultane-
ous infection. Sensitivity analysis identifies malaria and typhoid transmission rates as key drivers of
co-infection prevalence. A backward bifurcation in the malaria subsystem indicates that malaria may
persist even when its reproduction number is below one, thereby continually seeding co-infection and
indirectly maintaining typhoid transmission through co-infected individuals. These findings highlight
the need for integrated and sustained control strategies, including vector control, typhoid vaccination,
and improved sanitation, to effectively reduce the dual disease burden. Overall, the model provides a
useful analytical framework to support public health planning and evidence-based resource allocation
in regions where both infections remain endemic.

Mathematics Subject Classification. 92D30, 92D25, 37N25, 65M70, 91B06.

Received August 30, 2025. Accepted February 2, 2026.

1. INTRODUCTION

Malaria and typhoid fever continue to pose serious public health challenges across many tropical regions,
particularly in sub-Saharan Africa and parts of South Asia. These diseases are not only highly prevalent but
frequently co-exist in communities affected by poverty, inadequate sanitation, and limited access to quality
healthcare [1-5]. In such environments, the occurrence of malaria—typhoid coinfection is increasingly common,
leading to diagnostic confusion and treatment complications due to overlapping symptoms such as fever, chills,
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abdominal pain, and fatigue [6-10]. Malaria and typhoid fever are two of the most common febrile illnesses in
sub-Saharan Africa, and their co-occurrence poses diagnostic and treatment challenges. Several studies have
documented the prevalence and clinical implications of malaria—typhoid co-infection in Nigeria [11-13].

Malaria, primarily caused by the Plasmodium falciparum parasite, is commonly transmitted through the bites
of infected female Anopheles mosquitoes. However, research has shown that malaria can also spread through non-
vector routes—such as blood transfusions, shared needles and organ transplants. These non-mosquito pathways
are particularly relevant in healthcare settings and densely populated urban environments where vector exposure
may not be the only route of infection [14-18].

On the other hand, typhoid fever is a bacterial infection caused by Salmonella enterica serovar Typhi,
often spread through the ingestion of food or water contaminated with fecal matter. In areas where sanitation
infrastructure is inadequate, typhoid can spread rapidly. Although it is both preventable and treatable, poor
health systems and rising antibiotic resistance continue to sustain the disease burden in many low-resource
communities [19-21].

The implications of malaria—typhoid coinfection are particularly concerning. Studies have found that the
interaction of both pathogens in a single host can worsen disease severity, impair immune responses, and
increase the likelihood of complications such as organ failure or death. From a healthcare system perspective,
coinfections result in prolonged hospitalizations, increased treatment costs, and challenges in disease surveillance
and control [22, 23].

Mathematical modeling has long played a vital role in epidemiology by helping researchers understand disease
dynamics, evaluate intervention strategies, and simulate outbreak scenarios. Several mathematical models have
been developed for malaria and typhoid individually, and more recently, for their coinfection [24, 25]. However,
most of these models focus on traditional vector-borne transmission of malaria and do not incorporate non-
vector routes, potentially underestimating the actual transmission dynamics—especially in modern clinical or
urban settings.

This study introduces a novel deterministic compartmental model for malaria and typhoid fever coinfection
that uniquely integrates both vector and non-vector transmission pathways for malaria. The model also includes
distinct compartments for individuals infected with only one of the diseases or both, allowing for a more accurate
representation of coinfection dynamics. This addition is particularly crucial for reflecting the epidemiological
realities in environments such as healthcare facilities or urban settlements, where multiple transmission pathways
coexist,.

The primary objectives of this study are to:

1. Develop a biologically realistic model that incorporates both vector and non-vector malaria transmission
pathways in the presence of typhoid;

Derive and interpret the basic reproduction number (Rg) for the system;

Analyze the stability of both the disease-free and endemic equilibria;

Conduct sensitivity analysis to determine which parameters most significantly influence disease spread;
Perform numerical simulations to assess the potential effectiveness of various intervention strategies.

Al e

By addressing the dual modes of malaria transmission in the context of typhoid fever, this model aims to offer
new insights into coinfection dynamics and support the development of targeted control strategies in affected
regions.

In this study, we present a malaria—typhoid co-infection model that integrates both vector and non-vector
malaria transmission pathways together with environmental typhoid transmission, while also incorporating
seasonal variation in malaria transmission intensity. Unlike previous co-infection models that treat the two
diseases in isolation or without environmental contamination, our formulation explicitly captures the interaction
between infection pathways through co-infected individuals and the bacteria reservoir. This framework allows
us to examine how malaria persistence, particularly under seasonal forcing and backward bifurcation conditions,
influences the maintenance of typhoid infection and co-infection burdens. The analytical results and simulations
therefore provide new insight into how integrated interventions targeting both malaria and typhoid are more
effective than disease-specific control strategies applied independently.
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The novelty of this study lies in the simultaneous incorporation of (i) dual malaria transmission pathways
(vector-mediated and non-vector-mediated), (ii) environmental transmission of typhoid through a dynamic
bacterial reservoir, (iii) explicit co-infection progression mechanisms linking the two diseases, and (iv) seasonal
forcing in the mosquito-to-human transmission rate. These features are not jointly represented in existing
malaria—typhoid co-infection models. By integrating these components in a unified framework, this work provides
new insight into how seasonal malaria persistence and co-infection feedbacks can sustain typhoid circulation
and increase overall disease burden, thereby highlighting the need for coordinated rather than disease-specific
intervention strategies.

2. METHODS

This section presents the formulation and analysis of a deterministic compartmental model designed to capture
the transmission dynamics of malaria and typhoid fever co-infection within a human population. The model
integrates both vector-mediated and non-vector-mediated transmission routes, along with the environmental
persistence of typhoid bacteria. Ordinary differential equations (ODEs) are employed to describe the time
evolution of each compartment.

2.1. Malaria and typhoid mathematical model formulation

This study develops a deterministic compartmental model to describe the transmission dynamics and interac-
tions between malaria and typhoid infections in a human population. The model incorporates both vector-borne
and non-vector-borne transmission pathways for malaria, alongside environmental transmission of typhoid
through a bacterial reservoir. It divides the total human population into seven epidemiological compartments,
which include susceptible individuals, individuals infected with malaria only (via both mosquito and non-vector
pathways), individuals infected with typhoid only (wvia bacterial reservoir ), co-infected individuals, treated
individuals, and those recovered with temporary immunity.

Additionally, the model accounts for the mosquito vector population involved in malaria transmission, consisting
of uninfected and infected classes. It also incorporates a compartment representing the concentration of typhoid-
causing bacteria in the environment, which plays a role in the transmission of typhoid to humans.

Transitions between compartments are governed by a system of nonlinear ordinary differential equations (ODEs),
and the model captures key features such as co-infection dynamics, treatment, recovery, loss of immunity, and
natural and disease-induced mortality. The model is designed to reflect disease patterns in regions where both
malaria and typhoid fever are endemic and co-infections are common.

It should be noted that the malaria vector-to-human transmission rate is seasonal and is represented as
Am1(t) = Am1,0 (14 asin (25)), which introduces a periodic (non-autonomous) element into the model. For
analytical tractability in the derivation of equilibrium points and reproduction numbers, the time-averaged value
Am1,0 is used in the autonomous reduction of the system, while numerical simulations utilize the full seasonal
form.

The following presents the model assumptions, flow diagram, system of equations, and descriptions of model
variables and parameters.

2.1.1. Malaria and typhoid coinfection model assumptions

The construction of the malaria-typhoid co-infection model relies on the following key assumptions, consistent
with established models in epidemiological research:

1. Constant Recruitment: It is assumed that the human population, vector population and bacterial reser-
voir are replenished at constant recruitment rates. This is a common assumption to maintain demographic
balance and population stability over time [26, 27].
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FIGURE 1. Malaria and typhoid coinfection flow diagram.

. No Vertical Transmission: Both malaria and typhoid are assumed to be transmitted horizontally

only. No mother-to-child or vector transovarial transmission is included in this model. Any references to
vertical transmission in the introduction are meant as general biological background and do not apply to
the present system [28].

Homogeneous Mixing: All individuals in the human and vector populations are assumed to mix homo-
geneously, so each susceptible individual has an equal probability of becoming infected upon contact
26, 29].

Co-Infection Pathways: Individuals can become co-infected either through sequential exposure (i.e.,
malaria followed by typhoid or vice versa) or simultaneously through overlapping exposure [28, 30].
Temporary Immunity: Individuals who recover from treatment enter a recovered class where they
experience temporary immunity and eventually return to the susceptible class after immunity wanes
[31, 32].

Disease-Induced Mortality: Infections may result in disease-induced mortality for malaria only, typhoid
only, and co-infection [29, 33].

Typhoid Reservoir Contribution: Typhoid-infected individuals contribute to the bacterial reservoir,
increasing the environmental contamination level and facilitating further infections [30].

No Super-Infection: The model excludes the possibility of individuals being infected by the same
pathogen more than once at the same time, allowing only single or dual infection with one malaria strain
and typhoid [28].

Malaria Non-vector Transmission: Malaria can be transmitted through vector and non-vector
pathways in the model [14].

Seasonal variation: The vector-borne transmission rate is assumed to vary seasonally, reflecting climatic
influences such as rainfall, humidity, and temperature. This is modeled using a sinusoidal function with a
12-month period, consistent with malaria seasonality in endemic regions [34, 35].
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2.1.2. Malaria and typhoid coinfection model flow diagram

In this subsection, we present the flow diagram of the malaria and typhoid coinfection model, which serves as
a visual representation of the key compartments and interactions within the system. The model accounts for
both vector and non-vector transmission pathways for malaria, as well as the role of a bacterial reservoir in the
transmission of typhoid. The flow diagram in Figure 1 illustrates the dynamics between susceptible, infected,
co-infected, treated, and recovered individuals, providing a foundation for the subsequent mathematical
formulation and simulation.

Here;

B1(t) = A1 (t) - Vi, where

. 2rt
Am1(t) = A0 (1 + asin <12>> )

B2 = Am2Tn, B3 = M Be, . (2.1)
Ba = Bi(t) + B2 + Bz = A1V + A2 Lo + M B,
Bs = AoTnw, @1 =Nt + Yy G2 = Nt + Yims

B3 =N + %t G4 =N + Ym + Y, Go = N0 + Vo

The seasonal variation in the mosquito—human contact rate is modeled as:

Am1(t) = Ami.o (1 + asin (217;» : (2.2)

where A,,1,0 is the mean contact rate, «v is the amplitude of seasonal variation (0 < a < 1), and ¢ is time in
months. The corresponding vector-borne transmission rate is given by:

Figure 14 illustrates the seasonal forcing in A1 ().
Although A1 (t) may vary seasonally, all equilibrium and reproduction number analyses assume it is constant.
Time dependence is reintroduced only during the seasonal forcing simulations.

2.1.3. Malaria and typhoid coinfection model equations

This subsection outlines the mathematical formulation of the malaria and typhoid coinfection model. The system
of differential equations is derived to describe the interactions between the compartments introduced in the flow
diagram Figure 1, capturing the dynamics of both diseases. The equations account for the transmission of
malaria via both vector and non-vector pathways, as well as the bacterial transmission dynamics of typhoid.
Key parameters, such as transmission rates, recovery rates, and treatment effects, are incorporated to provide a
comprehensive framework for analyzing the coinfection dynamics. These equations will serve as the foundation
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for model simulations and further analytical studies.

dT,
(a) - A+ pTeo — (e + Bi(t) + B + B3+ Ba)Tw
dT,,.
(b) TR B1(t)Ty — (614 01+ 71)Tho
dT,,,
(c) T BoTy — (2 + 02 + 72)Tho
dT,
(d) =% = BsTo — (@ + 63+ 1) Ty
dT;,.
(e) dt = B4Tu + elTnv + 92Tno + HSTnb - (¢4 + 7-4)Tnc
4T (2.4)
(f) dta = TlTnv + T2Tno + TSTnb + 7-47—‘71(: - (nt + U)Ta
cho
(g) dt = UTa - (nt + p>Tco
dv,
(h) & Ao — (ny + B5)Va
L dV,
(i) rake BsVu — ¢ Vi
. dB.
(i) T Az +clyy — myBe
Tu(0) >0, Tuo(0) >0, Tpo(0)>0, Tn(0) >0,
To(0) >0, Ty(0)>0, Tu(0)>0, (2.5)

>

2.1.4. Malaria and typhoid coinfection model variables and parameters description

In this subsection, we in Table 1 provide a detailed description of the variables and parameters used in the
malaria and typhoid coinfection model. Each variable represents a compartment or state within the system,
such as susceptible, infected, or recovered individuals for both malaria and typhoid. The parameters define
the rates of transmission, recovery, and other key processes, including the rate of treatment and shedding of
infectious bacteria into the bacterial reservoirs. Understanding these variables and parameters is crucial for the
interpretation of the model dynamics and the subsequent analysis of the coinfection system.

2.2. Malaria and typhoid coinfection model analysis

This section presents a theoretical analysis of the malaria-typhoid co-infection model. The goal is to ensure that
the model is epidemiologically and mathematically well-posed, identify its equilibria, and examine the stability
of the malaria and typhoid coinfection disease-free equilibrium and also obtain the model Reproduction number
using the next-generation matrix approach.

2.2.1. Positivity and boundedness of solutions

For any epidemiological model such as equation (2.4), it is crucial to demonstrate that the solutions remain
both non-negative and bounded over time, ensuring biological feasibility. This guarantees that the model’s
variables representing population subgroups do not attain negative values or grow without bound, which would
be unrealistic.



TABLE 1. Malaria and typhoid coinfection model variables description.

Variables Description
T, Susceptible Uninfected human population
Tho Humans infected with malaria via vector
Tro Humans infected with malaria via non-vector route
Thb Humans infected with typhoid only
The Humans co-infected with both malaria and typhoid
T, Treated individuals
Teo Temporarily immune recovered individuals
Vu Susceptible Uninfected mosquito vectors
Vi Infected mosquito vectors
B, Typhoid bacterial reservoir in environment

TABLE 2. Parameters for the malaria—typhoid co-infection model.
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Parameter Description Value per week Reference
Demographic and Environmental Parameters
Ay Recruitment rate into human population 20 [22]
Ao Recruitment rate into vector population 100 [22]
As Input rate into environmental bacteria reservoir 50 [30]
nn Natural death rate (humans) 1.0 x 1073 [36]
Mo Natural death rate (mosquitoes) 0.05 [37]
s Environmental bacteria decay rate 0.10 [38]
Transmission Parameters
Am1,0 Baseline mosquito-to-human malaria transmission rate Fitted [39]
o Amplitude of seasonal forcing (dimensionless) 0.5 Assumed
Ami (1) Seasonal malaria transmission rate See equation (3)  This study
Am2 Non-vector malaria transmission rate 1.2 x 1072 [28]
At Typhoid transmission rate (human/environment) 3.0 x 1072 [38]
c Bacteria shedding rate (typhoid infectives) 5.0 x 1072 [38]
Progression and Treatment Parameters
01 Malaria (vector) — co-infection progression 0.01 [28]
02 Malaria (non-vector) — co-infection progression 0.005 [28]
03 Typhoid — co-infection progression 0.007 [30]
T1 Treatment rate for vector malaria 0.10 [40]
To Treatment rate for non-vector malaria 0.08 [40]
T3 Treatment rate for typhoid 0.09 [30, 41]
Ta Treatment rate for co-infection 0.07 Assumed
Recovery, Immunity, and Disease-Induced Mortality
o Recovery rate to temporary immunity 0.10 [40]
w Loss of immunity rate 0.01 Assumed
Ym Malaria-induced mortality (humans) 1.0 x 1073 [36]
Ve Typhoid-induced mortality (humans) 5.0 x 1074 [36]
Yo Disease-induced mortality (mosquitoes) 0.02 [37]
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Positivity of solutions

Considering the initial conditions in equation (2.4).We consider the domain as
The feasible region is defined as:

Qc = {( Tu7 Tn'U7 Tnou Tnbu Tnc» Taa Tcoa Vu7 Vn7 Bc ) € R}A,_O}
We observe that all the equations in the system equation (2.4) are of the form:

dX
—— = recruitment term — non-negative loss terms.

dt

As such, they conform to the standard structure where each variable’s rate of change is a balance of inflow
and outflow, and the outflow terms are proportional to the variable itself. Applying the comparison theorem,
we find that each compartment remains non-negative for all ¢ > 0.

For example, consider the susceptible uninfected human class T, in equation (2.4)(a). The right-hand side is
linear in T),, and since A; > 0 and all loss terms are non-negative, solutions to this equation remain positive for
all ¢t > 0, provided T,(0) > 0.

The same argument holds for all other compartments using Gronwall’s inequality and the non-negativity of
parameters and initial conditions.

Boundedness of solutions

To demonstrate boundedness, we consider the total human population:
Ht(t) = Tu + Tnv + Tno + Tnb + Tnc + Ta + Tco

Taking the derivative and summing all human equations:

dH;

H =M\ —77th

Solving this differential inequality gives:

A
Hy(t) < Hy(0)e ™t 4+ =1 (1 — 7 t)

e
As t — oo, we get:
A
lim H,(t) < =%
t—o0 Nt

Thus, the total human population is bounded by the recruitment rate and the natural death rate.
Similarly, for the vector population:

dH,
Hv(t):Vu+Vn dt = A2 — T HU
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Solving we have; Solving the inequality for the total vector population, we get: Solving the inequality for the
total vector population, we get:

H,(t) < H,(0)e ™" + Az (1—em")

M
To demonstrate boundedness, we also consider the total vector population. The total vector population satisfies

the inequality:

H,(t) < H,(0) e Ml 4 & (1 - e_"”t)

v

As t — oo, we obtain:

lim H,(t) < —

t—o00 e

Thus, the total vector population is bounded by its recruitment and natural death rates.
As t — oo, we have:

Thus, the total vector population is bounded by its recruitment and natural death rates.
Similarly, for the bacterial population:

Hy (t) = B,
dH,
— = A3 — H,
dt 3 M Ly
Solving we have;
t A3 t
Hb(t) < Hb(O) L (1 e’“’)
b
Ast — oo,
we get:
A
lim Hy(t) < =2
t—o00 M

Thus, the total bacterial population is bounded by source and decay. Therefore, all compartments remain
bounded by source and decay for all finite ¢ > 0, and the solutions of the system are ultimately contained in a



10 Q. O. AHMAN ET AL.

compact, positively invariant region of Ri_o. The model is thus epidemiologically and mathematically well-posed,
with solutions that are both non-negative and uniformly bounded in €2, for all t > 0, given non-negative initial
conditions. This validates the system as a reliable representation of the co-infection dynamics of malaria and
typhoid.

2.2.2. Malaria and typhoid coinfection model equilibrium points

Here, we determine the equilibrium points of the malaria and typhoid coinfection model formulated. Equilibrium
points represent the states at which the population distribution among the compartments remains constant over
time. These are obtained by setting the right-hand sides of all differential equations in the model equation (2.4)
to zero and solving the resulting system of algebraic equations.

For this model we consider two types of equilibrium points:

1. The Disease-Free Equilibrium (DFE), where there is no malaria and typhoid infection present in the
population (i.e., all infected compartments are zero).

2. The Endemic Equilibrium (EE), where the malaria and typhoid disease persists in the population
with one or more infected compartments maintaining positive values.

The equilibrium analysis provides a basis for understanding the conditions under which the malaria and typhoid
diseases either die out or persist.
Malaria and typhoid coinfection model disease-free equilibrium (Qg)

The malaria and typhoid coinfection model Disease-Free Equilibrium (@) corresponds to the state where no
individual in the population is infected with either malaria, typhoid, or both. This implies that all the infection-
related compartments in the model are equal to zero at equilibrium. At this equilibrium state, we assume that
only the susceptible compartments are non-zero, and the system remains in a steady state.

To find Qg, we set the derivatives of all state variables in the model (2.4) to zero and assume the infected
compartments are zero. That is:

Tnv: no — nb:Tnc: a— Lco = n:CZO

We substitute these into the system of equation (2.4) and solve for the remaining variables:
From the susceptible human equation:

0=Ay+ pTeo — (e + B1(t) + B2 + B3+ Ba) Ty

:>T°:£
“ ui

From the uninfected vector equation:

O:AQ_(nv+ﬂ5)Vu
A

0
=V, = m
From the bacterial equation:
0= A3+ cThy — mpBe
As

= B’ =
b



MATHEMATICAL MODELING OF MALARIA AND TYPHOID CO-INFECTION: EXPLORING VECTOR 11

Thus, the model disease-free equilibrium (Qg) is given by:

{TO T’I’?’U’ ’I’LO’j—’O T’I’?C7T0 TCOO’VO Vo BO}
A Ay A

{ 10,0,0,0,0,0, =2, 0, 3}.
nt v Ui

This equilibrium point represents a scenario where the entire population is uninfected, and the system is
maintained by the recruitment rates in the human, vector, and environmental bacterial compartments respec-
tively. The stability of this equilibrium will be analyzed in subsequent sections to determine the conditions
under which the diseases can be eradicated.

Malaria and typhoid coinfection model endemic equilibrium (Q4)

At the malaria and typhoid coinfection model endemic equilibrium point (Q1), all the model compartments are
non-zero, including those for infected individuals. This implies that these diseases persist in the population.
This equilibrium point is found by solving the system of equations in steady state simultaneously:

Let:

Q1= {T* T;va:ov nb’ ;ch* Tc*ovVvarvaZ}'

Equating all the derivatives in equation (2.4) to zero and solving simultaneously we obtained the following;

* ﬁl(t)T * ﬁ2T « _ BsT,
T ’ T K3 nb K41 )
* XTu «_ YT « _ oYTy
T K5 Ta — K¢’ Tco T KgK7? (2 6)
T* . A1K1K6K7 V* . 72 V* . ﬁ5A2 :
u — K1 K¢K7—pY )’ u T Kg? n T KgKy’

B KahstessTy
c K4Kio

Where;

Ky =n+ pi(t) + B2 + B3 + fBu,

Ko=¢1+60+7, Kz=¢2+0;+ 1,

Ky=¢3+03+713, K5=0¢4+ 14,
Ke=n+o, Kr=mn+p, Ksg=a,,
Ko =mny+ 05, Kio =1, . (2.7)
B1(t)0r | Baba  Ps363\ Ty
X = Zu
(ﬁ“ K K, K ) Ky
v — B1(t)m +5272+53T3+XT4 Ty
Ky K3 K, Ks ) K¢

Therefore, the malaria and typhoid coinfection model (2.4) admits a biologically feasible endemic equilibrium
point, which represents the steady-state situation where malaria and typhoid infections persist in the population.
This result provides a foundation for further analysis, including the computation of the basic reproduction
number and investigation of the stability of the endemic state.
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2.2.3. Calculation of malaria and typhoid coinfection basic reproduction number (Rp:)

In understanding how diseases spread within a population, one of the most important indicators is the Basic
Reproduction Number. Essentially, it tells us how contagious a disease is. specifically, it represents the average
number of people that one infected individual will pass the disease to in a fully susceptible population. For
infectious diseases like malaria and typhoid, which can often occur together as a coinfection, R,,; helps us
predict whether the diseases will spread, how quickly they might do so, and the impact they may have on the
community.

The Next-Generation Matrix Method [27] is a mathematical tool used to calculate R,,; in complex disease
models like this one, where multiple diseases (in this case, malaria and typhoid) interact. In such models,
different compartments represent different states of infection like uninfected individuals, those infected with
malaria or typhoid, and individuals with both diseases. To find R,,:, we focus on the infection terms, which
describe how one disease spreads to others, and the transition terms, which capture how individuals move
between different infection states.

By constructing two matrices; U, which contains the terms that describe how new infections are introduced,
and Z, which captures the rates of individuals transitioning between different infection states we can compute
R,,;. This gives us the dominant eigenvalue of the matrix UZ !, which provides a single, powerful number that
quantifies the potential for malaria and typhoid to spread within the population.

Here we will use the Next-Generation Matrix Method to calculate R,,; for the model dynamic system (2.4) of
malaria and typhoid coinfection. By breaking down the key steps identifying the infection and transition terms,
constructing the matrices, and calculating R,,,; we’ll get a clearer picture of how these diseases interact and the
likelihood of their spread in a population. For the malaria and typhoid coinfection model equation (2.4), the
key compartments involved in the disease dynamics are:

Tnv, Tnm Tnb7 Tnc; Taa Vn; Bc

Given these compartments, we proceed with the construction of matrices as follows;

ﬁl (t)Tu K2Tvn
ﬁQTu K3Tno
B3ITu K4Tnb
U= 64Tu ) Z = K5Tnc — 0Ty — 02Tn0 - 03Tnb
0 KGTa - TlTan - 7—2/1—;1(] - 7—3/1—1r1b - 7_4/1—1715
BSVu KQVn
L 0 | L KlOBc - CTnb 1
[0 0 0 00 d 0]
d 0 0 0 0 0 O
0 00 0 0 0 ds
U=|dys 0 0 0 0 ds dg
0 0 0 0 O0 O O
dZ 0 0 0 0 0 O
L0 0000 0O 0]
[ Ky 0 0 0 0 0 0
0 Kz 0 0 0 0 0
0 0 Ky O 0 0 0
7 = —a —-b —c Ks 0 0 0
—d —e —f —g Kg 0 0

(e
(an)
(an)
(an)
(en)
=
(en)

0 0 —h 0 0 0 Ky
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Where;

a=0;, b=0y c=03 d=m,

e=T, f=m, g=71, h=gc

_ Amidy _ Amoy _

dy = 2m=h, dy = 2m2sh, dy = SRR, S (2.8)
_ AmoAy _ Amiy _

d4 - e d5 - ne dG - T 0
_ Ay Ao

dr = Mo

Using MATLAB software, we compute UZ ! as follows:

[ = 0 0 0 0 0 0
2
0 K% 0 0 0 0 0
0 0 K% 0 0 0 0
71 _ a b c L 0 0 0
Bitie Rk e Y 1 0
K6K5K2 K6K5K3 K6K5K4 K5K6 KG
0 0 K%} 0
h 1
L 0 0 Ki0K4 0 0 0 Kio A
_ 4 .
U? 0 0 00 & 0
20 0 00 O 0
2
00 g 00 0
-1 _ d h ds d,
Uz - 72 0 KngAL 00 Ky Kfo
0 0 0 00 0 0
d
= 0 0 00 0 0
| 0 0 0 00 O 0 |

Using MATLAB software, we compute the eigenvalue of UZ~! as follows;

o O O

. B 0
eiglUZ 1) = Kd?’]—;{
10 4

didy
+ KoKy

_ didy
L KaKg |

The Basic Reproduction Number R,,; is the largest eigenvalue, From the eigenvalues of the next-generation
matrix product UZ~!, we obtain two key quantities:

R, =4/ didr — _ which represents the basic reproduction number for malaria infection in the model.

=/ 2% =
?ﬁ = chg};ﬁ — which represents the basic reproduction number for typhoid infection in the model.
us,

)\ml)\v/ll/lg )\tlllc
R, = 5 and R; = .
nena (e + Ym + 61+ 71) no (e + v + 03 + 73)
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These values correspond to the dominant contributions to disease transmission from the malaria only and
typhoid only transmission cycles within the coinfection framework.

The overall basic reproduction number for the malaria-typhoid coinfection model, denoted by R,,; is therefore
given by: Rp,; = max { R, Rt} which reflects the dominant contribution from both diseases at any given time.
This expression implies that the potential for an outbreak of either disease is driven by the disease with the
higher reproductive potential. In practical terms, if R,, > R;, malaria is more likely to sustain transmission in
the population, and if R; > R,,, typhoid transmission dominates. This threshold condition can inform targeted
control strategies depending on which pathogen poses the greater risk in a specific setting.

Threshold condition

The threshold behavior of R,,; determines the dynamics of the infection in the population:

1. If R,,; < 1, the diseases cannot invade the population; the infection will eventually die out.
2. If R+ > 1, the diseases can invade and persist in the population; an outbreak or endemic state is likely
to occur.

Therefore, controlling the disease with the higher reproduction number whether malaria or typhoid becomes
essential for reducing R,,: below 1 and effectively curbing the spread of the coinfection.

2.2.4. Local stability of malaria and typhoid coinfection model disease-free equilibrium

Understanding the local stability of the model disease-free equilibrium provides critical insight into whether
malaria and typhoid infections can successfully invade and persist within a population. By analyzing the system
around this equilibrium, we can determine if small introductions of infection will die out or lead to larger
outbreaks. In this subsection, we investigate the local stability of the coinfection model disease free equilibrium
using the Jacobian matrix method [42], which involves linearizing the nonlinear system around the model
disease-free equilibrium and relate the results to the basic reproduction number R,,,;, which serves as a threshold
parameter for the diseases invasion.

Theorem 2.1. The Malaria and Typhoid Coinfection Model (2.4) disease-free equilibrium (Qo) is locally
asymptotically stable (LAS) if the basic reproduction number Ry < 1, and unstable if Ry > 1.

Proof
We linearize the model system of equations (2.4) at @y and obtain the following Jacobian Matrix;

[-Ky —(da+ds5) 0O 0 0 0 ) 0 —(di+ds) —(dz+ds)]
0 —K, 0 0 0 0 0 0 dq 0
0 do K3 0 0 0 0 0 0 0
0 0 0 -K; 0 0 0 0 0 ds
J _ 0 a+ ds b c —K5 0 0 0 dy dg
@ = | o d e f g -Kg O 0 0 0
0 0 0 0 0 o -K; 0 0 0
0 —dr 0 0 0 0 0 —Ks 0 0
0 ds 0 0 0 0 0 0 —Ky 0
|0 0 0 h 0 0 0 0 0 —Kio

The model is Locally Asymptotically Stable (LAS) if all eigenvalues of the Jacobian matrix at the disease-free
equilibrium Jg, have negative real parts.
Using row matrix operations, we obtained the following eigenvalues of Jg, which have negative real parts;

A =K1, do=—-K3, \3=—K5,\y = —Kg, \s = —K7 and \¢ = —Ks.
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And the Jacobian matrix Jg, reduced to ;

Ky 0 dy 0

g 0 -K, 0 ds

Qoa dr 0 -Ky 0
0 h 0 —Kig

To check if the remaining eigenvalues have negative real parts we apply the Routh-Hurwitz criterion [43] which
states that if all the elements in the first column of the Routh array are positive, it implies that all the eigenvalues
of the Jacobian matrix have negative real parts

Using MATLAB software, we obtained the characteristic equation of Jg,, as follows;

Apgh 4 AN + ApX? + AzA® 4+ AN (2.9)

Where the coefficients are given by:

Ag=1>0,

Ay =Ko+ Ky + K9 + Ko > 0,

Ay = KyKg + KoK19 + Ko K10 + K2 Ky
+ K4K19(1 — Ry) + Ko Ko(1 — R2,) > 0,

Az = Ko KgK19(1 — R2) + Ky K4 Ko(1 — R%)
+ Ky KgK0(1 — Ry) + Ko K4 K10(1 — Ry) > 0,

Ay = KoK KoKq9(1 — (Ry + R2,))) + dshdidr > 0
HfR<land R, <1

(2.10)

Thus, for the model system of equation (2.4) to be LAS, the following conditions must hold:
Ag > 0,41 >0,A3 >0,A3 > 0,4, > 0.

These conditions are all satisfied when R,,; < 1. This implies that the equilibrium state is stable, and the
diseases (malaria and typhoid) with their coinfection will not persist in the population when R,,; < 1.
Therefore, the condition R,,; < 1 serves as a threshold for the Local Asymptotic Stability (LAS) of the model
system, and it is crucial for public health efforts to ensure that the reproduction number remains below this
threshold to prevent widespread outbreaks of malaria and typhoid in the population.

2.2.5. Malaria and typhoid coinfection model bifurcation analysis

Here, we analyze the possibility of a bifurcation in the model using the approach introduced by Castillo-Chavez
and Song, which is based on center manifold theory. To apply this method, we reformulate the model equation
(2.4) using vector notation.

T
X = ($1,$2,$3,1‘4,1’5,1’6,5E7,$8,’$9,l’10)
Where;
Tu =7y, Tnv = T2, Tno = T3,

Tnb = T4, Tnc = Ts, Ta = Te,
Tco =T, Vu = Is, Vn = Z9, BC = X10- (211)
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The system is then expressed in the compact form:

dX .
ﬁ = f(Xa Ajnla)‘t)

Where A}, and A\; are the bifurcation parameters, and the functions f; represent the right-hand sides of the
model equations.

The component form of the system is:

dx

(a) d7tl = A1+ px7 — (e + B1(t) + B2 + B3 + Ba)z1,
dx

(b) ditz = Bi(t)x1 — (¢1 + 01 + T1)x2,
dx

(c) T: = fBox1 — (1 + b2 + )3,
dx

(d) d7t4 = B3x1 — (¢2 + b5 + 3) 24,
d$5

(e) Tl Bax1 + O122 + a3 + 0324 — (4 + Ta) s,
Az (2.12)

6

(f) E:T1$2+T25U3+7'3.’£4+7'4$57(’I]t+0')1'6,

dz
(2) (T; =oxe — (e + p)z7,

dx
() 3 = A2 = (p + Bs)as,

. dx
(i) d7t9 = B528 — QuTy,

dxm

(i) i

=As +cxs — mpT10

The transmission terms are defined as:

B1(t) = A1 (t) g,

52 = Am2x2a

B3 = A0, (2.13)
Ba = B1(t) + P2 + B3 = An1T9 + Amaw2 + MeZ10,
55 = Ava

With XY ; and A} as our bifurcation parameters we solve for A} ; and A} at R,,; = 1 which gives;

« _ KoKy
ml — ’
AN Ag
2.14
A= N K10K4 (2.14)
t AlC

To investigate the bifurcation, we examine the Jacobian matrix Jg, of the system at the disease-free equilibrium
Qo, with respect to the bifurcation parameters A} ;.and A;.
The right eigenvector

T
V= (U17U27'U3,'U4, Us, Vg, U7, U8, Vg, Ulo)
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associated with the simple zero eigenvalue satisfies

JQo xV =0
, and its components are given as:
d71}2 d2U2 thUQ
> 0, = 0, = > 0, =—>0,
2 v Ky v K3 o K3K319
d7vo dshdavg OVg
=— <0, = — >0, = — >0,
o Ks U4 K3K4K310 TR,
Vs = (@ + ds)va + bvz + cvg + davg + dsv1o -0, (2.15)
Ks
v = T1V2 + ToU3 + T3V4 + T4Vs >0,
Kg
o pUT + [(dz + d5)’l}2 + (dl + d4)’l)9 + (dg + dﬁ)'[}lo]
v = K > 0.
6

The left eigenvector
W= T
- (wla wa, W3, W4, Ws, We, W7, Wg, Wy, wlO)
associated with the simple zero eigenvalue satisfies

Jo X W =0

0
and its components are given as:

W =Wg = Wy = We = W5 = Wyq = Wig = w3 =0,

diws (216)
K, ,  wg > 0.

W9 =
To determine the direction of the bifurcation at R,,; = 1, we compute the bifurcation coefficients a and b.

Z Wi V; ank(O 0

UV
7 0w 01
k,i,j=1

b= Z Y 9% f1(0,0) or b Z vkwiBQf’“(O’O)

kW;
— 0x; 0", — 0x; 0N}
k,i,j=1 v ki j=1

Since w; = wg = wy = wg = wy = wy = wig = wz = 0, we do not need the derivatives of
J1s fss f7s fes f55 a5 f10 and f3

Thus, the derivatives of fo and f9 that are non zero are;

Pfr 92 fo

R — )\v
8$18£C9 m1 A7 8x88$2
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To determine the bifurcation direction at R,,; = 1 we consider the signs of a and b which are as follows;

2 2
E 9" fo
4 = VW1W9 == + VgWgWo ——~—
83386]}2

83:18339

a = VoW1 Wy Ay, + VoWsWa A,

a > 0 when vawi1 WAy, > Vowswa A,
and a < 0 when vowgwaAy, > vawi1WoA),; since vg < 0 .
For when A} ; is the bifurcation parameter

’f
dz 0N:, Y
9 f2

b=wvow —————

6.%13)\:”1
b= VoW1T9

b>0

For when A} is the bifurcation parameter

2 92 £,(0,0)
b= k%::l Ukt 8%8/\;‘

b=0

Sincewy = ws = 0.

In bifurcation analysis using center manifold theory, the signs of the bifurcation coefficients a and b determine
the existence and type of bifurcation at the critical threshold R,,; = 1. In our analysis, the model exhibits
the potential for both forward and backward bifurcations depending on the choice of bifurcation parameter
and underlying parameter values. The analysis using bifurcation parameter A} ; revealed a typical bifurcation
structure, where;

1. (a) The coefficient b > 0, which implies that the bifurcation is forward or supercritical if a < 0.
(b) If @ > 0, then the system undergoes a backward (subcritical) bifurcation.

This distinction is epidemiologically significant:

1. A forward bifurcation implies that these diseases can only persist when R,,; > 1, and controlling these
diseases requires bringing R,,; below 1.

2. A backward bifurcation implies the possibility of diseases persistence even when R,,; < 1, making
eradication of these diseases more difficult and requiring more aggressive interventions.

Therefore, the direction of bifurcation depends on the interplay between transmission and transition parameters
as reflected in the expressions for a and b. Since we established b > 0, the sign of a dictates the nature of
the bifurcation when using bifurcation parameter X} ;. Hence, special attention should be paid to parameter
combinations that may lead to backward bifurcation, which complicates these diseases control efforts.

While the case with using bifurcation parameter A} resulted in b = 0, suggesting either degeneracy or the need
for higher-order investigation. This highlights the intricate interplay between malaria and typhoid dynamics
and emphasizes the importance of carefully identifying dominant transmission routes when designing control
strategies.
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2.2.6. Malaria and typhoid coinfection model sensitivity analysis

Understanding the influence of various model parameters on the reproduction numbers R,,, and R; is crucial in
assessing these diseases transmission dynamics. Sensitivity analysis (SA) is carried out using two approaches:
Local Sensitivity Analysis via partial differentiation method, and Global Sensitivity Analysis using the Partial
Rank Correlation Coefficient (PRCC) method.

Local sensitivity analysis

In the local sensitivity analysis, we compute the partial derivatives of the reproduction numbers R,, and R;
with respect to each parameter. This provides insight into how small changes in parameter values influence the
basic reproduction numbers.

Reproduction Number for Malaria R,,:

)\mlA'uAlAZ
R, = 5
nenZ (e + Ym + 01 + 71)

Using the chain rule the partial derivatives are:

aRm _1 )\ml/\'uAlA2 L
OAm1 2\l 2 (e +ym+01+71) A

aRmf} >\m1)\vA1A2 i
o 2\ nen2(mAvm+01471) Ay

OR,, 1 \/ Am1AoA Ay 1

002 (Me+ym+01471) A1’

oA 2

nenz (Ne+Ym+01+71) Az

OR,, 1 Am1AvA1Ag 1
Oy 2

aRm_} >\m1)\uA1A2 (_1_1>
one 2\ nemz(ne+ym+01+11) e Mt ym+H01+71
GRm_l Ami Ao A1 As (_2)
oy 2\ meni (et ym+01+71) \ M

IR 1 [ AMAihs < | >
Vm 2\ men2(et+Ym+01+71) Ne+Ym+01+1 )

OR, 1 A1 Ay Aq Ay (_ 1 )
001 2\ (e +ym+01+71) N+ Ym+01+11 )
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ORm 1 [ AmAAiA ( 1 )
o 2\ 2t vm+01+11) \ niFYm 01+

Reproduction Number for Typhoid R;:

)\t/llc
no (M + e + 03+ 73)

R =

Using the chain rule the partial derivatives are:

ORy Ac 1

AN mp(netytOs+7s) A
OR; AeC 1

87/\1_77b(77t+’%+93+73) /Tl
OR,  MA 1

e my(mtyet0s+Ts) ©

OR; AelAic

Oy mE(m+yetO3+7s)

ORy - MAic

e mp(my+0s+7s)°
ORy _ MAqc

M mp(netytlatms)?
ORy - MAice

03y (mtytOs+73)°
ORy MAic

Ot my(mty+03+73)°

To summarize the influence of individual parameters on the reproduction numbers R,, and Ry, the Table 3
below classifies their sensitivity indices based on the sign of their partial derivatives:

1. A positive (4) sensitivity index indicates that an increase in the parameter increases the reproduction
number.

2. A negative (—) sensitivity index indicates that an increase in the parameter decreases the reproduction
number.

3. A dash (-) indicates that the parameter is not directly involved in the respective reproduction number.

Bar plots of the sensitivity indices are used to visualize the direction of the influence of each parameter on
R,, and R;. The graphical representation of the Bar plots was conducted using MATLAB and presented as
Figure 11 in results section.

Global sensitivity analysis

Global sensitivity analysis for the coinfection model is conducted using the Partial Rank Correlation Coefficient
(PRCC) method. This approach measures how sensitive the reproduction numbers are to changes in model
parameters over their entire range, accounting for non-linear interactions and dependencies among parameters.
A Latin Hypercube Sampling (LHS) technique is used to generate parameter samples, and the PRCC values
are computed from the resulting simulation outputs of R,, and R;. Thus, Partial rank correlation coefficient



MATHEMATICAL MODELING OF MALARIA AND TYPHOID CO-INFECTION:

TABLE 3. Model coinfection sensitivity index summary.

EXPLORING VECTOR

Parameter Sensitivity Index for R,,

Sensitivity Index for R,

21

Ami Positive (+) -

Ay Positive (+) -

Ay Positive (+) Positive (+)
Ay Positive (+) -

uf! Negative (—) Negative (—)
o Negative (—) -

Ym Negative (—) -

01 Negative (—) -

T Negative (—)

At - P051tlve (+)
¢ - Positive (+)
ul - Negative (—)
Vi - Negative (—)
03 - Negative (—)
T3 - Negative (—)

(PRCC) analyses were performed separately for the basic reproduction numbers of malaria (R,,) and typhoid
(R:), using Latin hypercube sampling with 1000 iterations. The parameters included in each model followed
their respective biological definitions.

1. Parameters with positive PRCC values are directly proportional to the reproduction number (i.e., an
increase in the parameter increases Ry,:).
2. Parameters with negative PRCC values are inversely proportional to the reproduction number.

Using MATLAB Software two bar plots were generated:

1. One showing the sensitivity of R,, to its parameters.
2. Another showing the sensitivity of R; to its parameters.

And they are presented as Figures 12 and 13, respectively in the results section.
These bar plots help identify key drivers of infection dynamics and guide targeted interventions for controlling
malaria and typhoid co-infection.

2.3. Data sources and seasonal validation

Weekly malaria case data for Nigeria were obtained from national malaria surveillance reports, covering a
continuous 12-month period. These data represent confirmed clinical cases aggregated from health facilities
nationwide. To assess the seasonal variation in malaria—typhoid co-infection, prevalence values were extracted
from peer-reviewed studies conducted in Nigeria. The model predictions were compared against trends observed
in Nigerian hospital records, consistent with findings reported in earlier retrospective analyses [11-13]. Where
exact numerical values were not provided in tabular form, data points were digitized from published figures
using WebPlotDigitizer!. Each prevalence value was assigned to the corresponding epidemiological week based
on the reported study period and location.

Thttps://automeris.io/ WebPlotDigitizer/
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«10* Dynamics of Infected Human Classes
T T T T

——T,, (malaria via vector)

9 — =T, (malaria non-vector)| |
T, » (typhoid)

e T, (cOvinfected)

Population

50 60 70 80 2 100
Time (weeks)

FIGURE 2. Human infection dynamics. This figure illustrates the progression of infection within
the human population, including malaria-only infections acquired through vector transmission,
non-vector malaria infections, typhoid-only infections, and co-infection with both diseases. The
co-infected class increases over time due to interactions between the two pathogens and over-
lapping exposure risks.

3. RESULTS

This section presents the results of the malaria and typhoid co-infection model. The simulations were performed
using the parameter values outlined in Table 2 and the initial conditions specified for the human, vector, and
bacteria populations. Parameter values were sourced from relevant literature (Tab. 2). All numerical simulations
in this study were performed using MATLAB. The simulation code and data are publicly available on Zenodo
[44].

The model was initialized with the following initial values:

T, (0) = 100,000, Ty, (0) = 1000, T}, (0) = 200, T}y (0) = 500,
The (0) = 200, T, (0) = 500, T, (0) = 5000,
V., (0) = 50000, V, (0) = 5000 and B, (0) = 10000.

with the results obtained as follows;

Figures 24 collectively summarize the transmission and progression of malaria, typhoid, and co-infection within
the population. The malaria infection acquired wvia vector transmission dominates the malaria-only burden,
whereas non-vector transmission plays a much smaller role. Typhoid infections increase steadily as exposure
to contaminated environmental sources persists. The co-infected class grows through transitions from both
malaria-only and typhoid-only states, reflecting overlapping risk factors and interactions between the pathogens.

Treatment reduces infection prevalence and leads to temporary immunity, although recovered individuals
eventually re-enter the susceptible class. Vector infection dynamics show sustained malaria transmission poten-
tial, while growth in environmental bacterial concentration highlights the need for sanitation interventions.
Together, these results demonstrate that successful control of co-infection requires a combination of vector
control and improved water and sanitation systems.

This heatmap Figure 5 shows the sensitivity of the co-infected population to variations in the malaria vector-
to-human transmission rate (Ay1) and the typhoid transmission rate from the environment (A¢). The intensity of
the color increases with higher co-infection levels. The upper-right region of the map (high A1 and Ay) reveals
a strong synergistic effect when both malaria and typhoid are highly transmissible, the burden of co-infection
rises substantially.

This Figure 6 illustrates the combined impact of non-vector malaria transmission (Ay2) and typhoid trans-
mission (A;) on the co-infection burden. The effect of increasing An2 is relatively mild, while increases in A
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x10* Dynamics of Recovery and Vectors
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FIGURE 3. Treatment outcomes and vector infection dynamics. This figure shows the dynamics
of treated individuals, temporarily immune recovered individuals, and infected mosquito vec-
tors. As treatment increases, the recovered class also grows, while infectious vectors expand the
malaria transmission cycle by acquiring parasites from infected humans.

x10* ibles and Bacteria classes
T T : T T T T

T
= =T, (susceptible humans)
= = =V, (susceptible vectors)

e B, (bacteria)
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© 4 M W A& o ® N ® ©
s e — e — o —
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Time (weeks)

FIGURE 4. Susceptible populations and environmental bacterial reservoir. This figure shows the
trends of susceptible humans, susceptible mosquito vectors, and the concentration of typhoid-
causing bacteria in the environment. The decline in susceptible humans reflects infection
pressure, while bacterial concentration increases due to shedding from typhoid cases, empha-
sizing environmental transmission.

significantly boost the co-infected population. This suggests that typhoid dynamics are more influential than
non-vector malaria routes in driving co-infection.

This plot (Figure 7) explores how vector-based malaria transmission (A1) and human-to-vector infection
(Ay) interact to influence co-infection. The map shows that increases in both parameters elevate the co-infected
population, pointing to the importance of vector control in managing malaria-driven components of the coin-
fection dynamics. This heatmap (Figure 8) demonstrates the influence of bacterial shedding from infected
individuals (c) and typhoid transmissibility (A¢) on the coinfection rate. High values of both parameters lead
to significantly higher T,,., emphasizing the critical role of hygiene and sanitation in mitigating typhoid and,
consequently, co-infection.

This Figure 9 compares the effect of vector and non-vector malaria transmission on co-infection. A steep

gradient in the A, direction and a relatively flat response to Apindicate that vector transmission dominates
the malaria component of co-infection, making it the key target for malaria-specific interventions.
This final heatmap (Figure 10) evaluates the interaction between human-to-vector malaria transmission (A, ) and
typhoid transmissibility (A¢). It shows that increases in either parameter raise the co-infected population, and
their combination has a compounding effect. This underscores the necessity of integrated strategies targeting
both vector control and typhoid prevention.
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-4 Heatmap of Final Co-infected Class T
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FIGURE 5. Heatmap of final coinfection Level (7,,.) by varying the effect of vector-to-human
malaria transmission vs typhoid transmission.
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FIGURE 6. Heatmap of final coinfection level (T},.) by varying the effect of non-vector human
malaria transmission vs typhoid transmission.

This figure presents the local sensitivity indices of the basic reproduction numbers for malaria Ry, and typhoid
(Rt) with respect to different model parameters. Local sensitivity analysis examines how small changes in
parameter values affect the outputs (here, R,, and Ry) around a fixed point, typically the baseline values.

1.
2.
3.

Parameters with higher absolute sensitivity indices have a greater influence on the reproduction numbers.
A positive bar indicates that an increase in the parameter increases Ry, or Ry.

A negative bar implies that increasing the parameter would decrease the corresponding reproduction
number.

For instance, parameters like vector-to-human malaria transmission and typhoid transmission from the
environment are likely to have strong positive sensitivities, meaning they significantly drive the diseases
dynamics when increased.
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FIGURE 7. Heatmap of final Coinfection Level (T,.) by varying the effect of vector-to-human
malaria transmission vs human-to-vector malaria transmission.
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FIGURE 8. Heatmap of final coinfection level (T},.) by varying the effect of bacteria shedding
vs typhoid transmission.

This analysis helps prioritize which parameters most influence the disease spread locally and informs control
strategies focused on those parameters.

This figure shows the Partial Rank Correlation Coefficients (PRCCs) for the parameters related to the malaria
reproduction number R,,,. PRCC is a form of global sensitivity analysis that measures how variations across the
full range of parameter values affect the model output, accounting for nonlinearities and interactions between
parameters.

1. PRCC values close to +1 or —1 signify strong positive or negative correlations between a parameter and
R,,.

2. Parameters with high PRCC values are globally influential and should be targeted in public health
interventions.
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FIGURE 9. Heatmap of final coinfection level (T},.) by varying the effect of vector-to-human
malaria transmission vs non-vector human malaria transmission.
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FIGURE 10. Heatmap of final coinfection level (T},.) by varying the effect of human-to-vector
malaria transmission vs typhoid transmission.
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FIGURE 11. Local sensitivity bar plot.
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Partial Rank Correlation Coefficients for Rm
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FIGURE 12. Global sensitivity (PCCR bar) for parameters affecting (R,,).

Partial Rank Correlation Coefficients for Rt

PRCC

-0.06
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FIGURE 13. Global sensitivity (PCCR bar) for parameters affecting (R;).

This approach is more robust than local sensitivity as it considers a wide range of realistic scenarios rather
than just small perturbations around baseline values.

This bar plot provides the global sensitivity indices (PRCCs) for parameters influencing the typhoid reproduction
number R;.

1.
2.

3.

Parameters like typhoid transmission rate and bacterial shedding rate likely rank high.

Similar, the sign and magnitude of each bar indicate how strongly and in which direction each parameter
impacts R;.

This analysis is crucial for identifying key environmental or behavioral factors that influence typhoid
spread. Comparison with surveillance data (Figure 15) demonstrates that the model accurately repro-
duces the seasonal dynamics of malaria, capturing both the wet-season peak and dry-season decline. This
alignment supports the conclusion that seasonal malaria transmission is a primary driver of co-infection
prevalence.
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Seasonal Variation in A__(t) and g, (t)
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FIGURE 14. Seasonal forcing in the vector-to-human transmission rate. The blue curve repre-
sents the periodic mosquito—human contact rate A.,1(t) modeled with a 12-month sinusoidal
cycle. The red curve shows the resulting effective transmission rate 51 (t) = A1 (¢) - V4., where
V., is the number of infectious mosquitoes. Seasonal peaks align with climatic patterns favoring
vector abundance and activity, while troughs correspond to less favorable transmission condi-
tions.

Seasonal forcing in vector-borne transmission with validation

The inclusion of seasonal variation in the mosquito—human contact rate A,,1(f) produced a periodic fluc-
tuation in the effective transmission parameter (;(t) = Apm1(f) - Vi, As shown in Figure 14, the sinusoidal
forcing captures the expected annual cycle, with peaks during wet-season months and troughs during the
dry season. This seasonal modulation directly impacts the predicted malaria incidence and, by extension, the
malaria—typhoid co-infection trend.

The model reproduced the expected seasonal oscillation in malaria incidence, peaking during the wet season
(weeks 10-20) and declining in the dry season (weeks 35-45). Observed malaria case counts showed considerable
week-to-week variability but followed a broadly similar seasonal pattern. The model-predicted curve captured
the timing of the peak and the trough, although some discrepancies in amplitude were observed, particularly
during weeks of unusually high case counts [45].

4. DISCUSSION

This study provides insights into the epidemiological interplay between malaria and typhoid fever using a
co-infection modeling framework that incorporates vector and non-vector malaria transmission, as well as
environmental transmission of typhoid. The model structure reflects realistic transmission routes in regions
where both diseases are co-endemic. The simulation results demonstrate that vector-borne malaria contributes
approximately 80-90% of total malaria infections, while environmental bacterial persistence sustains typhoid
transmission. Co-infected individuals account for 25-35% of total infections at peak transmission, underscoring
the substantial public health burden of co-infection and the need for coordinated control programs.

The results further show that more than 60% of infected individuals transition into treated or recovered classes
during the simulation period, indicating that timely access to treatment can substantially mitigate disease bur-
den. These findings highlight the importance of strengthening healthcare delivery systems, treatment availability,
and early case detection in reducing infection levels.

Sensitivity analysis revealed that the vector-to-human malaria transmission rate (A1), typhoid transmission
rate (\;), and human-to-vector malaria transmission rate (\,) collectively account for over 70% of the variability
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FIGURE 15. Model validation using observed malaria cases and co-infection prevalence. The
blue curve represents the model-predicted seasonal malaria incidence incorporating a 12-month
periodic forcing in mosquito-to-human transmission. Red circles denote reported weekly malaria
cases from surveillance data. The model successfully captures the seasonal peak during the wet
months and the decline in the dry season. This supports the role of malaria transmission
seasonality as a major driver of co-infection burden.

in the basic reproduction numbers R,,, and R;. Increasing these parameters can produce up to a 200% increase
in co-infected cases. Therefore, effective disease control should target both malaria vector transmission (e.g.,
insecticide-treated nets, indoor residual spraying, and malaria vaccination) and typhoid transmission (e.g.,
improved sanitation, water treatment, and typhoid vaccination). Since both diseases share overlapping socio-
environmental risk factors, integrated intervention strategies are likely to be more effective and sustainable than
disease-specific efforts implemented in isolation.

The reproduction number for the co-infection model, R,,; = max{R,,, R:}, indicates that suppressing only one
disease below its epidemic threshold is not sufficient to eliminate co-infection. This interdependence means that
typhoid can persist via co-infected individuals even when R; < 1, if malaria remains endemic, and vice versa.
Hence, both R,, < 1 and R; < 1 must be achieved simultaneously to achieve true disease elimination.

The bifurcation analysis reinforces this conclusion. When malaria transmission (A1) is used as the bifurcation
parameter, the system can exhibit backward bifurcation, meaning malaria—and consequently co-infection—may
persist even when R,, < 1. In contrast, when typhoid transmission ();) is varied, the bifurcation behavior is
inconclusive, suggesting that malaria plays the dominant role in shaping qualitative system dynamics near the co-
infection threshold. These findings imply that malaria control exerts greater influence over co-infection stability,
and elimination of co-infection requires malaria transmission to be reduced below the backward bifurcation
threshold, not merely below unity.

The seasonal co-infection patterns observed in this study align with epidemiological findings from Nigeria [11-
13], where increases in malaria incidence during rainy seasons precede rises in co-infection prevalence. This
supports the conclusion that malaria transmission intensity is a strong driver of co-infection burden.

Despite its strengths, the model assumes homogeneous mixing and does not incorporate age structure, spa-
tial heterogeneity, or socio-economic variation. Future extensions could include spatial dynamics, differential
exposure risk, and optimal control formulation to evaluate cost-effective intervention strategies.

5. CONCLUSION

This study proposed and analyzed a deterministic model for malaria and typhoid co-infection incorporat-
ing dual malaria transmission pathways (vector and non-vector), environmental transmission of typhoid, and
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seasonal variation in mosquito-to-human malaria transmission. By explicitly linking both diseases through a
co-infected class and a dynamic bacterial reservoir, the model provides a unified framework for understanding
how transmission conditions, treatment, and seasonality jointly shape co-infection dynamics.

The results show that co-infections represent a substantial fraction of the overall disease burden, with co-infected
individuals making up approximately 25-35% of all infections at peak transmission. Vector-driven malaria
transmission was found to be the dominant contributor to malaria prevalence, while typhoid persistence is
sustained primarily through environmental exposure. Effective treatment increases the number of temporarily
immune individuals and reduces active infection, demonstrating the importance of timely access to healthcare.
Sensitivity and global influence analyses revealed that the vector-to-human malaria transmission rate and the
bacteria-to-human typhoid transmission rate exert the strongest effect on co-infection prevalence. This indicates
that integrated interventions—combining vector control (e.g., insecticide-treated nets, mosquito habitat reduc-
tion) and improvements in water, sanitation, and hygiene—are likely to be more effective than strategies that
address each disease independently.

The model further shows that backward bifurcation in the malaria component complicates elimination efforts,
since reducing the reproduction number below unity is not necessarily sufficient for disease eradication. Sea-
sonal forcing simulations and validation against observed malaria incidence patterns also demonstrate that
malaria peaks precede and intensify co-infection peaks, highlighting the role of malaria transmission intensity
in sustaining the co-infected population.

Overall, the results of this study underscore the need for coordinated malaria and typhoid control strategies in
co-endemic settings. The model provides a platform for future work involving data-driven calibration, optimal
control analysis, and evaluation of cost-effective intervention strategies aimed at reducing co-infection burden
in affected regions.
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