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ADAPTATION IN SHIFTING AND SIZE-CHANGING

ENVIRONMENTS UNDER SELECTION

Matthieu Alfaro*, Adel Blouza and Nessim Dhaouadi

Abstract. We propose a model to characterize how a diffusing population adapts under a time
periodic selection, while its environment undergoes shifts and size changes, leading to significant
differences with classical results on fixed domains. After studying the underlying periodic parabolic
principal eigenelements, we address the extinction vs. persistence issue, taking into account the inter-
play between the moving habitat and periodic selection. Subsequently, we employ a space-time finite
element approach, establish the well-posedness of the approximation scheme, and conduct numerical
simulations to explore these dynamics.
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1. Introduction

In this work, we consider the solutions u = u(t, x) to the boundary value problemut = duxx +
(
r − α(t)

2 (x− xopt(t))
2
)
u, t > 0, A(t) < x < A(t) + L(t),

u(t, A(t)) = u(t, A(t) + L(t)) = 0, t > 0,
(1.1)

where d > 0, r > 0,

xopt(t) := A(t) + β(t)L(t), (1.2)

and, obviously, we use the shortcuts ut, uxx for ∂tu, ∂xxu. One of the originalities of (1.1) stands in the fact that
it is posed on an interval that may not only shift, through the function A ∈ C2([0,+∞);R), but also change size,
through the function L ∈ C2([0,+∞); (0,+∞)). Both functions α and β are assumed to be Hölder continuous
and T -periodic for some given T > 0, and α is positive. The boundary conditions at x = A(t), x = A(t) + L(t)
are of the Dirichlet type. We aim at exploring the long time behavior of the solutions to (1.1).
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In ecology or population dynamics, this serves as a linear model to describe the adaptation of a diffusing
population, whose mobility is measured by the constant d > 0, living in a moving and size changing habitat.
The reasons for such moving range boundaries, see [1], could be the consequences of flooding, forest fire, etc.
This also connects to the issue of ecological niches shifted by some external factors, such as Global Warming,
and which has received a lot of attention, see [2–7] and the references therein. Furthermore, the growth depends
on the location in the environment: the maximal growth rate r > 0 is reached at the time dependent position
(1.2), that turns out to be outside the domain when β(t) ̸∈ (0, 1), and, away from this optimal position, the
growth decays quadratically with a pressure measured by the function α. The periodicity of functions α and β
may reflect, see [8], some seasonal variations in temperature, water level, etc.

On the other hand, in the context of evolutionary biology, diffusion then models the mutation process,
where x denotes a phenotypic trait (see [9–11] among many other references). In this framework, the fitness
(reproductive success) of a phenotype x is described by a function that decreases away from the optimum and,
here, we use Fisher’s geometrical phenotype-to-fitness model, see [12–17] and the references therein. Precisely,
the fitness function admits a unique maximum and decreases quadratically away from it. Furthermore, while
the phenotypic space changes through functions A and L, the location of the optimum x = xopt(t) also moves
through the periodic function β, and the intensity of selection varies through the periodic function α. This
connects to the issue of moving optima studied in [18, 19], among others, while the conjugate effects of periodic
moving optimum and intensity of selection were analyzed in [20, 21].

Hence model (1.1) can be considered in both frameworks of ecology and evolutionary biology and, in the
following, we may alternatively refer to habitat, spatial dispersal, growth or to phenotypic space, mutation,
selection.

In a series of very recent works, Allwright [1, 8, 22] has addressed the issue of reaction-diffusion problems
posed on shifting and/or changing size domains, revealing sharp differences with the case of fixed domains.
Among other things (such as the role of competition and/or the dimension) she proved that, when α ≡ 0, it
may happen that the population survives although the habitat is always strictly smaller than the critical one,
a phenomenon only possible in presence of a moving habitat.

Nevertheless, in these works, all individuals are assumed to be identical (α ≡ 0) and selection is thus ignored.
The purpose of this work is to take into account this phenomenon (α > 0) in the context of a moving phenotypic
space and to investigate how the interplay of periodic selection and shifting/expanding domains affect population
dynamics. To do so, we rely on both an analytical and a numerical approach.

The paper is organized as follows. In Section 2, we consider the case of a fixed domain, and provide estimates
on the underlying periodic principal eigenvalue, revealing contrasted outcomes depending on the fluctuations of
the location of the optimum and of the intensity of selection. In Section 3, we consider the moving habitat case
and study the extinction vs. survival issue for solutions to (1.1). To this end, we first transform the problem
to one posed on a fixed domain and construct appropriate sub- and super-solutions, whose long-time behavior
can be analyzed using insights from Section 2. Finally, Section 4 is dedicated to the numerical investigation of
problem (1.1). To this end, we adopt the well-established space-time finite element method originally introduced
in [23] and later extended, for example, in [24], for the approximation of parabolic evolution problems on moving
spatial domains. To improve stability, the method uses a time-upwind test function, following the Streamline
Upwind Petrov-Galerkin (SUPG) approach. We formulate this scheme to our specific setting, namely problem
(1.1). Due to the lack of boundary regularity in our case, the underlying functional framework is more intricate
than the one considered in [24]. We then establish the well-posedness of the resulting discrete problem and
validate the method against an exact analytical solution in a simplified static setting. Finally, we apply this
approach to perform simulations exploring different types of domain evolutions and revealing key insights into
population survival/extinction dynamics, as discussed in detail in Section 3.

2. The case of a fixed domain

In this section, we consider (1.1) in the special case A(t) = 0 (no shift of the domain), L(t) = L (constant
size of the domain), that is
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ut = duxx +
(
r − α(t)

2 (x− β(t)L)
2
)
u, t > 0, 0 < x < L,

u(t, 0) = u(t, L) = 0, t > 0,
(2.1)

where we recall that both α and β are Hölder continuous and T -periodic for some T > 0.
We denote λ = λ(α, β) the principal eigenvalue, φ = φ(t, x) the principal eigenfunction solving the periodic

parabolic eigenproblem

φt − dφxx −
(
r − α(t)

2 (x− β(t)L)
2
)
φ = λφ, t ∈ R, 0 < x < L,

φ(t, 0) = φ(t, L) = 0, t ∈ R,

φ > 0, t ∈ R, 0 < x < L,

φ(t, x) = φ(t+ T, x), t ∈ R, 0 < x < L,

(2.2)

where φ is normalized by

∥φ∥L∞(R×(0,L)) = 1. (2.3)

The existence, uniqueness of such a principal eigenpair and the regularity of φ are classical, see Theorem A.1
quoted from [25]. For further details on such eigenelements, see [26–31] and the references therein.

In the sequel, for a T -periodic function t 7→ R(t), we denote ⟨R⟩ its mean value that is

⟨R⟩ := 1

T

∫ T

0

R(s) ds.

It is well known that the sign of the principal eigenvalue of (2.2) decides between survival (when λ ≤ 0) from
extinction (when λ > 0) in problem (2.1). Hence the following estimate for λ is crucial and is the main result
of this section.

Theorem 2.1 (Bounds for the eigenvalue). Let L > 0. Let t 7→ α(t) > 0, t 7→ β(t), be both Hölder continuous
and T -periodic. Then, the principal eigenvalue λ defined in (2.2) enjoys the bounds

dπ2

L2
− r + ⟨R−⟩ < λ <

dπ2

L2
− r + L2 ⟨α⟩

2

(
2π2 − 3

6π2
+

⟨αβ2⟩
⟨α⟩

− ⟨αβ⟩
⟨α⟩

)
, (2.4)

where

R−(t) := min
0≤x≤L

(
α(t)

2
(x− β(t)L)

2

)
. (2.5)

2.1. Bounds for the eigenvalue, proof of Theorem 2.1

We begin with the following classical result: if the growth term is independent of x, the principal eigenelements
can be explicitly determined. More precisely, the following statement holds.

Lemma 2.2. If t 7→ R(t) is T -periodic and Hölder continuous, the principal eigenvalue corresponding to problem
ut = duxx +R(t)u (with zero Dirichlet boundary conditions as above) is nothing else than

dπ2

L2
− ⟨R⟩.
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Proof. Denote ϕ(x) := sin
(
π
Lx
)
solving −dϕ′′ = dπ2

L2 ϕ, ϕ(0) = ϕ(L) = 0, ϕ > 0 on (0, L). Plugging the ansatz
ϕ(x)f(t) into the eigenvalue problem we are left to

f ′ =

(
λ− dπ2

L2
+R(t)

)
f,

whose nontrivial solutions are T -periodic if and only if λ− dπ2

L2 +R(t) has zero mean, which gives the result.

Next, the principal eigenvalue is decreasing with respect to the growth term, see [26], Lemma 15.5. Precisely,
the following holds.

Lemma 2.3. For i = 1, 2, let Ri ∈ C ν
2 ,ν(R × [0, L]) be T -periodic in time. Denote λi the principal eigenvalue

corresponding to problem ut = duxx +Ri(t, x)u (with zero Dirichlet boundary conditions as above). Then

R1 ≤ R2, R1 ̸≡ R2 =⇒ λ2 < λ1.

From Lemma 2.2 and Lemma 2.3, we immediately infer the following bounds on the principal periodic
parabolic eigenvalue.

Proposition 2.4 (First Bounds for the eigenvalue). The principal eigenvalue λ defined in (2.2) satisfies

dπ2

L2
− r + ⟨R−⟩ < λ <

dπ2

L2
− r + ⟨R+⟩, (2.6)

where

R−(t) := min
0≤x≤L

(
α(t)

2
(x− β(t)L)

2

)
, R+(t) := max

0≤x≤L

(
α(t)

2
(x− β(t)L)

2

)
. (2.7)

The upper bound in (2.6) is obtained by first maximizing the reaction term in space and, next, using the
mean value in time thanks to the above lemmas. It turns out that taking the mean value in time first, which
we do below, provides a better upper estimate.

In [28], Hutson, Shen and Vickers proved that the principal eigenvalue of a periodic parabolic problem in
the form of (2.2) is smaller than that of the corresponding elliptic problem obtained by taking the mean value
of the growth rate. In other words, populations are more likely to persist in a fluctuating environment than in
one with a constant averaged growth rate. Specifically, in our context [28], Theorem 2.1 establishes that λ < λ̂,

where λ̂ is the principal eigenvalue of the elliptic problem derived by rate averaging:
−dΨxx − ⟨r − α(t)

2 (x− β(t)L)
2⟩Ψ = λ̂Ψ, 0 < x < L,

Ψ(0) = Ψ(L) = 0,

Ψ > 0, 0 < x < L.

(2.8)

Straightforward computations yield the more convenient equivalent problem
−dΨxx + ⟨α⟩

2

(
x− ⟨αβ⟩

⟨α⟩ L
)2

Ψ = µ̂Ψ, 0 < x < L,

Ψ(0) = Ψ(L) = 0,

Ψ > 0, 0 < x < L,

(2.9)
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where

µ̂ = λ̂+ r +
L2

2

(
⟨αβ⟩2

⟨α⟩
− ⟨αβ2⟩

)
. (2.10)

Since this new eigenvalue problem is associated with a self-adjoint operator, we are equipped with the variational
formulation

µ̂ = inf
u∈H1

0 (0,L),∥u∥L2=1
Qd(u), Qd(u) := d

∫ L

0

u2
x dx+

⟨α⟩
2

∫ L

0

(
x− ⟨αβ⟩

⟨α⟩
L

)2

u2 dx. (2.11)

From this characterization, we can draw out some properties of µ̂.

Lemma 2.5. Let L > 0. Let t 7→ α(t) > 0, t 7→ β(t), be both Hölder continuous and T -periodic. Then the
principal eigenvalue µ̂ enjoys the following properties.

(i) The function d 7→ µ̂ = µ̂(d) is increasing and concave on (0,+∞), and

lim
d→0

µ̂ = L2 ⟨α⟩
2

min
0≤x≤1

(
x− ⟨αβ⟩

⟨α⟩

)2

and lim
d→+∞

µ̂ = +∞.

(ii) In addition, for any d > 0, we have

dπ2

L2
< µ̂ <

dπ2

L2
+ L2 ⟨α⟩

2

(
2π2 − 3

6π2
+

⟨αβ⟩
⟨α⟩

(
⟨αβ⟩
⟨α⟩

− 1

))
. (2.12)

Proof. In (i), the fact that the function d 7→ µ̂(d) is increasing follows from the Rayleigh formula (2.11) and is
classical, see e.g. [32]. Also, the map d 7→ Qd(u) being linear (hence concave) in (0,+∞) for each u ∈ H1

0 (0, L),
the map d 7→ µ̂(d) is concave in (0,+∞) and therefore continuous. Also, from (2.11) we get:

µ̂ > inf
u∈H1

0 (0,1) , ∥u∥L2=1
d

∫ L

0

u2
x dx =

dπ2

L2
.

Next, for the behavior as d → 0, we may use similar arguments as those in [33]. We consider Φ a smooth and
nonnegative function on R, compactly supported in (−1, 1), and normalized by ∥Φ∥L2(R) = 1. Let σ ∈ (0, 1) be
given. Choose d > 0 small enough so that

d
1
4

L
≤ σ ≤ 1− d

1
4

L
.

Consequently, the function Φd(x) :=
1

d
1
8
Φ
(

x−σL

d
1
4

)
belongs to H1

0 (0, L) and remains L2 normalized. From (2.11),

we thus get

L2 ⟨α⟩
2

min
0≤x≤1

(
x− ⟨αβ⟩

⟨α⟩

)2

≤ µ̂ ≤ d

∫ L

0

(Φ′
d(x))

2 dx+
⟨α⟩
2

∫ L

0

(
x− ⟨αβ⟩

⟨α⟩
L

)2

Φ2
d(x) dx.

Then, by expressing Φd and by using the change of variable y = x−σL

d
1
4

,

µ̂ ≤
√
d∥Φ′∥L2(R) +

⟨α⟩
2

∫
R

(
yd

1
4 +

(
σ − ⟨αβ⟩

⟨α⟩

)
L

)2

Φ2(y) dy.
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We let d → 0 and deduce from the dominated convergence theorem that

L2 ⟨α⟩
2

min
0≤x≤1

(
x− ⟨αβ⟩

⟨α⟩

)2

≤ lim
d→0

µ̂ ≤ L2 ⟨α⟩
2

(
σ − ⟨αβ⟩

⟨α⟩

)2

.

This being true for any 0 < σ < 1 we get lim
d→0

µ̂ = L2 ⟨α⟩
2 min0≤x≤1

(
x− ⟨αβ⟩

⟨α⟩

)2
.

Last the upper estimate in (2.12) comes from testing Qd with the normalized eigenfunction of the Laplacian

Dirichlet, namely u(x) =
√

2
L sin

(
π
Lx
)
, and very straightforward computations.

As a result, (2.12) and (2.10) imply the improved upper estimate

λ <
dπ2

L2
− r + L2 ⟨α⟩

2

(
2π2 − 3

6π2
+

⟨αβ2⟩
⟨α⟩

− ⟨αβ⟩
⟨α⟩

)
, (2.13)

which, combined with Proposition 2.4 completes the proof of (2.4) and of Theorem 2.1.

Remark 2.6. We claimed that the upper bound in (2.13) is better than the one in (2.6). To see this, observe

that the maximum defining R+(t) in (2.7) is reached at x = 0 when β(t) ≥ 1
2 and is equal to α(t)

2 β2(t)L2, and

is reached at x = L when β(t) < 1
2 and is equal to α(t)

2 (1− β(t))2L2. In other words

R+(t) =
α(t)

2

(
1

2
+ |1

2
− β(t)|

)2

L2, (2.14)

and what we have to check is

2π2 − 3

6π2
⟨α⟩+ ⟨αβ2⟩ − ⟨αβ⟩ ≤

〈
α

(
1

2
+ |1

2
− β|

)2
〉
. (2.15)

Then, defining A := {t ∈ (0, T ) : β(t) > 1
2}, B := {t ∈ (0, T ) : β(t) ≤ 1

2}, and decomposing all integrals over A
and B, it is straightforward to check that (2.15) is recast∫

A

α(t)

(
2π2 − 3

6π2
− β(t)

)
dt ≤

∫
B

α(t)

(
1− β(t)− 2π2 − 3

6π2

)
dt,

which is obviously true since the left hand side is negative while the right hand side is positive.

2.2. Sign of the eigenvalue

First, in absence of selection (α ≡ 0), it is well known that too small domains lead to extinction and, by

comparison, the same holds for (2.1). Precisely, if 0 < L ≤
√

dπ2

r it follows from (2.4) that λ > 0.

Furthermore, due to the effects of selection, infinitely expanding the domain size may also result in extinction,
contrasting with the behavior observed in the homogeneous case.

Corollary 2.7 (Extinction criterion). Assume that, for all t ≥ 0, β(t) /∈ (0, 1). Assume either that

r2 ≤ 2dπ2

〈
α

(
1

2
− |1

2
− β|

)2
〉

=: δ−,
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or that

r2 > δ−, and

L ≤

√
2dπ2

r −
√
r2 − δ−

δ−
or L ≥

√
2dπ2

r +
√
r2 − δ−

δ−

 .

Then λ > 0.

Proof. The minimum defining R−(t) in (2.5) is reached at x = 0 when β(t) ≤ 0 and is equal to α(t)
2 β2(t)L2, and

is reached at x = L when β(t) ≥ 1 and is equal to α(t)
2 (1− β(t))2L2. In other words, when β(t) ̸∈ (0, 1),

R−(t) =
α(t)

2

(
1

2
− |1

2
− β(t)|

)2

L2, (2.16)

and it follows from (2.4) that

λ >
dπ2

L2
− r +

L2

2

δ−

2dπ2
,

from which the result is a straightforward consequence.

Actually, the reason for the above counter-intuitive phenomenon is that, as L increases, the optimum located
at x = β(t)L is getting further away from the domain when β(t) ̸∈ (0, 1).

Next, regardless of the location of the optimum, provided that the growth rate is sufficiently large, there exists
an interval of domain sizes, which is enlarging with respect to r, that grants survival. Precisely, the following
holds.

Corollary 2.8 (Survival criterion). Assume that the growth rate is such that

r2 ≥ 2dπ2

(
2π2 − 3

6π2
⟨α⟩+ ⟨αβ2⟩ − ⟨αβ⟩

)
=: δ+,

and that the interval length is such that√
2dπ2

r −
√
r2 − δ+

δ+
≤ L ≤

√
2dπ2

r +
√
r2 − δ+

δ+
.

Then λ < 0.

Proof. It follows from (2.4) that

λ <
dπ2

L2
− r +

L2

2

δ+

2dπ2
,

from which the result is a straightforward consequence.

Example 2.9 (Optimum outside the domain). When β(t) /∈ (0, 1), meaning that the optimum always lies
outside the domain (0, L), we can combine Corollaries 2.7 and 2.8 to earn insight on parameters regions of
extinction and survival, see Figure 1, where we have selected α(t) = 4 and β(t) = 1.5. Note that in this case,
for a fixed set of parameters d, α, β, and r >

√
δ+, the principal eigenvalue λ is not monotone with respect
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Figure 1. Sign of the eigenvalue as a function of (L, r). The parameters are as described in
Example 2.9. In green, the survival zone (λ < 0). In red, the extinction zone (λ > 0). In white,
the zone where our estimates are not enough to conclude.

Figure 2. Evolution of the L2 norm of the solution at final time T = 2 as a function of the
length L of the domain. The parameters and the initial datum are as described in Example 2.9.

to L. Indeed, as already emphasized above, enlarging the domain may decrease the chances of survival. Also,
considering for instance the case β(t) ≥ 1, one has

δ+ − δ− = 2dπ2

(
2π2 − 3

6π2
⟨α⟩ − ⟨α(1− β)⟩

)
,

meaning that, the smaller the diffusion coefficient d, the smaller the region of parameters (L, r) for which we
cannot conclude on the sign of the eigenvalue, see the white regions in Figure 1.

However, to gain insight on these uncertain (white) regions of parameters, we may run simulations of (2.1).
For instance, we consider the same case as in Figure 1 with d = 1, α(t) = 4, β(t) = 1.5. Then, for a given r, we
consider the L2 norm of the solution u(T = 2, ·) starting from the initial datum u0(x) = sin( πLx) as a function

of the length L of the domain. For r = 15 >
√
δ+, we observe (left panel of Fig. 2) three successive L-ranges of

extinction-survival-extinction. On the other hand when
√
δ− < r = 5 <

√
δ+, we observe (right panel of Fig. 2)

systematic extinction. We conjecture that, at least in the case where α and β are constant, there is a threshold
value r∗ > 0 that separates “systematic extinction” (0 < r < r∗) from “extinction-survival-extinction depending
on L” (r > r∗). However, non-constant α and β may lead to more complex scenarios.

Numerical simulations illustrating the dynamical evolution of problem (2.1) will be presented in Section 4.

2.3. To fluctuate, or not to fluctuate

Here we aim at comparing the chances of survival between a constant fitness and a fluctuating fitness, see
[20, 21] and the references therein for related issues.

First, we look for a situation where fluctuations increase the chances of survival. Let us thus consider the
constant fitness case, namely

α1(t) = α > 0, β1(t) = β > 1,
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and denote λ1 the associated eigenvalue. From Theorem 2.1, we have

α

2
L2 (1− β)

2
< λ1 −

dπ2

L2
+ r <

α

2
L2

(
2π2 − 3

6π2
+ β2 − β

)
. (2.17)

Next, we consider a fluctuating situation described by some α2(t) with mean α, and some β2(t) with mean
β. If the position of the optimum, given by β2(t), is constant, we already know from [28], see (2.8), that the
fluctuation of the strength of the selection α2(t) increases the chances of survival. However, if β2(t) is non
constant, the quadratic term makes the outcome more tricky. We thus consider

α2(t) = α+ a sin(ωt), β2(t) = β − b sin(ωt), (2.18)

for ω = 2π
T > 0, 0 < a < α, b ∈ R, and denote λ2 the associated eigenvalue. It follows from ⟨α2β2⟩ = αβ − ab

2 ,

⟨α2β
2
2⟩ = αβ2 + αb2

2 − aβb and Theorem 2.1 that

λ2 −
dπ2

L2
+ r <

α

2
L2

(
2π2 − 3

6π2
+ β2 − β − a

α
b(β − 1

2
) +

b2

2

)
.

Hence, for λ2 < λ1 to hold it is enough to have

b2 − a

α
(2β − 1) b+ 2

(
2π2 − 3

6π2
− 1 + β

)
< 0.

Some elementary computations reveal that this inequality is true as soon as

β > β̃ :=
1

2
+

α2

a2

(
1 +

√
a2

α2

(
2π2 − 3

3π2
− 1

)
+ 1

)
, (2.19)

and

b1 < b < b2, (2.20)

with

b1 :=
a

α

(
β − 1

2

)
−

√
a2

α2

(
β − 1

2

)2

− 2

(
β +

2π2 − 3

6π2
− 1

)
> 0, (2.21)

and

b2 :=
a

α

(
β − 1

2

)
+

√
a2

α2

(
β − 1

2

)2

− 2

(
β +

2π2 − 3

6π2
− 1

)
> 0. (2.22)

Observe that b has to be positive, meaning that a key element to improve the chances of survival is the phase
opposition between α2 and β2, which can be interpreted as a balancing effect between the strength of the
selection and the position of the optimum growth. In other words, when the selection becomes stronger the
optimum needs to get closer to the domain, while when the optimum goes far from the domain the selection
needs to becomes weaker to compensate. We retain the following.
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Example 2.10 (Fluctuations may help). Let 0 < a < α. Let β > β̃ > 1, where β̃ is defined in (2.19). Let
b ∈ (b1, b2), where b1, b2 are defined in (2.21) and (2.22). Then λ2 < λ1.

Next we look for a situation where fluctuations decrease the chances of survival. The constant fitness case is
as above, in particular we have (2.17). According to the preceding part, we expect that the fluctuations in the
position of the optimum and the strength of selection should be in phase. For the fluctuating case, rather than
(2.18), we thus use the convention

α2(t) = α+ a sin(ωt), β2(t) = β + b sin(ωt),

for ω = 2π
T > 0, 0 < a < α, b ∈ R, and denote λ2 the associated eigenvalue. Under the additional assumption

β − b > 1, (2.23)

(to be checked a posteriori), it follows from Theorem 2.1 and a straightforward computation that

⟨R−
2 ⟩ =

L2

2

(
α(β − 1)2 +

αb2 + 2ab(β − 1)

2

)
< λ2.

Hence, for λ1 < λ2 to hold it is enough to have

b2 + 2
a

α
(β − 1)b+ 2

(
1− β − 2π2 − 3

6π2

)
> 0.

This is obviously true as soon as

b > b3 := − a

α
(β − 1) +

√
a2

α2
(β − 1)2 + 2

(
β +

2π2 − 3

6π2
− 1

)
> 0. (2.24)

Accordingly with the above remark, b > 0 is mandatory, meaning that α2(t) and β2(t) are in phase. Last, we
also need b < β − 1, which provides a condition on β for the set of possible b’s not to be empty. One can check
that the following holds.

Example 2.11 (Fluctuations may hurt). Let 0 < a < α. Let β > 1 be large enough so that

β > 1 +
1 +

√
1 + 2 2π2−3

6π2

(
1 + 2 a

α

)
1 + 2 a

α

.

Let b ∈ (b3, β − 1), where b3 is defined in (2.24). Then λ1 < λ2.

3. Survival vs. extinction

In this section, we consider the moving habitat case as stated in (1.1)-(1.2) and aim at understanding the long
time behavior of its solutions u = u(t, x). We should emphasize that the construction of sub- and supersolutions
in Sections 3.1 and 3.2 is inspired by that performed in [1, 8]. However, in the problems considered there, α ≡ 0
was assumed, i.e. the effect of selection was ignored.
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3.1. Switching to a fixed domain

We first change the spatial/phenotypic variable to switch to an equation on a fixed domain. For L0 > 0, we
write

u(t, x) = v(t, y), y :=
x−A(t)

L(t)
L0, (3.1)

and reach vt =
dL2

0

L2(t) vyy +
Ȧ(t)L0+yL̇(t)

L(t) vy +
(
r − α(t)L2(t)

2L2
0

(y − β(t)L0)
2
)
v, t > 0, 0 < y < L0,

v(t, 0) = v(t, L0) = 0, t > 0,
(3.2)

which is, obviously, a linear reaction-advection-diffusion equation with time and space dependent coefficients.
In view of our assumptions on L, A, α and β, the existence and uniqueness of a global classical solution to the
associated Cauchy problem follows from classical literature such as [34, 35], [36], Section 48.

Next, to suppress the advection term, we change the unknown function through

w(t, y) := v(t, y)

(
L(t)

L0

)1/2

exp

(
−rt+

∫ t

0

Ȧ(s)2

4d
ds

)
exp

(
y2L̇(t)L(t)

4dL2
0

+
yȦ(t)L(t)

2dL0

)
, (3.3)

and reachwt =
dL2

0

L(t)2wyy +
(

L̈(t)L(t)
4dL2

0
y2 + Ä(t)L(t)

2dL0
y − α(t)L2(t)

2L2
0

(y − β(t)L0)
2
)
w, t > 0, 0 < y < L0,

w(t, 0) = w(t, L0) = 0, t > 0.
(3.4)

3.2. Construction of sub- and supersolutions

Now, to get closer from an equation having the form of (2.1), we define

Q(t) := max
0≤z≤1

(
L̈(t)L(t)

4d
z2 +

Ä(t)L(t)

2d
z

)
, (3.5)

Q(t) := min
0≤z≤1

(
L̈(t)L(t)

4d
z2 +

Ä(t)L(t)

2d
z

)
, (3.6)

so that w = w(t, y) solving (3.4) is a subsolution for the problemwt =
dL2

0

L(t)2wyy +
(
Q(t)− α(t)L2(t)

2L2
0

(y − β(t)L0)
2
)
w, t > 0, 0 < y < L0,

w(t, 0) = w(t, L0) = 0, t > 0,
(3.7)

and a supersolution for the problemwt =
dL2

0

L(t)2wyy +
(
Q(t)− α(t)L2(t)

2L2
0

(y − β(t)L0)
2
)
w, t > 0, 0 < y < L0,

w(t, 0) = w(t, L0) = 0, t > 0.
(3.8)
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We look for a supersolution to (3.7) in the form

ω+(t, y) := φ

(∫ t

0

L2
0

L2(s)
ds, y

)
exp

(
f(t) +

∫ t

0

Q(s)ds

)
, (3.9)

with f = f(t) to be selected. Here, φ = φ(τ, y) denotes the L∞-normalized principal eigenfunction solving (2.2)
on the interval (0, L0) and associated with the principal eigenvalue denoted λ (estimated in Sec. 2), namely

φτ − dφyy −
(
r − α(τ)

2 (y − β(τ)L0)
2
)
φ = λφ, τ ∈ R, 0 < y < L0,

φ(τ, 0) = φ(τ, L0) = 0, τ ∈ R,

φ > 0, τ ∈ R, 0 < y < L0,

φ(τ, y) = φ(τ + T, y), τ ∈ R, 0 < y < L0.

(3.10)

Plugging the ansatz (3.9) into (3.7), it follows from straightforward computations that the choice

f(t) =

∫ t

0

(
− (λ+ r)L2

0

L2(s)
+ P (s)

)
ds (3.11)

where

P (s) :=
1

2
max

0≤y≤L0

[
L2

0

L2(s)α
(∫ s

0
L2

0

L2(T )dT
)(

y − β
(∫ s

0
L2

0

L2(T )dT
)
L0

)2
−L2(s)

L2
0

α(s) (y − β(s)L0)
2

]
(3.12)

does make ω+ a supersolution to (3.7).
Similarly, the choice

g(t) =

∫ t

0

(
− (λ+ r)L2

0

L2(s)
+ P (s)

)
ds (3.13)

where

P (s) :=
1

2
min

0≤y≤L0

[
L2

0

L2(s)α
(∫ s

0
L2

0

L2(T )dT
)(

y − β
(∫ s

0
L2

0

L2(T )dT
)
L0

)2
−L2(s)

L2
0

α(s) (y − β(s)L0)
2

]
(3.14)

makes

ω−(t, y) := φ

(∫ t

0

L2
0

L2(T )
dT, y

)
exp

(
g(t) +

∫ t

0

Q(s)ds

)
(3.15)

a subsolution to (3.8).
Putting all together, we have the following.
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Theorem 3.1 (Bounds for the solution). Let u = u(t, x) be the solution to (1.1) starting from a nonnegative
and nontrivial u0 ∈ L∞(A(0), A(0) + L(0)), or equivalently, for any L0 > 0, v = v(t, y) the solution to (3.2)

starting from v0(y) = u0

(
L(0)
L0

y +A(0)
)
, or equivalently w = w(t, y) the solution to (3.4) starting from w0(y) =

v0(y)
(

L(0)
L0

)1/2
exp

(
L̇(0)L(0)
4dL2

0
y2 + Ȧ(0)L(0)

2dL0
y
)
. Assume there are 0 < a < b < +∞ such that

aφ (0, y) ≤ w0(y) ≤ bφ (0, y) , 0 < y < L0. (3.16)

Then, for any t > 0, any 0 < y < L0,

v(t, y) ≤ b φ

(∫ t

0

L2
0

L2(s)
ds, y

)(
L0

L(t)

)1/2

× exp

(
rt+

∫ t

0

(
− Ȧ2(s)

4d
− (λ+ r)L2

0

L2(s)
+ P (s) +Q(s)

)
ds− L̇(t)L(t)

4dL2
0

y2 − Ȧ(t)L(t)

2dL0
y

)
, (3.17)

and

v(t, y) ≥ aφ

(∫ t

0

L2
0

L2(s)
ds, y

)(
L0

L(t)

)1/2

× exp

(
rt+

∫ t

0

(
− Ȧ2(s)

4d
− (λ+ r)L2

0

L2(s)
+ P (s) +Q(s)

)
ds− L̇(t)L(t)

4dL2
0

y2 − Ȧ(t)L(t)

2dL0
y

)
, (3.18)

where Q, Q are defined in (3.5), (3.6), while P , P are defined in (3.12), (3.14).

Proof. Since (3.16) is nothing else than aω−(0, y) ≤ w0(y) ≤ bω+(0, y), we deduce from the above analysis
and the comparison principle that aω−(t, y) ≤ w(t, y) ≤ bω+(t, y) for any t > 0, any 0 < y < L0. Using the
expressions (3.9), (3.15), and returning to v via (3.3), we reach the conclusion.

Remark 3.2. If A and L are, as α and β, T -periodic, some refinements are achievable. Indeed, if we further
assume that Ä, L̈ are Hölder continuous, and

2dα(t)L(t)− L̈(t) > 0, ∀t ∈ R, (3.19)

we can rewrite the equation in (3.4) as

wt =
dL2

0

L(t)2
wyy +

(
Q(t)− α̃(t)

2

L2(t)

L2
0

(
y − β̃(t)L0

)2)
w, t > 0, 0 < y < L0, (3.20)

where

Q(t) :=
L(t)

4d

(
Ä(t) + 2dα(t)β(t)L(t)

)2
2dα(t)L(t)− L̈(t)

− α(t)β2(t)L2(t)

2
,

and

α̃(t) :=
1

2dL(t)

(
2dα(t)L(t)− L̈(t)

)
, β̃(t) :=

Ä(t) + 2dα(t)β(t)L(t)

2dα(t)L(t)− L̈(t)
.
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Then, one can check that (3.17) and (3.18) are still valid after replacing both Q and Q by Q, while in the

definitions (3.12) and (3.14) of P and P , α and β are replaced by α̃ and β̃.

3.3. The shift effect

In this short subsection, we take advantage of Theorem 3.1 to analyze the effect of a power-like shift, say
A(t) = c(1 + t)a with c > 0, a ∈ R, when the size of the domain is constant L(t) = L0. In particular, it follows
from (3.5), (3.6), (3.12), (3.14), that

Q(t) =
L0

2d
max
0≤z≤1

Ä(t)z =
L0

2d
max(Ä(t), 0), Q(t) =

L0

2d
min

0≤z≤1
Ä(t)z =

L0

2d
min(Ä(t), 0),

and P (t) = P (t) = 0.
First, we show that, in presence of a superlinear shift of the domain, the population is doomed to extinction,

regardless of how good the conditions are.

Corollary 3.3 (Superlinear shift). Let the assumptions of Theorem 3.1 hold. Assume further that L(t) = L0

for some L0 > 0 and A(t) = c(1 + t)a for some c > 0 and a > 1.
Then there are C1 > 0, C2 > 0 such that

∥v(t, ·)∥L∞(0,L0) ≤ C1e
−C2t

2a−1

, ∀t > 0,

so that the solution uniformly goes to extinction at large times.

Proof. Since Q(t) = Ä(t)L0

2d = ca(a−1)L0

2d (1 + t)a−2, we deduce from (3.17) and some direct computations that
there is C > 0 such that, for any t > 0, any 0 < y < L0,

v(t, y) ≤ C exp

(
−λt− c2a2

4d(2a− 1)
(1 + t)2a−1 +

L0ca

2d
(1 + t)a−1

)
, (3.21)

from which the result follows since 2a− 1 > max(1, a− 1).

Next, we show that a population that survives in a fixed domain (thanks to favorable enough conditions)
would not be affected much by a sublinear shift of the domain (the other conditions being unchanged).

Corollary 3.4 (Sublinear shift). Let the assumptions of Theorem 3.1 hold. Assume further that L(t) = L0 for
some L0 > 0 and A(t) = c(1 + t)a for some c > 0 and a < 1, and that

λ < 0. (3.22)

Then, for any ε > 0, there is C > 0 such that

min
ε≤y≤L0−ε

v(t, y) ≥ Ce−λt, ∀t > 0,

so that the solution locally uniformly tends to infinity at large times.

Proof. Observe that Q(t) = Ä(t)L0

2d = ca(a−1)L0

2d (1 + t)a−2 if 0 ≤ a < 1 while Q(t) = 0 if a < 0 so that, in any

case, Q(t) ≥ ca(a−1)L0

2d (1 + t)a−2. Hence, we deduce from (3.18) and some direct computations that, for any
ε > 0, there is C > 0 such that, for any t > 0, any ε < y < L0 − ε,

v(t, y) ≥ C exp

(
−λt− c2a2

4d(2a− 1)
(1 + t)2a−1 +

L0ca

2d
(1 + t)a−1(1− y

L0
)

)
, (3.23)
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from which the result follows since 1 > max(2a− 1, a− 1) (note that when a = 1
2 the term − c2a2

4d(2a−1) (1+ t)2a−1

is obviously replaced by − c2a2

4d ln(1 + t)).

Hence, the condition (3.22) insures survival not only in a fixed domain (a = 0) but still if the shift is sublinear
(a < 1). Note that (2.4) shows that (3.22) holds as soon as

r ≥ dπ2

L2
0

+ L2
0

⟨α⟩
2

(
2π2 − 3

6π2
+

⟨αβ2⟩
⟨α⟩

− ⟨αβ⟩
⟨α⟩

)
.

Also, from the above proof, the critical case λ = 0 insures survival (but not necessarily explosion) whenever
a < 1

2 . As for the case 1
2 ≤ a < 1, reproducing the arguments of Corollary 3.3, one reaches a similar extinction

result. In other words, the following holds.

Corollary 3.5 (Sublinear shift, critical case). Let the assumptions of Theorem 3.1 hold. Assume further that
L(t) = L0 for some L0 > 0 and A(t) = c(1 + t)a for some c > 0 and a < 1, and that

λ = 0. (3.24)

(i) Assume a < 1
2 . Then, for any ε > 0, there is C > 0 such that

min
ε≤y≤L0−ε

v(t, y) ≥ C, ∀t > 0.

(ii) Assume 1
2 ≤ a < 1. Then there are C1 > 0, C2 > 0 such that, for all t > 0,

∥v(t, ·)∥L∞(0,L0) ≤

{
C1e

−C2t
2a−1

, if 1
2 < a < 1,

C1e
−C2 ln(1+t), if a = 1

2 ,

so that the solution uniformly goes to extinction at large times.

The above asserts that a population hardly surviving (λ = 0) is very sensitive to shifts of the magnitude
(1 + t)1/2.

Last, we consider the case of a linear shift A(t) = c(1 + t) (c ≥ 0). We show that a population that survives
in a fixed domain (thanks to favorable enough conditions) would still survive when c is small enough, but would
go to extinction when c is large enough.

Corollary 3.6 (Linear shift). Let the assumptions of Theorem 3.1 hold. Assume further that L(t) = L0 for
some L0 > 0 and A(t) = c(1 + t) for some c ≥ 0, and that (3.22) holds. Define

c∗ := 2
√
−λd > 0.

Then, if 0 ≤ c < c∗, the solution locally tends to infinity at large times. Survival (but not necessarily explosion)
still occurs if c = c∗. On the other hand, if c > c∗, the solution uniformly goes to extinction at large times.

Proof. It suffices to use (3.21) and (3.23) in the case a = 1.

4. Numerical approach

In this section, we implement a numerical scheme to approximate the solution of the evolution problem (1.1)
in moving domains, with the goal of exploring various domain evolution types and their effects on popula-
tion survival or extinction. Although transforming the problem onto a fixed reference domain is a possible
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approach, it leads to highly time and space dependent coefficients, which complicate both analysis and numer-
ical implementation (particularly in higher dimensions). To avoid these difficulties, we work directly on the
moving domain and employ the stabilized space-time finite element method introduced in [24]. This approach
simultaneously discretizes space and time, reformulates the problem as a diffusion-convection-reaction system in
a non-cylindrical space-time domain, with the time derivative interpreted as a convection term in the extended
space-time framework.

4.1. Weak formulation

For some T > 0, we consider the bounded and Lipschitz space-time domain

Q := (0, T )× Ω(t) ⊂ R2, Ω(t) := (A(t), A(t) + L(t)).

The boundary of Q is divided into three parts: the lateral boundary Σ = ((0, T )× {A(t)}) ∪ ((0, T )× {A(t) +
L(t)}), the bottom boundary Σ0 = {0}×(A(0), A(0)+L(0)) and the upper boundary ΣT = {T}×(A(T ), A(T )+
L(T )).

Let us define the Sobolev spaces

H1,0(Q) := {u ∈ L2(Q) : ux ∈ L2(Q)},

and

H1,1(Q) := {v ∈ L2(Q) : vx ∈ L2(Q), vt ∈ L2(Q)}.

For later purpose, let us consider, on the domain Q, the problemut − duxx −R(t, x)u = f, in Q,

u(t, x) = 0, on Σ ∪ Σ0,
(4.1)

where f is a given source function in L2(Q) and

R(t, x) = r − α(t)

2
(x−A(t)− β(t)L(t))

2
. (4.2)

The space-time variational formulation of (4.1) requires to find u ∈ H1,0
0,0 (Q) such that

−
∫
Q

uvt dxdt+ d

∫
Q

uxvx dxdt−
∫
Q

R(t, x)uv dxdt =

∫
Q

fv dxdt, ∀v ∈ H1,1

0,0
(Q), (4.3)

where the trial and test spaces are defined by

H1,0
0,0 (Q) := {u ∈ H1,0(Q) : u = 0 on Σ, and u = 0 on Σ0},

and

H1,1

0,0
(Q) := {v ∈ H1,1(Q) : v = 0 on Σ, and v = 0 on ΣT }.

Proposition 4.1 (Well-posedness). Problem (4.3) has a unique solution.
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Proof. We apply the same change of variables as in the previous section, see (3.2), transforming our problem
into an equivalent one posed on the fixed spatial domain Q0 = (0, T )× (0, L(0)) whose boundary consists of the

initial time boundary Σ̂0 = {0} × (0, L(0)), the lateral spatial boundary Σ̂ = ((0, T )× {0}) ∪ (0, T )× {L(0)}))
and the final time boundary Σ̂T = {T} × (0, L(0)). This is achieved by the change of variable y = x−A(t)

L(t) L(0),

where A and L are in C2([0,+∞)) with L(t) > 0 for all t ∈ [0, T ]. Denoting the unknown function in the new
coordinates by u = u(t, y), the problem becomes that of finding u satisfying:

u ∈ H1,0
0,0 (Q0) := {u ∈ L2(Q0) : uy ∈ L2(Q0), u = 0 on Σ̂, and u = 0 on Σ̂0}

such that

a(u, v) = l(v), ∀v ∈ H1,1

0,0
(Q0), (4.4)

where H1,1

0,0
(Q0) := {v ∈ L2(Q0) : vy, vt ∈ L2(Q0), v = 0 on Σ̂, and v = 0 on Σ̂T },

a(u, v) :=

∫
Q0

−uvt dydt +

∫
Q0

dL2(0)

L2(t)
uyvy dydt −

∫
Q0

Ȧ(t)L(0) + yL̇(t)

L(t)
uyv dydt −

∫
Q0

R̃(t, y)uv dydt,

with

R̃(t, y) = r − α(t)L2(t)

2L2(0)
(y − β(t)L(0))

2
,

and

l(v) =

∫
Q0

fv dydt.

The existence and uniqueness for this problem is well established, see [37], Chapter III, Theorems 3.1 and 3.2.

4.2. Space-time finite element discretization

In this subsection, we aim to construct a continuous Galerkin finite element scheme to numerically
approximate the solution of the problem

ut − duxx −R(t, x)u = 0, in Q,

u = 0, on Σ,

u = u0, on Σ0,

(4.5)

where the non-homogeneous Dirichlet condition u0 is assumed to satisfy u0 ∈ H1(Σ0), and its tangential deriva-
tive (namely ∂xu0) belongs to H1/2(Σ0). In the sequel we denote u∗

0 the function defined on ∂Q by u∗
0 := 1Σ0

u0,
so that u∗

0 ∈ H1(∂Q).
We would like to perform a lifting g = g(t, x) of the boundary condition u∗

0. It is known that the regularity
of g depends on the regularity of the domain. In [38], Grisvard showed that if the boundary ∂Q is of class
Cm−1,1, then the lifting belongs to Hk(Q) for all k ≤ m. In particular, for m = 2, we have g ∈ H2(Q). However,
in our setting, the moving spatial domain is only Lipschitz and, in this case, the existence of a H2 lifting
requires a compatibility condition, see [39], Theorem 3 by Geymonat and Krasucki, that, in our setting, reads
as ∂xu0 ∈ H1/2(Σ0), which we have precisely assumed.
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Hence, from [39], Theorem 3, we are equipped with a lifting function g ∈ H2(Q) such that γ0(g) = u∗
0. Setting

u = w + g, we transform problem (4.5) into the following equivalent problem for w:
wt − dwxx −R(t, x)w = f, in Q,

w = 0, on Σ,

w = 0, on Σ0,

(4.6)

where the right-hand side is given by

f = −∂tg + d ∂xxg +Rg ∈ L2(Q).

Remark 4.2. Problems of this nature are often approached by decoupling time and space in the discretization
process. A typical example is the use of an Euler scheme in time combined with finite elements in space. However,
when dealing with time-dependent domains, this approach becomes unsuitable. To overcome this limitation,
we discretize both time and space simultaneously by considering the problem within the space-time domain
Q. In this setting, the time derivative is treated as a convection term in the time direction, resulting in a
diffusion-convection-reaction equation. Such problems are well-known for their numerical instability when using
conventional schemes. Following the stabilization approach introduced by Hughes et al. in [23] for convection-
diffusion-reaction problems, where upwind test functions are used in the context of the Stream Upwind Petrov-
Galekin (SUPG) method, Moore adapted these ideas in [24] to the context of parabolic homogeneous initial-
boundary value problem on moving domains. Specifically, Moore proposes using test functions of the form
vh + θh∂tvh, where θ > 0 is a stabilization parameter to be specified.

In the following, we parallel the method described in [24] to our specific problem (1.1). The first step consists
in defining a triangulation Kh of the space-time domain Q, into non-degenerate triangles. For each K ∈ Kh, let
hK denote the diameter of the element, and define the global mesh size h as

h := max{hK : K ∈ Kh}.

We further assume that the triangulation is quasi-uniform, i.e. there is C > 0 such that

hK ≤ h ≤ ChK , ∀K ∈ Kh. (4.7)

Let Ki,Kj ∈ Kh be two neighboring triangles, and consider the interior facet

Fij := Ki ∩Kj .

We define FI as the set of all interior facets of Kh, namely

FI :=

(⋃
i∈I

∂Ki

)
\∂Q.

At this point, we introduce the discrete space-time space V0h. To do this, let P2 denote the set of polynomials
of degree less than or equal to 2, and define the space Vh as

Vh :=
{
vh ∈ C0(Q) : vh|K ∈ P2(K), ∀K ∈ Kh

}
.
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We then define the discrete space-time space V0h as

V0h := Vh ∩H1,1
0,0 (Q).

Before deriving the finite element scheme, we recall below some notation and jump properties introduced in
[24], which will be used throughout the formulation.

Notations. Denote ni = (ni,x, ni,t)
⊺ the outer unit normal vector with respect to Ki. For a sufficiently smooth

scalar function v, we will denote by vi, vj the traces of the function v on Fij ∈ FI an interior edge, and the
jump across the interior edge of FI is defined by

JvK := vini + vjnj .

The jump in space direction is given by

JvKx := vini,x + vjnj,x,

whereas the jump in time direction is defined by

JvKt := vini,t + vjnj,t.

The average of a function on the interior edge Fij is

{v} :=
1

2
(vi + vj) ,

and the upwind value in time direction is given by:

{v}up :=

{
vi for ni,t ≥ 0,
vj for ni,t < 0.

Finally, the downwind value in the time direction is given by

{v}down :=

{
vj for ni,t ≥ 0,
vi for ni,t < 0.

Jump properties. The following properties of the jump of a product of functions will play a crucial role in
the subsequent analysis of the scheme: if Fij ∈ FI is an interior edge, and if u and v are sufficiently smooth
functions on the interface, there hold

JuvKx = {u}JvKx + {v}JuKx, (4.8)

JuvKt = {u}upJvKt + {v}downJuKt, (4.9)

and

{v}upJvKt −
1

2
Jv2Kt =

1

2
|ni,t|JvK2. (4.10)

Let us emphasize again that the following is deeply inspired by [24] to which some computations are borrowed
for completeness. To approximate the solution of (4.6), let us consider the problem of finding w ∈ H1,1

0,0 (Q)
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such that ∫
Q

∂tw v dxdt+

∫
Q

d∂xw ∂xv dxdt−
∫
Q

R(t, x)w v dxdt = l(v), ∀v ∈ H1,1
0,0 (Q), (4.11)

with

l(v) := −
∫
Q

∂tg v dxdt−
∫
Q

d∂xg ∂xv dxdt+

∫
Q

R(t, x)g v dxdt.

Next, we use test functions of the form vh+ θh ∂tvh, where vh ∈ V0h is arbitrary and θ > 0 is a positive constant.
Then the space-time variational formulation (4.11) reads as

∫
Q

∂tw (vh + θh∂tvh) dxdt+

∫
Q

(
d∂xw∂xvh−dθh ∂xxw∂tvh−R(t, x)w (vh + θh∂tvh)

)
dxdt = l (vh + θh∂tvh) .

Next, summing on each element of Kh and integrating by parts with respect to spatial direction we get

−
∫
Q

∂xxw ∂tvh dxdt =
∑

K∈Kh

∫
K

∂xw ∂xtvh dxdt −
∑

Fij∈FI

∫
Fij

J∂xw ∂tvhKx ds −
∫
Σ

nx (∂xw ∂tvh) ds.

By performing another integration by parts with respect to time and since ∂xvh = 0 on Σ0, we obtain

−
∫
Q

∂xxw ∂tvh dxdt = −
∑

K∈Kh

∫
K

∂txw ∂xvh dxdt+
∑

Fij∈FI

∫
Fij

J∂xw ∂xvhKt ds

+

∫
Σ∪ΣT

nt (∂xw ∂xvh) ds−
∑

Fij∈FI

∫
Fij

J∂xw ∂tvhKx ds−
∫
Σ

nx (∂xw ∂tvh) ds.

Considering the terms on the interior facets Fij ∈ FI , we use properties on the jump of a product of functions,
namely (4.8) and (4.9), to obtain

∑
Fij∈FI

∫
Fij

J∂xw ∂xvhKt − J∂xw ∂tvhKx ds =
∑

Fij∈FI

∫
Fij

(
{∂xw}upJ∂xvhKt + {∂xvh}downJ∂xwKt

− {∂xw}J∂tvhKx − {∂tvh}J∂xwKx
)
ds.

Assuming that the solution w belongs to H2(Q) allows us to further simplify those boundary terms since the
jumps J∂xwKx and J∂xwKt are null. Thus we have

∑
Fij∈FI

∫
Fij

(J∂xw ∂xvhKt − J∂xw ∂tvhKx) ds =
∑

Fij∈FI

∫
Fij

({∂xw}upJ∂xvhKt − {∂xw}J∂tvhKx) ds.

Next, we show that nt ∂xvh − nx ∂tvh = 0. First, notice that we can rewrite the left side as ∇vh · (−nx, nt)
⊺
.

Now, consider that (−nx, nt)
⊺
is the rotation by an angle π

2 of the outer unit normal vector, so (−nx, nt)
⊺
is a



ADAPTATION IN SHIFTING AND SIZE-CHANGING ENVIRONMENTS UNDER SELECTION 21

tangential vector on Σ. Since vh = 0 on Σ, we have nt ∂xvh − nx ∂tvh = 0, resulting in the suppression of the
boundary term ∫

Σ

∂xw (nt ∂xvh − nx ∂tvh) ds = 0.

Finally, assuming that w ∈ H2(Q) allows us to write J∂twK = 0. Consequently, it is harmless to add, for δ > 0,
the consistent term

θh
∑

Fij∈FI

∫
Fij

d{∂xvh}J∂twKx ds+ δ
∑

Fij∈FI

∫
Fij

J∂twKxJ∂tvhKx ds.

Remark 4.3. The stabilization term θh ∂tw ∂tv corrects instabilities caused by advection-dominance in the time
direction, with θ controlling artificial diffusion and h scaling it with the mesh size. A penalty term δJ∂twKJ∂tvK
enforces continuity of the time derivative across element interfaces, enhancing accuracy and convergence. These
techniques follow the SUPG framework, as developed in [40] and [41].

Putting everything together, we are now in the position to write the variational space-time finite element
scheme: it consists in finding wh ∈ V0h such that

ah(wh, vh) = l(vh), ∀vh ∈ V0h, (4.12)

where

ah(wh, vh) :=

∫
Q

∂twh (vh + θh ∂tvh) dxdt+

∫
Q

d ∂xwh ∂xvh dxdt

−
∫
Q

R(t, x)wh (vh + θh ∂tvh) dxdt− dθh
∑

K∈Kh

∫
K

∂txwh ∂xvh dxdt

+dθh
∑

Fij∈FI

∫
Fij

{∂xwh}upJ∂xvhKt − {∂xwh}J∂tvhKx ds

+dθh

∫
ΣT

∂xwh ∂xvh ds+ θh
∑

Fij∈FI

∫
Fij

d{∂xvh}J∂twhKx ds

+δ
∑

Fij∈FI

∫
Fij

J∂twhKxJ∂tvhKx ds,

and

lh(vh) := −
∫
Q

∂tg (vh + θh ∂tvh) dxdt −
∫
Q

d∂xg ∂x (vh + θh ∂tvh) dxdt +

∫
Q

R(t, x)g (vh + θh ∂tvh) dxdt.

Now that our strategy is outlined, our next objective is to establish the well-posedness of the discrete problem.

Theorem 4.4 (Well-posedness). Assume that θ is small enough. Then the discrete problem (4.12) has a unique
solution in V0h.

We first need the following result.
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Lemma 4.5. The space V0h equipped with

||vh||h =
(
||∂xvh||2L2(Q) + θh||∂tvh||2L2(Q) + ||vh||2L2(ΣT ) + θh||∂xvh||2L2(ΣT )

+ θh
∑

Fi,j∈FI

||J∂xvhKt||2L2(Fi,j)
+ δ

∑
Fi,j∈FI

||J∂tvhKx||2L2(Fi,j)

)1/2
,

(4.13)

is a Hilbert space.

Proof. The application ∥ · ∥h is a norm on V0h (arising from an obvious scalar product). Indeed, ||vh||h = 0
implies that ∂xvh = 0, ∂tvh = 0, vh = 0 on ΣT . If all these terms are zero, and since vh = 0 on Σ ∪ Σ0, then
vh = 0 throughout the domain Q. Therefore (V0h, ∥ · ∥h) is a Hilbert space, as it is finite-dimensional.

Remark 4.6. The mesh-dependent norm (4.13) explicitly includes the stabilization to counteract numerical
oscillations in the advection direction. Standard norms (such as those of L2 or H1) may not handle optimal
convergence rates due to these oscillations (see, for example, [42, 43]). Using this h-dependent norm is crucial
for accurately approximating solutions in advection-dominated problems, as it captures the stabilizing effects of
the discretization, provides more consistent error estimates and ensures the numerical solution remains stable
under mesh refinement (see [44]).

Let us now observe that if u solves (4.5), then U(t, x) := u(t, x)e−ct obviously solves


Ut − dUxx + (c−R(t, x))U = 0, in Q,

U = 0, on Σ,

U = u0, on Σ0.

Hence, recalling that R ≤ r on Q, we deduce that, up to a change of unknown function if necessary, we can
assume the existence of a constant ρ > 0 such that

0 < ρ ≤ −R(t, x), ∀(t, x) ∈ Q. (4.14)

We are now in position to prove the V0h-ellipticity of the bilinear form ah.

Lemma 4.7. If θ > 0 is small enough, the bilinear form ah in (4.12) is V0h-elliptic.

Proof. For vh ∈ V0h, we have

ah(vh, vh) =

∫
Q

vh ∂tvh dxdt+ θh||∂tvh||2L2(Q) + d||∂xvh||2L2(Q)

−
∫
Q

R(t, x) vh (vh + θh ∂tvh) dxdt− dθh
∑

K∈Kh

∫
K

∂txvh ∂xvh dxdt

+ dθh
∑

Fij∈FI

∫
Fij

{∂xvh}upJ∂xvhKt ds+ dθh||∂xvh||2L2(ΣT )

+ δ
∑

Fij∈FI

∫
Fij

J∂tvhKx
2
ds.
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First, using the estimate (4.14) and applying the divergence theorem, we get:

ah(vh, vh) ≥ 1

2

∫
∂Q

v2h nt dxdt+ θh||∂tvh||2L2(Q) + d||∂xvh||2L2(Q) + ρ||vh||2L2(Q)

+
ρθh

2

∫
∂Q

v2h nt dxdt−
dθh

2

∑
K∈Kh

∫
∂K

∂xv
2
hni,t dtdx

+ dθh
∑

Fij∈FI

∫
Fij

{∂xvh}upJ∂xvhKt ds+ dθh||∂xvh||2L2(ΣT )

+ δ
∑

Fij∈FI

||J∂tvhKx||2L2(Fij)
.

Rewriting the boundary terms such that ∂Q = Σ ∪ Σ0 ∪ ΣT and FI = (∪K∈Kh
∂K)\∂Q with interior facet

Fij ⊂ FI and using vh = 0 on Σ ∪ Σ0 yields

ah(vh, vh) ≥ 1

2
||vh||2L2(ΣT ) + θh||∂tvh||2L2(Q) + d||∂xvh||2L2(Q) + ρ||vh||2L2(Q) +

ρθh

2
||vh||2L2(ΣT )

− dθh

2

∫
Σ

nt∂xv
2
h ds+ dθh

∑
Fij∈FI

∫
Fij

{∂xvh}upJ∂xvhKt −
1

2
J∂xv2hKt ds

+
dθh

2
||∂xvh||2L2(ΣT ) + δ

∑
Fij∈FI

||J∂tvhKx||2L2(Fij)
.

Next, regrouping every term and applying the equality (4.10) we reach

ah(vh, vh) ≥ 1 + ρθh

2
||vh||2L2(ΣT ) + θh||∂tvh||2L2(Q) + d||∂xvh||2L2(Q) + ρ||vh||2L2(Q)

− dθh

2
||∂xvh||2L2(Σ) +

dθh

2

∑
Fij∈FI

∫
Fij

|ni,t|J∂xvhK2ds

+
dθh

2
||∂xvh||2L2(ΣT ) + δ

∑
Fij∈FI

||J∂tvhKx||2L2(Fij)
.

Since |ni,t| ≥ n2
i,t, we get:

ah(vh, vh) ≥ min(
1

2
, d)||vh||2h − dθh

2
||∂xvh||2L2(Σ).

Finally, the inverse inequality (see, for example, [45], Thm. 4.2) provides a constant C̃ > 0 such that

||∂xvh||L2(∂K) ≤ C̃h
− 1

2

K ||∂xvh||L2(K), for K ∈ Kh,

and using the quasi-uniform mesh assumption (4.7), we obtain

ah(vh, vh) ≥ min(
1

2
, d)||vh||2h − dθC̃2C

2
||∂xvh||2L2(Q)

≥

(
min(

1

2
, d)− dθC̃2C

2

)
||vh||2h,
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Figure 3. Evolution of the consistency error (||u− uh||h) with respect to the mesh size h. The
parameters are as set as the following, r = 6, L = 1.5, θ = 10−5 and δ = 10−6.

which, for θ > 0 small enough, proves the V0h-coercivity of ah with respect to the norm ∥ · ∥h.

Proof of Theorem 4.4. Apply the Lax-Milgram lemma.

4.3. Numerical simulations

In this subsection, we implement the discretization of problem (1.1) in FreeFem++ (http://www.freefem.org),
a high level, free software package. To validate our implementation, we first consider a simplified test case on a
fixed domain where A(t) = 0, L(t) = L, and no selection occurs (α ≡ 0). In this configuration, the solution to
(1.1) with initial condition u0(x) = sin

(
πx
L

)
is explicitly given by

u(t, x) = sin
(πx
L

)
e(r−

dπ2

L2 )t.

This exact solution serves as a benchmark to verify the accuracy of our numerical scheme, resumed in Figure 3.
We now present several numerical tests with parameters θ = 10−5, δ = 10−6, and initial data u0(x) = sin(πxL ),

to highlight some underlying properties of the model.
To begin, we simulate the evolution of the solution to (2.1) to gain new insights into the survival dynamics

for a fixed domain with a seasonal optimum position.

Example 4.8 (Seasonal optimum’s position). Here we consider the test case d = 10, r = 17.5, α(t) = 5,
β(t) = 1

2 + 1
2 sin(2t), L = 3, which, as easily checked, meets the sufficient conditions of survival as stated in

Corollary 2.8. The outcomes are presented in Figure 4. As expected, survival takes place. Furthermore, the
simulation showcases subtle interaction between the time periodic position of the optimum and the behavior
(local growth/decay) of the population. Indeed, while the optimum position periodically describes the whole
interval (0, L), the position of the maximum of the solution oscillates on shorter intervals avoiding the boundaries
(recall the zero Dirichlet boundary conditions) and decreasing as time passes. In other words, we observe damped
oscillations of the position of the maximum. Interestingly, we also observe that t 7→ ∥u(t, ·)∥L∞ is non monotonic.
We refer to the pattern in Figure 4.

Example 4.9 (Sub-linear shift). We consider a domain undergoing a sub-linear shift while maintaining a
constant length, namely A(t) =

√
t and L(t) = 2. The remaining parameters are set as follows: T = 10, d = 1,

r = 4.1, α(t) = 7 + 0.2 sin(t), and either βl(t) = 0.2 − 0.1 sin(4t) (left panel) or βr(t) = 0.8 + 0.1 sin(4t) (right
panel). The results are presented in Figure 5. This simulation illustrates that survival is not affected by a
constant-length domain that shifts sub-linearly, see Corollary 3.4. Let us also note that the position of the
maximum of x 7→ u(t, x) does not coincide with the optimal position xopt(t). Furthermore, the habitat shifting
towards right, we observe that, even if survival occurs in both cases, the optimum leaning on the left, via βl(t),
is more favorable to the population than the optimum leaning on the right, via βr(t).

http://www.freefem.org
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Figure 4. Evolution of the solution with a time-periodic optimum in a seasonal model. The
parameters are as described in Example 4.8. In solid black lines, the evolution of the position
of the optimum xopt(t) = β(t)L.

Figure 5. Effect of a sub-linear domain shift and of the position of the optimum. The param-
eters are as described in Example 4.9. In solid black lines, the evolution of the position of the
optimum xopt(t) = A(t) + β(t)L.

Example 4.10 (Super-linear shift). We consider a domain that shifts super-linearly while maintaining a con-
stant length, namely A(t) = t1.35 and L(t) = 35. The parameters are as follows: T = 30, d = 7, r = 1.25,
α(t) = 0.4 + 0.04 sin(t), β(t) = 0.5 + 0.1 sin(t). The results are presented in Figure 6. We observe extinction of
the population as explained by Corollary 3.3: the domain translates “too rapidly” for the population. However,
the simulation provides insight into the transient dynamics: the population takes advantage of the periodic
return of the optimum in its neighborhood to perform a small rebound (which is not enough to survive at large
times). This contrasts with the above sub-linear case, where the domain shift merely relocates the solution
maximum without causing extinction.

Example 4.11 (Linear shift). We consider a domain that shifts linearly while maintaining a constant length,
namely A(t) = 2t and L(t) = 3. The parameters are set as follows: d = 1.6, T = 4, r = 4.8, α(t) = 5+0.1 sin(4t).
The results are presented in Figure 7. Let us recall that, from Corollary 3.6, the comparison between c = 2 and
c∗ = 2

√
−λd decides between survival or extinction, where λ obviously depends on the optimum position and

thus on β(t). To examine this, we consider three different cases for β(t), namely βl(t) = 0.1 − 0.1 sin(t) (left
panel) for which ⟨βl⟩ = 0.1, βr(t) = 0.9+0.1 sin(t) (right panel) for which ⟨βr⟩ = 0.9, and βm(t) = 0.5+0.1 sin(t)
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Figure 6. Population extinction due to a super-linear domain shift. The parameters are as
described in Example 4.10. In solid black lines, the evolution of the position of the optimum
xopt(t) = A(t) + β(t)L.

Figure 7. Effect of a linear domain shift and of the position of the optimum. The parameters
are as described in Example 4.11. In solid black lines, the evolution of the position of the
optimum xopt(t) = A(t) + β(t)L.

(middle panel) for which ⟨βm⟩ = 0.5. We observe that survival occurs only in the “middle” case, meaning that
c∗l = c∗r < 2 < c∗m, or equivalently that λm < λl = λr, with obvious notations. Indeed, because of the Dirichlet
boundary conditions, the optimum “in the middle” enhances the chances of survival. Note also that, because of
the shift of the domain, the left and right cases are not symmetric any longer: in the later case, the population
is kept alive for a slightly longer period of time.

Example 4.12 (Linear enlargement). We consider a domain that does not shift but gradually enlarges over
time, namely A(t) = 0 and either L(t) = 1 + 0.3t (left panel of Fig. 8 with T = 11), or L(t) = 1 + 2t (right
panel of Fig. 8 wit T = 15). Other parameters are set as follows: d = 1, r = 3.5, α(t) = 3 + 0.2 sin(2t), and
β(t) = 0.8 + 0.1 sin(2t). The results are presented in Figure 8. We observe that the population survives if
enlargement is slow (left panel) but goes to extinction if it is too fast (right panel). This may sound slightly
counter-intuitive since one may expect larger domains to be more fitted for survival. However, extinction is here
likely caused by the optimal position shifting “too fast” to the right.
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Figure 8. Effect of the speed of enlargement. The parameters are as described in Example
4.12. In solid black lines, the evolution of the position of the optimum xopt(t) = β(t)L(t).
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[32] V. Hutson, J. López-Gómez, K. Mischaikow and G. Vickers, Limit behaviour for a competing species problem with
diffusion, in Dynamical systems and applications, vol. 4 of World Sci. Ser. Appl. Anal. World Sci. Publ., River Edge,
NJ (1995) 343–358.

[33] M. Alfaro and M. Veruete, Evolutionary branching via replicator–mutator equations. J. Dyn. Differ. Equ. 31
(2019) 2029–2052.

[34] O.A. Ladyzhenskaia, V.A. Solonnikov and N.N. Ural’tseva, Linear and Quasi-linear Equations of Parabolic Type,
vol. 23. American Mathematical Society (1968).

[35] G.M. Lieberman, Second Order Parabolic Differential Equations. World Scientific (1996).

[36] P. Quittner and P. Souplet, Superlinear Parabolic Problems: Blow-up, Global Existence and Steady States. Springer
(2007).

[37] J. Lohwater and O. Ladyzhenskaya, The Boundary Value Problems of Mathematical Physics. Applied Mathematical
Sciences, Springer New York (2013).

[38] P. Grisvard, Elliptic Problems in Nonsmooth Domains. Pitman Advanced Publishing Program (1985).

[39] G. Geymonat and F.c. Krasucki, On the existence of the Airy function in Lipschitz domains. Application to the
traces of H2. C. R. Acad. Sci. Paris Sér. I Math. 330 (2000) 355–360.

[40] T. Hughes, The Finite Element Method: Linear Static and Dynamic Finite Element Analysis. Dover Publications
(1987).



ADAPTATION IN SHIFTING AND SIZE-CHANGING ENVIRONMENTS UNDER SELECTION 29

[41] C. Johnson, Numerical Solution of Partial Differential Equations by the Finite Element Method. Cambridge
University Press (1987).

[42] A. Ern and J.-L. Guermond, Theory and Practice of Finite Elements. Springer (2004).

[43] T.J.R. Hughes, L.P. Franca and M. Balestra, A new finite element formulation for computational fluid dynamics.
V. circumventing the ”Kelly’s condition” for stable and accurate solutions. Comput. Methods Appl. Mech. Eng. 58
(1986) 1–23.

[44] J.T. Ainsworth and M. Oden, A Posteriori Error Estimation in Finite Element Analysis. Wiley-Interscience (2000).

[45] J.A. Evans and T.J.R. Hughes, Explicit trace inequalities for isogeometric analysis and parametric hexahedral finite
elements. Numer. Math. 123 (2013) 259–290.

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S2O). We are thankful to our subscribers and supporters for making it possible to publish
this journal in open access in the current year, free of charge for authors and readers.

Check with your library that it subscribes to the journal, or consider making a personal
donation to the S2O programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.

Appendix A. Periodic parabolic eigenproblems

The following result on periodic parabolic eigenelements is borrowed from [25], Theorem 1.

Theorem A.1 (Periodic parabolic eigenelements). Let Ω ⊂ Rn be an open bounded domain with boundary of class C2+ν

for some ν ∈ (0, 1). Let L be the differential operator

Lu := ut −
n∑

i,j=1

aij(t, x)uxi,xj −
n∑

i=1

bi(t, x)uxi − c(t, x)u

where all the coefficients aij, bi, c belong to C
ν
2
,ν(R×Ω) and are T -periodic in time. Assume that L is uniformly parabolic,

namely there is m > 0 such that

∀(t, x) ∈ R× Ω, ∀(ξ1, · · · , ξn) ∈ Rn,

n∑
i,j=1

aij(t, x)ξiξj ≥ m

n∑
i=1

ξ2i .

Then there is a unique λ ∈ R (the principal eigenvalue) such that there is a unique (up to multiplication by a positive
constant) function φ ∈ C1+ ν

2
,2+ν(R× Ω) (the principal eigenfunction) solving



Lφ = λφ t ∈ R, x ∈ Ω,

φ(t, x) = 0, t ∈ R, x ∈ ∂Ω,

φ > 0 t ∈ R, x ∈ Ω,

φ(t, x) = φ(t+ T, x) t ∈ R, x ∈ Ω.

Furthermore, if n denotes the unit outer normal to ∂Ω at x then

∂φ

∂n
(t, x) < 0, for all t ∈ R, x ∈ ∂Ω. (A.1)
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